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Outline	

I-	Shearless		Invariant	Curves	in	the	Non	Twist	Standard	Map	

	

II-	Shearless		Invariants	in	Magne/c	Field	Lines	Transport.	

Experimental	Evidences		

	

III-Shearless	Invariants	in	Plasma	Par/cles	Transport.	

Experimental	Evidences		

	

	



I-	Shearless	invariant	curves	in	the	Standard	

Nontwist	Map	

                              Standard nontwist map: 
•  Del-Castillo-Negrete, Morrison, Phys. Fluids 1993 

  

   Shearless transport barriers in the standard nontwist map:  
•  Del-Castillo-Negrete, Greene, Morrison, Physica D 1996 
•  Corso, Rizzato, Physical Review E 1998 
•  Fuchs, Wurm, Apte, Morrison, Chaos 2006 
•  Szezech Jr., Caldas, Lopes, Viana, Morrison, Chaos 2009 



Non	Twist	Sympec/c	Maps	

•  Shearless invariants appear in several models, due to  non monotonic 

profiles or due to bifurcations. 

•  From these models,  maps derived as local analytical approximations 

of Poincaré sections in phase space of Hamiltonian systems. 

•  Most known map: standard nontwist map 



y
n+1 = yn + a 1− xn+1

2( )
x
n+1 = xn − bsin 2πyn( )

	NonTwist	Standard	Map	

Two	control	parameters:	

a:	Equilibrium	shear	

b:	Perturba/on	amplitude	

Symplec/c	Map	



yn+1 = yn  +  a(1− xn+1

2 )           mod1

xn+1 = xn  −  bsin(2π  y
n
)

a=0.3640; b=0.5232 

ω =
n→∞
lim

x
n+1 − x0

n

Non	Twist	Standard	Map	/	Rota/on	Number	

x	=	0	

Twin	Islands	



Santos,	Chaos	2018	

Shearless	Invariant	Break	Up	



Basin of Scape 
Phase Space 

  

Before Barrier Break  







Szezech,	Chaos	2009	
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Perturba>on	amplitude	

Transmissivity	of	Shearless	Transport	

Barrier	







Cas/llo-Negrete,	Greene,	Morrison,		Phisica	D,	1996	

Residue	criterion	relates	the	

existence	of	an	invariant	torus	to	a	

family	of	periodic	orbits	nearby	

Sudden	change	from	stability	to	instability	of	scads	of	nearby	periodic		

Orbits	indicates	the	breakup	of	invariant	tori	



Cas/llo-Negrete,	Greene,	Morrison,		Phisica	D,	1996	

High	accuracy	













Parameter Space  

Fractal Critical Curve 

Suited	for	large	parameters	set	



Conclusions 

•  Invariant shearless barrier could appear for 
non monotonic profile.  

•  Transition to global chaos. A typical scenario 
to breakup the shearless invariant curve.  

•  Persistent barriers for non twist maps, J. D. 

Szezech Jr. et. al , Chaos (2009) 



Bifurca/ons:	Onset	of	Shearless	

Invariant	Curves		

	



 Non Twist Bifurcations 



Non Twist Bifurcations 

Birkhoff  normal form                  expansion around an eliptic point 

Internal rotation number 
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(Twist)	Standard	Map	

y
n+1 = yn + xn+1

x
n+1 = xn −K sin 2πyn( )



Triple Bifurcation in Standard Map 

11/20	

(a) K=5.35; (b) K=5.50; (c) K=5.554; (d) K=5.56. 



Triple Bifurcation in Non Twist Standard Map 

b=0.8; (a) a=0.543; (b) a= 0.5485; (c) a=0.551; (d) a=0.5517. 



II-	Shearless		Invariants	in	Magne/c	Fields		

Magnetic Surfaces in Tokamaks 



Tokamak	



Plasma Confined in Tokamaks 



MHD	Equilibrium	

 Equations 

∇ p  =   
!
j ×  
!
B

∇ ×  
!
B  =   µ0  

!
j

P  :  plasma pressure           
!
j  :  plasma electric current density
!
B  :  plasma magnetic field

  



Magnetic Surfaces 

Field Lines on surfaces with 

 constant pressure (isobarics) 

 
!
B . ∇ p  =   0

  



Helicoidal	magne/c	field	lines	on	toroidal	surfaces		



Equilibrium	Magne/c	Field	in	Tokamaks		
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Field line equation 

t (canonical time) ≡ φ (toroidal angle) 

Field lines describe 

toroidal (φ) and  

poloidal (θ) angles ,  

on toroidal magnetic 

surfaces.                                                                                                                                                                                      

 



Lagrangian	Caos	

Symmetry⇒ integrable system

H=H0 (J )⇒   J  = J0  , ϑ=ω  t+ϑ 0

(J,ϑ ) action/angle de H0

Helicoidal perturbation (ε ≠ 0)⇒ symmetry broken

H=H0 (J ) + εH1(J,ϑ )

ε<<1⇔ quasi-integrabel system



Ergodic	(Chao/c)	Magne/c	Limiter	
	Ressonant	perturba/ons	in	magne/c	surfaces	

Ressonant perturbation: m/n. 

