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Persistent homology is implemented for the analysis of 3 dimensional images 
obtained by X-ray micro CT. The code package, diamorse, for computing skeletons, 
partitions, and persistence diagrams from 2D and 3D images is available on GitHub. 
This software enables to explore the connections between topology, geometry and 
physical properties of sandstone rock cores and granular packings.

mailto:notes@msri.org


Insights from the persistent 
homology analysis of 

porous and granular materials

Vanessa Robins
Applied Mathematics, RSPE, ANU

ARC Future Fellowship
FT140100604

ARC Discovery Projects
DP1101028, DP0666442



overview
• X-ray micro CT image acquisition, reconstruction, analysis 

– Segmentation into phases, e.g. “rock” and “pore”
– Geometry via the Signed Euclidean Distance Function

• Persistent homology from images 
– via (discrete) Morse theory 

• Connecting persistent homology to physical properites.
– consolidation of sandpacks versus sandstones
– percolating length scales in porous materials
– permeability of 2D and 3D models
– trapping in two-phase fluid flow experiments 

Above covers work with the Applied Maths micro CT group and 
Adrian Sheppard, Anna Herring, Moh Saadatfar, Olaf Delgado-Friedrichs, Peter Wood 



ANU lab-scale micro-CT facility
• In continual development since 2000,  over 30 staff and students involved in 

past 15 years (lead by Mark Knackstedt, Tim Senden, Adrian Sheppard)

• x-ray sources and detectors “off the shelf”

• standard resolution down to ~2 microns on samples up to ~150 mm long 

• latest machines achieve submicron resolution on ~ 2 mm samples.  

• in-house acquisition protocols (Heliscan), and reconstruction, 

• image segmentation and quantitative analysis (mango, diamorse) and  

visualisation software (Drishti)

• samples include porous and granular materials, fossils, insects, plants.  

Sheppard et al. “Techniques in Helical Scanning” Nuclear Instruments and Methods in Physics Research B vol 324 (2014): 49–56.



sample applications

rock core 400 MYO placoderm fish

figures obtained at the ANU micro CT facility, volume rendering using Drishti



sample applications

English willow 
(from a professional cricket bat)

bee brain cavity 
(imaged with osmium staining) 

figures obtained at the ANU micro CT facility, volume rendering using Drishti



granular and porous materials

Ottawa sand Clashach sandstone

1mm scale bars

Mt Gambier limestone

Want accurate geometric and topological characterisation from x-ray micro-CT images
• pore and grain size distributions, structure of immiscible fluid distributions
• adjacencies between elements, network models   

Understand how these quantities correlate with physical properties such as
• diffusion, permeability, trapping capacity, mechanical response to load.   

figures obtained at the ANU micro CT facility



homology

Manifold Cell complex 
Ci = formal sums of i-dimensional cells 
∂ : Ci àCi-1  is the boundary operator.       ∂ ∂ = 0 
Boundaries are the image space of ∂
Cycles are the null space of ∂
Two cycles are homologous when their difference is a boundary.
The homology group is Hi(X) = null ∂ / im ∂   
Betti numbers, bi, are the ranks of the homology groups 
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homology 

Porous media characterization using the Minkowski functionals 7

(1,1,0)
c = 0

(1,2,0)
c = -1

(1,3,0)
c = -2

(Objects, Loops, Cavities)

(1,2,1)
c = 0

(1,4,1)
c = -2

(1,6,1)
c = -4

Solid Object:

Hollow Object:

Handle

Neck

Fig. 2 Basic topological features and resulting Euler characteristic for the following solid
and hollow objects: torus, double torus and triple torus (N,L,O).

“blob”. Each handle contributes one redundant loop so �(X) = 1 � L. The
surface, �X, is a single piece but has a single cavity and each handle contributes
two redundant pathways (one along the handle and one around the neck) so
�(�X) = 1� 2L+ 1 = 2� 2L = 2�(X).

