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e The Vlasov-Maxwell equations offer a Hamiltonian description of
the self-consistent interactions between charged particles (mass m
and charge e) and an electromagnetic field

V-B=0 E=—-Vd — c10A/0t

V X E+c"19B/0t =0 B=VxA

e In this talk, | present the variational (Lagrangian) principles for
exact and reduced (guiding-center and gyrocenter) Vlasov-Maxwell
equations.

e In a generic noncanonical Lagrangian formulation, both the
symplectic (Poisson-bracket) structure and the Hamiltonian
depend on variational fields (¢, A; E, B).
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Avertissement

The reader will find no figures in this work. The methods which |
set forth do not require either constructions or geometrical or
mechanical reasonings: but only algebraic operations, subject to a
regular and uniform rule of procedure.

Joseph Louis de Lagrange
Meécanique Analytique (1788)
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Review of Lagrangian & Hamiltonian Dynamics

e Lagrangian dynamics in extended phase space (x, p; w, t)

_ (e i (P _
L—(CA+p) b'e wt <2m+e¢ W>

o Extended Hamiltonian H = (|p|?/2m+e®) —w=H—-w =0

o Euler-Lagrange equations (t = 1)

X = p/m

i 10A e . .

p = —e<vq>+cat> —|—E<VA-x—x-VA>
= eE+§>’<><B

w = ea—q)—g)k 8—A
ot c Ot
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e Hamiltonian dynamics in extended phase space (x, p; w, t)

o Lagrange bracket w,g — Poisson bracket JoP = {22 78}

1
7= (SA+p) dxwdt = w=dy=Swasdzndz - J=w

o Extended (noncanonical) Poisson bracket

_ Jg _ of _ (9f dg _0f Og

{f. e} = (w op  Op Vg) <aw ot ot aw>
e of Og e OA of dg Og Of

teB <3PX3P>+C3t ( )

op Ow  Op Ow

C

o Hamilton equations — Liouville Theorem (Jacobian J = 1)

= e, %}:W% - }(;;(yz'a) ~ 0
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Vlasov-Maxwell Equations

e Vlasov equation for Vlasov distribution f(x, p; t)

of ., of 1[0 0 o
0=+ aza—j[at(””aza(j“ﬂ

o Vlasov equation in extended phase space

F(x,p; t,w) = f(x,p; t)é(w — H(x,p; t)) — {.7-", ’H} =0

e Maxwell equations (with particle sources)
V-E(x,t) = 47rg:47r2e/f(x,p; t)
p
4 4
V xB(x,t) — ¢ 1OE(x,1)/0t = —J=""3S"e [ xf(x,p;t)

o Source-free Maxwell equations

V-B(x,t) = 0 = V x E(x,t) + c 10B(x,t)/dt
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Variational Principle for Vlasov-Maxwell Equations

e Vlasov-Maxwell Lagrangian density [Brizard (2000)]

1
c=Liep-ep) - X [ Fu
p,w

o Hamiltonian variation: dH = ed®

o Constrained Variation for F: Canonical part + Symplectic part
SF = {68, F} + SéA-{x, F

o Constrained Variation for (E, B):

0E = —Véd — c196A/0t and 6B = V x A
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e Variational principle [ 6L d3xdt = 0

L o= — Z/p,w {53 {F.} + f(eécb LY ?:)]

L o0 SA (1 0E
+5- (V-E) + 47T-<Cat—V><B>

+ (85N/8t - V-5N> — Noether equation

o Vlasov-Maxwell equations (fp LF = fp f)

1 OE e
A - ——_—-VxB 42— fx =
1) <9t X B+ 4n C/px 0
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Noether equation

) E
5L = &(Z/p,wégf - 5A-4m>
+v-[z

Momentum-Energy conservation <+ Space-Time symmetry

58S Fx — %(me +5A><B)

p7W

@]

