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Flat surfaces

Translation surfaces

Flat metric
Conical angles (d + 1) · 2π

l

Riemann surface
with a holomorphic 1-form
(Abelian differential)
zeros of degree d

Gauss-Bonnet / Euler-Poincaré:∑
i

di = 2g − 2
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Flat surfaces

Moduli space of translation surfaces

Hg = {translation surfaces of genus g}/cut and paste =
⊔

d`2g−2

H(d)

H(d) = H(d1,d2, . . . ,dn)

= {surfaces in Hg with conical angles (di + 1)2π}

The sides of the polygon representing S, viewed as complex numbers
(relative periods of the corresponding holomorphic 1-form) provide local
coordinates for the stratum H(d) around S.
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Flat surfaces

Half-translation surfaces

Flat metric
Conical angles (k + 2) · π

l

Riemann surface
with a quadratic differential
(at most simple poles)
singularities of order k ≥ −1

Similarly n-differentials on Riemann surfaces produce flat surfaces with

conical singularities of angles multiples of
2π
n

.
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Flat surfaces

Strata (dimension 2g + n − 2):

Q(k) = {half-trans. surf. with conical angles (ki + 2)π}/cut and paste

The moduli spaces

Qg =
⊔

k`4g−4

Q(k), Qg,p =
⊔

k`4g−4+p

Q(k ,−1p)

identify with the cotangent bundle toMg (resp. Mg,p)

The anti-invariant part of the relative homology of the orientation
double cover provides local coordinates. The Lebesgue measure on
these local coordinates give a well defined global SL(2,R)-invariant
measure on the stratum.
Hypersurface:

Q1(k) = {surfaces in Q(k) with area 1}

The induced measure on the hypersurface is finite (Masur-Veech
measure).
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Volume of principal strata

A formula for the volume of principal strata

Stable graphs:

Decorated graphs with legs
encoding e.g. the topological
type of a simple closed
multicurve on a topological
surface with punctures.

0

0

Let Gg,n be the set of all stable graphs corresponding to a surface of
genus g with n punctures (g =sum of the vertex markings + first Betti
number of the graph, n = number of legs).
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Volume of principal strata

A formula for the volume of principal strata

Define the Kontsevich polynomials:

Ng,n(b1, . . . ,bn) =
∑

d`3g−3+n

1
25g−6+2nd !

〈ψd1
1 . . . ψdn

n 〉b
2d1
1 . . . b2dn

n .

For a stable graph Γ in Gg,n define

PΓ(b) = cg,n
1

2|V (Γ)|−1 ·
1

|Aut(Γ)|
·
∏

e∈E(Γ)

be ·
∏

v∈V (Γ)

Ngv ,nv (bv ).

Define the linear operator on polynomials by

Z :
k∏

i=1

bmi
i 7→

k∏
i=1

(
mi ! · ζ(mi + 1)

)
.
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Volume of principal strata

A formula for the volume of principal strata

Theorem (Delecroix-G-Zograf-Zorich)

VolMV (Qg,n) = VolMV (Q(14g−4+n,−1n)) =
∑

Γ∈Gg,n

Z(PΓ).

A similar formula holds for Siegel-Veech constants.

Corollary

VolQg ≥

√
2

3πg
·
(

8
3

)4g−4

·
(

1 + O
(

1
g

))
as g →∞.
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Volume of principal strata

Ideas of the proof

1. Evaluate volumes by counting integer points.

VolMV (Q(k)) = µMV
(
Q≤1(k)

)
= µMV

(
{Surfaces in Q(k) of area ≤ 1}

)
= lim

N→∞

c
Ndim(Q(k))

Card{Integer points in Q≤N(k)}

2. Integer points are square-tiled surfaces
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Volume of principal strata

Ideas of the proof

3. Square-tiled surfaces decompose into cylinders.

This decomposition is encoded by stable graphs (vertices: ribbon graphs
corresponding to cylinder boundaries, labeling: genus of the ribbon graph,
edges: cylinders).
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Volume of principal strata

