MSRI

Mathematical Sciences Research Institute

17 Gauss Way Berkeley, CA 94720-5070 p: 510.642.0143 f: 510.642.8609 www.msri.org

NOTETAKER CHECKLIST FORM

(Complete one for each talk.)

Name: Jeffrey Heninger Email/Phoiffrey.heninger@yahoo.com

Ngo | E[+ EYASWNOE UM 772222222222 2 zznnnnnnnrnzzzaanen

Gyroscopic Analogue of a Rotating Stratified Flow Confined in a Tilted Spheroid with a
Talk Title: Spherical Top with the Top Axis Misaligned from the Axis of Symmetry

Date: 11 /29 2018 Time: 3 30 > am/ pm (circle one)

Lﬁﬁﬁlﬁgh{é 'Wé‘éﬂllﬁé?ﬁ@ PYERIRS &Rt

|s rotating rap Iy enoug

Usmg ree exact steaSy scﬁutlmsvbmmﬁcmmmd—

CHECK LIST

(This iNOToptional, we willnot pay forincomplete forms)

? Introduce yourself to the speaker prior to the talk. Tell them that youhelthe note taker, and tha
you will need to make copies of their notes and materials, if any.

? Obtain ALL presentation materials from speaker. This can be done before the tabeiit or after
the talk; please make arrangements with the speaker as to when you cansd¢’thi may scan and
send materials as a .pdf to yourself using the scanner on'tféo8r.

Computer PresentationsObtain a copy of their presentation
Overhead Obtain a copy or use the originals and scan them
Blackboard Take blackboard notes in black or bREN We willNOTaccept notes in pencil
or in colored ink other than black or blue.
X Handouts Obtain copies of and scan all handouts

? For each talk, all materials must be saved in a single .pdf and named accorthiegiaming
}JVA v8]}v }v 8Z 2D § E]l o Z JA _ Z | obaEX 8}E] HZ]J¢UE }uodo](] & ol
into one stack with this completed sheet on top and insert face up inédry on the top of the
scanner Proceed to scan and email the file to yourself. Do this for the materials fierch &alk.

? When you have emailed all files to yourself, please save and re-name eamtcfirding to the naming
}JVA v3]}v 0]+8 0}A §Z &5 ol 3]80 }v 8Z ~"DB8XE]o+Z JA _ Z lo
(YYYY.MM.DD.TIME.SpeakerLastName
? Email the re-named files tootes@msri.orgvith the workshop name and your name in the subject
line.


mailto:notes@msri.org
Jeffrey
Typewritten Text

Jeffrey
Typewritten Text
Jeffrey Heninger

Jeffrey
Typewritten Text
jeffrey.heninger@yahoo.com

Jeffrey
Typewritten Text
Yasuhide Fukumoto

Jeffrey
Typewritten Text
Gyroscopic Analogue of a Rotating Stratified Flow Confined in a Tilted Spheroid with a 
Spherical Top with the Top Axis Misaligned from the Axis of Symmetry

Jeffrey
Typewritten Text

Jeffrey
Typewritten Text

Jeffrey
Typewritten Text

Jeffrey
Typewritten Text
11    29    2018

Jeffrey
Typewritten Text

Jeffrey
Stamp

Jeffrey
Stamp

Jeffrey
Stamp

Jeffrey
Stamp

Jeffrey
Stamp

Jeffrey
Typewritten Text

Jeffrey
Typewritten Text

Jeffrey
Typewritten Text
						    The Rayleigh-Taylor instability can be suppressed
if the fluid is rotating rapidly enough. Using three exact steady solutions as a basis for the flow converts the fluid 
equations to the equations of motion for a heavy top in gravity. Analyzes various cases for the top. 