68 = P-0x — wt
60 = E-0x — c lady/ot
0A = Ecft + xxB + Véy

o Gauge variation: dy = ® cit — A-dx

o Lagrangian variation (Lyiasoy = — [, F H = 0)
0
oL = — a <5t EMaxweH) - V- <5X £Maxwell)
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o Gauge-variation cancellations

e e
68 + <oy = (P—EA> ox — (w — ecb) 5t
= p-ox — (|p|2/2m) 0t = p-6x — Kt

o Noether Theorem
) E
oL = o [Z/pf(p-(Sx - K6t> - (Ecat + ox x B) W]
. ExB
+V- [Z/pf(p-dx . K(St)x - < - >c5t

1

(E E-ox + (5x><B)><B)
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e Energy-momentum conservation laws

o€ OP
—_— . = = —_— OT
8t+v S 0 o + VvV

o Vlasov-Maxwell energy density and energy-density flux
£ = Z/ fK + ([EP+|BJ) /8r
p
S = Z/ fxK + c(ExB)/4n
p
o Vlasov-Maxwell momentum density and stress tensor
P = Z/ fp + (ExB)/4nc
p
T = Z/ f mxx + i(\E|2+|B|2) - i(EE + BB)
p 8 47

o Symmetry TV = TJ' = Conservation of angular momentum
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Guiding-center Vlasov-Maxwell Theory

e Guiding-center Lagrangian one-form [Brizard & Tronci (2016)]

Yoo = (SA+p b) -dX+Jdf — wdt = A*-dX+J df — wdt
C C

o Asymptotic decoupling of fast gyromotion (J, ) from reduced
guiding-center motion (X, py)).

o Guiding-center Poisson bracket (B* =V x A*, B = b-B*)

<V*]—' 99 _oF v*g>
|

OF 8G arag>
dp  Ipy

{7 Glee = (aeaJ_aJae
b

B

where V* =V — [(e/c) OA*/0t] O/0w.

vy s (L% 0E 06
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e Reduced guiding-center equations of motion

dgcX  dgep p| B* cb B*
iy E* x B —
( dt ' dt m B} * B " "B

o Guiding-center Lagrangian Ag. = e A* - X — (e®” + pﬁ/2)

ed*(z,t;u)=ed+uB . * = —Vo* — c1oA* /0t
eA*(z,t;p)=eA+cpb B*=V x A"

o Guiding-center Jacobian — Guiding-center Liouville Theorem

. dec Z° 0Tgc
Tge = (e/c)B] — (jgc g) == atg
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Guiding-center Polarization and Magnetization

e Guiding-center Polarization and Magnetization
(Pfirsch 1984 & Kaufman 1986)

o Guiding-center electric-dipole moment

~ X
wgcze—bxdg - ° (,UVJ_B“‘ be)

Q dt m 2

o Intrinsic (Hamiltonian) guiding-center magnetic-dipole moment

0B

p’gc = _p’b = _MaiB

o Moving electric-dipole (symplectic) contribution

p| 5 P dgc X ob dgCX
o B \ dt = Pl oB 4
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e Guiding-center Vlasov-Maxwell Equations

o Guiding-center Vlasov equation f,(X, py|, t)

f X
of, _ dg v, —

an deep) Ofy
ot dt

dt 8pH

o Divergence form (4 Liouville Theorem): F, = J, f,

8Fu . dgCX 0 dgcpH
Fr V'<Fu dt) ap<Fu dt

o Source-free guiding-center Maxwell equations

10B 10B*
V:-B*=0=V-B and V)(E—I—fa—:O:VXE"‘—I—f(9
c Ot c Ot
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o Guiding-center Maxwell equations

OE
V-E =47 ggc and CVXB—E:‘]-?T(JgC + CVXMgC>

o Guiding-center charge and current densities (X" = " [ dp)

dye X
(0ges dge) = ZH/ (e, € Zt ) Fy. dp

o Guiding-center magnetization (with moving electric-dipole)

N
_ 14 gc
Mg = X on [ Pl
where
o * S b -
Nge  _ eOA" 5 99 (bxx)x'i—ﬂb
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Guiding-center Vlasov-Maxwell Variational Principle

e Guiding-center Vlasov-Maxwell Lagrangian density
(Brizard 2000, Brizard & Tronci 2016)

_ 1 2 2 I
L = o= (1EP = [BR) = £* [ 7 Hdpy dw
o Extended Eulerian fields ,, and H, with Z = (X, p|; w, t)

