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Talk Title: Drift and Diffusion in Symplectic and Volume-Preserving Maps

pate: _11 /29 72018 Time: __9 : 30 am / pm (circle one)

Please summarize the lecture in 5 or fewer sentences: Compares volume preserving maps to symplectic
maps. There is a KAM theory, but we don't know what the most robust torus is and we don't have an Aubrey-Mather
theory to describe what happens after breakup. When the map is symplectic, the drift along a resonance channel

is diffusive because the action along the resonance is approximately invariant, as guaranteed by Nekhoroshev.
When the map is non-symplectic, the drift along a resonance channel is ballistic and can switch between different
resonance channels, leading to much higher transport.
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e  Computer Presentations: Obtain a copy of their presentation
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Drift and Diffusion
N Symplectic and
Volume-Preserving Maps




Hamiltonian Flow is Symplectic

- Hamuiltonian Dynamics:

P = JVH
dp _ 90 o
diiiis Jq i sl
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- Flow ¢ on z=(gq,p)
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Symplectic Maps

- Amap f(x,y) —(xy) 1s symplectic 1f
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Symplectic Maps

- Amap f(x,y) —(xy) 1s symplectic 1f




Volume-Preserving Maps

- Amap f(x,y) — (x’y") 1s volume preserving 1f

det(Df) =1 ‘mactions
/

» Standard (angle-action) form on T x R™
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Why Volume-Preserving”

- Mixing (stirring) in incompressible fluids Vv =0

Chaotic advection of dye T = v(x, 1) &

»+ Magnetic fields V-5 =0

stellarators, solar flares, Earth’s magnetotail



Optics: Curl Forces

+ Berry & Shukla note that odes on R? x R”of the form
T =1

J = F(x) VXF#0

arise 1n dynamics of polarizable particles, p o E, 1n a paraxial
electric field E(z,y, z) = e™y(x,y)é,
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Volume-Preserving Maps

- Examples: (n,m)

Chirikov’s Standard map (1,1) (g;’7 y’) = (z + Yy — € sin(27x))
Froeschlé map (2,2) (x’, y/) = (z + Yy — eVVi(x))

- Two Angle—One Action Normal form (Rank-One Resonance)
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Resonance Web

Resonances
R={weR":m -w=n,(m,n)€Z""\{0}}

For a resonance, the rank 1s the
dimension of the module

Lo={meZ" :m weZZ}

In Action space, resonances
occur at

m - Q(y) = n

Nonlinearity “fattens resonances




-requency Map e

Tor1 exist only where
“true” frequency map
Crosses icommensurate
frequency vectors

To fix frequency: add a
parameter:

Q(y,0) — (1, ®2)

Ay, 8) = (y+ 7, By” — 9)




Volume-Preserving KAM

- Xia & Cheng/Sun: For one-action case: A Cantor set of
codimension-one, Diophantine (¢ > 0, s > 2)

\p-w—q|>L pcZ"\0,qcZ

p|°

tor1 persist in smooth, volume-preserving families, 1if €2
satisfies a non-degeneracy (twist) condition

rank(DQ, D*Q), ..., D"Q) =n

1.e., Kolmogorov nondegeneracy.

Cheng, C.-Q. and Y.-S. Sun (1989). “Invariant tori in 3D measure-preserving mappings.”
Celest. Mech. 47(3): 275-292.

Xia, Z. (1992). “Existence of invariant tori in volume-preserving diffeomorphisms.”
Erg. Th. Dyn. Sys. 12(3): 621-631.

Blass, T. and de la Llave, R. (to be written) KAM theory for volume-preserving maps



lorl act as Barriers

Many rotational tor1 Only one rotational torus
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c=0.005 c=0.02725
B=2,5=0.1,v=%(1+5)



r1+y +

xy = x2 + By'* —

&
—
|

y — elsin(27wxy) + sin(27wxs) + sin(27w(x1 — X2

<
|

Many rotational tor1 Only one rotational torus

1 }u{t“‘.\ 1

R

£ =0.005 £=0.02725
B=2,5=0.1,v=%(1+5)



Computing Tori: Parameterization

FAk(8)) = k(0 4 wy—"3e

T  k0+o)

© />

Auxiliary

_H_I_ZkGQWZJQ

JEZL?

k

Parameters

Haro, A., M. Canadell, et al. (2016). The Parameterization Method for Invariant Manifolds ... Springer, 267pp.



Frequency Vectors

Whereas integral bases of algebraic fields are Diophantine;*

Whereas noble irrationals (related to the golden mean) give “robust” invariant circles 2D
Maps;

- Be 1t sensibly resolved that elements of a cubic field should
give “robust” two-torl.
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A spiral mean torus /[rl € =0.0117 A spiral mean torus /lrrlr € =0.0168125

- Compute largest singular value of the Jacobian Dk of the conjugacy
k: (01, 02) —(x1,x2,))

Stripes vs spires:

Are there remnant tori: Sierpinski or Cantor?