The relationship of total Gaussian curvature to Euler characteristic, used
in Eq. 3 is the celebrated Gauss-Bonnet theorem. This theorem enforces a
type of topological constraint or kinematic relationship to certain types of
deformations, as discussed in Section 4.3. The theorem is formulated for any
smooth surface, S, that may be closed or have some number of boundary
curves, B. “Smooth” means that each location on the surface is represented by
continuous and di↵erentiable vector fields U and V , so that the two principal
radii of curvature, (r1, r2), are defined at each point on S. The Gauss-Bonnet
theorem is stated as

Z

S

[1/(r1r2)]ds+

Z

B

kgdl = 2⇡�(S) (5)

where ds is an area element, dl is a line element along the boundary B and kg is
the geodesic curvature along the boundary. For cases when an object is closed
with no boundary the second term in the equation can be omitted. This is
typically the case for our applications where S = �X, meaning that the entire
surface is smooth with no boundary with another surface creating a common
line of contact, i.e. boundary B. It is intriguing to note that the integral of
local Gaussian curvature of a surface results in a dimensionless term �(S) that
has not geometrical bases and only depends on the number of objects, loops
and cavities. This type of valuation is distinctly di↵erent from those used in
our daily life such as, distance and size.

Another important property of the Minkowski Functionals is additivity,
which can be demonstrated by the union ([) of two bodies (X1 and X2) in
3D space (⌦). To determine the Minkowski functional (Mi) for a union, we
simply add the functional for both bodies and subtract the functional of the
intersection (\), formally defined as

Mi(X1 [X2) = Mi(X1) +Mi(X2)�Mi(X1 \X2) (6)

for a subset of R3, the possible non-zero Betti numbers are 

(b0 , b1 , b2 ) = 

the Euler characteristic c = b0 – b1 + b2 is another topological invariant

Topological property: 
Betti numbers are independent of the “size” of the topological feature
so small “noisy” features contribute as much as large ones. 

Theorems: [1] homology is independent of the way a space is ‘cut up’ into cells. 
[2] homology is invariant up to homotopy

(deformation that maintains connectivity)



persistent homology
idea is to measure topology of a growing sequence of spaces (a filtration)

X0 ⇢ X1 ⇢ X2 · · · ⇢ Xn

H(X0) ! H(X1) ! H(X2) · · ·H(Xn)
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{1, 2, 3, 4, [12], [34], [24], [13], [23], [123] }
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persistent homology
idea is to measure topology of a growing sequence of spaces (a filtration)

X0 ⇢ X1 ⇢ X2 · · · ⇢ Xn

H(X0) ! H(X1) ! H(X2) · · ·H(Xn)
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this is the lower-level set filtration of a real-valued function: 

Each homology class is born at a parameter value h = b and 
dies (becomes a boundary) at a value h = d.   
This gives us a set of intervals (b,d) for the filtration. 

Xh = {x such that f(x)  h}
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Morse theory 
Suppose f: M -> R is a real valued function on a manifold, M.  
A filtration of M is defined by the lower-level sets of f: 

Mt = { x in  M such that f(x) ≤ t } 
A topologist’s favourite Morse 
function is a height function   f: M -> R 

Key insight of Morse theory: The topology of lower level sets, Mt ,
changes only when t passes through a critical value of f

We will study f: Rn -> R, here illustrated as 
level sets in a contour plot:
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Morse complex
The index of an isolated critical point is the number of descending directions 

-grad(f)

negative gradient flowlines show 
where a drop of water would flow

unstable manifold of an index-i
critical point is an i-cell.  

these flowlines define adjacencies
between critical points in an 
(abstract) cell complex called 
the Morse Complex 

min: index 0
saddle: index 1 
max: index 2



filtration of the Morse complex
Order the critical points by function value to get a filtration of the cell complex

1.0
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2.2

2.03.1

3.0

3.2

4.0

2.1
4.0

4.1

4.2

4.3

4.4

4.5

4.6

5.1

5.0

6.0

min: 0-cell
saddle: 1-cell
max: 2-cell



persistence diagram
Order the critical points by function value to get a filtration of the cell complex

1.0

1.1

2.2
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min: 0-cell
saddle: 1-cell
max: 2-cell
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dim = 0

dim = 1



stability of persistence diagrams

representation will be obvious. While the size of a persis-

tence diagram can be quadratic in the number of homologi-

cal critical values in the worst case, it is linear in several im-

portant cases. We already mentioned the case of ltrations

obtained by adding one simplex at a time. Other examples

with linear size persistence diagrams are Morse functions on

smooth manifolds, and PL functions on simplicial complexes

in which each vertex belongs to at most some constant num-

ber of simplices. In these cases, persistence diagrams pro-

vide a compact encoding of the persistent homology groups.

