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MSRI Higher Categories and Categorification 2020

Connections for Women Claudia Scheimbauer

Introduction to higher categories, dualizability, and applications
to topological field theories

This is a long selection of exercises of very different levels and with motivations coming from different areas.
I am aware that this list is too long for the problem sessions. Pick the one(s) you find interesting and look
up or ask for the precise definitions if needed.

(1) Find the dualizable objects in the following monoidal categories:
(a) vector spaces and direct sum
(b) vector spaces and tensor product

(c) pointed vector spaces (a vector space together with a chosen vector in it), point-preserving
linear maps, and tensor product

(d) sets and cartesian product

(e) Span, where objects are sets, a morphism from X to Y is an isomorphism class of spans X
S — Y, composition is pullback, and the monoidal product is the cartesian product

(f) Alg, where objects are C-algebras, a morphism from an algebra A to an algebra B is an iso-
morphism class of bimodules, composition is relative tensor product,

sNgoa Mp =4 Mp ®B BNc;
and tensor product over C as the monoidal structure
(g) nCob and disjoint union

(2) Show that if Z is an n-dimensional topological field theory, then for any closed (n — 1)-dimensional
manifold, Z(M) is finite dimensional.

(3) (a) Show that any small category with a single object is the same data as a monoid.

(b) Let A be a set. Which structure does A need to have so that there is a 2-category with a single
object, a single morphism, and A as the set of 2-morphisms?

(4) Look up the details of the definition of a quasi-category. Show the following properties:

(a) Translate the horn-filling conditions for Kan complexes and quasi-categories in dimensions 1, 2,
and 3 into categorical content.

(b) Let 7y: sSet — Cat be the left adjoint to the nerve functor, called homotopy category. Work
out/look up an explicit description of 71.

(5) (a) Which 1-morphisms have left and/or right adjoints in the following bicategories or (o0, 2)-
categories:

(i) Alg® (Hint: Look up and use the dual basis lemma from commutative algebra.)
(ii) Span®’

(b) Which objects are 9_dualizable in the following symmetric monoidal bicategories or (0o, 2)-
categories (we haven’t seen these in detail, but try to figure out the pictures):

(i) 2Cob®®* and 2Cob®™"/"
(ii) Bordy and Bordy





