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CHARACTER THEORY AND TEMPERED COHOMOLOGY

JACOB LURIE

To start, let’s review classical representation theory. Let G be a finite group. Then
we get Rep(G) the representation ring. There’s a map

Rep(G) — {class functions f: G — C}
and C ® Reg(G) = {class functions} via [V] — xy.

Now if G is a finite group acting on a space X (like a finite G-CW-complex), the
equivariant Chern character gives

che: C@® Kg(X) > H({(g,2) : g(w) = 2}/G; C)

where G-equivariant complex K-theory is the Grothendieck group of G-equivariant
C-vector bundles on X and the G action on the subset of G x X is by conjugation
on GG and the action on X.

Example 1. Examples:

e G = *, then we recover ch: K°(X)®C 5 H***(X;C), and this works over

Q too.
e If X = = then we get back the classical story, which does need to be done

over C.

And now a chromatic interpretation: this is a comparison between two cohomol-
ogy theories. K is height 1, but H®"(—;C) is height 0. So after complexifying
we remember a bit of the height 1 information as height 0 information on a more
complicated space.

Chromatic interpretation continued:

Let k be a perfect field of characteristic p. Let Gy — Spec k be a formal group of
dimension 1 of height n < co. Lubin-Tate gives us a universal deformation G of Gy
over the Lubin-Tate ring (k-algebra) R, where R looks like W (k)[[v1, ..., vn_1]]-

Notes by Ian Coley.
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Morava observed that this sort of thing can happen in homotopy theory too. There
exist a unique cohomology theory E such that E°(x) = R and E°(CP®) is the ring
of functions on G. This is Morava E-theory.

Example 2. Let k = F,, Gg = G, the formal multiplicative group. Then R = Z,
and F = (K 0); the p-adic completion of complex K-theory a “higher height version”.
The higher the height, the more information E sees.

Hopkins-Kuhn-Ravenel compares height n theories with height 0 theories. Let
G act on a finite G-CW complex X. Then EY(X,g) is a R-algebra, where E° is
Borel-equivariant E-theory. But if R embeds into C, we could also complexify. This
happens if (e.g. ) k is a finite field. Better, we can embed R[1/p] into a characteristic
zero L, a more natural extension, where L classifies trivializations of T'(G) the Tate
module.

Theorem 3 (HKR).
L®gr E°(Xpng) = HY({(91, .., gn,2) € G" x X :

k .
gi(x) = ,9i9; = 9;9i,9; = 1for big k}/G; L)

where we think of the left side as “torsion” and the right side as “rational”.

There’s a similar story to go from height n to lower heights (not just zero) by
Stapleton.

Time for DAG:

Definition 4 (Tate). Let R be a commutative ring, p a prime, A a p-divisible group
over R is a functor G: CAlgp — Ab such that:

(1) G(A) is a p-power torsion abelian group for all A € CAlgg,

(2) For all m = 0, G[p™] :: A — G(A)[p™] the p™-torsion elements is repre-
sentable by a finite flat group scheme over R

(3) p: G — G is surjective (locally as a sheaf in the flat topology)

Example 5. G = fi,, where i, (A) = {x e A: 27" =1 for k >> 0}. In this case,
(1) is obvious, (2) holds because ppo[p™] = pm is represented by
Spec(R[t]/(tP" — 1) = Spec(R[Z/p™]) which is finite flat. For (3), if z € A,
Alt]/(t? — z) is a faithfully flat extension of A and it turns z into a pth power.

Now, let R be an E-ring spectrum.
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Definition 6. A p-divisible group G over R is G: Ey-Alg, — sAb valued in sim-
plicial abelian groups satisfying analogous axioms, as demonstrated by example:

Example 7. Same example! ji,» = colim ji,m, where yi,m (A) = Homg, (HZ/p™, gl; A),
or, fu,m is represented by Spec(R A (Z/p™)+). It pretty clearly satisfies all the anal-
ogous properties.