3 Stability

In this section, we state and prove the main result of this

paper. The proof is done in two steps, establishing the result

for Hausdorff distance in Section 3.2 and strengthening it to

Frëchet distance in Section 3.3.

3.1 Statement of Theorem

We need some denitions. For points p = (p1, p2) and q =
(q1, q2) in R̄2, let ∥p − q∥∞ be the maximum of |p1−q1| and
|p2− q2|. Similarly for functions f and g, let ∥f − g∥∞ =
supx |f(x) − g(x)|. Let X and Y be multisets of points.

DEFINITION. The Hausdorff distance and the Fréchet or

bottleneck distance between X and Y are

dH(X,Y ) = max{sup
x

inf
y
∥x − y∥∞, sup

y
inf
x

∥y − x∥∞}

dF (X,Y ) = inf
γ

sup
x

∥x − γ(x)∥∞,

where x ∈ X and y ∈ Y range over all points and γ ranges
over all bijections fromX to Y .

Note that dH(X,Y ) ≤ dF (X,Y ). We recall that a topologi-
cal space is triangulable if there is a (nite) simplicial com-

plex with homeomorphic underlying space. We now state

the main result of this paper, which may be referred to as the

Fréchet Stability Theorem for Persistence Diagrams.

MAIN THEOREM. Let X be a triangulable space with

continuous tame functions f, g : X → R. Then the per-
sistence diagrams satisfy dF (D(f),D(g)) ≤ ∥f − g∥∞.

In words, persistence diagrams are stable under possibly ir-

regular perturbations of small amplitude. This is illustrated

in Figure 2 where the surplus critical values of one function

dene points of the persistence diagram near the diagonal.

As shown by Zomorodian and Carlsson [4] in a different lan-

guage, persistence diagrams completely describe the homol-

ogy groups of sub-level sets of a function and the maps in-

duced by inclusion between them, up to isomorphism. They

are thus a detailed representation of the topological features

of a function that is stable and, in fact, Lipschitz. Moreover,

Figure 2: Left: two close functions, one with many and the other

with just four critical values. Right: the persistence diagrams of the

two functions, and the bijection between them.

this representation is meaningful, since each point in the per-

sistence diagram of a function corresponds to a topological

event in the ltration associated with that function.

The Fréchet distance between two persistence diagrams

can be computed by adapting standard maximum matching

algorithms for bipartite graphs; see [8, Chapter 26] or [15].

Since the Fréchet distance is bounded from below by the

Hausdorff distance, the claim in the Main Theorem is also

true for Hausdorff distance, which is easier to compute. In-

deed, we just need to nd the smallest ε such that squares of
side-length 2ε placed with their centers at the points of one
diagram cover all off-diagonal points of the other diagram,

and vice versa with the diagrams exchanged. We note also

that the stability of critical value pairs is in sharp contrast

to the lack of stability of critical values and, for Morse and

PL functions, critical points and critical point pairs. Critical

values are destroyed by cancellations and created by their in-

verses. Also, the location of critical points is unstable in re-

gions where the function is nearly constant. Even when crit-

ical points happen to be stable, pairs of critical points change

when critical values go through interchanges. These changes

prohibit any stability results for all three concepts.

3.2 Proof of Hausdorff Stability

We state and prove a preliminary result, the Box Lemma,

which implies the stability of persistence diagrams for the

Hausdorff distance. This result will be used in Section 3.3

to prove the stronger statement that persistence diagrams are

stable for the Fréchet distance.

Relations between quadrants. Let f and g be two tame
functions dened on a topological space X. For all x ∈ R,
we let Fx = Hk(f−1(−∞, x]) and Gx = Hk(g−1(−∞, x]).
Also, for all x < y, we denote by fy

x : Fx → Fy and

gy
x : Gx → Gy the maps induced by inclusions, and by

F y
x = im fy

x and Gy
x = im gy

x the corresponding persis-

tent homology groups. Writing ε = ∥f − g∥∞, we have
f−1(−∞, x] ⊆g−1(−∞, x + ε] for all x ∈ R. We denote
the map induced by this inclusion by ϕx : Fx → Gx+ε.