Jeffrey
Typewritten Text

Jeffrey
Typewritten Text

Jeffrey
Typewritten Text

Jeffrey
Typewritten Text

Jeffrey
Typewritten Text

Jeffrey
Typewritten Text

Jeffrey
Typewritten Text

Jeffrey
Typewritten Text

Jeffrey
Typewritten Text

Jeffrey
Typewritten Text
  3    30

Jeffrey
Typewritten Text

Jeffrey
Typewritten Text

Jeffrey
Typewritten Text

Jeffrey
Typewritten Text

Jeffrey
Typewritten Text

Jeffrey
Typewritten Text

Jeffrey
Typewritten Text

Jeffrey
Typewritten Text

Jeffrey
Typewritten Text

Jeffrey
Typewritten Text

Jeffrey
Highlight


Program: Hamiltoniarsystems, from topology to applications through analysis

Workshey: Hianilttoria sysienms ffoomt ottt 6t ppldtapsins thHoighginaigly i
Novemlver 26-30, 20083(Nov. 29)

Mathematical Sciences Researdhstitute (MSRI)
Berkeley, CA

Gyrascopicc analegyyoffaarotating stratified dlow coanfined med in
a tiltedisphieroid avithta helavy \symmetnicalitep withwtheitope top
axis misaligned dromithéhaxis«of symmetryetry

Yasuhide Fukumoto
Institute of Mathematics for Industry,
Kyushu University, Fukuoka, Japan
with
YukiMiyachi
Toshiba Co



Can lighter fluid sustain heavier one onit?

Blue ::water
Y& oW : .ol

Density [ water > 0|l
- Exerted bygravity

D Intermediate surface : unstable
D change position by disturbance

MRayleighTaylor instability

Rotation?

LRt &Y T 8y e TeRL LY ad
Li Shengtai, Hui Li, Parallel AMR code for’ compressible MHD or HD
equations. LosA. Nati. Lab.



Rayleigh-Taylor Instability (RTI)

VRFcirrusclouds

(By D. Jewitt, University of California at
LosAngeles?)

Club NebulaN

(Hubble Space Telescope , In October 1999, Janua
2000 and December 2000) (supernova explosions il SEaaees
which expanding core gas is accelerated into dense N
shell gas)

[1] M. J. Andrews & S. B. Dalziel, Small Atwood
number RayleigiTaylor experiments. Phil. Trans. R.
Soc. A (2010) 368, 168%79




ntHuppression of RT1 by rotation
V slow rotation r Rapid rotation W

0 /s Srad/s Orad /s ad/s

=g

o PurpleHMnCl(ag)HTransparenHNaCl(aq)

« Effective density is controlled oppositely by magnetic fiéld

« K. A. Baldwin, M. Mscasand R. J. A. Hill, The inhabitation of the
RayleighFaylor instability by rotatingNATURE SCIENTIREPORTS,
5:11706, DOI:10.1038/srepl11706 (2015).



Chandrasekhar(1961)

“... Rotation dees \notaffedhe
instability @r stalility,

assuchas: atwo:layer stratification




Inertia int ernal-gravity waves
o Continueuslysstratifietrotating fluid

e The dispersion relation S Rexp [EGF HYU IVFAR
B=23
6 4
76 = | 26 + G+ H 06 0% Brunt Vaisalafrequency
G+ KM+ | 6 G+ K+ |6 G HI : wave number
0
N2 g dp == %:Rossby radius
po dz
,  KE 412
o ==
m2

| =4

e Short wave U (1): i NUOV(unstable) internal gravity wave:
e Longwave(U '1) : @ N B V(stable)inertial wave

e Long waves : stable by rotation

For an unstable stratified fluid
« Short waves : unstable by gravity




Encyclopaedia of Mathematical Sciences 103

Gyroscopic Analogy of

Coriolis Effect on Rotating =
Flows Confined in a Spheroid ooy
Fundamentals
Why and how can an unstably Of Geophysical
Stbiized by rotat o Hydrodynamics
What is the baroclin ic effect?
Felix V. Dolzhansky 5 S

translated by Bori s A. Khesin
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Part 1

Motion of a rotating stratified flow confined
In a tiliedy sphenaid




Density dratification and hydrogsatic balance

Spheroid:
TR, T
—t %t s F1=0
"5 S —/

ForBoussinesq approximatidifoincae(1910),Dolzhansk{1977],
to set density &

é= &+ éTTUYVR,

where &4is constant anassumeg e|" ' &,
A reference pressure:

L= L(V+ LTTYVBP,

O Ly
—— FCé
oV 4

Where|L|"' L 4and




Bousshesqgapproximation for equations of stratified fiuid

Equation for buoyancy

(e )Z=0
wherethe BruntV ig& [~Fequency p=po+p(z,y,z,1)
0 VE FE
Interms of = @ & é;
%—Hv-v)q:—(q-v)v

TheMomentum equation
!I—f+(oe )WP=oF> FIF—C' @ 0
In terms ofvorticity * =curlce / Baroclinic

1 torque

0
FPF(l @ ee(e )T Fex




Exact solutionsof Navier-3okes equatlon

NavierStokes equation —g+ (e )D=oF

-S G E— C t ade
The exact steady solutiofiBolzhansky" 7t ,

(

fs= F= Tret — Tg",

4.8
fe= Fg T +5 Trs

Q O
[ 7= F5 Te*+ 5 Ts9

Look for a general noestationary solution:

2

P@5

ik

®TR= 1 ALD fD| |FAp=z

£ 0
=10 %
O O

0 =+= 0
0 |= 0 =2+ =P
Y 0 0

N

N<"



Equaions of motion for ageneral heavy top

EulerPoisson equation for extended heavy top
{u& OX u_l_CIX 10

16 Ox | TG Gravity torque

The vectoréare density differences

relative to the major semaxes of ellipsoid:

N 5 7 I A | fio, | . “

| = —| 5—Z s+ =5—Z+ =—Z"'). constantin space

e e e
, €4 €. 4 €1 4

“TNe VEctor jdefined by ellipsoid’s orientation I space.

'y= =C0S We+ =scos Uye+ =cos U, " . |

Ui E 1,2,3) : angle of gravity vector with principal ellipsoid axis ,

<
S \
— F(1 @ ee(ce )P Baroclinic \ -




Motion of a heavy rigid body

m=owxm+goxly, m=I7/
OC=WXO

Change of sign

OW— -0, MmM—-m, O©— —0O

m=mxo+Mglyxlyg, m=I1w
y=vxo, y:=0/|o]




Flrst Irtegrals
=+ (e )@=aF @F—C} !zﬁ‘r(oe )2 =0

Full energy an@otentlal vort|C|tyof the f|UId

1 3
=>4t JOQT@QB@VE. 20T@QU@V
s s
+= 1 g8
“6= Ox “ + Clx 7y |& Ox |, “= +0
havethree first integrals of motion ﬂ‘
1 , . . .

a=5" OFG L IIE N
HZ — m-o0 ’U

Angular momentum about the z-axis \



Appllcatlon Toy circulation of Hadley and Rossly

Dolzhanskyundamentals of Geophysical Hydrodynar@€©6)

General atomospheric circulation
according to Ferrel (1859)

system rotation , friction (viscosity) g[ 7| & [ 7 ’ ““J E
: . 2l "yl 8 = 8 O
m=w x (m+ 2mg) + glg x ¢ — Am A_Y ¥ ; ‘O

Heating

oO=wxo+ulop —o)
thermal conductivity Hadley cell Ferrel cell



How field corresponding to stationary topHupright spheroid

V4

L[ _oer _oer o0& (00, Fo
_1(f_oer ~_oeér ~_ 0¢€ - _
& ‘501‘1 ‘Gotﬂ 70\}1 - T

7

A&
&= Fcosa

€ agy|H sleeping topor hanging down top
E-Sleeping top —
. Ui ©

&=+1(a= e 7 !l—l,0> 0 Z|unstable stratification 0 (V) = F——< 0)
EeHanging down top o
&= F1(a=0) z — <0 £ stable stratification 0%V = F—-—>0)




Linear gability of Seeping bp
Thesteady stat&:orrespondlng to the sleeplng top={ =
Ns= Nng=0, &= €=0, N = n74 €= €74

