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Soft matter as a playground for the exploration of space partitioning 
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Experimental and theoretical work on various molecules that self-assemble. Single 
block copolymers may have segments of cylindrical or conical shape that create 
supramolecular assembly and later a multigeometry assembly with given properties. 
Various AB deblock or ABC triblock copolymers effects of molecular architecture. 
With examples from biology: Cubic-lamellar transition in plant membranes, butterflies 
and weevils.
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Soft matter as a playground for the 
exploration of space partitioning
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Dilute solution structures

Zhu et al, Nature 
Comm., 4:2297, 
2013



Dilute solution structures

Zhu et al, Nature 
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A surfactant phase diagram (in theory...)

Primitive Diamond Gyroid

Bicontinuous cubic phases



AB diblock copolymers

blocks could produce the desired buckled
interfaces. As he explained nearly a
decade ago, “If I start with a symmetric di-
block, which has flat interfaces, and add a
third block leading to a symmetric ABC—
that is, three equal volume fractions of
each color—I will get a lamellar morphol-
ogy with two flat interfaces” (see Figure 3).
Travis speculated that if he produced a
symmetric–asymmetric system (i.e., one
that had equal amounts of green and blue
but a dissimilar amount of red), it would
buckle the interfaces. His essential idea
was that “a hyperbolic interfacial struc-
ture—a saddle surface—likely will ac-
commodate the symmetric and asymmetric
parts of the molecule.”

Travis speculated we could achieve
such a condition with model ABC triblock
copolymers. The system he chose contains
three common polymers, shown in Fig-
ure 4: polyisoprene (PI or I, labeled in blue
in Figure 4), polystyrene (PS or S, in red),
and poly(ethylene oxide) (PEO or O, in
green). The shorthand nomenclature for
poly(isoprene-b-styrene-b-ethylene oxide)
is either PI-PS-PEO, or just ISO. This sys-
tem was chosen because it properly con-
figured the interfacial energies that control
the domain curvature in segregated forms
of these block copolymers.4 Interfacial en-

ergy, the product of interfacial area S and
interfacial tension γij,1

γij ! kT(χij/6)1/2a–2 , (1)

is controlled by the binary interaction pa-
rameter χij (often this parameter is written
without the subscript); the parameter a is
proportional to the length of a repeat unit,
and k and T are the Boltzmann constant
and temperature, respectively. In the sim-
plest approximation,

χ ij (δi – δi)2 , (2)

where δ is a solubility parameter in units
of (J/m3)1/2. The choice of ISO triblocks
leads to two energetically equivalent in-
terfaces (I/S and S/O) when the material
segregates, since δI – δS δS – δO. Forma-
tion of a third interface (I/O) is unfavor-
able, since χIO ! χIS χSO. In other words,
the green (PEO) and blue (PI) blocks (Fig-
ure 4) have no tendency to touch each
other. Instead, there will be PEO/PS and
PS/PI interfaces, and it is exactly these
kinds of competing symmetric interfaces
that Travis Bailey wanted to use to try to
produce network morphologies.

Another attractive feature of this system
is that it is synthetically tractable. A size-

!

!

!

able batch, about 100 g, of PI-PS diblock
can be prepared with a hydroxyl group on
the end of each PS block. After dividing
this product into about a dozen portions,
we can create a series of ISO triblocks by
adding different-length PEO blocks to
each aliquot, resulting in a homologous
series of triblock copolymers with identi-
cal PI and PS blocks (i.e., equal volume
fractions of green and blue). This proce-
dure eliminates variability in the composi-
tion, which is very useful from an
experimental point of view. It is also pos-
sible to invert the sequence5 to SIO, or
green, blue, and red, although I will not
discuss these materials here.

Phase Portrait of ISO Triblock
Copolymers

The locations of more than three dozen
ISO triblock copolymers are displayed on
a three-parameter (PI, PS, and PEO) trian-
gular composition diagram6,7 in Figure 5.
Dashed lines identify composition trajec-
tories known as isopleths, lines with 
constant ratio of weight-fraction PI to
weight-fraction PS. Recall that all of the
polymers falling on a given isopleth were
synthesized from a common PI-PS di-
block. Travis Bailey produced the first ISO
series with equal parts of PI and PS, and
Cordell Hardy and Thomas Epps filled
out the remaining samples. The green and
blue points in this phase portrait corre-
spond to two-color layered and three-color
layered structures known as lamellae. Flat
interfaces are favored by symmetric com-
binations of blocks, that is, equal amounts
of two or three colors, respectively.