The symmetric inclusion in which f and g are exchanged in-

4

The connection between Morse theory and persistent homology
helped establish the stability of persistence diagrams 
[Cohen-Steiner, Edelsbrunner, Harer (2007)] 

PD0

dH( PD(X), PD(Y) ) ≤  || fX – fY ||∞



distance functions from images

Segment an XCT image into 
grain (white) and 
pore (black) regions. 

Compute the 
Signed Euclidean Distance Transform:
SEDT(x) = - dist(x, W)  if x is in B
SEDT(x) =  dist(x,B)      if x is in W
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persistence diagrams of an SEDT

b < 0, d < 0 
- birth = pore radius
- death = max pore throat

b < 0, d > 0 
- birth = min throat in loop

death = min grain-contact radius

b > 0, d > 0
birth = max grain contact
death = grain radius. 



points by reversing pairs along a V-path and the natural con-
nection with homology means we can simplify the topology
of the level sets in a controlled way [19]. Morse theory also
incorporates higher-order topological changes such as filling
in extraneous loops and voids with the same techniques. We
find that when working with distance transforms, cancellation
of critical point pairs with a persistence of less than 1 voxel
unit provides a sufficient level of simplification while main-
taining a high level of detail; see Fig. 2.

Simplification strategies are the subject of ongoing re-
search. For example, it is possible to incorporate measures
of feature size similar to those in [17] within the persistence
framework. The features we can measure go beyond basins
of local minima to include higher-dimensional structures de-
fined by the 1- and 2-saddles. This allows us to discriminate
between convex and concave shapes of various classes. For
example the distance transform of a barbell shape is charac-
terised by two local minima joined by a 1-saddle while that
of a squashed ball (similar to a red blood cell) must contain
a 2-saddle and one or more local minima and 1-saddles. By
examining the persistence of the 1-cycle and the size of the
unstable set of the 2-saddle that it is paired with, we can de-
cide whether to cancel or preserve this feature.

5. APPLICATION TO POROUS MATERIALS

Starting with a grayscale 3D image of a porous material, we
first classify voxels as either ‘pore’ (foreground) or ‘grain’
(background) thus obtaining a binary image. To study the ge-
ometry defined by this image it is natural to apply the signed
Euclidean distance transform (SEDT), so that the greyscale
function g encodes the distance of each voxel from the bound-
ary between foreground and background voxels. By mak-
ing the distance negative in the foreground and positive in
the background, we see that the Morse skeleton at threshold
c = 0 defines a medial surface of the foreground and that the
basins partition the foreground in a dual fashion. The Morse
skeleton and basins now provide simultaneous and compati-

ble methods for describing the foreground geometry. Figure
1 shows the Morse skeleton of the pore space of a packing
of glass spheres, computed from a micron-scale x-ray-CT im-
age as described above. To illustrate both the skeleton and
basins, Fig. 2 shows a small subset of a 2D dataset: a single
slice taken from a micro-CT image of a Mt Gambier lime-
stone core.

Persistent homology of SEDTs can help describe the mor-
phology of a porous material in a variety of ways including
pore- and grain-size distributions. As a further example, in
Fig. 3 we show the 1-dimensional persistence diagrams [1]
for the pore-space of four granular samples that are publicly
available (xct.anu.edu.au/network comparison). In general,
1D homology encodes the independent cycles (loops) in a cell
complex. In the Morse filtration of an SEDT, a cycle is born
when a 1-saddle is added between two minima that already

Fig. 3. Persistence diagrams (represented as 2D histograms
of persistence pairs) for 1D cycles in the pore-space of four
samples: (a) mono-disperse spherical bead pack, (b) polydis-
perse unconsolidated sand, (c) well-consolidated Castlegate
sandstone, (d) fossiliferous Mt Gambier limestone.

belong to the same connected component and that cycle dies
when a 2-saddle is added turning the 1-cycle into a boundary.
Cycles that have birth values < 0 are loops in the pore space;
those that also have death value < 0 correspond to 2D patches
in the Morse skeleton, cf. Fig. 1. From the data in Fig. 3, we
can see that only the pore-space of the sandstone (c) will be
well-represented by a linear skeleton, the other samples have
a large proportion of persistent 2-saddles lying in the pore-
space. The amount of grain consolidation can also be seen in
these diagrams as the proportion of pairs that have birth and
death values above 0.

