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- An Introduction to Categorification
Groups & Link Invanants
Aaron Lauda of
I Quantum!

Crene & Frenkel 1994 :
Studying .TQFT(topological quantum field theory)
invariants of n - manifolds
take n- manifold & triangulate in
Ex .n=2
Basic object: * dual of triangle

(more) 1 ☆ Y = Y
(associativity in schematic mult.)

•2D State Sum TOFT
linear set, & mult. associative)
• Exten Basic objectis a tetrahedron
(2.2
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terms of deal graphs in
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Observation 3D TQFTs requires

Clinecer) cat, & mult,

40 TQFTS idea :2 -cat & mult

n =2 n=3 . n = 4

cats 2 -cat
sets .

 . in3d TOFTS
mult malt multe

•Examples!Where do these come from ?

The Clinear ) categories of interest come
from representations of quantum groups

has pos .basis

- *Case study in categorification &

Jones Polynomial JCK)

Take a knot o a
fones construction produces a Laurent polynom,
Z [q,qt ] (q is a formal parameter)
•Diagramattic (Kauffman Bracket)
< x > = < ) (7 -q < >
<OLK )= (q+q*)<KY
erre
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- 5007 (8+8")?
0 ) ( 0 pro> oq(q+27)
q ) xuq < co > mq(pron)
Lo qu< > +8*(q+9")?

Representation Theoretic Perspective
•Start w / quantum group ų(sl2)
Uglaby) is an algebra over C(q) (rational finsing)

V sa-dime repons

•Given a local picture of a knot aka atangle

as we cenfensor .
of bc. Ug(als)is

ha var

" For knots: they have no endpts so
arvoo =Cig ] mult but calar
t oo - C [9 ] . Son ock)
soro mapeons a Hopf algebra

mul
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s Physics
i In Su(2 ) Gauge theory

I Jones polynomial comes fromWilson loops.

(or homology of a connection around a knot)

Generalizations simple ingebra
Rep theory: Uq Cay) Hlav(k )
1. T - arbitrary reph
t
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a •Physics:Chern-Simonsw /other Lie groups
" Diagrammanc : Less Straight forward olla)
Requires a detailed knowledge of rep. theory ,
braidings, or R- matrices , Case -byl case for
each .
newtobe

g

n Diagrammatic )
descriptionof knof
invariants Diagrammatic or

gen & vel description
of Replug(og))



slez- Temperly- LeibAlgebra

slz - Kuperberg

sly - kim

sliga Morrison (1971)

(1997 )

(2003 )

(2007 )
(conjecture)

Full Solution :2014

Cautis -kainitzer - Morrison

We need two ingredients to understand Mis:
- Definition of Uggen
6 Definition of qucentum Weyl group actions

Diagrammatic sln -knot invariants.



- DEF . ů= ů (gl ) is a Clq - linear category
(i.e. Hom(2,7 ) + ( q)-vector space )
Objects : 2 =( ^,.,..., m) € zm
Morphisms : For leisme &;= (0....0,1,1,0,...,0)
the Citith
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just draw fi, liti sina nothing happens
I elsewhere,
(convention



>quantum
Relations

key:Slz-relations

E; Fila = FiEjty+ [7;-2;x 1ta
o finteger
[n]=8²-9."

qq

Define divided powers:
Ela Lx = tidă [a?!-[a][ar]...1]
[a ]!

•Serre Relations
if ja itt : Ela Ejda-E;E;E;IqrE;Eld. A= 0

1. jtit1 E;Ejlz = Eg E;12

(similar for Fj)
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