What we discovered was that between
the two-layered and the three-layered
states there was a channel containing net-
work morphologies. This was the region
in which Travis speculated we might find
complex hyperbolic surfaces because of
the symmetric–asymmetric packing of the
chains. I would like to go through some of
the analysis for each of the three different
phases situated in this part of the diagram.

Small-Angle X-Ray Scattering
Analysis of the ISO System

Small-angle x-ray scattering (SAXS)
data was taken at the Advanced Photon
Source at Argonne National Laboratory.
All of these experiments were conducted
above the glass-transition temperature of
PS, about 100°C, which lies above the
melting temperature of PEO, so these are
melt-state measurements intended to re-
flect equilibrium phase behavior. For a
representative sample in region I in Fig-
ure 5, we obtained a rich complement of
scattering peaks (see Figure 6). These
peaks are readily associated with cubic
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Network Phases in Block Copolymer Melts

Figure 1. Morphologies and phase diagrams for diblock copolymer melts. (a) Four ordered
morphologies—spheres (S), cylinders (C), gyroid (G), and lamellae (L)—are controlled by
the composition fA and the product of the segment–segment interaction parameter and
degree of polymerization χN. (b) Theoretical and (c) poly(styrene-b-isoprene) experimental
phase portraits of diblock copolymer melts, where fI represents the volume fraction of
poly(isoprene).1 The perforated-layers (PL) morphology is a nonequilibrium structure. CPS
stands for close-packed spheres. (Reprinted with permission from Reference 1.) 
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AB copolymers: effect of molecular architecture
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AB diblock copolymer

Figure from Hadjichristidis et al. 2005, Prog. Polym. Science 30

Linear block copolymers:  AB vs. ABC

ABC triblock copolymer

Same structural vocabulary
Interfaces = Surfaces



ABC star triblock terpolymers

Kirkensgaard JJK, Pedersen MC and Hyde ST, Soft Matter, 2014, 10, 37, 7135
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ABC star triblock terpolymers

Chernyy, Kirkensgaard et al. 
Macromolecules 2018, 51, 1041−1051 



ABC stars - experimental ISP phase diagram

+ S-homopolymer blendMatsushita, Hayashida, Dotera, Takano, 
J. Phys. Cond. Mat., 2011, 23, 284111

This cylinders-in-lamella morphology is similar to hexagonal
perforated layer (HPL) structures found in metastable states for
diblock copolymers.34-36 The stacking sequence of the hexago-
nal perforations in the HPL structure have been modeled as
ABCABC and/or ABAB arrangements by two-dimensional
diffraction patterns. On the other hand, in the SAXS pattern of
the present cylinders-in-lamella morphology in Figure 2a, weak
scatterings having the form of a vertical streak rather than a
spot are found, resulting from the internal cylindrical structures.
However, mutually correlated arrangements such as ABCABC
or ABAB should give diffracted spots. The length of the streak
is inversely related to the dimension of the scattering plane.
Thus, the present result suggests that the stacking manner of
the hexagonal layers are random in the cylinders-in-lamella
structure, and hence the scatterings from the crystal plane as
short as 19 nm in each independent layer are observed as the
streaks.
By evaluation of the lamellar thickness in the cylinders-in-

lamella morphologies for the three samples, I1.0S1.8P4.3, I1.0S1.8P6.4,
and I1.0S1.8P9.6, we notice an interesting fact. Table 3 compares
the lamellar thicknesses of two lamellae for the P phase (DP)
and for the combined I and S phase (DI+S) calculated by using

d-spacings obtained from SAXS measurements and the volume
fractions of the samples. The thicknesses for the combined I
and S phase are almost constant, especially when X equals 4.3
and 6.4. This finding means that the average distance of two
junction points in the ISP star molecules does not change even
if the P chain length increases. It is conceived that in a usual
AB diblock copolymer system, lamellar thickness of the B
domain decreases when lamellar thickness of the A domain
increases with lengthening of the A chain because the average
distance between junction points becomes longer due to the
counterbalanced effects between interfacial energies and chain
deformation energies. However, it is indicated that requirement
for minimizing interfacial energy dominantly determines the
lamellar thickness when X is in the range 4.3 e X e 6.4 in the
ISP star polymer system, for an increase of the average distance
between the junction points causes an increase of the interfacial
area for the components I and S against the component P. This
interesting feature for the phase separation of ABC star polymers
is attributed to high interfacial energy due to the lack of the
junction points at the polymer-polymer interface for the
systems.
Table 4 summarizes the morphologies formed by the I1.0S1.8PX

star-shaped terpolymers. Shapes of domains formed by com-
bined I and S phases are varied from matrix to lamellae, to
cylinders, and to spheres, while those of P domains are varied
from cylinders to lamellae and to matrix with increasing X.