Aside from their theoretical interest, we see the results of
this paper as being of practical value for two reasons. Firstly,
a consistent skeleton and partition, along with tools from the
emerging field of persistent homology, provide a rich set of
measures for characterization. Secondly, simultaneous par-
titioning and skeletonisation provides just the information
required to construct a representative pore-network. Pore-
network models are used in the simulation of fluid transport
in porous media, and particularly the flow of multiple im-
miscible fluids. The algorithms and objects defined here will
allow the generation of such network models with greater
geometrical and topological fidelity. We emphasise that the
algorithms to perform this Morse analysis on 3D images,
based on that in [6], are of genuine practical value since they
can be implemented efficiently on distributed architectures.

PD1 diagrams show us the degree
of consolidation of a sandstone

Delgado-Friedrichs, Robins, Sheppard. IEEE ICIP (2014)

consolidated
grains

porous materials PD1

index-2
pores



Skeleton derived
from void phase
of silica sphere
packing. 

Dark blue 2D 
patches show
that the porespace
is not well-modeled
by a line skeleton. 

Image by Olaf D-F
using Voluminous
a web-based 
version of Drishti, 
both apps developed at 
NCI Vizlab



Plots of the separations between creator and destroyer critical points in persistence pairs are shown for a
single sample in Figure 10. Again we see that the narrow peaks occur close to the relevant percolation
thresholds, but the single maximal point can be significantly offset. A more sophisticated technique for
determining the location of the persistence peaks would improve our estimates of percolation thresholds.

4.3. Mt Gambier Limestone
The Mt Gambier limestone sample is a counterpoint to the above sandstones and demonstrates the utility
of persistence diagrams in giving a comprehensive picture of the pore space geometry and topology.

A 2-D section and the persistence diagrams are shown in Figures 6c and 11; the distances between persist-
ence pairs are summarized in Figure 12. This sample has no clearly defined length scales in the grain or

Figure 9. Persistence diagrams of four sandstone samples. (a–c) PD0, PD1, PD2 for Bentheimer (Ben2,2), (d–f) same for Berea, (g-i) Clashach1, and (j–l) Castlegate. The (b, d) points are
binned in a 2-D histogram with logarithmic colorbar scale shown in the right. The gray horizontal and vertical lines show the critical percolating radii in mm.

Water Resources Research 10.1002/2015WR017937
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percolating length scales in PDs 

Persistence diagrams for SEDT of a sandstone micro CT image, 1280 cubed voxels
Critical percolating radii are significant features in the PDs
see:  Robins, Saadatfar, Delgado-Friedrichs, Sheppard 
“Percolating length scales… ” WRR (2016) 

the percolating length is the maximal radius of a sphere that can move  
through the pore space
= threshold for which Xh connects opposite boundaries of the sample.  



permeability k  is defined by the Darcy relation 
between mean fluid velocity v measured by 

fluid flux Q through 
cross-sectional area A for 
pressure difference Dp
over length L  and 
fluid viscosity µ. 

permeability

permeability is 
not the same as 
porosity (= pore vol frac)

v =
Q

A
=

k

µ

�p

L
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Katz-Thompson cross-property model:
(PhysRevB 1986)

permeability

Image from Scholz et al. PRL 2012 

lc

c geometric const (= 1/226)
lc critical pore radius for percolation
(s/s0) electrical conductivity rel to bulk
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crease I past the threshold value I„ the function g, (l)
(which we take equal to cl for the fluid flow problem and
equal to c'I for the analogous electrical problem) also de-
creases, but the power-law expression [p(l )—p, l' will in-
crease as more and more of the pore space is included in
the largest cluster that spans the sample. For appropriate
choices of the function p(l), the conductance g(l) as-
sumes a maximum value for some l,„~l,. Since Eq. (2')
should always yield at least a lower bound to the true rock
conductance, we take l~,„to be the "best" choice to use in
the trial solution [Eq. (2')]. We observe that, in general,
I~,„ for the hydraulic conductance will be different from
I~,„for the electrical conductance problem, since the con-
duction pathways have different weights for the two cases.
We can derive some general results concerning the rela-

tionship between permeability and conductivity without
specifying the function p (I ). These relationships hold as
long as p(l) allows for a maximum in the conductance
and the maximum occurs for I~,„&I,. If these conditions
are satisfied, we find to first order in Al, and ltlr,

I ORE OXAVE, ER (pm)

1.24 0.62 Q. 41

60

5Q

0 0 LG 1000 2000 3000 4000
PORE PRESSURE (kPa)

FIG. 1. Typical mercury injection curve taken on a quartz ce-
mented sandstone from eastern Utah. The characteristic length
is labeled l, . The pore diameters are calculated from the pore
pressures using the Washburn equation.

