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Guiding-center gauge transformation 

•  Gauge transformation defines Θ-independent symplectic form and new coordinates 
up to the second order in 

x̄ = X+ ⇠(X,Wk,W?,⇥)

wk = Wk +Wk(X,Wk,W?,⇥)

w? = W? +W?(X,Wk,W?,⇥)

✓ = ⇥+ T (X,Wk,W?,⇥)

•  Step 3:  Near identity coordinate transformation

⇠ ⇠ Wk ⇠ W? ⇠ T ⇠ O(✏B)

H =
1

2
mW 2

k +
1

2
mW 2

? +m(WkWk +W?W?) +O(✏2B) Θ-dependent 

Last step: canonical Lie-transform on Hamiltonian to remove  Θ-dependency 

⇠ O(✏B)

•  Hamiltonian still being Θ-dependent, therefore final coordinate change is required

µ =
mW 2

?
2B2

R = rb̂1 · b̂2

20

✏B

� = �sympl
0 + �1 +

4X

i=1

d�i =
⇣e
c
A(X) +mWkbb(X)� mc

e
µR

⌘
· dX+

mc

e
µd⇥
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Guiding-center Poisson bracket 
•  Inverting the symplectic matrix 

! = d� = !ijdz
i ^ dzj {F,G}gc =

@F

@zi
(!�1)ij

@G

@zj

µ =
mW 2

?
2B2

•  Symplectic magnetic field 
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B⇤ = B+
mc

e
Wkr⇥ bb+O(✏2B)

{F,G}gc =
e

mc

✓
@F

@✓

@G

@µ
� @F

@µ

@G

@✓

◆
+

B⇤

mB⇤
k
·
✓
rF

@G

@Wk
� @F

@Wk
rG

◆
� cbb

eB⇤
k
· (rF ⇥rG)

•  Adiabatic invariant contains the whole coordinate transformation 
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Canonical Guiding-center Lie transform 

•  Canonical Lie-transform (infinitesimal transformation) 

•  Formal scales separation in the Poisson bracket 

•  Coordinate transform is constructed simultaneously with reduced 
Hamiltonian 

•  Scalar invariance 

x̄ = X+ ⇠ + {S,X}gc
wk = Wk +Wk + {S,Wk}gc

w? = W? +W? + {S,W?}gc
✓ = ⇥+ T + {S,⇥}gc,

z = e£SZ

H̄(z) = e�£SH(Z) = H � {S,H}gc + 1

2
{S, {S,H}gc}gc +O(S3)

H̄(z) = H(Z)

22

{F,G}gc = {F,G}�1 + {F,G}0 + {F,G}1



Sgc = ✏2
m3c2

e2B2


W 3

?
3B

?̂ ·rB +
WkW

2
?

8

⇣
(⇢̂ ·r)b̂ · ⇢̂� (?̂ ·r)b̂ · ?̂

⌘
+W 2

kW?(r⇥ b̂) · ⇢̂
�
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S1 ⇠ O(✏B)

Guiding-center reduced dynamics 
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•  Guiding-center generating function 

Hgc =
1

2
mW 2

k +
1

2
mW 2

? +m
�
WkWk +W?W?

�
=

1

2
mW 2

k + µB

�gc =
⇣e
c
A(X) +mWkbb(X)� mc

e
µR

⌘
· dX+

mc

e
µd⇥�Hgcdt+O(✏2B)

•  Guiding-center Hamiltonian 

•  Guiding-center Phase-space Lagrangian up to the second order 
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Guiding-center dynamical reduction 

Homogeneous & 
Non-homogeneous 
magnetic field 
 
Position and velocity shift 
+ 
Gauge transformation: 
 
Far from identity phase-
space transformation 
 
 
 
Larmor radius definition: 
exact solution for SLAB 
(homogeneous) magnetic 
field 

Non-homogeneous 
magnetic field 
 
Building  a near-identity 
phase-space coordinate 
transformation with  gauge-
transformations 
 
Goal: At the end of this step 
a symplectic part is free from 
gyroangle dependencies 

Non-homogeneous 
magnetic field 
 
Final step: 
Canonical Lie-
transformation: on the 
Hamiltonian only (scalar 
function) use Poisson 
Bracket on the reduced 
phase space 
 
 
Goal: remove all gyroangle 
dependencies from the 
Hamiltonian 

Poisson Bracket on the 
reduced phase space free 
from gyroangle 
dependencies until the 
required order 
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Gyrocenter dynamical reduction 

v̄ = v + ✏�
e

mc
A1(x, t)

