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Inverse Boundary Problems

Can one determine the internal properties of a medium
by making measurements outside the medium (non-
invasive)?

X-ray tomography (CAT-scans)
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Problem: Can we recover the density from attenuation
of X-rays?
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Hybrid Methods

Superposition of 2 images each obtained with a single wave

One single wave in sensitive only to a given contrast

Photoacoustic
Imaging

Thermoacoustic
Imaging

Ultrasound to bulk compressibility

Optical wave to dielectric permittivity

LLF Electromagnetic wave to electrical
impedance, conductivity.



Photoacoustic Tomography

Photoacoustic Effect: The sound of light

Picture from Economist
(The sound of light)

Graham Bell: When
rapid pulses of light are
incident on a sample of
matter they can be ab-
sorbed and the resulting
energy will then be radi-
ated as heat. This heat
causes detectable sound
waves due to pressure
variation in the surround-

ing medium.
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T hermoacoustic Tomography
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Mathematical Model

First Step: in PAT and TAT is to reconstruct H(xz)
from w(z,t)|pq (0. 1), Where u solves

(67 — 2(z)A)u=0 on R*xRT
uly=0 = BH (x)
Otult=0 = 0
Second Step: in PAT and TAT is to reconstruct the

optical or electrical properties from H(x) (internal mea-
surements).



PROGRESSING WAVES

Letq € C5°(R"), supp ¢ C {x € R" : || < R}

Let we S 1 ={zeR": |z| = 1}.

((02 — D) +q)u= 0 on R? xRy
CP
u= d(t—z w),t<—R

(6(t—2-w)o)=[ _p@)dH,  peCFERY

r-w=t
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PROGRESSING WAVES

O0(t —x - w) solves
06(t —x-w) =0
where 0 = 97 — A is the D' Alembertian.

(O4+¢)d(t —x-w) =q¢é(t — - w)
Next try

ui(t,z,w) =0t —z-w) +ay(z,wH({t —x-w)

1l t>xz w
0O t<z-w

H(t—w-w)Z{

OH(t—x-w) =20
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PROGRESSING WAVES

(04 @ur =(q¢(z) +2Vas -w)i(t —z - w)

+ (¢(z)a; — Aa1)H(t —x - w)

To eliminate main singularity, we choose

q(x)
2

Vaq - w = —

a1(z,w) = —% _x: gz + (s —x - w)w)ds
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PROGRESSING WAVES

If z-w > R,

aq1(x,w) = X-ray transform of — q/2
If(w,0) = [ fla+sw)ds, feCFERY

Next try
up =6(t —z-w) +ay(r,w)H(t —x-w) +ax(z,w)(t —x-w)y

sk >0

where sk = and a» € C° R™ x g1
+ {o s <0 2 ( )

1
Vas -w = _E(Q(x)al — Aay)
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PROGRESSING WAVES

(04 @uo = (q(z) + dap)(t —x - w) 4
The solution w of CP is

N

u=0(t—xz -w)+ Z ajy1(z,w)(t—x- w)‘Z'_
=0

+ CVT2(RE x Ry)
Using Borel type lemma (see [MU])

oo .
() u=6(t—z -w)+ > aj_|_1(£13,w)(t—513'w)“2|_
j=0
+ smooth error, a; € CO(RY x S 1)

(x) is a conormal distribution to hypersurface {t = = - w}.
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PROGRESSIVE WAVE EXPANSION
CP: uvw=>0t—-—2z2w)t+ai(z,w)Ht —x-w)

w .
+ '21 ajy1(z,w)(t —z-w)) + smooth
]:

Another representation:

oo

u(t,m,w) = [ 07790y (p) (1 + 3 o (‘”?“’)>dp

j=1"

+ smooth
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PROGRESSIVE WAVE EXPANSION

0, |p|<1)/2 00
— : e C(R
x(p) {1’ ol > 1 X (R)

c; some constants

a;+1(z,w)
RES!