For very broad pore size distributions [such that
I,tp"(I, )/p'(I, ) «1] Eqs. (3) reduce to

Using the above results for broad distributions of conduc-
tances, we establish a relationship between the electrical
conductivity

a-an't [p(I',„)—p, ]'
and the permeability

k -pqO"..„)'[pO".„)-p, ]' .
To first order in ill, or in Alr„

tension and contact angle yield errors that are small com-
pared to the expected uncertainty in measuring the per-
meability. ) The Washburn equation assumes a local
cylindrical geometry.
Figure 1 shows a typical mercury injection curve where

the volume of mercury intruded (normalized by the total
pore volume) is plotted versus the applied pressure.
Several authors have interpreted the rapid rise in the
curve to occur when the intruded mercury initially forms a
connected cluster that spans the sample. The intitial por-
tion of the intrusion curve with positive curvature is associ-
ated with surface defects and a broad variation in sample
thickness found in the rock chips used in the experiment.
We take the inflection point's of the rapidly rising portion
of the curve to mark the threshold pressure p, for the for-
mation of the "infinite" cluster. From the Washburn

To interpret the constants a and p, we assume that locally
the rock conductivity is simply pro, the conductivity of the
brine solution, and that the local pore geometry is cylindri-
cal. These assumptions imply that a cro and p
Combining the above relationships, ~e obtain
k +~ I, cr/pro, which is of the same form as Eq. (1).
To determine the characteristic length I, of actual rock

samples, me performed mercury injection' experiments on
a set of 50 rocks that range in permeability from 50 micro-
darcies to 5 darcies. Mercury, which is assumed to be an
ideal nonwetting fluid, is forced into the evacuated pore
space under quasistatic conditions. For each externally
applied pressure, the diameter of the mercury-pore space
inter- face is determined by the Washburn equation p,—4ycos&/d, where p, is the capillary pressure, which is
the difference in pressures on the two sides of the men-
iscus, y is the surface tension ( 485 dyn/cm), 8 is the
contact angle (130'), and d is the local diameter of the
pore space. (The experimental uncertainties in the surface

Oo
E
o 1.0
aD

LJ
CP

Ch0
O

2. 0
log [:k (rndarcy})

FIG. 2. Calculated permeability k~, vs measured permeabili-
ty k for various sandstones and carbonates. The dashed lines
indicate a factor of 2 deviation. Note that the unit of permeabil-
ity is the millidarcy (md) 10 "cm .

Image from Katz, Thompson PRB 1986



permeability and topology
Scholz et al Phys Rev Lett (2012) propose (s/s0)  can be replaced by (1-c0)/N = b1/N
for circular and elliptical (quasi) 2D grain models. 

BUT a 3D version of the Scholz relationship does not hold 
see:  Liu, Herring, Robins, Armstrong 
“Prediction of permeability from Euler characteristic of 3D images”  SCA 2017
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permeability and topology
Scholz et al Phys Rev Lett (2012) propose (s/s0)  can be replaced by (1-c0)/N = b1/N
for circular and elliptical (quasi) 2D grain models. 

BUT a 3D version of the Scholz relationship does not hold 
see:  Liu, Herring, Robins, Armstrong 
“Prediction of permeability from Euler characteristic of 3D images”  SCA 2017
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topology and trapping

Capillary trapping 
occurs when a non-wetting 
fluid is surrounded by a 
wetting fluid and can
no longer flow to an outlet 

^ image from Herring, VR, Sheppard et al, WRR (submitted). 