H = (e¢*+pﬁ/2m> —w = Hgpe — w
‘Fﬂ = Fll(x7 P t) 5(W - HgC)
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Eulerian field variations

(@]

Guiding-center Hamiltonian variation

§H = edd* = eéd + pb-oB

o

Guiding-center Vlasov variation (F, = ]:M/B"“):
0.F, = Jacobian part + canonical part + symplectic part

- * * - € * -
(Sfu = ‘FM 58” —+ BH ({68, F“}gc—’_ E(sA . {X, f,u}gc)

o Guiding-center symplectic & Jacobian variations
e ob
—0A" = - 5A 0B -
c t P 8B
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e Guiding-center Lagrangian variation

0Lye = Z“/Bﬁ* 58S {E, ’H}gc dp) dw
5 (5A 10E 4
86Ngc

_l’_

ot + V:6Ng. — (Noether equation)

o Guiding-center magnetic H-field: Hy. =B — 47 M,

o Guiding-center Noether equation

E-S5A
4r ¢

Nge = 2" / 08 Fyu dpjdw —

Cx
oNge = X" / 3S F, dg dp| dw — 4i (5¢ E + A X ch)
s
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Guiding-center Conservation Laws

e Guiding-center energy conservation law

OEqe

4 VS = 0

o Guiding-center energy density (Kg. = uB + pﬁ/2m)
1
ggc = Zu/F,u Kgcde + g <|E|2 + |B|2>
o Guiding-center energy-density flux

doc X c
— H gc
SgC = Z /FN KgCpo” + EEXHgC
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e Guiding-center momentum conservation law
oP
8?6 + VeTge =0

o

Guiding-center momentum density

ExB
47 c

ch = ZM/pBFudp” +

o Symmetric guiding-center stress tensor Ty = Ty + Tgev

T = (IEP + [BP) 8%-% (e + BB)

Teev = PogL + Z”/ (XJ_ P| b+ P| BXL) F,. dpj

o

CGL pressure tensor: X P b= (pﬁ/m) bb+ X, Py b

PcaoL = Zﬂ/

2
Pi| ~~ A~
L bb+ uB (I—bb)] F. dpy
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Symplectic Gyrokinetic Maxwell-Vlasov Theory

e Perturbed guiding-center dynamics
e
I'gc = I-Ogc + € EAlgc' (dx+dpgc)
ch = HOgc + € ecblgc

o Finite-Larmor-radius effects: T, 'x = X + p,.

(Tg_cld)l? Tg_clAl) = (¢1gC7 Algc)

= Electromagnetic perturbations destroy the adiabatic invariance
of the guiding-center gyroaction J: dyg.J/dt = O(e)

e Gyrocenter transformation (X, py, J, 6, w, t) = (X, By, J,0,w, t)

Moy = <§A0+5”50+ngy)-di+7d§—Wdt
Moy = P/2m+JQ+eVy —W = Hy —W
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o Gyrocenter Jacobian
€ & * € * N
jgy = Eb -B" = EBO + b*-V X (p” bo+ngy)

where
b* = Bo + ONgy /Op| — Bo-b* =1
B* = By + (c/e)V X (pHBO+I'Igy)

o Gyrocenter Jacobian is time-dependent:

0T OB e, oMy,
— .7B .
ot gt ¢ B VX
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Gyrocenter Hamilton Equations

e Gyrocenter Poisson bracket (omit gyrocenter bar unless needed)

OF0'G 9F0G | 0FdG OF0G

V9 = 508 " arow T 900 0J 08

+ :ngy : (v*fgg - g;v*g)
— ;; -V*F x V*G
where the modified space-time operators are
T DY (M e D
ot ot Tay ot oJ ) 06’
B N )
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e Reduced gyrocenter Hamilton equations

. b* on eB* OH
X = % YV H. 4 gY> gy
jgy ( &y ot ngy ap”
) eB* < 8I'Igy>
p = - | VHgy +
I cTay 8y ot
o Gyrocenter gyromotion equations
. OH, : OH - on
J = — & = d 6 = & _ X. gy
a0 a aJ aJ

o Gyrocenter Liouville Theorem:

aajfy + V- (jgyX) + %(jgyb> =0
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Gyrocenter near-identity phase-space transformation

e The gyrocenter symplectic one-form and Hamiltonian
Moy = Tg_ylrgc + dS and H, = Tgyl’ch

are derived by a near-identity gyrocenter transformation

—a 1,007
Z' = Z°+eG+¢€ <g5+29f’331b)+'“

o The gyrocenter push-forward operator
Tgyl = .. exp(—€2Ly) exp(—eLy)

where the nth-order Lie derivative £, is generated by G, and the
gauge function S = €S; + €25, + - - - represents the canonical part
of the phase-space transformation.