Relation to Mirzakhani’s work

Theorem (Mirzakhani)
For any rational multicurve γ ∈MLg,n(Z) and any hyperbolic surface
X ∈ Tg,n, the number of simple closed geodesic multicurves on X of length at
most L of the same topological type as γ is

sx (L, γ) ∼ B(x) · c(γ)

bg,n
· L6g−6+2n as L→∞

where B(x) = µTh
(
{γ ∈MLg,n | lX (γ) ≤ 1} is the Thurston measure of the

unit ball, and bg,n =
∫
Mg,n

B(X )dX =
∑

[γ]∈O c(γ).

Theorem

For any γ ∈MLg,n(Z), the volume contribution of the associated stable graph
is

VolMV (Γ(γ)) = constg,n · c(γ)

so in particular VolMV Qg,n = constg,n · bg,n.

The last equality was shown by Mirzakhani in the case n = 0 by
hyperbolic methods

Our volume formula has the same structure as Mirzakhani’s formula for
bg,n.
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Volume of principal strata

Asymptotic questions as g →∞
We consider the case n = 0.

random one-cylinder surfaces / simple closed geodesics

Theorem

c(γsep)

c(γnonsep)
∼

√
2

3πg
· 1

4g

random square-tiled surfaces / multicurves

Conjecture
The probability that a random γ ∈MLg(Z) does not separate the underlying
topological surface tends to 1 when g →∞. It is also the probability that all
conical points of a random square-tiled surface in Qg belong to the same
horizontal layer.

Other conjectures on the number of cylinders of random square-tiled surfaces
/ primitive components of a random multicurve...

E.Goujard (IMB) Masur-Veech volumes MSRI Aug. 2019 12 / 12






	Notetaker-Checklist_NEW[4678] 1.pdf
	MSRI_2019[9406].pdf
	Flat surfaces
	Volume of principal strata

	New Section 7.pdf

	0: 
	0: 
	1: 
	2: 
	3: 
	4: 
	5: 
	6: 
	7: 
	8: 
	9: 
	10: 
	11: 
	12: 
	13: 
	14: 
	15: 
	16: 
	17: 
	18: 
	19: 
	20: 
	21: 
	22: 
	23: 
	24: 
	25: 
	26: 
	27: 
	28: 
	29: 
	30: 
	31: 
	32: 
	33: 
	34: 
	35: 
	36: 
	37: 
	38: 
	39: 
	40: 
	41: 
	42: 
	43: 
	44: 
	45: 
	46: 
	47: 
	48: 
	49: 
	50: 
	51: 
	52: 
	53: 
	54: 
	55: 
	56: 
	57: 
	58: 
	59: 
	60: 
	61: 
	62: 
	63: 
	64: 
	65: 
	66: 
	67: 
	68: 
	69: 
	70: 
	71: 
	72: 
	73: 
	74: 
	75: 
	76: 
	77: 
	78: 
	79: 
	80: 
	81: 
	82: 
	83: 
	84: 
	85: 
	86: 
	87: 
	88: 
	89: 
	90: 
	91: 
	92: 
	93: 
	94: 
	95: 
	96: 
	97: 
	98: 
	99: 

	anm0: 
	1: 
	0: 
	1: 
	2: 
	3: 
	4: 
	5: 
	6: 
	7: 
	8: 

	anm1: 
	2: 
	0: 
	1: 
	2: 
	3: 
	4: 
	5: 
	6: 
	7: 
	8: 
	9: 
	10: 
	11: 
	12: 
	EndLeft: 
	StepLeft: 
	PauseLeft: 
	PlayLeft: 
	PlayPauseLeft: 
	PauseRight: 
	PlayRight: 
	PlayPauseRight: 
	StepRight: 
	EndRight: 
	Minus: 
	Reset: 
	Plus: 

	anm2: 