<- image from Wang, Tokunaga Env. Sci Tech (2015)

Capillary Pressure−Saturation Relations for Supercritical CO2 and
Brine in Limestone/Dolomite Sands: Implications for Geologic
Carbon Sequestration in Carbonate Reservoirs
Shibo Wang and Tetsu K. Tokunaga*

Earth Sciences Division, Lawrence Berkeley National Laboratory, 1 Cyclotron Road, Berkeley, California 94720, United States

*S Supporting Information

ABSTRACT: In geologic carbon sequestration, capillary pressure (Pc)−saturation (Sw)
relations are needed to predict reservoir processes. Capillarity and its hysteresis have
been extensively studied in oil−water and gas−water systems, but few measurements
have been reported for supercritical (sc) CO2−water. Here, Pc−Sw relations of scCO2
displacing brine (drainage), and brine rewetting (imbibition) were studied to
understand CO2 transport and trapping behavior under reservoir conditions. Hysteretic
drainage and imbibition Pc−Sw curves were measured in limestone sands at 45 °C under
elevated pressures (8.5 and 12.0 MPa) for scCO2−brine, and in limestone and dolomite
sands at 23 °C (0.1 MPa) for air−brine using a new computer programmed porous
plate apparatus. scCO2−brine drainage and imbibition curves shifted to lower Pc relative
to predictions based on interfacial tension, and therefore deviated from capillary scaling
predictions for hydrophilic interactions. Fitting universal scaled drainage and imbibition
curves show that wettability alteration resulted from scCO2 exposure over the course of
months-long experiments. Residual trapping of the nonwetting phases was determined
at Pc = 0 during imbibition. Amounts of trapped scCO2 were significantly larger than for those for air, and increased with pressure
(depth), initial scCO2 saturation, and time. These results have important implications for scCO2 distribution, trapping, and
leakage potential.

■ INTRODUCTION
Geologic carbon sequestration (GCS) in deep permeable saline
aquifers is recognized as an effective technology to mitigate
global warming caused by emission of anthropologic CO2 from
fossil fuel combustion.1 Saline aquifers have the largest
potential for storage of substantial amount of CO2.

2 Captured
CO2 from anthropogenic sources is injected into porous deep
subsurface formations (usually at depths greater than 800 m) as
a supercritical (sc) fluid, followed by brine injection3−5 or
natural groundwater flow. Stratigraphic storage relies on
integrity of the overlying seal (an intact caprock barrier to
upward flow, usually shale). However, given the heterogeneity
of the saline reservoirs and caprocks, stored CO2 is under the
risk of postinjection leakage, which would render GCS
ineffective. Basic mechanisms controlling CO2 storage in
reservoirs and potential leakage through caprocks are
incompletely understood.6,7 At the pore scale, capillarity helps
to immobilize CO2. Understanding the fundamental relations
between capillary pressure (pressure of the nonwetting CO2
phase relative to brine, Pc), brine saturation (Sw), wettability
(i.e., contact angle, θ), interfacial tension (IFT, γ), and pore
structure is the basis for reliable prediction of the distribution,
displacement and fate of CO2 and brine. Therefore, measure-
ments of Pc−Sw relations for scCO2−brine in reservoir media
are needed to mechanistically understand GCS processes.
During injection, the distribution of CO2 and brine in the

pore space varies with distances from the well, and is controlled

by the drainage Pc−Sw relation of the reservoir. Likewise, in the
postinjection stage, the pumping pressure is removed and brine
tends to reoccupy pores. This competition between CO2 and
brine and their redistribution are described with the imbibition/
rewetting Pc−Sw curves. The incomplete rewetting of reservoirs
with resident brine allows retention of significant amounts of
CO2 in reservoirs by means of capillary/residual trapping, a
major storage mechanism. Capillary trapping relies on the path-
and history-dependent saturation characteristics to control
distributions of multiphase fluid flow in pore spaces.8−10 Pc−Sw
behavior and capillary trapping capacity are difficult to predict
due to complex dependence on fluid properties, porosity, pore
geometry and tortuosity, pore size distribution, wettability,
reservoir mineralogy, geochemistry, and surface chemistry.
These factors all influence pore fluid dynamics such as Haines
jumps (episodic displacements of menisci through irregular
pores), thin film flow, and snap-off (disconnection of the
nonwetting phase when passing pore constrictions), and hence
affect capillary trapping.11−13

The determination of CO2−brine Pc−Sw relations requires
measurements of drainage and imbibition of the wetting phase
(WP) fluid. Drainage of brine (the WP) by the invading scCO2
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increase, and the mean size of features decrease, as nonwetting phase has invaded progressively 538 
smaller pore spaces. 539 