Alain Brizard (Saint Michael’s College) Symplectic gyrokinetic Vlasov-Maxwell theory



e First-order analysis

o First-order symplectic equation

oxX

a(x + pgc) 851
e 928 ~ozb

e
= EAlgc' §Zb - gf Woab + @

from which we obtain the first-order components
g7 = {51,270 + ;Algc ’ {X + Pges Za}o = Mgy - {X, 2%
where {, }o unperturbed (guiding-center) Poisson bracket.
o First-order Hamiltonian equation
eVigy = e (D1 — 2 Asge) + Mgy -Xo — {S1.Ho}o

where vy = (p||/m)Bo +Q0p,/90 and Xg = (p||/m)Bo.

Alain Brizard (Saint Michael’s College) Symplectic gyrokinetic Vlasov-Maxwell theory



o Since we want Wy, to be gyroangle-independent, we define
Vo -
ellllgy = e <¢1gc - ? . Algc> + nlgy : XO
where (---) denotes gyroangle averaging.
o First-order gauge function S; (here, (51) = 0):

Vo Vo -~
{S1,Hoto = e <¢1gc s 'Algc> —e <¢1gc s 'Algc> = eige
o Gyrocenter gyroaction is independent of the choice of Mygy:

05, e op
J 1 gc
) O VL
Gi 00 c e T op

o We now introduce a new choice for the gyrocenter symplectic
momentum Iy, based on the first-order gyrocenter
polarization displacement
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Gyrocenter Polarization Displacement

e Calculate the first-order gyrocenter displacement

~

cb
Proy = —Gurd(X+pg) = (X+po, Sito + Mgy X 22
o Gyroangle-averaged first-order gyrocenter displacement
CBO
<p1gy> = <{p0a 51}0> + rllgy>< 6780
eBo e cBo CBO
~ —— —(A — XV Mgy X —
Q mc< 1Lg0> + Bo <¢1g0> + Thigy eBy

where

e (1ge) = e ((®1e) = - (Ayjac)) + 1 (Bujec))
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o Zero gyrocenter polarization displacement (p;,,) = 0:
=- Gyrocenter symplectic momentum

~

 (Aree) + L (Brige) + o X (e V(1) + 1 V((Byyee)

(S
My, =
gy c BO

o Gyrocenter polarization reappears in the gyrocenter Jacobian
e
Ty = b'-B
c

— <Bo+e<BlBLogc>> . E Bo +V x (PIIBo + Enlgyﬂ

cb
x>~ jOgc + GJOgc V- (nlgyx 0)
eBO

o First-order gyrocenter Hamiltonian

ewlgy = e<¢1gc> + M<<Bl||gc>>
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Symplectic Gyrokinetic Variational Principle

e Symplectic gyrokinetic Vlasov-Maxwell Lagrangian density

Lgy /]:nggy + 5 <|E|2 ‘B‘2>

where summation over particle species is implicitly assumed and fP
denotes a four-momentum integration involving (py, J, 0, w).

o Gyrocenter extended Vlasov density Foy = Jgy F

o Gyrocenter extended Hamiltonian

Hey = (pR/2m+1uBo) + € (e (Prge) + i ((Byec))) — w
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e Variation of the gyrokinetic Lagrangian density
1
Ly = — / (0F gy Huy + Fay i) + o= (%E-E - B-B)
P
o Electromagnetic variations

19E
JE-E—0B-B = 65A1-<CZ—VXB> + €5y (V-E)
9

- & ( 0A1+E) = V- (€00, E+ c A1 X B).
o Variation of extended gyrocenter Vlasov density:
0Fgy = 0Jgy F + Ty OF

