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Drift and Diffusion
IN Symplectic and
Volume-Preserving Maps

James Meiss
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Hamiltonian Flow I1s Symplectic

¥ Hamiltonian Dynamics:
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Symplectic Maps
¥ Amapf(x,y)! (Xy) is symplectic if

coordinates J = 0

|
e I I
¥ Standard (Chirikov-FroeschlZ) form bn! ! n

X'=x+!(y) mod]1
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Symplectic Maps

¥ Amapf(x,y)! (Xy) is symplectic if

coordinates

...‘.




Volume-Preserving Maps

¥ Amapf(x,y)! (XYy) Is volume preserving If
det(Df ) =1

¥ Standard (angle-action) form dnni ! R"

X'=x+!(y) mod]1
s Tt R0
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Why Volume-Preserving?

¥ Mixing (stirring) In incompressible fluids! av=0

¥ Chaotic advection of dyeXI= V(X, t) s

¥ Magnetic fields! aB =0

¥ stellarators, solar flares, EarthOs magnetotail
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Optics: Curl Forces

¥ Berry & Shukla note that odes &&f! R*  of the form
XI= y

, 1" E#0
yI= F(X)

érise In dynamics of polarizable particlps, E, in a paraxial
electric field E(x,y,z) = €1 (x,y)&

B (0) sl lulcataa lm el
¥ Such systems are incompressible, but non-Hamiltonian.
¥ PoincarZ Maps will be Volume-preserving!

Berry, M. V. and P. Shukla (2015). OHamiltonian Curl Forces.O Proc Roy Soc Lond A 471
20150002.



Volume-Preserving Maps

¥ Examples: 1f,m)

¥  ChirikovOs Standard map (1,1) (x!,y!) =(x+ y!,y I 1 sin(2" x))
¥ FroeschlZ map (2,2) (X', y)=(x+y,y!l 1" V(x))

¥ Two AnglebOne Action Normal form (Rank-One Resonar

© =0 ay))" 2Ay)

X1+ y + !

X
[

Xo+ "yl #
y' = y ! Hsin(2%1) + Sin(2 %5) + Sin(2 %x1 ! X2))]

X
N
[

Dullin, H. R. and J. D. Meiss (2012). OResonances and Twist in Volume-Preserving
Mappings.O SIAM J. Appl. Dyn. Sys. 11: 319-349.
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Resonance Web

¥ Resonances
R= IIR":mé& =n,(mn)! Z"\{0}

¥ For a resonance, tmankis the
dimension of the module

T 0o P LR (- B By

¥ In Action space, resonances
occur at

mal (y)=n

¥ Nonlinearity Ofattens resonanc




Frequency Map @a=es

¥ Tori exist only where
OtrueO frequency map
Crosses incommensuratejs
frequency vectors

¥ To fix frequency: add a
parametert!

"yH S (%, W)

L (y, ) =(y+ " Ayt )




Volume-Preserving KAM

¥ Xia & Cheng/Sun: For one-action case: A Cantor set of
codimension-one, Diophantine ¥ 0,s & 2)!
| C

Al | Ty noZ7n z
| |pa..q>||oS p" Z"\0, g" Z

tori persist in smooth, volume-preserving families, if

satisfies a non-degeneracy (twist) condition
|

| rank(D! ,D?! ,...,D"1 )= n
l.e., Kolmogorov nondegeneracy

Cheng, C.-Q. and Y.-S. Sun (1989). Olnvariant tori in 3D measure-preserving mappings.O
Celest. Mech. 47(3): 275-292.

Xia, Z. (1992). OExistence of invariant tori in volume-preserving diffeomorphisms.O
Erg. Th. Dyn. Sys. 12(3): 621-631.

Blass, T. and de la Llave, R. (to be written) KAM theory for volume-preserving maps



Torl act as Barriers

Many rotational tori Only one rotational torus
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X1 = X1ty +

' T y!2

Xo + H
y' = y ! Hsin(2%1) + sin(2 %) + Sin(2 %x1 ! X2))]

>
G
[

Many rotational tori Only one rotational torus
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Computing Torl: Parameterization

f! (k(' )) — k(l 4 " )(/Fixe\cjer«;:);?tion

Auxiliary
Parameters

Haro, A., M. Canadell, et al. (2016). The Parameterization Method for Invariant Manifolds E Springer, 267pp.



Frequency Vectors

¥ Whereas integral bases of algebraic fields are Diophantine;*
¥ Whereas noble irrationals (related to the golden mean) give OrobustO invariant circles 2

Maps;

¥ Be It sensibly resolved that elements of a cubic field shoul
give OrobustO two-torl.

¥ Some Possiblilities: " :
[t e ot | PR (e

¥ Spiral Mean ( =-23): | 1 1.32471795724474602

i eralbcaliaalaie=—0)

¥ Totally Real Field (= 49): T et AT (3
| =2co0s(2"/7) S ()

What class of frequencies plays the role of the nobles?

Cusick, T. W. (1974). OThe 2D Diophantine Approximation Constant.O Mon. fYr Math. 78: 297-304.