4.3 Persistent Homology Based Aspect Ratio 540 

Considering the formulation of previously presented empirical metrics linked to 541 
nonwetting phase trapping – aspect ratio, coordination number, and Euler characteristic of the 542 
nonwetting phase – we use metrics measured from the persistent homology analysis to propose a 543 
new, composite metric to predict capillary trapping as a function of the microstructure of the 544 
initial nonwetting phase. The metric, defined in Equation 3, quantifies the combined impacts of 545 
topology, size, and spatial distribution of nonwetting phase features which form flow mobilizing 546 
pathways relative to those which form fluid trapping pore bodies: 547 

𝑃𝑃𝑃𝑃𝛽𝛽1
𝛽𝛽0

= ∑ [𝑏𝑏𝑖𝑖×(𝑑𝑑𝑖𝑖−𝑏𝑏𝑖𝑖)]𝑖𝑖
∑ �𝑏𝑏𝑗𝑗×�𝑑𝑑𝑗𝑗−𝑏𝑏𝑗𝑗��𝑗𝑗

× (𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣 𝑟𝑟𝑣𝑣𝑟𝑟𝑣𝑣𝑣𝑣𝑟𝑟𝑟𝑟𝑟𝑟𝑣𝑣𝑟𝑟)3    (Eq. 3) 548 

Here, b is the birth threshold value (corresponding to the radius of the maximal inscribed sphere) 549 
of every topological feature, with corresponding death value d; i is the index for all β1 features in 550 
the second quadrant of the β1 persistence diagram, and j is the index for all β0 features in the 551 
second and third quadrant of the β0 persistence diagram. For the analysis presented here, any 552 
topologic feature with persistence (d − b) ≤ 1voxel length unit is neglected from analysis. 553 

The 𝑃𝑃𝑃𝑃𝛽𝛽1
𝛽𝛽0

 formulation incorporates the relative size of features, similarly to aspect ratio 554 

(although note that 𝑃𝑃𝑃𝑃𝛽𝛽1
𝛽𝛽0

 is formulated inversely to pore body-throat aspect ratios); and as with 555 

coordination number, the 𝑃𝑃𝑃𝑃𝛽𝛽1
𝛽𝛽0

 formulation incorporates information on the relative numbers of 556 

throats and bodies. Persistence is important to include in this metric, as the persistence value 557 
quantifies spatial distribution of topologic features (as described in Section 3.2). By combining 558 
the influences of these geometry/connectivity/topology based metrics, the 𝑃𝑃𝑃𝑃𝛽𝛽1

𝛽𝛽0
 formulation 559 

provides a more comprehensive quantification of the relative importance of throats and pore 560 
bodies: larger, more numerous, and more persistent β1 features (redundant pathways) result in 561 
larger 𝑃𝑃𝑃𝑃𝛽𝛽1

𝛽𝛽0
 values, indicating enhanced mobilization; whereas larger, more numerous, and more 562 

persistent β0 features lead to decreasing 𝑃𝑃𝑃𝑃𝛽𝛽1
𝛽𝛽0

 values, indicating that structure facilitates capillary 563 

trapping. 564 

Capillary trapping is a small-length scale phenomenon, only relevant at length scales at 565 
which capillarity applies; thus, we include a measure of scale in the form of a volume unit (here 566 
chosen to be voxel resolution cubed). The choice of image voxel resolution also allows for 567 
scaling of data sets with different image resolutions. 568 

4.4 Correlating Trapping to Microstructure 569 

Trapping of nonwetting phase (air) was quantified for each drainage-imbibition cycle for 570 
experiments conducted in this study, as well as the Bentheimer experiments of Herring et al. 571 
[2015], and results are plotted for four previously established empirical trapping correlations in 572 
Figure 7; and for the newly-derived 𝑃𝑃𝑃𝑃𝛽𝛽1

𝛽𝛽0
 aspect ratio metric in Figure 8.  573 

 574 
 575 
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summary 
1. acquire micro-CT image
2. segment into pore and grain
3. compute signed distance transform
4. build Morse complex
5. compute persistence diagrams 
6. interpret! 

diamorse package available at:
https://github.com/AppliedMathematicsANU/diamorse
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