(%TIgy e
= -B* +b*. on
J-“< p c +b"-V X gy>

+ jgy (‘{557 —F}gy + 5ngy'{x> ]:}gy>

Alain Brizard (Saint Michael’s College) Symplectic gyrokinetic Vlasov-Maxwell theory



o Identity | (integration by parts)

- /,35(fgy7'[gy) = —/Pjgy{]:» Hgy}gy oS

+ /P For (Mg X — oy )

+8(/fgy58> + V. (/ngy(ss)
ot \Jp P

where X = {X,Hgy }oy denotes the full gyrocenter velocity.

o Identity Il (keep lowest order in Byg.)

e . ~
5n1gy -X - e‘swlgy = —€ <5¢1g6> + c <5A1gc> X —pbo- <<5Blg0>>

p BO eBo .
+ (<6E1gc> "‘ % X <5Blgc>> M ﬁ X X
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o Identity Il

/fgy (Mg X = edWyy) = —c601 0 + €0A1-Jy/c
P
+€(5E1'ng + E(SBl'ng

o Gyrocenter charge and current densities

(D1gc)
Ogy = /-ng ( 5¢fc>
Alc> v
Joy = /fgy< Mj )-eX

o Gyrocenter polarization and magnetization

o
Py = / 5Elfy ‘X Foy

om, ~ O(Bug)
Mo = /<5ny X = wbo- 557 )fgy
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e Variation of the gyrokinetic Lagrangian density

‘mgy = _/Pjgy{]:’ 7'[g;y}gy 08

€5¢1
yy (V-Dgy — 47 ggy)

N €dAq . (1 0Dy

4
i (o VX T
0 €
+8t</Pfgy58 - 47TC(5A1-]D>gy>
. €
+V | [ FaXos - E(ml Dyy -+ 0A1 X Hyy )

o Gyrocenter electromagnetic fields

Dy = E + 41 Py
Hy = B — 47 My
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o Gyrocenter Vlasov equation: [ Jpy {F, Hgyteydw = 0 —
0 - 0 :
5;WJey F) + V- (jgyFX) + M(jgprll) =0

o Gyrokinetic Maxwell equations

V-Dgy = 4m ggy
1 0D Ar
VxHy = -5 + o

o Gyrokinetic Noether equation
0 €
5‘ng — a </F)ng55 - 4.71'C6A1.]D)gy>
+ V- Upfgyx S — i <5q>1 Dyy + 0A; ngy>]

Note: Gyrokinetic polarization and magnetization effects
obtained without 2"“-order gyrocenter Hamiltonian
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Symplectic Gyrokinetic Vlasov-Maxwell Equations

e Gyrokinetic Vlasov equation

oF oF
0 = —— +X-VF+p ~—
ot [ apj

- Jlgy[ (Tes )+ V+ (Vs FX) + aa| (jgpr>]

o Gyrocenter Hamiltonian

Ho = pf/2m + pu(Bo+e((Bujse))) + € e (1g0)

o Gyrocenter symplectic momentum

e P ebg
nlgy: E<A1g0> + E‘(‘) <BlJ-gC> + =
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e Reduced gyrocenter Hamilton equations

. b* on eB* p
X = H ) =8
Ty 8 (V &y ot >+ngy m
eB* on
o= — . H, &
A T (V ST )

o Gyrocenter symplectic magnetic field
% C % eBo
B* = (Bo+€<BlgC>)+gv X | p| b* +e€ o X VWigy

o Gyrocenter drifts with polarization correction

on
VHy + S8 =V (Bot e (Byee)) ) — celErge)
+e dOgc <dEt1Lgc> x %b()
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e Gyrokinetic Maxwell equations

V-E = 47r<ggy —V-ng>

VXB—%% = 47T<J Py

o Gyrocenter polarization

~

]P)gy = /jgyF <5§C> ? XX = /jgyFﬂgy

o Gyrocenter magnetization

pbo =
Mgy = [ oy F | gy X “me f1bo
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Symplectic gyrokinetic Vlasov-Maxwell theory - Talk by Alain Brizard

Lecture notes (Ori S. Katz)

