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Highercategorical Tracks in geometric representention
theory I
Nick Rozenbligum
PT

GOAL." Wewant an action of acch (Locsyou)
on shv(Bung).
Want trace of Froo on this action
should give " spectral decomposition"
of automorphic forms.

Wewill mostly work in the Betti setting
as this is where the cat, theory
is the cleanest

We saw , in Betti setting
2Coh(Locsysh = /Rep(GY)

Consider A is a symm . monoidal DG cat.
Ye Spc finite cu complex



- 
GOAL. understand Sayt = toy

joint work .co /D . Gaitsgay,V .Kazhdans
1 y.Varsharsky )

THM . Let Bebe a (Lsymm. ]monoidal ) DG
category . A (loymeni ]monoidal puntor
A & B is category equivalent to
a family of C - -) functors
ABI BaSh )
intel in Istan

 this i
Proof Sketch . As ordina

equivalent to :
colim A I& Shire(y ) og
(15)ETWEEN

is an equir.
As functors of y, both sides comenute

with gifted colimits
enough to check when y-A,a finite set



1. 
exercise Let le be acategory w / colimits,
To : D ole a functor,
For ded , the natural map
5 (d ) colim (d) & Maps(dz,dh )
. (di?dz)ETWG ) .

is an iso.
| More or less a version of Yoneda)
So we have: Hecke stack .X alg. ecurve/
Hecke = {P,,P2,X =(x,...,* )EX
s 7 PilxxPofx-x }

Buna BungXXI
Geometric Satake:
I moncadal functors ."
Satz:Replay I Shu( Hecket)
natural in Iefin .
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We obtain a family of functers
Replay ashu(Bung) Shv(BunaxXA)
natural in Iffon .
We have them (Ncollessyourss Isunctors
Replay)oF & Shya Bung )
I Shrwilo (Bung )
Lashvector )
E.Shu Bung X

I action
DeonChoc Sys BatteryEshurip(Banca )

Categorical set-up: A OM

Want to take trace of Frobenius:
Categorical Traces (00;2)
say o isa synu, monoidal a- category
oto dualizable object.
E : 0 TO
tr(Fo, d E End (1 )
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it is functorial :
O EO dualizable object
w / F ): O o

and a map t:oto admitting
a right adjoint & a a -morph .
. . :tof tot

ofso
1 units oor Fodoogu caunit 1
ll texty k totalul
1 unit oor rooid door county
Suppose Get DG Cat is dualizable

File le
tr(FG) € End(1ogle)= Veet

HHLE ,I)



Consider a functor
veet - t le

A TE +(K = C

Veet to

Exercise- t has a colimit preserving
[right adjoint iff cete is epat

We have cole cpct
d:C - OF (c)
This gives tr(a) EHHCG, F .
I cild)

Ex .x scheme
6 =QCon(x ) Frid

E EQcoh(x ) perfect complet

> d (E ) EHH (Q Coh (x))
- 12 HKR
@H*(x, 24[c1) the
thisgives

Cherncharacters
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o take O= More
objects : momoidal DG Categories
1-morphs: bimodule categories
2 - morphs : functors

Every object A Emory is dualizable.
Dual: Anew opposite monoidal structure
FEAA monoidal functor
tr(FA) e End (Imore)

. DG Cat
tr( E ; * )=A AE

HOLA ,F)

Functorality
: A,B monoidal cats
illup tagren : module cat
. : : Au



What does it mean to have a right
adjoint?

BWA : BOA module rat

st ....

Prop . If A , B are rigid , then Alle admits
a right adjoint bimodule iff :
M is dualizable as a DG category
Upshot . If A is a riged &-cat
- Ft .
A t @ - fundor
M is an A-module cat. S.t. U is
dualizable w / a twisted endefunctor

FuM E4 U

Straussons My Fu EHHA,ED