Control parameter:  limiter current Ih . 



Magnetic Surfaces 

Normalized distances  in polar coordinates 

Toroidal MHD  Equilibrium 

 Ih/Ip = 0 

  







Stability	of	Mul/helical	Tearing	Modes	in	Shaped	

Tokamaks	

W.	Kerner	and	H.	Tasso,	Phys.	Rev.	Lef.	49,	654	(1982)	

	

Dimerized	Islands	

G.	Oda,	Caldas,	CSF	(1995)	

G.	Corso,	G.	Oda,	I.	Caldas,	CSF	(1997)	

Non	monotonic	plasma	current	density	



Magnetic Surfaces 

M 

Nonmonotonic Radial Profile 

Normalized distances 
in polar coordinates 

Safety factor x normalized 
 radial coordinate 

Toroidal MHD  Equilibrium 



Tokamak	with	Chao/c	Limiter			(toroidal	geometry)	

	

m/n	=	4/1		β	=	3.00		γ	=	0.78		

Kroetz et al. 
 PoP 2008 



Strait	et	al,	PRL	1995	



A new tokamak confinement regime on TFTR 

Enhanced reverse shear confinement (Levinton, PRL 1995) 



Evidences of transport barriers 



Magnetic Surfaces 

M 

Nonmonotonic Radial Profile 

Normalized distances 
in polar coordinates 

Safety factor x normalized 
 radial coordinate 

MHD  Equilibrium 



Chaotic Limiter to Improve Confinement 
Resonant perturbations on magnetic surfaces 

Dominant m/n resonant perturbation in toroidal  geometry. 
Control parameter:  coil current Ih . 
 
Silva et al., IEEE Trans. Plasma Science (2001) 



Poincaré Surfaces 

m/n = 4/1 dominant mode 

Normalized radius x poloidal angle 

Laboratory  

coordinates 

Plasma	edge	

Center	

Magne/c	Surfaces	in	Tokamaks	



Conection Lengths for Field Lines  

4/1 mode 

Normalized radius coordinate x poloidal angle 
 
Scales in the range [1, 200]  
(number of toroidal turns, for a line, from (r, θ) to the wall)  



4/1 Mode 

Stable and unstable manifolds Heteroclinic tangle  

Normalized radius x poloidal angle 



Conection Lengths for Field Lines  

4/1 mode 

Normalized radius coordinate x poloidal angle 

 

Scales in the range [1, 200]  

(number of toroidal turns, for a line, from (r, θ) 

 to the wall)  

Normalized	radiusxPoloidal	angle	

Heteroclinic	tangle	

Kroetz et al., Physics of Plasmas 2008 



Mmmmm Wings 

Escape lengths in the range [1, 20] at the wall 
 
Poloidal angle at the wall x safety factor at the 
edge 

4/1 mode 

Resonant	character	of	field	lines	escape	to	the	wall	

Blow	Up	of	the	Wings	

	



Conclusions 

•  Perturbed magnetic configuration described by maps. 

 

•  Escape of field lines determined by homoclinic tangle. 

 

•  For some high amplitude resonances, magnetic lines with 
long correlation lengths reach the wall in concentrated 
footprints. 

 

 

  





Temperature Distribution at Target Plates 
Experimental Evidences 

Celsius 

centigrade 

These measurements give evaluation of heat flux 

Textor	

Jakubowski	

J.	Nuclear	

Materials	

(2007)	



Evaluated Heat Flux 

to Target Plates 

 

as a function of 

edge safety factor 

and poloidal angle 

at the wall 

Blow up of the  

previous figure 

Resonant	Character	of	Heat	Flux	
Textor	

Jakubowski	

J.	Nuclear	Materials	

(2007)	



Ullman Map  / Nontwist Symplectic Map 
 

§ Non integrable magnetic field line of tokamaks with reversed 

magnetic shear. 

§ Resonant perturbations created by an  ergodic magnetic limiter. 

 
 

 Map with local behavior similar to the standard nontwist map. 

