MSRI

Mathematical Sciences Research Institute

17 Gauss Way Berkeley, CA 94720-5070 p: 510.642.0143 f: 510.642.8609 www.msri.org

NOTETAKER CHECKLIST FORM

(Complete one for each talk.)

Tony Feng tonyfeng@stanford.edu

Name: Email/Phone:

Janos Kollar
Speaker’s Name:

Moduli of canonical models

/ 4 / 19 Time:ﬁ:_SO@/ pm (circle one)

Please summarize the lecture in 5 or fewer sentences:

Talk Title:
2

Date:

CHECK LIST

(This is NOT optional, we will not pay for incomplete forms)

O Introduce yourself to the speaker prior to the talk. Tell them that you will be the note taker, and that
you will need to make copies of their notes and materials, if any.

O Obtain ALL presentation materials from speaker. This can be done before the talk is to begin or after
the talk; please make arrangements with the speaker as to when you can do this. You may scan and
send materials as a .pdf to yourself using the scanner on the 3" floor.

e  Computer Presentations: Obtain a copy of their presentation

e  Overhead: Obtain a copy or use the originals and scan them

e Blackboard: Take blackboard notes in black or blue PEN. We will NOT accept notes in pencil
or in colored ink other than black or blue.

e Handouts: Obtain copies of and scan all handouts

O For each talk, all materials must be saved in a single .pdf and named according to the naming
convention on the “Materials Received” check list. To do this, compile all materials for a specific talk
into one stack with this completed sheet on top and insert face up into the tray on the top of the
scanner. Proceed to scan and email the file to yourself. Do this for the materials from each talk.

O When you have emailed all files to yourself, please save and re-name each file according to the naming
convention listed below the talk title on the “Materials Received” check list.
(YYYY.MM.DD.TIME.SpeakerLastName)

O Email the re-named files to notes@msri.org with the workshop name and your name in the subject
line.


mailto:notes@msri.org
Tony old mac
Tony Feng

Tony old mac
tonyfeng@stanford.edu

Tony old mac
Janos Kollar

Tony old mac
Moduli of canonical models

Tony old mac
2

Tony old mac
4

Tony old mac
19

Tony old mac
10

Tony old mac
30

Tony old mac


Janos Kollar

Princeton University

February, 2019

«0O>» «F)r <«

»

« =

APAN G4



Theorem Let X — S be a flat, projective morphisms with
stable fibers, S reduced. Equivalent:

@ The volume of the fibers s — (K} ) is locally constant.

@ The plurigenera s — h° (Xs,w&":]) are locally constant.

(3 ) wgf;]s is flat and commutes with base change Vm.



3) = (2)

(

(3): wX/S is flat and commutes with base change Vm.
(3') the Wx] form a flat family,

(3") x (X, Wx ) is locally constant.

m > 2: we expect that H' (Xs,w&";]) =0 for i > 0.
Note: K-V not enough need Ambro-Fujino vanishing

m = 1: we expect Hf(Xs,st) = H”_’(Xs,(’)xs) and
K-Kovacs: X, Du Bois, so H"_"(XS7 OXS) locally constant.
(Duality fails since X, need not be CM, but ok.)



Typical example (with divisors)

X=(xy—u=0),u—v:X—C}
D=(x=u=0)+(y=v=0).

— t # 0: X; smooth, D, Cartier and (D?) = 0.
—t=0: X, cone, Dy Cartier and (D3) = 2.
ideal of D is (xy, xv, uy,uv) — (xv, uy, uv).

Central fiber: (xu, uy, u®) C (u), embedded point at origin.

DA



Typical situation (with sheaves)

F reflexive sheaf on X, locally free in
codimension 1 on all fibers. We get

r:F— Flx, = (Flx) -

Corollary:

s H° (Xs, (F X)**) is upper semicontinuous

o If the (F\Xs)** are globally generated then
locally constant < F|x, is reflexive.




2) = (3)

2): s hO(X., ™) are locally constant.
( 1 Xs y

For m > 1 the w[m] are globally generated, so
[m]

If wg(/v/z]s is locally free then

[m+M] ~  [m] [(M]
x/s = Wx/s @ Wxs

[m]

SO Wy /s is flat and commutes with base change Vm.

Wy /s is flat and commutes with base change for m > 1.



(2) = (1)

(2): s+ KO (Xs,wgg’]) are locally constant
The (K% ) are the leading terms, so

s — (K% ) are also locally constant.

DA



(1) = (2) slide 1

Theorem Let X — S be a flat, projective morphisms with
S, fibers. L reflexive rank 1 sheaf, locally free on
codimension 1 on each fiber. Assume that each (L) is
locally free and ample. Then

Q s — volume(Ls)™ is upper semicontinuous, and

@ locally constant iff L is locally free.

Apply this to w%ﬂs such that every wﬁ?j] is locally free.

Need extra work for the other m.



Example

Y — C family of degree 4 surfaces,
Yo O L line, p(Y;) = 1.