Amplitude : x(p) [ 14+ &9 | 3
P j=1

From the principal symbol of u(t,z,w) — 6(t — z - w) for
any t > R, we can determine [q(z 4+ sw)ds = Iq(x,w),

which is the X-ray transform of ¢, and therefore gq.
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X-RAY TRANSFORM
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X-RAY TRANSFORM

If(x,w) = /f(:c—l—sw)ds
— /f(:c—(x-w)w+rw)dr

(z—(z - ww) w=0, z—(z wWwewr={zeR": 2z -w=0}
If(a;,w)Z/f(:c+rw)dr T € wr

w
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X-RAY TRANSFORM

Formal Transpose

Ig(x) = /Sn_l g(z — (- w)w,w) dw
g € C(T), T ={(z,w) : z € w}
EXxercise:
IIf(x) =cn () dy f € CSO(Rn)

This extends to f € &'(R").
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X-RAY TRANSFORM

I*I = (—A)~1/2, 3 pseudodifferential operator of order
—1.

Inversion formula:

(—)VPrif=f  fe&®)

Non-local inversion formula
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X-RAY TRANSFORM

(—n)2f
(—a)' 2

(_A)l/Q(_A)l/QI*If
(—A)I*If

WF (—A)Y2f =WF f

We can recover singularities of f with a local inversion
formula (local tomography [FRS])
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X-RAY TRANSFORM

Example

2

f=> ai(x)xq,

1=1

X

2; smooth domains, a; € C°(R").
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ACOUSTIC WAVE EQUATION

c(x) € C°(R"), c(x)>0, c(x)=1,|z|>R

(07 — c?(z)A)u= 0 on R? x Ry
CP
u= d(t—z w),t<—R

u(t,z,w) =Ag(z,w)dé(t — p(r,w)) + A1(z,w)H({t — p(x,w))

+ 3 Ajpa(a,w)(t — oz, w))} +smooth
j=0
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EIKONAL EQUATION

Highest order singularity,

(1 = (@) | Va8 (t — p(z,w))

Eikonal equation (Non-linear, first order) :

|v:c90|2 — Cz%x)
p(r,w) = z-w, T -w<-—R
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TRANSPORT EQUATION

Eliminate singularity ¢ (¢t — ¢(x,w))

2c¢(2)Vazp - VAg — 2(z)ApAg = 0
TE
Ao= 1, xz-w<-—R

First order linear PDE
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EIKONAL EQUATION

{ |ngo|2— Cz%x)
QO(CE,(,U) — )

|
=
&
S
AN

|
=y

Hamilton - Jacobi theory

Hamiltonian  H(z,&) = %(cz(aj)|§|2 ~1)

Want £ = Vze(z,w) for some ¢.
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HAMILTON-JACOBI THEORY

Hamiltonian is given by

He(z,6) = (@)l - 1)

Xe(s, X9) = (:cc(s,XO),gc(s,XO)) be bicharacteristics),

da’; ch df aHC
sol. of = , — = —
ds o€ ds ox

z(0) = 29, £(0) = €9, X0 = (29,¢9), where ¢0 € S 1(29)
Sp—H(z) = {¢€ € R"; He(z,£) = 0}.

Geodesics  Projections in x: .
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GEODESICS (RAYS)

Geodesics minimize length (time) locally, %.

Geodesics in a medium with a slow region in the center
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EIKONAL EQUATION

r-w = —R
Flow-out from (xg,wp) such that xzg-wg = —R by bichar-
acteristics

Exercise ([MU]) : Flowout (x(s),&(s)) is a Lagrangian
submanifold of R% ng. Locally, it is given by (z, Vzp),
x| > R.

o(x,w) =z w,
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LAGRANGIAN MANIFOLDS

lLagrangian A is an n-dimensional submanifold such that
the symplectic form w = >  d§; A dx; vanishes on A.

w(t,t) =0, t,t € Tpl\

He(z,6) = (P@)e ~ 1)

Bicharacteristics stay in H. = 0.
Therefore, AN C {H. = 0}.
Ne = {(x,dzp)} locally some ¢

Then ¢2(z)|Vzp|2 —1=0.
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EIKONAL EQUATION

The EE has only local solutions

k = 0.20 (simple) k = 0.49 (non-simple) k = 1.23 (non-simple)

cp(r) = exp(k ea:p(—%)), 0<oc<1, o fixed

Francois Monard: SIAM J. Imaging Sciences (2014)
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GEODESIC DISTANCE

Ve is perpendicular to the distorted plane wave {z :
o(z,w) =1t}

Therefore, p(x,w) measures the geodesic distance be-
tween {z : x-w = —R} and {z : p(z,w) =t} (assume EE
can be solved globally)
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BOUNDARY RIGIDITY