 
 

Ulmann, Caldas, CSF 2000   

Portela, Caldas, Viana, Morrison, IJBC 2007 

Portela, Viana, Caldas, EPJ ST 2008  



Tokamak with Ergodic Limiter / Periodic Cylinder 

z (Rφ): toroidal direction 

θ: poloidal direction  Plasma current in z direction 

Perturbing current in red 





Equilibrium safety factor profile used in the work. 

Inset amplifies the minimum. 

Safety factor profile used in this work. 

Inset amplifies the reversed shear region. 



Equilibrium described  by the map  



Perturbative map due to chaotic magnetic limiter: 



Addition of Randon Noise in the Ullman Map 
Shearless barriers are robust 

With noise Without noise 

Map  
(No noise) 



Reconec/on	



Shearlees	Barrier	Break	Up	



  
Shearless Bifurcation in the Twist Ullmann Map 

Shearless barriers may also appear in twist maps! 

Map 

Zoom 

Local 
frequency  

profile 



Example	in	Tokamaks	

A	symplec/c	mapping	for	the	ergodic	magne/c	limiter		

	K.	Ullmann,		I.L.	Caldas,	CSF,	11	(2010)	



Ullmann	Map	

	Ullmann,	Caldas,	CSF	11,	2000		

Equilibrium	

Large	aspect-ra/o	

a1:	toroidal	correc/on	

Chao/c	limiter	

Control	parameter	C≈I/qa	I:	limiter	current	

qa:	safety	factor	at	edge	



Onset	of	shearless	magne/c	surfaces	in	tokamaks	

C.	V.	Abud,	I.L.	Caldas,	Nucl.	Fusion	54	(2014)	

y	=	0	

plasma	edge	

	





Conclusion	

Shearless invariant curves can also be created by changing 

the control parameters. 



III	–	Par/cle	Transport	in	Tokamaks	

Model	

	

	

Results	

Rosalem	et	al.	NF	(2014),	PoP	(2016),	

Marcus	et	al.	submifed	to	PoP		





Large	Aspect	Ra/o	Tokamak,		R/r	>>	1	

	

Coordinates:	r,	θ	
	

Ac/on,	helical	angle	

No	chao/c	limiter	



Horton,	PoP	1998	



















Evidences	of	Shearlee	Barrier	in	Helimaks	

	
Collabora/on	with	Prof.	K.	Gentle,		Texas	University	at	Aus/n	

	

Data	Analyses	

Toufen	et	al.	PoP	(2012,	2013,	2014)	

Pereira	et	al.	PPCF	(2016)	

	

	

Shearless	Barriers	(Theory)	

	Ferro,	Caldas,	PL	A	(2018).	



•  Toroidal	 machine	 with	 simplified	 magne/c	 field	 lines	

configura/on	 è	 basically	 one	 dimensional	 equilibrium	

(dependence	on	the	radial	coordinate).		

•  Waves	 propagate	 on	 the	 ver/cal	 (z)	 direc/on,	 like	 waves	

propaga/ng	in	the	poloidal	direc/on	in	tokamaks.	

•  Influence	 of	 the	 radial	 electric	 field	 profile	 on	 the	 plasma	

turbulence.	

	

2.	Texas	Helimak	 94	

Texas	Helimak	



95	

Magne/c	Field	Lines	Geometry	

3	ver/cal		

coils	

16	toroidal	

	Coils	

+	

More	than	700	probes	

Spectrometer	for	ver/cal	plasma	flow	(	velocity	Vz)		



Fluctua/on	Amplitude	

Independent of the vertical direction z Magne/c	Field	Lines	Geometry	

Vessel,	Bias	Plates,		Probes	

Texas	Helimak	

Waves	propagate	on	the	ver/cal	(z)	direc/on	



Radial	Profile	of	Plasma	Velocity	in		the	Ver/cal	Direc/on	

Radial	posi/on	where	the	flow	is	shearless	

(Spectrometer)	



Turbulence Driven 

Particle Transport Profile 

(changing Bias) 
  

Plasma Flow Shear Profile 

(changing bias) 

  

Toufen	et	al.		PoP	(2012)	

Evidence	of	Shearless	(Radial)	Transport	Barriers	



Conclusions	

•  Shearless		Invariants	act	as	transport	barriers	

in	plasmas.	

•  Models	of	barriers	in	magne/c	field	line	

transport.	

•  Models	of	barriers	in	plasma	par/cle	

transport.	

•  Experimental	evidences	in	tokamaks	and	

Texas	Helimak.	





Chaos,	2018	









Critical Curve in Parameter Space 

Fractal Border 








