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Two motivating situations:
① Def: Let M = Vecto be a monoidal category.
A vector space v has a dual if a v
avector space , and linear maps
evr :Nov oC (evaluation)

coewric Vov (coeveeluation )

such that ?
ove cov caresido verean iduleurveGev
is the identity
- ®vr idoevrovour

R is the identity
Picture this idea
-

 MSi coere id

@ Def. A functor Role td hasa left adjoint
...if F a functor LEDt C and usul bersins,commenting
G :Lartide count)
uiido EROL (unit)
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such that:
① R =idoor wordRAROLOR idRoca Roidp=r

®Lidbou a LoRoL cold on

are both the identity

NOTE.(vy,ev ,cock ) (dualizability data)is

unique up to isomorphism .

(2,c,u ) same.

Generalize these:

0 just let M be a monoidal eat,
An object ,VEM ... . I v obj. in M &morphisms

exy:Vo coevril var

.st. ....
@ First... concept 2 -cat or bicategory (intuition )

objects: • : categones
1-morphisms: to functors
a- morphisms o intre transformations
compose in 2 ways: or

To generalize ③ Let B be a brcat, le, 2 sobe.
A 1-morphism Riter ....if Ial morph L:62
sot. .. .
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Today . Use this motivation as a reason for
defining
bicategories

"higher" categories
some ( 21) Categories
ny Dualizability more generalles.
Tomorrow . Applications to TFTS
fully extended TFTS
•Cobardisine Hypothesisi

Lets startwith enriched categories .
Let ( 8 ,8 ) be a monoidal categons
: (ex:(SET,x), (Cat,x),(Space,&),(Vects )
Dep. An S-enriched category to consists of
(O) set of objects Oble
(M) *X,Ye Oble, anobject in Sy Home(x,y)

(C) composition: ¥X,Y,Z in Obce, a morphister
in 8 Home(Y,Z ) Home(8,8 ) fom (X,Z ),
(goftogola)



&HOM(x,7)
- 
(1)+ XE Ob le, a morph.in s
1- Home(x,x ) satisfying associativity

(Home(26)atom(Y,Z))of Hom(X,Y)= 8- 8-)
lideo
looid . ca Homtz,w )

Homes,W)effon(xy) of Homexto

(2) similar for identities

Def . A a- category is a cat. enriched in
(Cat,x )

Whatdoes this mean?
:& X ,Y ,we have category Home(x,y )
Ob : 1-morphisms
morphs :2 - morphisms
comp:

Butwe also have comp (C )which is a
factor of thecategories
ni

mi



Example CAT 2 -category
. obsi categories
Imorphs : functors
a morphs : ntre transformations
PROBLEM! Associativity

We require the diagram to connuse
often not satisfied i
it we weaken this condition invertible
Def. A bicategory is (6),(M),(C),(I) +2-morphone
din (1)
+ similarly modify for (2)
satisfying axioms.

Axioms. pentagon and two triangle identifies

Remark . Every bicat is equiv.to a strict one.
(2-cat)
Examples:
© ALGbi: obs : C-algebras A,B
Imosi ADB a (A,B)-bimodule AMB
zmesi homom . af bimalls
AMB LNB
(C)CompiBNCOAMB = A(MEGN)



1 Top ofPage

(2) Spanbi 2-spans of sets

obsi gets ST
Imos: Sat is (f,g):S of X get

a mos : Xi

& fa A
s geoT isom : Er
making dragger
. commute

compi Assume we have chosen pullbacks
X ²X²-

The two comps of 2 - morphs are also
given by pulling back
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② (informally. Fordetails see Schanner

a cobert
obj: finite sets of points (0- dime holds)
Imos: 1-dime manifold w / bdry &
together w / diffeo am ~XL groot
Sounce target

amos : isomorphism classes of a dime
" Bordisms"
2-dime " bordism " ;2 dime manfold
w / corners ,
which can be embedded into [0,172xR"

source front C
target back -
sides are id bordists
R /

 10,1772
3
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. Now our def. of having adjoints makes
sense

Q : Can we " combine" having duals and
. having adjoints? . so beft&right are sand.
" Def." Let B be a symmetric monoidal
bicategory.It defof thisis too long.

A object X in B is a dualizable ifi

it has a dual in the underlying
monoidal cat,
@ An exx,coeux from behave left &
right adjoints

Whatis the underlying monoidal category?
B bicat moh (B ) obj= 06

. mor =2 -isomorphism
Ti( B ) (inv,2 mauph )
1. classes of1-morphy
So,if B is symmetric monoidal, then
hq(B ) is symmetric monoidal:
w (inu,zu

.
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Q : Can we do the " game" to get "n-categories" ?
Want structure which captures
objects, t-morphs,2 - morphs ,....
... h -morphs, ...?

Attempt 1 . "strict" n -eats
cat enriched in (2Cat x )
Problem #strict associativity ñï
* not true that any "weak " n-catis
: equire to strict n -cat
Wewill return to this tomorrow .

How can we include "k- morphisms& k "
but assume they are all invertible

ng "as- groupoid!

Idea:(Grothendieck) Ti(8,x) fundamen

Given a space X m

 21(8) fundamentalgroupold
X (X ) and
Co s
" andamenita oid
& obs are pts inX
Morphs:homotopy
Morphs : hasses of
2 - groupoid

Obsptsthesynthesis and. classesof
paths

reminiscentof

compafbicats

 zmosharronhomotore



Whatever a good def. of cogroupoid is, we
should have a " fundamental s- groupood "

ofe aspace.

Homotopy Hypothests (tum above into defn)

Def. An co- groupord is a space.