In rings, if H is a finite abelian group, then let H = Homayp(H,C*). Then
Rep(H) = Z[H] because H is abelian.

How do we upgrade this to spectra? Rep(H) feels a lot like H-equivariant complex

K-theory, K ~ K[ﬁ] But in order to do this, we don’t really need H, just BH, as
K™ is actually the K-theory of finite dimension C-local systems on BH. So we can

get at the group algebra K[H| only using BH and, in particular, without knowing
H.

Definition 8. Let R be an E-ring spectrum, and G a p-divisible group over R.

(Version 1) A preorientation on G is Rg: TP — E,-Algp, T — RL, such that for H a
finite abelian p-group, Spec(RE?) = Hom(ﬁ[, G), where T is the category of
spaces isomorphic to BH for H a finite abelian p-group, which we think of a
topological /co-category.
This of this as an axiomatic for “representation ring on abelian groups are
group algebras”. So the data here is really in the morphisms, because it we
know what it does on all objects.

(Version 2) A preorienation on G is a map of simplicial abelian groups (Q,/Z,)[1] —
G(R).

There are also other definitions.

Note: for T' € T, each point ¢ € T gives us a map RL — Rg} = R and these
assemble into a comparison map ¢: RE — RT = Map(T, R).

Example 9. Let R be complex K-theory, G = p,=, then mo(: Rep(H) — K°(BH).

Theorem 10 (Atiyah). The righthand side is the completion of the lefthand side
with respect to the augmentation ideal.

Definition 11. A preorientation is an orientation if it satisfies Atiyah’s theorem,
not just on 7.
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Construction:

Let X be any space. Then we get a comparison

. pX . . T, . T _ py_ pX
¢ MG = bl e g, (e = ) = B
Let RL(X) = meRE be G-tempered cohomology, which compares to R*(X) = m,RX
plain old R-cohomology. So the lefthand side goes to the righthand side by competing
.. in some way.

So why even talk about this?

(Property 1) If G is connected, then the comparison map is an isomorphism, and we can
use G[p™] = Spec(RPZ/P™) to recover G. So we’ve not done much.
(Property 2) Suppose G = Gy @ Q,/Z,, something plus a constant group. Then

Ri(X) = Rg, (XP%)

which (apparently) is not a difficult calculation.

(Property 3) Let G be an oriented p-divisible group over A, f: A — B. Then as spectra
we get A ®a A ~ BE, a map of B-algebras, whenever X is m-finite, i.e.
it has only finitely many homotopy groups, and those themselves are finite.
The proof is not easy.

Example 12. Let A = KU, G = (—Dpupoo, B =C®s KU, X = BG, for GG a finite
group. Then Property 3 on 7 says that C ®z Rep(G) = {class functions G — C}.

Proof. (of Property 3) Categorification of all of the above: In some “tempered local
systems category”, we have

Ext* = A%(X) 5 A*(X) = Ext*(Ay, Ay)

where the latter Ext is in some other stable co-cat.

The map ( arises as some sort of ambidexterity phenomenon in the case of 7w-finite
X and a comparison of Ext groups. 0]

Remark 13. This ambidexterity showed up in K(n)-local spectra in work with
Hopkins, but it can be found without that sacrifice if you change your viewpoint to
tempered local systems.

Additionally, p-divisible groups show up as torsion points of (oriented) elliptic
curves. If you put that in, elliptic equivariant cohomology pops out.
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Lastly, for X =w-finite and E Morava E-theory, G an associative p-divisible group
over E and connected, then
(Property 1) L®g E°(X) =L ®gr E2(X)
= ro(H (L @5 FY))
(Property 3) = mo(H®"(L3))
— HE™(X: 1)
but L is designed so that G is trivialized, thus
= Higyjz,(X; L)
(Property 2") = Heven(XB(Zp)n; L)

— H L

[B(Zp)"—X]

This also allows us to “unextended scalars”:
GL(Zp)

Eoous - | ] ¢

[B(Zp)"—X]