Figure 4. TEM images of morphologies for I1.0S1.8P6.4 by casting from THF (a), 1,4-dioxane (b), and toluene (c, d) before (a-c) and after (d)
annealing.

Figure 5. TEM images of a morphology for the sample I1.0S1.8P22 taken with tilt angles of -20° (a), 5° (b), and 30° (c) at the same sample location
and the corresponding schematic (d).

Figure 6. TEM image of the sample I1.0S1.8P53 (a) and the correspond-
ing schematic drawing (b).

Table 3. Dimensions of the Cylinders-in-Lamella Morphologies for
the I1.0S1.8PX Samplesa

X DP (nm) DI+S (nm)

4.3 29.2 19.0
6.4 43.4 19.0
9.6 58.3 17.0

a DI+S and DP denote the lamellar thicknesses of the two lamellae for
the P phase and for the I and S phase, respectively.

3698 Hayashida et al. Macromolecules, Vol. 40, No. 10, 2007

mers are considerably affected by casting solvents. Figure 4
compares TEM images of as-cast films for I1.0S1.8P6.4 from THF
(a), 1,4-dioxane (b), and toluene (c), while Figure 4d was for
the annealed film obtained by casting from toluene. Figure 4a
exhibits a cylinders-in-lamella morphology for an as-cast film
from THF which is the same as that for the annealed film shown
in Figure 1. On the other hand, the structure observed for the
as-cast film from 1,4-dioxane in Figure 4b is a lamellae-in-
cylinder structure, while that from toluene is a cylindrical
structure whose cross section reveals a new periodic tiling
pattern, as shown in Figure 4c. However, both the structures
were transformed into cylinders-in-lamella morphologies by
annealing as shown in Figure 4d as an example.
Lamellae-in-Cylinder Morphology. Another hierarchical

morphology was observed for the samples with X being in the
range 12 e X e 32. This lamellae-in-cylinder structure is

essentially the same one as reported in previous works.3,12,25,32
Figure 5a-c shows the TEM images of a lamellae-in-cylinder
structure for the sample I1.0S1.8P22 taken at the same sample
location with three different tilt angles as in the case of Figure
1. These TEM images demonstrate that both I and S domains
are shaped into disks individually, and they are alternately
stacked, forming cylinders. Although an exact packing manner
of these cylinders has not been identified at present, it seems
to be a hexagonal one as schematically shown in Figure 5d
according to Figure 5a. Furthermore, the arrangement of the
cylinders has been predicted to be hexagonal by a simulation.25

Lamellae-in-Sphere Morphology.When X equals 53, spher-
elike domains made of component I and S were observed. Figure
6a shows side views of the spheres in a TEM image of I1.0S1.8P53.
A single domain of the component I is sandwiched between
two hemispheres of the S domains, forming a prolate sphere.
This structure can be regarded as a lamellae-in-sphere morphol-
ogy, as schematically shown in Figure 6b.

Discussion

As mentioned above, the three types of hierarchical structures
have been observed for the ISP star-shaped terpolymers, i.e.,
cylinders-in-lamella, lamellae-in-cylinder, and lamellae-in-sphere
morphologies. We notice that the junction points are aligned
circularly for all the structures, and these results evidently come
from the molecular design of the present samples. Several kinds
of structure-in-structures have been observed for polymeric
systems such as liquid-crystalline diblock copolymers,1 comb-
coil diblock copolymers,2-4 multiblock copolymers,5,6 and ABC
star polymers.32 The smaller length-scale organizations in these
hierarchical morphologies have been limited to lamellar struc-
tures in all the previous works while cylinders-in-lamella
structures found in this work have internal cylindrical structures
with the shorter periodicities. The cylinders-in-lamella structures
observed for I1.0S1.8PX (4.3 e X e 12) result from the
asymmetric volume ratio of the component I and S, which
enables the cylindrical domains of the I component in the matrix
of the S component. Furthermore, it should be noted that the
cylinders are oriented perpendicular to the lamellar planes in
this new morphology, resulting in aligning normal to the film
surface. This kind of vertical orientation of the cylindrical
nanodomains to the film surface has scarcely been observed in
bulk block copolymer systems. In the present ISP star system,
however, the vertically oriented cylindrical domains are realized,
being assisted by the parallel orientation of the lamellar planes
to the film surface.

