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2 - dimensional Topological Field Theories

Nathalie Wahl . 1Notes taken during talk .
fer notes are appended at the end

Folklore Theorem . .
Theorem . tanand problem set.

2-dime topological quantum field theories
= comm . Frobenius algebeas Takeous social
[Reference: book by kock ] Tore herbestand enim
RAS of them
Dep. Fix a field R . An algebera A is a vector
. space over towith a multiplication *AQATA
Ex. Ma(k ) (nxn matrices)is a non -commutative
algebra
Ex, Let G be a group . Then kG3 Caigi
(the group algebra) is a commutative algebra
. if G is commutative

Def. An algebra is Frobenius if it is finite-dime

and has a non- degenerate trace & A > k

lequivalentley , an associative pairing <iZ: A BA TK )
For a trace, non-degenerate means no non- trivial
left or right ideal in ker (8)



1. my Pairing: AGAR

Def. A pairing is associative if
Saob,c> << a,boc>

NOTE. Trace moAssoc. paining
A k pre < >

LGA non-deegle to non-degitte

LHS of Thom
2 -dime TQFTS :

Classification of surfaces:

connected, orientable, compact surfaces are
classified Cup to diffeomorphism )by their
genus & number of boundary components

Define a category 2 - cob w / objects all and
morphisms zobeh,n]= {cobordisms 1st 15

a {cpct.,orientable surfaces a
w / nim labelled boundars /
Composition isby gling
.

fun

that
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2 - Cob is a symmetric monoidal category :
lie a loobx200b arob
(nom) i Anrm
(eg,ooh agog (disjointand

(n),m?) ty ritm'

Symmetric onmi ne olm
t

tha

one

hootthe
 Det. A a- dime TQFT (top . quanturn field theory )
is a symmetric monoidal functor
F:(2 loob, , o ) (rect, & , 2 )
sit. Fehen )= f(h) @ F(m )

F(SHT) F F(S ) & F(T ) .

Flonm) = T F(M), F( m ).

antti
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Digression : Operads & Props

DEF. A topological) operad is a sqnc. of .
spaces o =40(n)} 20 together w / comp.maps

- comp maps:
O(n)
xo(k,)x..... 0(kn) tolkit...tkn)

sot....
n

a

tregon An

M

I

Rest Def. An o- algebra is a sp. forwhich these

operations make sense:

. .X site O(n) x xn xx s.t....
En .
Ex. 8(n)= {*} un
o-alg. has {* }xX" _ X

n=2 mult ,com
It's the operalof commutative algebras com
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- Ex.8(h)= En Inmult
is the operad of associative algebras.
2 Ex , Olng= - sconnected coef?
surface winter
boundares

a J a diffeo taking
0 1122 ore
A

NOTE. O co given by genus o surfaces only)
1. is a suboperad. NOTE : Oo(n)= {* } a con
1. #any or alg. is a comm , alg . .
[ Props will relate this back to our theorean ]

Props Idea : generalization of operads w /
! Operations win inputs & m outputs Un,mzo

stateplatent

analy

t DEE. A prop. is a symm. moroidal category w /
objects the natural numbers sti =+ on
Ex .aloob is a prop
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Ex. O operad,then

So= {obj=1N4

nm)= 160(n )x .... O(nom)

nit...then

n. [307
 6= 11 . disjoint unich

DEF An algebra over a prop p is a symm .
. morcidal functor F:P (Vect,8,7 )

Lemma . {algebras over an operad os
. î şalgebres over the prop So }

de F:So IVECT

nr you ton Inom

onstarteddata
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Them (rephrased .aloob is the prop of
conamutative Frobenius algebras.

Remark .We have seen
per

chi

non
 Commic surfaces

ground

tothe Sogurt coacob

Yollows from Lenna )

I Now we have seen part of the theorem
.20 TOFT =2.Cob - alg Tom- alg
To geta Frobenices algiwe oxida non-degt
trace Aok

F:acob Vect TQFT

ohrINA
GotoLAGA HATZ pairing

DLA DKT
 2



What about other sunfaces ?
FACTS:(of algebras)
A pairing is non-degt iff of a pairing
[K LAGA sit .

(finite,dimil) it has
• An algebra is as Frobening iff
a coproduct (A -TA BA ?so to

obrodthen oprol bod bag
&Frobenius ideatity)
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PROOF OF THEOREM

2TQFT 4 Comm. Frob. Alg.

. F (A =F(1),5(850) ICOD)
NAON A

s

.

Mahirahiran


































