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MSRI Connections for Women: Holomorphic Differentials Yan

Q-abelianization for Line Defects (with Andy Neitzke)

Yan
August 15, 2019

A new "invariant” (w/ wall-crossing) for framed links 3-mfd, M = C' x R

C is an oriented surface, valued in GL(1) skein algebra associated with a 3-mfd M = C' x R,
where C' is a N-fold cover for C.

F: A — A+ g-abelianization map

A : algebra of fundamental Wilson lines in GL(N) Chern-Simons thy on M

A: algebra of fundamental Wilson lines in GL(1) ,Chern-Simons thy on M

A = sk(M,GL(N)), A = sk(M,GL(1))

Special Cases:
e L is contained in a 3-ball in M,

F(L) = """ Proyrry,un(Lya = ¢V, 2 = q—q )

N

where w(L) = self-linking number and unknot: q::q‘i :

e Proj. of L to C continuous no-crossing and the homology of L is nontrivial. F(L)
is generating function for a protected spin character (PSC) encoding the spectrum of
framed BPS states associated w/ %—BPS line defects in a 4d N = 2 supersym. thy.
[Gaiotto-Moore-Neitzke|[Galakhov-Longhi-Moore][Gabella|[Allegretti] [Kim-Son)]

e N =2, [Bonahan-Wang]

1 Skein Algebras
1.1 The GL(N) Skein Module

Def. Given a oriented 3-mfd M, sk(M,GL(N)) is free Z[q,q~'] module gen. by ambient
isotopy classes of framed oriented links in M, modulo the sub module gen. by: (skein
relations, blackboard framing)
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1.2 GL(1) Skein module with branch locus

Def. oriented 3-mfd M with codim-2 branch locus F
sk(M,GL(1)) is the free Z[g,q~'] module gen. by ambient isotopy classes of framed links in

M, modulo the following relations:
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1.3 Skein Algebras: M =C xR, M =C xR

¢ ¥=} ¢ with branch locus F’ counting of simple branch points
sk(M,GL(N)) and sk(M,GL(1)) are algebras over Z[q, ¢
[La] - [Lo] = [L1Lo]
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Given T a lattice with a skew bilinear paring < - , - >, the quantum torus Qr is a Z[q, ¢!
algebra with basis {x, }er

— _ A <71y72>
x’hx’m =—q x71+’72

sk(M,GL(1))=Qr, I = H,(C, Z) with intersection paring
2 g-abelization N =2

F : sk(M,GL(N)) — sk(M,GL(1))
(L= F(L) = ) QL)

yeH,(C,7)

where [L] € sk(M,GL(N)) and Q([L],v) € Z[q, ¢ ']

2.1 WKB foliation (GMN)

N
7= ) g =0} cTC
k=1

where ¢, - mero. diff on C'
Locally on C, N 1-forms A
Def: Let w@) = f(A(i) — XY an ij-leaf with phase @ is oriented on path C, Im(e™?w()) = 0
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Step2: X(T) nld out of |ocdk fgctors :

detour =
eX i@ﬂ(‘l/,’q)
{iw‘— 9)
w s winding. of T, ¢
2) Sxamples
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