Figure 1. TEM images of a morphology for the sample I1.0S1.8P6.4 taken with tilt angles of 0° (a), 25° (b), and 35° (c) around a horizontal axis at
the same sample location and the corresponding schematic (d).

Figure 2. 2-Dimensional pattern SAXS patterns of I1.0S1.8P4.3 with edge
view (a) and through view (b).

Figure 3. Circularly averaged SAXS profiles with edge and through
views: (a) I1.0S1.8P4.3 and (b) I1.0S1.8P6.4.

Macromolecules, Vol. 40, No. 10, 2007 ABC Star-Shaped Terpolymers 3697

J. Phys.: Condens. Matter 23 (2011) 284111 Y Matsushita et al

Figure 10. Hyperbolic tiling structure on the gyroid membrane from I1.0S1.8P3.2. (a) TEM image for [1, 1, 1] and (b) the corresponding
simulated image. (c) TEM image for [5, 6, 13], (d) its simulated counterpart and (e) a schematic representation of this structure, where
continuous polystyrene (white) and isolate polyisoprene (black) domains are the forming gyroid membrane in the poly(2-vinylpyridine) (gray)
matrix.

Figure 11. Comparison of three TEM images for I1.0S1.8P3.2 obtained from tilt experiments. (a) −20◦, (b) −10◦ and (c) 0◦ rotation.

I. It is difficult to know the exact structure merely from this
information, so a tilt experiment was carried out. Figure 12(b)
was actually obtained by tilting the sample 25◦ about a
horizontal axis from the original state observed in figure 12(a).

By this tilt experiment, the structure was verified to be
a hierarchical cylinders-in-lamella structure as schematically
drawn in figure 12(c), which has rarely been observed in
polymer morphology so far. The morphological transition
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ABCx vs ABCn

Both x = 2 but molecular architecture differs

Kirkensgaard JJK, Phys Rev E, 85, 031802 (2012)
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Kirkensgaard JJK, Phys Rev E, 85, 031802 (2012)



ABCx vs ABCn

Kirkensgaard JJK, Phys Rev E, 85, 031802 (2012)



A(BC)2 mikto-arm star copolymer



Self-assembly of A7-(B6-C5)2 reference structure

[PLA] phase
Simulations: Kirkensgaard JJK, Soft Matter, 2010, 6, 6102-6108 
Experimental: Kirkensgaard JJK, Fragouli P, Hadjichristidis N and Mortensen K Macromolecules, 2011, 44 (3), 575-582



Rheo-SANS experiments support the PL structure

In situ shear small-angle neutron data 
SANS-2, Paul Scherrer Institute

Shear cell setup
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Non-aligned sample: q* ~ 0.023  => D ~ 275 Å

Simulations: Kirkensgaard JJK, Soft Matter, 2010, 6, 6102-6108 
Experimental: Kirkensgaard JJK, Fragouli P, Hadjichristidis N and Mortensen K Macromolecules, 2011, 44 (3), 575-582



Phase diagram

Simulations: Kirkensgaard JJK, Soft Matter, 2010, 6, 6102-6108 
Experimental: Kirkensgaard JJK, Fragouli P, Hadjichristidis N and Mortensen K Macromolecules, 2011, 44 (3), 575-582



Simulations: Kirkensgaard JJK, Soft Matter, 2010, 6, 6102-6108 
Experimental: Kirkensgaard JJK, Fragouli P, Hadjichristidis N and Mortensen K Macromolecules, 2011, 44 (3), 575-582

A(BC)2 3-miktoarm 



[GLAB] - single network core-shell structure

Structure from A1-(B3-C3)2 molecule



[SA + GLC] - sphere packing and single network

Structure from A4-(B9-C3)2 molecule



Tricontinuous structures in ABC star systems?
Asymmetric mesogen

MIxture of carboxylic acids

Zeng et al,  Nature Materials, 4, 2005

Han et al,  Nature Chemistry, 1, 
2009 

Also found in a surfactant system
Soft Matter, 2014, 10, 8229 



Construction of bicontinuous patterns 

Take two threaded nets,  
here double diamond

Construct Voronoi partition 
of net nodes

Minimize area of Voronoi walls 
with K. Brakke’s Surface Evolver

Primitive Diamond Gyroid



Construction of tricontinuous patterns 

Take two threaded nets,  
here double diamond

Construct Voronoi partition 
of net nodes

Minimize area of Voronoi walls 
with K. Brakke’s Surface Evolver

Do the same with 3 nets! 
Here triple gyroid (3srs). 