Destruction = Transport

10

Crossing Time vs. €—¢€
4
>=0.1
Ecr = 0.02741 :
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Meiss, J. D. (2012). “The Destruction of Tori in Volume-Preserving
Maps.” Comm. Nonl. Sci and Num. Sim. 17: 2108-2121.
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Nekhoroshev [heory

- Near integrable Symplectic Map (€ << 1)

' =2+ VS(y') modl
y =y —eVV(x)

S, V analytic, S convex (though steep is sufficient)
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Near-Integrable 4D Map

' =x+vy mod]l

/
y =y + F(x) \wo actions

- Froeschlé-like forces

i osinDn s diEe e esin (P )
= ( bsin(2wrxe) + csin(2w(x1 + 22 + @)) )

¢ = 0: Symplectic since F=-VV
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Near-Integrable 4D Map

' =x+vy mod]l

/
y =y + F(x) \wo actions

- Froeschlé-like forces

i osinDn s diEe e esin (P )
= ( bsin(2wrxe) + csin(2w(x1 + 22 + @)) )

¢ = 0: Symplectic since F=-VV

' ~ -l = K .1
e - 1

" _ 1 ~ “ _..A N .: 11 1 “ ) ¢ _ . l AV'..".,,, -, _ . _— : . '- . .\:‘-b i
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Visualizing the

-




Fast Lyapunov Indicator

- Iterate arbitrarily chosen initial deviation vy

- Compute the supremum up to time 7

FLI = sup (log, || D f*(xo)vol|)
t<T




FLI: Standard Map

FLI = sup (log,, | Df*(xo)vol)
t<<T

10.0

6.0

2.0

» a=0.52, T=103, grid of 10° points






Two-Plane
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Resonance Web

- Near resonance Q(y) =y

=y 49 m-y =n o
Y Y Y Y F(ZE) o Z Fj627rzj-:(;
F(ZE) — FR(mx) —I—FNR(ZE) JeEL™

Note: m orthogonal to resonance channel

- Resonant Phase and action
Yv=m-x
o=
Jy=my -0y




.. Resonance Web

Jr =m0y
J||:mJ_'5y

- Average away nonresonant forces Fyr
TR I S Y
Jp=Jr+m- Fr(y)

= LS B ok T 14 NS




Resonance Web

* But for a Volume-Preserving map, Jj can be driven!

Y =v+n+Jg
Jy = J)+my - Fr(¢)
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Symplectic:  (a,b,¢,d) = (0,0.1,0.07,0.0001)
T=10°

N 0.35 §

0.3

0.25
-0.45

Symplectic Map m = (1,1) resonance 0,0.5) slice




Symplectic:  (a,b,c,d) =(0,0.1,0.07,0.0001)
T=10

N 0.35 8

0.3

0.25
-0.45 -0.4 -0.35 -0.3

Symplectic Map m = (1,1) resonance x = (0,0.5) slice




Symplectic:  (a,b,c,d) =(0,0.1,0.07,0.0001)
T=10°

i A e T

Zooming Out!

0.5 =

0.45
0.35 8
0.3

N 0.25
0.2
0.15 [
0.1 8
0.05

. I i o e ca it i .
I i L) i ~ pan . BRI viiar | 1o h M £ a T LS i alf

L o -0.3 -0.2 -0.1 0)

Symplectic Map m = (1,1) resonance x = (0,0.5) slice



Volume-preserving, (a,b,c,d)=(0,0.1,0.07,0.0001), phases =(0.5,0)

T =103

: ik ___ . : T i :

Volume-Preserving Map m = (1,1) resonance x = (0,0.5) slice



Zooming Out!

Volume-preserving, (a,b,c,d)=(0,0.1,0.07,0.0001), phases =(0.5,0)

T=10%

T = = : ; - T e T = T ?
i N k k k

Volume-Preserving Map m = (1,1) resonance



Zooming Way Out!

Volume-preserving, (a,b,c,d)=(0,0.1,0.07,0.0001), phases =(0.5,0)

T=10°

25

20

15

10

Volume-Preserving Map m = (1,1) resonance x = (0,0.5) slice



Action Diameter

(a,b,c) = (0.05, 0.05, 0.035)

T =103

sup [y — ¢

0<t,s,<T




104

Mean Square

Deviation:

(x0,y0) = (0.5, 0, 0, 0.35)

Diffusion vs

1005‘

[E
-
D L

[y (0|2

Drift

Ballistic

(x0,y0) = (0, 0, —0.45, 0.45)

(a,b,c) = (0.05, 0.05, 0.035)




10

Mean Square Deviation:

(x0,y0) = (0.5, 0, 0, 0.35)

Diffusion vs

Ballistic

Drift

(x0,y0) = (0, 0, —0.45, 0.45)

(a,b,c) = (0.05, 0.05, 0.035)




)

Crossing Resonances




Volume-Preserving Map

(a,b,c,d) =0.0,0.1,0.07, 0.0001, ¢ = (0, 0..5)



This round goes to Drift!




More about VP Maps

 Dullin, H. R. and J. D. Meiss (2009). “Quadratic Volume-Preserving Maps: Invariant Circles and Bifurcations.”
SIAM J. Appl. Dyn. Sys. 8(1): 76-128.

- Lomeli, H. E. and J. D. Meiss (2009). “Generating Forms for Exact Volume-Preserving Maps.” Disc. Cont.
Dyn. Sys. Series S 2(2): 361-377.

 Dullin, H. R. and J. D. Meiss (2012). “Resonances and Twist in Volume-Preserving Mappings.” SIAM J. Appl.
Dyn. Sys. 11: 319-349.

- Meiss, J. D. (2012). “The Destruction of Tor1 in Volume-Preserving Maps.” Comm. Nonlinear Sci. Numer.
Simulat. 17: 2108-2121.

- Fox, A. M. and J. D. Meiss (2013). “Greene's Residue Criterion for the Breakup of Invariant Tori of Volume-
Preserving Maps.” Physica D 243(1): 45-63.
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