October 11, 2018

Abstract

We consider a general form of electromagnetic gyrokinetic Vlasov-Maxwell theory in which the gyrocenter
symplectic structure contains electric and magnetic perturbations that are necessary to cause the first-order gy-
rocenter polarization displacement to vanish. The gyrocenter Hamilton equations, which are expressed in terms
of a gyrocenter Poisson bracket that contains electromagnetic perturbations and a gyrocenter Hamiltonian, sat-
isfy the Liouville property exactly with a time-dependent gyrocenter Jacobian. The gyrokinetic Vlasov-Maxwell
equations are derived from a variational principle, which also yields exact conservation laws through the Noether
method. We show that the new symplectic gyrokinetic Vlasov-Maxwell equations retain all first-order polar-
ization and magnetization effects without the need to consider second-order contributions in the gyrocenter
Hamiltonian.

1 Lecture notes

Outline:

Vlasov-Maxwell equations. Specifically - variational principles for exact and reduced, by guiding center and
gyrocenter, VM equations.

Lagrangian - not canonical transformations, so the Poisson brackets change.

Hamiltonian - transforming from the Lagrange bracket to the Poisson bracket. This procedure guarantees that
the Poisson bracket will satisfy all the properties, specifically the Jacobi equality. From Hamilton’s equations we
get the Liouville theorem - Jacobian is 1.

Vlasov equation - characteristics are simple Hamilton’s equations. It states that the distribution is a slaved
function - whatever you do to the trajectory, the Vlasov distribution follows.

Vlasov equation in extended phase space - multiply physical Vlasov equation to a delta function.

We’re going to recover the extended phase space version by variational principle.

Maxwell equation - divided into two groups - with and without particle sources.

Vlasov Maxwell equations- Brizard (2000) - Several versions exist. I present one derived in 2000 that exploits
extended phase space version. EM Lagrangian |E|> — |B|? minus the integral over the momentum part.

Calculating the Eulerian variation, only the electric potential is varies, not the kinetic energy which is a function
of the dummy variable.

The constrained variation has two parts - canonical and symplectic. The variation J A appears in the symplectic
part.

The electric and magnetic field are not varied independently.

Rearranging terms, we obtain 4 terms, with 4.5, ¢ and §A. By rearranging the terms, we obtain an explicit
time derivative, resulting in a Noether equation allowing a calculation of conserved quantities.

After the variational principle, the variation in the Lagrangian equals an explicit time derivative pluse space
derivaticve.

Thus we obtain momentum-energy conservation, relating to space-time symmetry. There is also a gauge variation
term, important because the 45 is not gauge invariant.

The varition of the Lagrangian - we can impose that [ FH = 0 and the only variation left is the Maxwell one.

Comparing variations to zero, obtain the energy-momentum conservation laws, with the Vlasov-Maxwell energy
density, energy density flux, momentum density and stress tensor.

So the variational principle is used to show that the Vlasov-Maxwell equations are subject to the variational
method, and have explicit conserved quantities.

Guiding-center Lagrangian one-form - gyromotion has been transformed - J is the gyro action. wdt is the
extended moment. Littlejohn - higher order contributions to the bracket.



Guiding center extended phase space Poisson bracket.

Here, A, B are functions of time.

Deriving the reduced guiding center EOM, E™* can be written analogously to an electric field, with ¢* and A*
instead.

Guiding center Jacobian - non-canonical transformation so the Jacobian is no longer 1, it is an explicit function
of time as it depends on B. This is in constrast to the standard guiding center case.

When moving to reduced picture, the rapid fluctuations shift from the Vlasov equations to the Maxwell equations.

Guiding center electric dipole moment - first order in magnetic field non-uniformity. Two contributions to
magnetization - intrinsic (Hamiltonian), related to the derivative of the Hamiltonian w.r.t. B; and a symplectic
contribution, taking into account only the perpendicular component of the guiding center velocity.

Guiding center Vlasov-Maxwell equations empoys the guiding center Vlasov equation as characteristics. Can
be written either in standard or divergence form, using the Liouville theorem. Source-free guiding center Maxwell
equations remains with starred fields.

Remaining guiding center Maxwell equations - current is the moment of the guiding center velocity. There is no
guiding-center polarization here. However, the guiding center polarization enters into the symplectic part.