IP: Suppose we know

o(x,w), x| = R

Can we recover c(x)?
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BOUNDARY RIGIDITY

Let M be a bounded domain in R"™ with smooth

boundary, c€ C°(M), ¢ >0
Y xayeaM

Boundary distance function

de(z,y) = inf L

(ry) = _inf L(o)
o(1)=y
111|d

Inverse problem (Boundary Rigidity)

Determine ¢ knowing de¢(x,y) | x,y € OM
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BOUNDARY RIGIDITY

I

y dc:>C

A

dC(xO? aM) > Squ,yE@M dC(:E: y)

Need an a-priori condition to recover ¢ from de.
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DEF (M,c) is simple if given two points z,y € oM, 3!
minimizing geodesic joining z and y and OM is strictly

/
N——

speed increases

strictly convex

THEOREM (Mukhometov [M]) One can determine ¢
uniquely and stably from d. if (M,c) is simple.
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LAGRANGIAN DISTRIBUTIONS

CP: u=Ag(z,w)i(t —¢p(z,w)) + A1(z,w)H(t — o(z,w))

+ smoother

u 1S @ Lagrangian distribution

Another representation (locally) :
u(t,z,w) = [P EDra(t 2,0, p)dp

where a € SO(R; x R? x S*—1 x Rp)
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INVERSE PROBLEM FOR ACOUSTIC EQUATION

Theorem. If we know u(t,z,w), any t > R, then we can
determine c(x) if (B(0,R),c) is simple.

Sketch of Proof: We can determine ¢(x,w), |z| > R
and therefore d. and then c(x) using Mukhometov's
theorem.
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TRANSPORT EQUATION

(87 — P (z)A)u

u

0
0(t—z-w), t<-—R

u= Ag(z,w)é(t — p(z,w)) + A1(z,w)H(t — p(z,w)) + smoother

Vg VeAg+ 5c2(2)AAg = 0
Ao= 1, z -w<—R

Integrating along geodesics,

T = Vap(a(s),w)

pla(s)w) = e 2 COM [ ag(a(ry)ar

This leads to the geodesic X-ray transform.
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GEODESIC X-RAY TRANSFORM

Let c€e C°(M), ¢ > 0. Linearizing ¢ — d. leads to the
ray transform

o= [ ot o) d

0

where © € OM and £ € S;M = {£ €T M : £ = 1}.

Here ~(t,z,£&) is the geodesic starting from point z in
direction &, and 7(z, &) is the time when ~ exits M. We
assume that (M, ¢) is nontrapping, i.e. 7 is always finite,
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GEODESIC X-RAY TRANSFORM

7(.,)
o= [ (o)

0

Theorem ([M]). If (M, c) simple, then I. is injective.

Ief =0, [feC®(M)==f=0

Moreover, stability estimates are valid.

The geodesic X-ray transform is the linearization of
c — de.
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GEODESIC X-RAY TRANSFORM

Let X C R"™ be a bounded domain with smooth bound-
ary, c € C°°(X),c(x) > 0.

Ief(2,8) = [ f(1(w,5,0))de @ € X,€ € S3X
v(x,s,€) is the geodesic through (z, &)

S X ={£ €T, X 1 c(x)[§] = 1}
Theorem ([G1],[SU1]).

X — X

is a diffeomorphism.
vi— vy(x,v)

Assume {

Then IX1. is an elliptic pesudodifferential operator of
order —1 with principal symbol c¢(x)|€]7L.
42



NORMAL OPERATOR

Sketch of Proof: X C R"™, X open

FLf@@)= [ [ f(exp twydtax | e Cgo(xX)

d\ is the standard measure on S;X
v(@, tv) = expg(tv)
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NORMAL OPERATOR

Transformation exp,(tv) =y
fly)J(x,y)
I*I p— d
C Cf(x) dc(x, y)n_l y

J(x,y) is the Jacobian of the transformation

02 f
O0x0y

J(x,y) = |det

1
,  flz,y) = §dc(w,y)2

Exercise [SU1]: d2(z,y) = G(z,y)|x — y|?, G smooth,

G(x,z) = CQ%ZU).
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SCATTERING RELATION
d. only measures first arrival times of waves.

We need to look at behavior of all geodesics

1€lle = lInlle =1

ac(x, &) = (y,n), ac is SCATTERING RELATION ([G2],[U])

If we know direction and point of entrance of geodesic
then we know its direction and point of exit.
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Travel Time Tomography

Define the scattering relation ac.