MANY polycontinuous patterns 
are possible! We are only  
interested in those with  
unbranched junction lines. 



3etc(187)
rhombohedral

Some possible tricontinuous patterns

Hyde, de Campo, Oguey, Soft Matter, 2009
Fischer, de Campo, Kirkensgaard, Hyde and Schröder-Turk, Macromolecules, 47, 2014

Triple G (3srs)

Triple P (3pcu)

Triple D (3dia)



Fischer, de Campo, Kirkensgaard, Hyde and Schröder-Turk, Macromolecules, 47, 2014

3etc(187)
rhombohedral

3dia(109)
tetragonal

Tricontinuous 3-colored structures



Tricontinuous 3-colored structures

3dia(109)
tetragonal

Fischer, de Campo, Kirkensgaard, Hyde and Schröder-Turk, Macromolecules, 47, 2014



Images from Interface Focus 7: 20160130 (2017) and http://www.science4all.org/article/brazuca/

From flat to curved space



Images from Interface Focus 7: 20160130 (2017) and http://www.science4all.org/article/brazuca/

From flat to curved space

BCP’s on templated substrate 
Nature Communications 7, 12366 (2016)

BCP striped nano spheres 
Scientific Reports | 6:29796 (2016) 

BCP 3-armed stars minority components 
PNAS, 111, 4, 1271 (2015)

400 nm



Blending ABC and ABD 3-miktoarm stars

AB and CD constrained in 
pairs to have the same size.

Again define ratio x = C/A to 
compare with pure ABC stars.

Here x = 2.

Investigate at 4 segregation 
levels - all symmetric.



Blending ABC and ABD 3-miktoarm stars

Kirkensgaard JJK, Interface Focus,2, 602-607 (2012)



Blending ABC and ABD 3-miktoarm stars

Kirkensgaard JJK, Interface Focus,2, 602-607 (2012)



Blending ABC and ABD 3-miktoarm stars

Kirkensgaard JJK, Evans ME, de Campo L and Hyde ST, PNAS, 111(4 ), 1271–1276 (2014)

x

3 5 15 53 99 195 675 725

x=3.66x=1.75 x=7x



Blending ABC and ABD 3-miktoarm stars

Kirkensgaard JJK, Evans ME, de Campo L and Hyde ST, PNAS, 111(4 ), 1271–1276 (2014)

x



Blending ABC and ABD 3-miktoarm stars

Ideally, all nets are of the same hand...



3etc(187)
rhombohedral

Stars in curved geometries

Image: Stu Ramsden, ANUImages: Jan Smotlacha



3etc(187)
rhombohedral

Stars in curved geometries



ABCD 4-miktoarm stars

4-colored 
Kelvin FoamKelvin Weaire-Phelan

Balanced

Monte Carlo simulations of ABCD star
Dotera, Phys. Rev. Let., 82,1, 1999

The colouring constraint kills the 
WP foam 

(and entropy does also, probably)



BCP self-assembly - relevance to other phenomena

Nuclear pasta (proton density) configurations in inner crusts of 
neutron stars (at densities of 1014 g/cm3)

Spaghetti LasagnaWafflesGnocchi

Caplan and Horowitz, Rev. Mod. Phys 89, 2017  



Spaghetti LasagnaWafflesGnocchi

Caplan and Horowitz, Rev. Mod. Phys 89, 2017  

Nuclear pasta (proton density) configurations in inner crusts of 
neutron stars (at densities of 1014 g/cm3)

Schuetrumpf et al. 
Physical Review C 91, 

025801 (2015)

Liquid (high density) 
phase is filled, gas (low 
density) phase is void 

BCP self-assembly - relevance to other phenomena



Images courtesy Łucja Kowalewska, University of Warsaw

Biology: Cubic-lamellar transition in plant membranes



Images courtesy Gerd Schröder-Turk, Murdoch University

Biology: Butterflies and weevils

Diamond weevil contains 
hyperbolic diamond form 

Butterfly wings contains 
hyperbolic gyroid form