Guiding-center magnetization - two contributions.

Now, a variational form of these equations.

F,, and H are the extended fields.

Varying the Hamiltonian, we have an additional term - the Hamiltonian contribution to magnetization. The
varied field §F), will have three contributions, Jacobian, canonical and symplectic parts. Note that the A* has a
part with § A and a part with dB.

Eventually, obtain the guiding center Lagrangian variation, with a magnetic field and a Noether equation.

If there was magnetization, E would be replaced with a D.

Thus we obtain the guiding center conservation laws. Poynting flux now has F x H.

The derived guiding center momentum density has only the parallel momentum, and £ x B.

The guiding center stress term has two contibutions, the Maxell and the guiding center Vlasov. They are
symmetric.

In red - the guiding center magnetization from all contributions. If we wouldn’t take all contributions into
account the angular momentum would not be conserved and the tensor would not be symmetric.

Symplectic Gyrokinetic Maxwell-Vlasov equations:

Guiding center dynamics are perturbed by a magnetic field. Gyro radius - pge.

Thus the electromagnetic perturbations destroy the adiabatic invariance of the guiding center gyroaction.

Using new coordinates, the new structure have a contribution from the gyro perturbation. We have complete
freedom in choosing what goes into the perturbations, and how much go into the symplectic vs. the Hamiltonian
parts.

Gyrocenter Jacobian - dot product of parallel unit vector that is no longer parallel, with B*.

The gyrocenter Jacobian is time dependent.

Since the gyrocenter momentum is time dependent, there are corrections to the coordinate and parallel momen-
tum time derivatives. Liouville theorem is satisfied.

How to derive these new gyrocenter phase space coordinates?

Lie transform perturbation techniques, generated by the gyrocenter and the gauge function one form. The choice
of S will not change the nature of the Poisson bracket, but it will appear in the definition of the Hamiltonian.

Generally, in order to obtain a first order Hamiltonian, we need to derive the second order Hamiltonian as well.
Here the second order Hamiltonian is not needed.

First order analysis allows us to find the first-order Hamiltonian equation.

We choose S; to be gyroangle-independent, resulting in 14, to be gyroangle-independent. .S; only depends on
the gyroangle-independent part of the Hamiltonian.

While there are many representations, they all treat the gyroaction as a unique quantity, as the physics dictate.
Indeed, the theory is quite explicit - gyroation does not depend on the choice made for the gyrocenter symplectic
momentum .

Gyrocenter polarization displacement - pushing forward the particle position into gyrocenter phase space -
obtain two contributions, one due to S; and one due to II;4,. When calculating the gyrocenter average, obtain
contributions from gyrocenter momentum, perpendicular complnent of A and the gradient of the average of ;4.



You could choose the gyrocenter polarization displacement to be zero, by choosing II;4, as written. We will see
the impact this has on the equations.

We use this specific choice of the gyrocenter symplectic momentum II;4,. The physics of course do not change,
just get shuffled somewhere else.

Thus the derived first order gyrocenter Hamiltonian has a very natural simple relationship.

Now, we will derive these equations from the variational principle. The Lagrangian density has the same form.
Variational principle is derived by performing the variation. The variation of the extended gyrocenter Vlasov density
again has three components.

Rearranging the variations, we can write the interactive portion in terms of functional derivatives. The magne-
tization M has an intrinsic and an electric dipole contribution.

Obtain - Gyrocenter Vlasov equation, gyrokinetic Maxwell equations and gyrokinetic Noether equation. This is
derived straight from the variational principle without going through the calculation of the second order gyrocenter
Hamiltonian.

Polarization charge density - Py, .

2 Questions

- This is important because leads to computational simplifications, are your final results used in gyrokinetic codes?

Gyrokinetic codes are used to simulate plasma systems. Reduced systems are useful for computational rea-
sons. Very few computational codes took into account the second order gyrocenter Hamiltonian. This symplectic
representation might provide an equally powerful set of equations without deriving the higher order effects.

- What is the principle by which the constraint variations of F' and B were derived?

For the electro-magnetic fields, use that Gauss’s law and Vlasov laws are conserved. For F', the phase space
integral of  F' must be zero.