O : (xag) — (y777)
ac, de follows all geodesics.

Inverse Problem: Do o, d. determine c7?
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NON-SIMPLE SPEEDS

IP: DO a4, d. determine c7

Remark: If (M,c) is simple, a¢ is equivalent to d..

For non-simple metrics (caustics and/or non-convex
boundary), this is the right problem to study.

For some of the results, see the survey [SUVZ].

47



PARTIAL DATA

Travel time with partial data: Does d., known on
OM x OM near some p, determine ¢ near p uniquely?

We measure the distance betwen pairs of points here =

—
et

“ i

We want to recover ¢(r) here .-~
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PARTIAL DATA

Theorem ([SUV]). Let dimM > 3. If OM is strictly
convex near p for ¢ and ¢, and d. = dz near (p,p), then
c = ¢ hear p.

Also stability and reconstruction.
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FOLIATION CONDITION

We could use a layer stripping argument to get deeper
and deeper in M and prove that one can determine c in
the whole M.

Foliation condition: M is foliated by strictly con-
vex hypersurfaces if, up to a nowhere dense set, M =
Uieo,m)2-t, where 24 is @ smooth family of strictly con-
vex hypersurfaces and > = 0M.

A more general condition: several families, starting
from outside M.
50



GLOBAL RESULT

Theorem ([SUV]). Let dimM > 3, let ¢ and ¢ be two
smooth sound speeds on M, let OM be strictly convex
with respect to both ¢ and c¢. Assume that M can be
foliated by strictly convex hypersurfaces for ¢c. Then if
ac = ag, de = dz we have c=c in M.

Also stability and reconstruction.

Examples: The foliation condition is satisfied for strictly
convex domains of non-negative sectional curvature,
simply connected domains with non-positive sectional
curvature and simply connected domains with no focal
points. Also if sound speed increases with depth.
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IDEAS OF THE ROOF
The proof is based on two main ideas.

First, we use the approach in a recent paper by U-Vasy
(2016) on the linearized problem with partial data.

Second, we convert the non-linear boundary rigidity
problem to a ‘“pseudo-linear” one. Straightforward lin-

earization, which works for the problem with full data,
fails here.
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GEODESIC X-RAY TRANSFORM
WITH PARTIAL DATA

U-Vasy result: Consider the inversion of the geodesic
ray transform

15 = [ F(()) ds

known for geodesics intersecting some neighborhood
of p € OM (where OM is strictly convex) “almost tan-
gentially” . It is proven that those integrals determine
f near p uniquely. It is a Helgason support type of
theorem for non-analytic curves! This was extended
recently by H. Zhou for arbitrary curves (M must be
strictly convex w.r.t. them) and non-vanishing weights.
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U-VASY

The main idea in U-Vasy is the following:

Introduce an artificial, still strictly convex boundary
near p which cuts a small subdomain near p. Then
use Melrose’s scattering calculus to show that the I,
composed with a suitable ‘“‘back-projection” is elliptic
in that calculus. Since the subdomain is small, it would
be invertible as well.
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U-VASY

Consider

P(z) o= INIf(2) = [ @ 2T ().
where x is a smooth cutoff sketched below (angle ~ x),
and x is the distance to the artificial boundary.
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INVERSION OF LOCAL GEODESIC TRANSFORM

P(z) = INIf() = [ @ X ().

Main result: P is an elliptic pseudodifferential operator
in Melrose's scattering calculus.

There exists A such that AP = Identity + R

This is Fredholm and R has a small norm in a neighbor-
hood of p. Therefore invertible near p using Neumann

series.

(Identity + R) " YAPf = f
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SOME NUMERICAL RESULTS FOR
INVERSE GEODESIC X-RAY TRANSFORM

L ] ] (i -’ O [ ]
—_ (%] [SL] Eu [is] m =l [=:] w

(a) exact solution for f; (b) approximate solution for f;

f1 =0.01 4+ sin (27 (z +y + 2)/10)
[ACU]
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SOME NUMERICAL RESULTS FOR
INVERSE GEODESIC X-RAY TRANSFORM

(c) exact solution for f (d) approximate solution for f;

fo =0.01 +sin (2n(xz 4+ y)/10) + cos (27wz/20)

[ACU]