This steady state is perturbed byas, @ @, & £ B. Y

The forthorder system admits solutions withds, @, @, & & ® R AY ¢
Forstability, we get:

4e,,C=%

= 6
AN i
Thus, foré; ,> 0, we see

lighter fluid can keep lifting up heavier one on it
when N+ 4is large enough to satisfy the above inequality




Part 2

Stablility of motion of a heavy symmetric rigid body
with the top axis misaligned from the symmetric axis

Tilted spheroid Misaligned heavy top
~ <




Tilted spheroid & Misaligned symmetrical top

Tilted spheroid

< 4

Misaligned heavy top

EulerPoisson equation
m; =my X @+ Mglo, X1
Cp = Op X Wy

with [l = (0, sinlel cos €)

Heavy symmetrical top with rotatin
axis tilted from symmetric axis

« By solving“ =0 & 16= 0, steady solutiongre derived

0.)120, D =

0'120, O =

o30Mglwspsin€
(I — B) w3, + Mglozycos €’ @3 = 50,
G%OMgl sin €
03 = 030,

(I — 13)0)3?0 + Mglozgcose’

e &,4,>0 Muprighttop; & ,< 0 Mhanging down top



Reconstruction problem interms of Euler angles

Reconstruction problem:(®1, @, ®3,01,02,03) — (6,0, y)

For small6o ' 1 c Mglosg
2 _
&0 (I — B) w3, + Mgloxg

D

W) = ¢sinO@siny+ Ocosy =0,

0)2:¢Sin9COSW—QSin:w30C28,—B-!-> O& ﬁ74
w3 = ¢ cos O + Y = a3, pr- 0& fizy

o1 =sin@siny =0,

)
Qx
[
o

0> = sin 0B cosy = (€,

D
QD
I
>

(@)

03 = cos 8 = 03, p a= 1(9

In summary,

_ Mgl B B
0= (11_13)w320+Mg18’ (p = 307 + (pO) Y = 0

WThe misaligned top behaves as precession
with velocity 68though ithas not 8




Linear stablility analysis &
, Linear stability analysis

characteristic equation

(®p,0p) =|(@o,00)

m; =my X W +Mgloy, X 1

+ Op = Op X Wy

((Dba 61))

o< exp(i@t)

with 1o = (0,sin€,cos €)

Characteristic equatian

&= fi®x (quartic eq.in )

o30Mglanpsin€

(02:

, Non-dimensional form (quartic part)

(I — 13)0)3?0 + Mglozgcos€

6320M glsing
Oy =

(I — 13)605?0 + Mglozpcose

)

D=o*+P o>+ P

=0

(01:0, 03 = R, GIZO; 03 = O3,

P
P, = —0308h(1-C)ar’

+0308C { 030538 + (1 - C) [

CG3

+06308l { 030138C(1+C) —3(1-C)*} «

+(1 — C+ 03038C)?

o+ (14 C)ozphgor — (2 —2C+ C* — 2030138C)

C
A+l3]}0‘2 o= 5 Mgl b
08 3 J 13033%0 ]
o = 20 — @0 _ _ 8Co3h
30 30 1-C+4Co3l3



Eigenvalues=Spectra: prolate 'sleeping}’ top

, Prolatesleepingmisalignedop (=1, ==1.1) &> U
I
C=2=<1 10— R ..-
Il i Fx;;':d:‘ +
(5 frmmm— - + PEM
(@, &p) o< exp(i®t)| = o0} i = NEM
1 i ﬂﬂﬂ__-________.__._.-..-.-.-.
: &
_05?: .......... ,{]
10| M
o 1 2 3 4 Black dshed line:6=0
tog Red solid line:  6=0.5

| Stable

N



Spectra: prolate hanging -down top

, Prolatehanging dowmmisaligned top 6=1, = =1.1)

+ + + PEM
—: NEM

iUU< U

Black @shed line:6=0

Red solid line; 0=0.1

Unstable
<>



Spectra: prolate hanging -down top

, Prolatehanging downmisaligned top &= 1, = =1.1) oo U
+ + + PEM
T + = NEM
+ +
+ +