Contract LC Y togetm:Y — X and X — C.
L is the image of 2H on X.

e L. is ample and (L?) = 16.

o Lo =m(2Hy + L) is ample and (L3) = 18.
e X — Cis NOT projective.



(1) = (2) slide 2

n = 2 case: here cokernel of L — L§* is 0 dimensional, so

X (X0, (L5)™) = x(Xe, (Ly)™) = x(Xe, 7).
Riemann-Roch:

(L5 L5 ym® + bom+x(Xo) = 3(L3*- L3 )m* + bgm+ x(Xg).
If (L5*- L5*) = (Lg - Lg) then

bom > bym Vm.

So bo = bg.

it
N)
yel
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(1) = (2) slide 3

n > 3 induction (nontrivial) reduces to special case:
L is locally free except at isolated points.

Local Grothendieck-Lefschetz: x € X, C X then
Pic(X \ {x}) <= Pic(Xo \ {x})

if depth, Xp > 3.
Problem: we have only depth, X, > 2.
Conjecture. Still ok if depth, Xy > 2 and dim Xy > 3.

— slc case (K)
— normal case (Bhatt - de Jong)
— general case (K)



Aside: Fulger - K - Lehmann

X normal, proper, D big R divisor, E effective R divisor
Equivalent

° HO(X,Ome(D — E)J) = HO(X,OmeDJ) Vm > 1.

e volume(D — E) = volume(D).



Main existence theorem

Fix positive n, d. There is a projective coarse moduli space
M, 4 parametrizing stable varieties X of dimension n such
that (K3) = d.

Main issues:

e existence of 1-parameter limits, irreducible case;
e existence of 1-parameter limits, reducible case;
e boundedness

e moduli of stable pairs



Limits, irreducible case

Original KSB approach, needs MMP
Hacon-McKernan-Xu




Limits, reducible case

What are the limits when the general fiber is reducible?

For curves: normalize, construct limits and then
glue together.

Problem: gluing is very hard in higher dimensions.

Example: Glue 2 copies of (P2, (xyz = O))
gluing data: A\, A\, A, € C".
When is it projective?

Answer: iff A, A\, ), is a root of unity.



Properness, boundedness |

Two possible problems: in a limit we get worse and worse
— sigularities (which mKs is Cartier?)
— reducible varieties (many components?)

Curve case: C = U;(C;, P;) then
deg Kc = ), (deg K¢, + #P))

So at most 2g(C) — 2 irreducible components.

Surface case: S = U;5; then

K§ = Zi(KS/ + Di)2'

Problem: The (Ks,- + D,-)2 are only rational.



Properness, boundedness I

Example: (P?(1,2,3),C € |O(7 )]) then (Ks + C)? = 1/6.
Example (Alexeev-Liu) (K2) = 75553

Proposition. For surface pairs (S, C # 0) we have

(Ks+C)* = 1764

Theorem (Alexeev, Hacon-McKernan—Xu) In any dimension
{(KX + D)n} - @

satisfies the descending chain condition.

Effective bounds on surface singularities (Rana, Urzda)



Stable pairs

Objects: (X, A) where

e X is seminormal, proper

e A =5 dD; effective and D; ¢ SingX

oKy + A Q-Cartier

(Mumford divisor)
g : X" — X log resolution then write

Kx: + A + Ea,-E,- ~ g*<KX + A)

oalla,-gl



Stable families

Definition I. 7 : (X, A) — C = smooth curve is stable iff
® Kx/c + A is Q-Cartier and
e all fibers stable.

Definition Il. f : (X, A) — S = reduced is stable iff
e pull-back to smooth curves is stable.

Definition Ill. f : (X, A) — S = arbitrary is stable iff
° 7777



Coefficients > % slide 1 J

Theorem f:(X.> diD;) = C = smooth curve stable and

d;i > 3 ! then D; — C is flat with reduced fibers.

erte dD = d;Dj and ) d;D; = dD + A.

Easy case: n = 1. Limit case: C;, — Cl, D = (y* = x),

Old case: D Q-Cartier. We almost know that X is CM
(Elkik, Alexeev, Fujino, K.)

So X. N D is unmixed. Generically reduced (easy case),
so reduced



Coefficients > % slide 2

General case: Equivalent form X. U D is seminormal.

Make D Q-Cartier:
get g (X, X{+dD'+ A") = (X, Xo + D + A)
such that —D’ is g-nef.

0— OX/(—X(; — D/) — OX/ — OX6+D’ —0

8.0x = Ox = g.0x; 10 — R'g.0x/(=X; — D).

Note that

—X! — D' ~ Ky + N + (1 — d)(=D).

G-R should give that R'g,Ox/(—X, — D') is zero.
Not good enough.

] = =



Coefficients > % slide 3

Ambro-Fujino implies:
R*g.Ox/(—X; — D’) has no associated primes

contained in Supp(Xo + D).

So Ox — Oxysp — g*OX(;JrD, is onto so
OX0+D = g*0x5+D'-

Lemma: g: Y’ — Y proper, birational, g.0Oy, = Oy.
Then Y’ seminormal = Y seminormal.