•  Gyrocenter 
Velocity shift 

•  Removes all the fluctuating fields from the symplectic part to the Hamiltonian part 

•  1-form phase-space particle Lagrangian: reinjection EM field fluctuations 

H =
1

2
mv̄

2 + ✏�e�1(x, t)� ✏�
e

mc
v̄ ·A1(x, t) + ✏2�

⇣ e

mc

⌘2
kA1(x, t)k2

H =
1

2
mv

2 + ✏�e�1(x, t)

First derivation in [Brizard 1989]. 
25

�pert ⌘ Lpert · dt =
⇣e
c
A(x) + ✏�

e

c
A1(x, t) +mv

⌘
· dx�Hdt

�pert =
⇣e
c
A(x) +mv̄

⌘
· dx�Hdt

•  Canonical Lie-transformations on the Hamiltonian part: Gyrocenter dynamical reduction 

•  Perturbed Hamiltonian 
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Gyrokinetic field theory: concept 

Particles(GK) dynamical reduction
Goal: remove fastest scale of motion

Guiding-center

Gyrocenter

Canonical 
Lie-Transform

Reduced �
GK Vlasov+�
GK Maxwell �
equations

Variational principle: �

Coupling fields & 
gyrocenters

•  Polarization effects: fields and particles are not evaluated at the same position anymore: �
polarization shifts in GK Ampére and Poisson equations

X

r

Gauge 
transformation�
&
Canonical Lie-
Transform

Field theory guarantees consistency 

Bonus: Noether 
theorem for energy 
conservation 
diagnostics

[Littlejohn 1983] 

[Brizard 1989] 
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Gyrokinetic field theory: GENE & ORB5 
[Sugama Phys. Pl. 2000, Brizard PRL 2000]

Distribution function of species “sp” at arbitrary  initial time 

Gyrocenter Lagrangian: reduced motion of a single particle 

Goal: Coupling reduced particle dynamics with fields within the common mathematical structure

Getting consistently reduced set of Maxwell-Vlasov equations
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•   Time-dependent: GENE •  Time-independent: ORB5

•  Common framework for code models derivation:

27

d⌦ = dV dW

Z = (X, pz, µ, ✓) ; dW =
2⇡

m2
B⇤

kdpzdµZ =
�
X, pk, µ, ✓

�
; dW =

2⇡

m2
B⇤⇤

k dpkdµ

t0

Lp

•   Phase-space volume •  Field terms: option to 
couple with fluid model

L =
X

s

Z
d⌦ f(Z0, t0) Lp

⇣
Z[Z0, t0], Ż[Z0, t0]; t

⌘
+

Z
dV

|E1|2 � |B1|2

8⇡

f(Z0, t0)
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Gyrocenter Lagrangian: GENE & ORB5 

•  Parallel Symplectic representation: GENE •  Hamiltonian representation: ORB5

•  Symplectic form: time dependent •  Symplectic form: time independent

28

Lp =
⇣e
c
A+

⇣e
c
✏�A1k +mvk

⌘
bb
⌘
· Ẋ+

mc

e
µ✓̇ �H

Z =
�
X, pk, µ, ✓

�
pk = mvk

B⇤⇤ = r⇥
⇣
A+

h
✏�A1k +

c

e
pk
i
bb
⌘

@A1k

@t

pz = mvk +
e

c
✏�A1k Z = (X, pz, µ, ✓)

B⇤ = r⇥
⇣
A+

c

e
pzbb

⌘

•  Characteristics with

[APS	invited:	Tronko,	Bo3no,	Görler,	
Sonnendrücker,	Told,	Villard,	PoP	2017]	



Hamiltonian hierarchy: Theory & ORB5  

•  ORB5 semi-electromagnetic   

•  Theory:  Hamiltonian correspondance to Hahm’s 1988 electrostatic  model

Electromagnetic coupling between 
GK Poisson and Ampère equations

Uncoupled GK Poisson and Ampère equations

Natalia Tronko    nataliat@ipp.mpg.de 
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HTHEORY
2full =

e2

2mc2
J gc
0

�
A1k(X+ ⇢0)

2
�
� e2

2B
J gc
0

✓
@

@µ
e ORB5
1 (X+ ⇢0)

2

◆

•  Hamiltonian model defines polarization and magnetization in the field equations
•  Any approximated model can be used: Padé, adiabatic electrons 

HORB5
2 =

e2

2mc2
A1k(X)2 +

µ

2B

��r?A1k(X)
��2 + 1

2

µ

B
A1kr2

?A1k(X)� e2

2B
J gc
0

✓
@

@µ
�1(X+ ⇢0)