Black @shed line:6=0

Red solid line; 0=0.1

Unstable
<>



Spectra: oblate ’'sleeping’ top

, Oblatesleepingmisaligned top (;,=1.1, ==1) lgg U
+ +
- _ + PEM
= = =: NEM
+ + | Black dshed line:6= 0
Red solid line:  6=0.1
Unstable

<>



Spectra: oblate ’'sleeping’ top

, Oblatesleepingmisaligned top (;,=1.1, ==1) lgg U
+ +
- _ + PEM
= = =: NEM
+ + | Black dshed line:6= 0
Red solid line:  6=0.1
Unstable

<>



Instability of sleeping top dudo misalignment

, Oblatemisaligned top &= 1.1, ==1, % # £>1)
, Instability arise at collision poirft &= ;)

In summary, ¥¥ B 169, & R 1(1), & R 1 &9,

-

with

(oblate top) ()

Black éshed line:6=0

Red solid line;

0=0.1

> ¥y

¥< ¥y




Eigenvalues atlivergence point(oblate top)

, Oblatemisalignedtop &=1.1, ==1, % + £>1)

» \ » atdivergence poin{ ¥= ¥y
Black @shed line:6=0
Red solid line:  0=0.1

> ¥l W< Wy

Insummary, ¥ 8 (0, 2 3 P, & 3 1 U,
)

W |Yi B Gtable)if ¥> %5 Yi D (unstable)if ¥< ¥=




Spectra: oblate hanging -down top

, Oblate misaligned top 5=1.1, = =1)
+
+ + PEM
+ =: NEM
+

Black éshed line:6=0
Red solid line: 6=0.5

Absolutely Stable

iULJ< U



Ct. Sufficient conditions for  (nonlinear) stability
Linear stablility analysis

They did not consider
misalignment when



Part 3

Spatial description and energetics of motion of a
heavy rigid body

Misaligned heavy top
< 4




Spatial description of a heavy symmetrical top

unit vector along axis of the symmetry



Equation of motion of a heavy symmetric top
Lagrange’s top




Motion of a charged spherical pendulum

Motion of a charged spherical pendulum with
gravity force in negative z-axis, in the field of
magnetic monopole located at O.

https://hepweb.ucsd.edu/ph110b/110b_notes/node36.html



Componentwise form of motion of Lagrange’s top

Position of a pendulum

Equilibria Hanging-down top
‘Sleeping top’

Perturbation around equlibria



Perturbation about equilibria of Lagrange’s top
Hanging-down top ‘Sleeping top’

Energy of disturbances

Morrison: Rev. Mod. Phys. 70 (1998) 467



Linear stablility of sleeping Lagrange’s top

A sufficient condition
for (neutral) stabiliy

Energy of
perturbations

Morrison (1998)



Eigenvalues=Spectra: prolate sleeping top
. Prolatesleepingmisalignedop (=1, == 1.1) lgp U

+
+. PEM

—: NEM

Black éshed line:6=0
Red solid line: 0=0.5

| Stable




Spatial description of a heavy symmetrical top
with axis misaligned from symmetric axis

Misaligned heavy top
( a




Summary

, Obliquely tilted spheroidcorresponds to the heavy symmetrical top
with the top axis tilted from the symmetric axisi(saligned heavy top

, Steady solutionare understoodviaEuler angles

WOnly precession velocity8urvives with small angla N (9; (8=0)

, Spectrum for oblate misaligned top hasingularity (divergence point)
( lE U anda new unstableegion( W& § due to the asymmetrywhich does
not appear for the usual symmetrical top

, Although theususal top is always absolutely stable, spectrum for
prolate misalignhed top hasingularity (divergence point)
( L& W andunstable regior{ & §due tothe asymmetry

, For largen- 4 Instability occur$or oblate sleeping top whereas two NEMs collide| at
zero growth rate and the energy become zero

, Theasymptotic eigenvaluesare derived and represent these curious spectrum well
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