Spectral Method '=ct 1ty
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itical Torl

/ | 0.8

0

_ 0.6 ] |
61

A spiral mean torublrl ' = 0.0117 A spiral mean torublrrl r ' = 0.0168125

¥ Compute largest singular value of the Jacob&mf the conjugacy
K:(-1,-2) $ (X1,%2,Y)

¥ Stripes vs spires:

Are there remnant tori: Sierpinski or Cantor?



Destruction <z Transport

g |8 .

S : : L. "H#S%& ()i " #H+&, U+ :

el g I |

PN

\ noof 1 ]
\ | ; ]
106 |3 :

i p ]

N _;

Crossing Time vs. | B ¢ o | E
"=0.1
lor ! 0.02741 . L

Meiss, J. D. (2012). OThe Destruction of Tori in Volume-Preserving
Maps.O Comm. Nonl. Sci and Num. Sim. 17: 2108-2121.
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Nekhoroshev Theory

¥ Near integrable Symplectic Map €< 1)

X' = x+ ! S(y)) mod1
y'=y" Il V(X)

¥ 5, Vanalytic,Sconvex (thouglsteepis sufficient)

¥ the actions do not drift far in exponentially long time

lye " yol# ¢l t! Texp(c/!)

Guzzo, M. (2004). ONekhoroshev Theorem for Symplectic Maps.O
Ann. PoincarZ 5(6): 1013-1039.

Lochak, P. (1992). OCanonical Perturbation Theory via Simultaneous Approximation.O
Rus. Math. Sur. 47(6): 59-140.



IS there
Nekhoroshev for Volume-




Near-Integrable 4D Map

X'=x+y mod]l

|
y ' =y+ F(X) two actions

¥ FroeschlZ-like forces

! F =1 i asin(2! x;) + csin(2! (X1 + X2))
o2 bsin(2! x,) + csin(2! (X1 + X2+ "))

¥ | =0: Symplectic sincé = B#V
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Near-Integrable 4D Map

X'=x+y mod]l

|
y ' =y+ F(X) two actions

¥ FroeschlZ-like forces

! F =1 i asin(2! x;) + csin(2! (X1 + X2))
o2 bsin(2! x,) + csin(2! (X1 + X2+ "))

¥ | =0: Symplectic sincé = B#V
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Visualizing the




Fast Lyapunov Indicator

¥ [terate arbitrarily chosen initial deviation

¥ Compute the supremum up to tirhe

FLI =sup log;y! Df '(Xo)Vo!
t<T




FLI: Standard Map

FLI =sup log,,!Df '(xo)Vo!
t<T

10.0

6.0

2.0

¥ a=0.52,T=10, grid of 1® points
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Resonance Web

¥ Near resonance! (y)=y

=y + 1 may = n - ,
y y y y F(X): Iﬂ 2! 1] &
F(x) = Fr(max) + Fnr (X) s

¥ Note:m orthogonal to resonance channel

§\8~
&

¥ Resonant Phase and action
| = m ax #&$.$T
Jr=ma'y
Jy =m- a'y




... Resonance Web

JR
Ji

m éll y
m" é.lly

¥ Average away nonresonant fordes:
T Er I um ) I
Jo=Jr+maFg(!) J
I

J. = Jw + my aFg(!)
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Resonance Web

¥ But for a Volume-Preserving map, can be driven!

e !
l"=1 +n+ Jg

Je = Jr + maFr(!)
I

et B o éFR(I )
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Symplectic Map m = (1,1) resonance X = (0,0.5) slice
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Symplectic Map m = (1,1) resonance X = (0,0.5) slice
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Zooming Out!
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Symplectic Map m = (1,1) resonance X = (0,0.5) slice




Volume-preserving, (a,b,c,d) =(0,0.1,0.07,0.0001), phases = (0.5,0)

T=10°

Volume-Preserving Map m = (1,1) resonance X = (0,0.5) slice



Zooming Out!

Volume-preserving, (a,b,c,d) =(0,0.1,0.07,0.0001), phases = (0.5,0)

T=10%

i N k k k

Volume-Preserving Map m = (1,1) resonance



Zooming Way Out!

Volume-preserving, (a,b,c,d) =(0,0.1,0.07,0.0001), phases = (0.5,0)

T=10°
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X = (0,0.5) slice

Volume-Preserving Map m = (1,1) resonance
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Action Diameter

(a,b,c) = (0.05, 0.05, 0.035)

T=103
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Mean Square Deviation: Diffusion vs Ballistic Drift

1"
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(Xo,yo) = (0.5, 0, 0, 0.35)

#o_

o,

(Xo,Yo) = (0, 0, ! 0.45, 0.45)

(a,b,c) = (0.05, 0.05, 0.035)
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Mean Square Deviation: Diffusion vs Ballistic Drift
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(Xo,yo) = (0.5, 0, 0, 0.35) (Xo,Yo) = (0, 0, ! 0.45, 0.45)

(a,b,c) = (0.05, 0.05, 0.035)




Crossing Resonances




Volume-Preserving Map |"#"$o/0&

(a,b,c,d) = 0.0,0.1,0.07, 0.0001, " = (0, 0..5)


