58



SOME NUMERICAL RESULTS FOR
INVERSE GEODESIC X-RAY TRANSFORM

b E m =

(e) exact solution for f; (f) approximate solution for f3

fa=x+y?+2%/2
[ACU]
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SOME NUMERICAL RESULTS FOR
INVERSE GEODESIC X-RAY TRANSFORM

(a) exact solution for f4 (b) approximate solution for f4

fa =146z + 4y + 9z 4 sin (2n(z + 2z)) + cos (2my)

[ACU]
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SOME NUMERICAL RESULTS FOR
INVERSE GEODESIC X-RAY TRANSFORM

(c) exact solution for f5 (d) approximate solution for f5

f5 = 7 —|— €y+2/2
[ACU]
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e Relative errors for using up to 4 terms in the Neu-
mann series

relative error fi fo f3 fa fs

n=0 37.1% | 37.08% | 37.13% | 37.27% | 37.25%
n=1 15.74 % | 15.63% | 15.81% | 16.2% | 16.32 %
n=2 8.92% 8.65% 9.09% 9.98% 10.28%
n=3 6.99% 6.55% 7.26% 8.61% 9.02%




SECOND STEP: REDUCTION TO
PSEUDOLINEAR PROBLEM

Identity ([SU2)])

X,
X, ® : 1 5

&

T =d,,,
F(s) = X, (T — 5, X, (s, Xo)),
F(0) = X,(T,X%), F(T)= X.(T,X°),

T
/ F'(s)ds = X.,(T, X°) — X,(T, X°)
0

T X,
0 0X0O

(T =5, Xer (5. X)) (Vey = Vi) | (| 0985
1 ’

= X, (T, X°) — X, (T, X9)
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IDENTITY([SU2])

T 0Xe,
0 0X0O

(T =5, Xer (5, X)) (Vey = V)|, (o x0y %S
Cl 9

= X, (T, X°) — X, (T, X9)

| (@ch OH.,
Cj . — _

: the Hamiltonian vector field.
o€ ox

(9K) = ig (6;5), k=1,2
k

1
Vo, = (C%S, —EV(C/%)|§|2)

Linear in c%!

63



RECONSTRUCTION

T'oxX
O (1= 5. X5, X))
1
(&~ )& —5V(eR = B)el?)| . oydS
02 9
= Xy (T, X9) — Xep (T, X°)
data

Inversion of weighted geodesic ray transform and use sim-
ilar methods to U-Vasy.
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e \We test the method using a spherical section of the
Marmousi model

———

\\

e Results

n=0|n=1|n=2| n=3
relative error 40.92% | 19.89% | 14.48% | 14.20%
relative error with 5% noisy data | 42.15% | 22.33% | 17.47% | 17.12%




SCATTERING CALCULUS

The scattering calculus ([M1],[M2]) is a version of the
classical one on R} with a compactification of R} X
R’g. Consider pseudodifferential operators with symbols
a(z,() satisfying symbol-like estimates both w.r.t. =z
and ¢ (Hormander, Parenti, Shubin)

0202a(z,0)| < Cp l2) Il ()10

This defines the class S:™(R™xR™). Lower order means
both lower order of differentiaion and a slower growth
at infinity.

Now compactify both R and R? to get the scattering
calculus.
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SCATTERING CALCULUS

In polar coordinates rw,r > 0,w € S™ 1, perform the
change of variables x = 1/r for r > 1. Then a neigh-
borhood of co becomes a neighborhood of O, i.e., 0 <
x < C;, and x = 0 is the “infinite boundary’ .

Rn

Qz 0 “infinity”
— T :

@
S
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If one parametrizes S™ 1 locally by Yy € R 1 then we
have the coordinates

(z,y) € Ry x Rr'}l__l ' R

wth z = 0 defining S*1, flattened. The standard basic
vector fields 9/dr, 8/0(ry?) take the form
22 ;9
ox oyJ
and they are complete, tangent to = 0 and unit.

Those are the fields we use in the quantization and in
the Sobolev spaces, as well.

We do that both for z and for its dual (. Then the class
Wwhm(R™) becomes the class W-™(R™ ) with symbols in
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StM(R% x R™). . This can be done on manifolds with
boundary, as well.

There is a Fredholm theory of compact operators on
such spaces.

Why the scattering calculus? When we approach the
artificial boundary, the“angle of view'" becomes smaller
and the ellipticity degenerates. The classical calculus
would not give us an elliptic operator.
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