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1 2- Dimensional Topological Field Theories

Nathalie Wahl

Ther notes appended at the end ]

From Yesterday

PROP Summ , monoidal cat,w / obj.- N4
Algebra = symm. monoida's functor
Operad acollection of Obj. { lng? 20 den
w / comp. etc.
Algesora isX s.E. Olm)xX " X st.... .

o Operad a prop so
Alg to Alg
Why do ur still talk about operads?
- Because Props are bad!'
Ex. can construct a complicated prop uy
only the trivial algebra!
contrast. For day operad , Ia free algebra
over it!
Vocals. We say " the operaud/prop of Xx
algebras" meaning "an operad/ propwhose
algebras are & ebras "



moving area

a - dime topological (conformal field theores
More " fancy " version of acobi
2006 top = Obj = Ni intohis )
Morin, m)= 11 m (2 )
* Cob 15' ells
ME)= Modulispace
of Riemann
surfaces of type
= { Riemestructure of's ?

= space of conformal
dasses of Polen
structures
~ isometry classes
of Cat. Structures
on & Chupendlic strach
~biholomorphic classes
of cox structures
~ classifzing space for
smooth bundles w /
fiber &
~ Dafft(50)...
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the Def.2 666ch = [obj =IN
proplingm)-Cx (Moracenta an)

a lobolt - obj= Ne
(Mar(nm)=Hxe( Morgestop(nom )

Det. A 2 -dim TCFT (top.conformal field theory)

is a synen , monoidal punctor
F:2 . loob * Chains
A 2 .dim HCFT Chomological waw)
is a symn . monoidal functor
F: a lobo H Greet

Questions
@What is this as an algebraic structure )
② Does it exist?
® is it interesting ?

Answers
①will say later
2 less struct amore examples
onore complicated my fewer examples
olxpected exaridles from physics, symplecticI topo
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- ③ olHaving alg. Etructure is often useful
of field theory isa repn of C ( MCE) or
H & M(2 ) my learn about MCE ).
von avom

①What sort of structure is an HCFT?
Degree Opart (Ho) .
ME) connected Ho (MCE )) =k .
and a cob Ho is the linearization of 2006
any HEFT is in particular a TQFT
il a commutative Frobenius algebra ,
Holm( 0)) OF (1) 92 *F(1)
. Igenerator
Genus o "operadic" part for "coop )
of ferin all z
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Manang Framed Little Disc operad fO2
fD2(1) Embar(4D²,D3)
- 12
m ( 0 )

And composition in fD (Insertion ) is
compatible with the han composition
from a loob top

Ex. j Dz (1) ~87
H₂ ( m( s) k
» A=generator
[Gefzler ]H& (4 )=BV (Batein-Vilkovisky)
» an HCFT is in partical At BV-ala
i.e , it has a product (same as foi
& a degree l oprator B .
sit. Afarby c )= A (a*b )AC I a # A (byc)
O t .. . I A (a ) * b *CI.. ..
[salvatone-w ]
o

 no

 . commutative ,



Ex . o A is a commutative Frobeni
then it defines a HOFT :
aloolhy 2006to Fo G Vect .
•HH (A,A ) for A symm.le.g. comm )
Frob. alg . defines a HCFT * with
F(1)=1*H*(A,A) where A = connes B-operate
But where HOFT* is a functer from
acobfite morph only for surfaces
w / non - Ø outgoing boundary
(in particular:No trace !) .

 manifold
In some cases, Htly (AA)~ H* (LM) memilih
Where does this come from ?
comes from TCFTS (semetimes working only
after Hyll
2 dim TFT =F :2roblet teha ?
merbeobach,m)= @C (MCS ))
A pirion , Cx = singular chains.
Wo
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HUGEL So we often use a smaller medd
via graphs .

Det. A fat graph is a grouph w / a cyclic
ordering at all the vertices
or of the half -edges

sta

 bod Apat graph can associate a surfall
edge roribbon
vertes o disc

Thom . [Bodwitch- Epster, Penner, Herrer
there exists a chain complet gerendeland
by fut graphs (with oriententions, differential
=vertex explosion)whose homology is
that of 4 m(z ) (moduli spaces ) and

suring of surfaces. Can be modelled
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Easier open -TCFTS
acob open,ca 30bg =N (mash I )
Mor(nom)= QC (MCE))

St I hht
- model tas with fat graphs
w / leaves Ø
Glingis attaching @ leaves
Rem:" Genus o operadic part" + discs
- trees is exactly the
Ao- opead
il. an open TFT is in particular
an Aco- alg.

6 Al
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denA HH = machine for producing2 -0 TCFTSX
[ Costello,kemsevich-Seibermant
A = F (1) for A an open TOT
then HH (A,A ) is a a d TFT.
E L Tradler-Zeinaian,W -Westerland
A is a symmetric Frobenius alega,
His a compactified version of20-TCFT.
(klamt ] HHy(A,A), A conm, Frob . is
another fearer of TCFTS
4)

ad TITS

 extendsto,

Écomerson
compactitied

Open TCFTS Bymn. Frob. Comm. Frob.

extends to
"loop diagrams"