2

◆

HORB5
0 =

p2z
2m

+ µB

HORB5
1 = �e J gc

0

�
 ORB5
1

�H = H0 + ✏�H1 + ✏2�H2

 ORB5
1 = �1 � (pz/m)A1k



Natalia Tronko    nataliat@ipp.mpg.de 

Linearized Uncoupled GK Poisson and 
Ampère equations: ORB5 

•  Polarization equation in strong form

•  Ampère’s equation in strong form

30

X

s

Z
d⌦ f qs J gc

0 (�1) = ✏�
X

s

Z
d⌦ fC

q2s
Bms

@

@µ

⇣
J gc
0

�
�2
1

�
� [J gc

0 (�1)]
2
⌘

✏�

Z
dV

4⇡

��r?A1k
��2 =

X

s

Z
d⌦ f

pz
ms

J gc
0

�
A1k

�

�
X

s 6=e

✏�

Z
d⌦ fC

✓
q2s
ms

A2
1k +

msµ

B

⇥
A1kr2

?A1k +A1kr2
?A1k

⇤◆

�L

��1
� �1 = 0

�L

�A1k
�A1k = 0



GK Vlasov equation: ORB5 

•  Vlasov equation is reconstructed from the characteristics

•  δf model requiers first order characteristics :  only H0  and  H1 
•  Full-f (nonlinear) model requires H2 contributions in the characteristics

Natalia Tronko    nataliat@ipp.mpg.de 
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d

dt
f (Z[Z0, t0, t]; t) =

@

@t
f (Z, t) +

dZ

dt
· @

@Z
f(Z, t)

Z = (X, pz, µ)

�L

�Z
= 0 Ẋ =

@(H0 + ✏�H1)

@pz

B⇤

B⇤
k
� c

eB⇤
k

bb⇥r(H0 + ✏�H1)

ṗz = �B⇤

B⇤
k
·r (H0 + ✏�H1)



 
•  Ground code verification: Linear electromagnetic benchmark
•  Successfully accomplished; Results published�
�
 

•  ORB5 New understanding of electromagnetic microinstabilities; new 
connections to fundamental GK derivation from the variational principle �
�
�
�
�
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Part II: Numerical advantages of a consistent 
theory derivation 

Noether  
theorem 

Powerbalance 
diagnostics

32



Natalia Tronko    nataliat@ipp.mpg.de 

Cyclone Base Case  

q(r) = 0.86� 0.16(r/a) + 2.52(r/a)2

A(r) = A(r0) exp


�Aa�A tanh

✓
r � r0
�Aa

◆�

Ti = 6.96 n = 2.23

�Ti = �n = 0.3

Te/Ti = 1

•  The original discharge DIII-D: �
                   H- mode shot #81499 at t=4000 ms; �
                                            flux tube label r=0.5a

•  Common framework for benchmark: [Dimits, Phys. Pl. 2000] �
                                                          electrostatic simulations, adiabatic electrons
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•  Looking at one of the most unstable modes   n=19

Linear electromagnetic β-scan: 5 codes 
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•  Growth Rate and Frequency scan

•  Successful comparison of 4 different codes (2xPIC and 2xEulerian)
•  All codes agree at the ITG/KBM transition
•  Threshold shifted comparing to flux-tube growth rate Important for �

experiment

•  ORB5 code

[Goerler, Tronko, Hornsby et al, PoP 2016]

4 global codes 1 local (GENE)

34
⇢⇤ =

⇢L
a

=
1

180
Size of the 
system 
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 Electromagnetic Powerbalance ORB5 

•  Noether theorem�
�

•  Verification of energy 
conservation in the 
simulations

E = Ek + EF

35

d ln Ek
dt

= �d ln EF
dt

Ek =
X

s

Z
d⌦ f

✓
p2z
2ms

+ µB

◆

EF =
1

2

X

s

Z
d⌦ f

⇣
�1 �

epz
mc

A1k

⌘

Particles energy 

Fields energy 
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Open questions and further developments 

•  GK codes: significant development: electromagnetic implementations

•  Electrostatic gyrokinetic implementations : theory & simulations: well 
established for core of Tokamak

•  Global electromagnetic gyrokinetic implementations:
•  Next level of complexity: Alfvén physics
•  A lot of freedom for approximations (Poisson and Ampère equations) 
•  Different codes implement different version of GK equations

•  Need to question  existing orderings
•  Comparing with experiments
•  From the core to the edge of devices: very different physical properties
•  Exploring model validity in new regimes
•  New magnetic geometries (Stellamak: under construction)


