MSRI

Mathematical Sciences Research Institute

17 Gauss Way Berkeley, CA 94720-5070 p: 510.642.0143 f: 510.642.8609 www.msri.org

NOTETAKER CHECKLIST FORM

(Complete one for each talk.)

Tony Feng tonyfeng@stanford.edu

Name: Email/Phone:

Chenyang Xu

Speaker’s Name:

The uniqueness of K-polystable Fano degeneration
Talk Title:

Date: 01 / 31/ 19 Time:izﬂam/@circleone)

Please summarize the lecture in 5 or fewer sentences:

CHECK LIST

(This is NOT optional, we will not pay for incomplete forms)

O Introduce yourself to the speaker prior to the talk. Tell them that you will be the note taker, and that
you will need to make copies of their notes and materials, if any.

O Obtain ALL presentation materials from speaker. This can be done before the talk is to begin or after
the talk; please make arrangements with the speaker as to when you can do this. You may scan and
send materials as a .pdf to yourself using the scanner on the 3" floor.

e  Computer Presentations: Obtain a copy of their presentation

e  Overhead: Obtain a copy or use the originals and scan them

e Blackboard: Take blackboard notes in black or blue PEN. We will NOT accept notes in pencil
or in colored ink other than black or blue.

e Handouts: Obtain copies of and scan all handouts

O For each talk, all materials must be saved in a single .pdf and named according to the naming
convention on the “Materials Received” check list. To do this, compile all materials for a specific talk
into one stack with this completed sheet on top and insert face up into the tray on the top of the
scanner. Proceed to scan and email the file to yourself. Do this for the materials from each talk.

O When you have emailed all files to yourself, please save and re-name each file according to the naming
convention listed below the talk title on the “Materials Received” check list.
(YYYY.MM.DD.TIME.SpeakerLastName)

O Email the re-named files to notes@msri.org with the workshop name and your name in the subject
line.


mailto:notes@msri.org
Tony old mac
Tony Feng

Tony old mac
tonyfeng@stanford.edu

Tony old mac

Tony old mac
Chenyang Xu

Tony old mac
The uniqueness of K-polystable Fano degeneration 

Tony old mac
01

Tony old mac
31

Tony old mac
19

Tony old mac
2

Tony old mac
00

Tony old mac


THE UNIQUENESS OF K-POLYSTABLE FANO DEGENERATION

CHENYANG XU

1. MoDULI OF K-SEMISTABLE FANO VARIETIES

There are families of Fano varieties over a punctured disk which are all isomorphic
over the punctured disk, but different over the special point. This made people think
that there isn’t a good moduli theory for such objects. But a conjecture has emerged
that there is a good moduli space if you restrict your attention to “K-semistable”
Fano varieties. (“I’ll let you imagine what the K stands for”.)

Conjecture 1.1. Fiz a dimension n. Consider n-dimensional, volume V, K-
semistable Q-Fano varieties X .

(1) This forms an Artin stack Mﬁf‘s/ of finite type.

(2) Mﬁs‘s/ admits a good moduli space Mﬁp{j (“K -polystable”) in the sense of
Alper (meaning it looks locally like a GIT quotient.)

(3) Mflp“i is separable, proper, and projective.

The points on Mip‘i parametrize “k-polystable Fano varieties”.
Definition 1.2 (Tian, Donaldson). Let X be a Fano variety. Using —rKx (for

sufficiently divisible r), we make a map

(X, —rKy) =5 py,

There is an action of PGL(N +1) on PV, We make an action of C* < PGL(N +1)
on X into a family (X x C*,£) — C* C C. Then we consider the special fiber
(Xo, Lo). It will be the case that

KO (Xo, LE) = aok™ + a1k" 1 + ...

Now, C* acts on H%(Xy, LE). If you look at equivariant cohomology, you get a total
weight of

bok™ ™ + b k™ + O(K™Y).
We define Fwt(X, L) = bo‘”a%“obl.

0
We say that X is K-semistable iff Fwt(X,L) > 0 for all possible r and C* C
PGL(N + 1). For fixed r this is similar to a standard GIT problem, but we are
allowing r to vary.

Evidently it is difficult to check this condition!
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2 CHENYANG XU

2. ANOTHER DEFINITION OF K-SEMISTABILITY

Next we give a new (but essentially equivalent definition), due to Bouchson-
Hisamoto-Jonsson. Instead of degenerations look at the valuations on X. Fujita
defined a fS-invariant to a divisor D — X:

B(D) = Ax(D)(~Kx)" ~ [~ Vol(~ky — tD)de
0
where Ax (D) is a “log discrepancy function”.

Theorem 2.1 (Fuita, Li). X is K-semistable iff B(D) > 0 for all D.

This turns the n + 1-dimensional problem into an n-dimensional problem, since
this is phrased only in terms of X itself.

Definition 2.2 (Fujita, Li). Let X be Q-Fano.

(1) X is K-semistable iff 5(D) > 0 for all D.

(2) X is K-stable iff (D) > 0 for all D.

(3) X is K-polystable iff X is K-semistable and if X specializes to a K-semistable
X then X = X,.

Conjecturally, stable is equivalent to uniformly k-stable.

We can now come back to the K-moduli conjecture. When we consider all smooth-
able Fano X, we know the conjecture (perhaps except for the projectivity) |Li-Wang-
Xu|. The proof heavily lies on analytic geometry — the Yau-Tian-Donaldson Conjec-
ture, which was solved in the smooth case by Chen-Donaldson-Sun, and Tian.

There are a couple drawbacks. First, it is analytic whereas we would like an
algebraic proof. Second, we need to assume the smoothability to get into the smooth
case.

3. WHAT IS KNOWN?

The boundedness is known by Jiang (after Birkar).
Our main theorem:

Theorem 3.1 (Blum-Xu). Let X — C «+ X' be two families of Q-fano varieties
over C, such that

(1) Over CY:=C — {0}, X xc CV= X' xc C°,

(2) Xo, X\, are K-semistable.

Consider a section s € HY(—mKx,). Define a (decreasing) filtration F'* on
H(—-mKx,) as follows: s € F'H°(—mKy,) iff there exists an extension 5 €
H°(=mKxc) such that ordy;(s) > r. In other words, look at all possible ex-
tensions of X and look at the maximum possible vanishing order.

Lemma 3.2. We have

@ @grr H(—mKx,) = @ @HO(—mKXé)

m’  r!
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sending the (m,r) summand to the (m,r") summand where v’ = m(a + a') —r,
a = AX,XO (X(/)) and a’ = AX’,XO (w())

We want to take Proj, but we don’t know if it’s finitely generated. How do we
show it? And what does this have to do with K-semistability?
Let

B(F) =a(—Kx,)" — /VOI(Ft)dt

where

: tm 0(_
vol(Ft) = i S FTH(EmEX))
m—00 m”/n!
Since this is positive, 3(F) + 8(F') =0 = B(F) = B(F’) = 0. But this is not
enough.

Theorem 3.3 (Li-Wang-Xu, Blum-Xu). Let X be a K-semistable Fano variety, D

such that B(D) = 0. Then
@ @ H°(—mKx —nD)

is finitely generated.



