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Geography of Surfaces
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( Source :  Wikipedia)



The playground

Mk; x = moduli space of smooth surfaces of general type with fixed invariants

MTI
,

= KSB A compactification of stable surfaces of general type
( Slc singularities ,

Q - G orenstein deformations )

The dream : Understand birational geometry of MT

e 414 : NT - - → ?? ?

A Key ingredient : Divisors ( corresponding to singular surfaces)

Interested in playing ?
.

Key tools : * birational geometry
* deformation theory
* I a bit of ) combinatorics
* singularity theory
* ( a bit of ) representation theory
* with nifty connections to symplectic geometry !



Where can we find a divisor ?

eX

Ms,
,

= moduli space of stable I numerical ) quintic surfaces

I Horikawa) Ms
,
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resolutions  of

quintic s in IPs double  covers  of
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surfaces



Where can we find a divisor ?

eX MI
,

s
= moduli space of stable I numerical ) quintic surfaces

MI5quintic s in 1ps

resolutions  of
double  covers  of

quadric
surfaces

Theorem
.
f- ' I 7) Stable quintic surfaces with a unique 4411,1 ) singularity

form a divisor in NT
5,5 .

4411
, 1) singularity : Clyne

,
with action ( so9)

How to generalize?



Cyclic Quotient singularities

Ynll
,

a) = GYM
n

via ( fga )
I minimal resolution

. .  where I = bi - ¥÷
I
b r

Q : Which are smooth able ?

A:C locally ) dnt Cl
, dna - I )

Moral : Surfaces with a unique ntll , na - I ) singularity should form a divisor

in MI ; x
!

I : Can we please narrow the search ?

Boundednessresults I Alex e er ) ⇒ n is bounded
.

Can we make this bound sharper ? Enough to bound r - d !



The result

I ×lust
?P = dnt Cl

,
dna - I) EW/ 3

Theorem C-
,

Urzua )
.

Let kls ) be the Kodaira dimension  of S
.

1
.

If Koko
,

then r - d I 4 Kut

2
.

If KISHI
,

then r - de 4 Kw
'

-2

3
.

If KCS) -
- 2

,
then r - d I 4 ( Kw

'
- Kj ) - 4 when Kui - Ks 's 1

,
r - d El otherwise

In all 3 cases
,

the bounds are optimal .

4
. If KCS) = - oo

,
then S is rational and r - de 4 ( Kut - Ki ) - 2K s

.  IT (c)

Rink .
X C s) -

- X ( w )
, so S is

"

usually " not rational
.

Deformations of W are governed by those of S : can be hard to study ! !



From here
. . .

Bounds in case of multiple singularities ?

I Are

these
divisors ample ?

How do boundary divisors intersect ?

Q : Intersection with Goren stein locus ?

⇐ C Franc ios i - Pardini - Ro Henslee) Classification of G orenstein stable Godeaux
( K

'
-

- X -
- I )

Non - normal singularities?



Thanks for your attention !


