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Traces in geometric representation
Higher Categorieal
theory E
Nick Rozenblifun an not

LANGLANDS,
G reductive group wa GV Langlands dual gp.

{G-automorphine } t p [Gv-Galois reps?
? raGV S

X is a smooth projective cure /IF

forms on X ic ~ Fund(Bungling),a

moduli stack of
principal G-bundles

- Main Constraints
Bung has lots of symmetrie
xEX I an action of the Hecke algebra
Tx Ć Aut.forms
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Satake isom Tx ~ {class feas on Gus
As a result, we have a map
. TX A Functions(&G Galais }

evaluate at Froby .

One strategy
- Extend the action of tx on Aut, forms to
an action of " functions on Galois reps"

Grothenditeks sheap- function correspondence:
X variety /IF
Let X = X 7 F
Froo: X X
X Froo =X (IF )
Suppose ñe shv(x )w /Weil structure,
ai Froby a
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can build a function

-XEX(IF )

a : ar a

xrp.tr (x :fa&x )

Instead of automorphic forms , we
can look for automorphic shecues

Now we can ask the same question over

x smooth projective curvek

Bung(x)

Over C , we have module spaces of
Galois reps (IT,top(X) GY
Loc Sysde : de Rham local systems
Loc SysBetti(x): Betti local systems,

Categorical Langlands conjecture (Beilinson-Drinfeld
I equivalence Dimod(Bung(x)~ Q Coh(Loclyst.)
e known to be false ,but not in a seriousway.
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Conjecture .(Ben-Zvi- Nadler

Shump(Pung(x)) ~"(Gloh(Lockysmeti(x))

(False in the sameway.)
cime u

- Analog of having an action of
Fich(966-Callis & Autom. Forms
is a categorical ation of Tam
Gloh(Locsys (x)) & Shv (Bune

Heuristic. Spectral action is the categorical
trace cape Frobenics of the categorical
action .

Recall . Suppose o is a symm. monoidal cat .
GEO" dualizable object
1 unityo or bount to
Suppose F : 0 - 20 is an endomorphisans
" Tr(5,0) + Endo (IO
1 unit odor Fogyone oucounter to
- Tr(50)
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 vect
- Taice O = Docat , &

EX A alg.
- Atmold & O is a dualizable object
life F: A-mod - x A-mod is a (colim . press)
functorTr(F,Amad) End(LO)

HH(A;I)

Ex . Suppose X is a variety /&
F:
XX
Let o = Dmol (X )
Foet
tr( dx, Bmal(x))=?

counit :Dmod(X)& Dmed(x) Dmol(x+x ).

a Dmol(x ) Ry vect
unit:Vect " mod (x) x Danod(xxx)
Domod(x) a Donald



Top ofPage

> X *

XxX Graph(0

x Xxx A

*

=> r( DA,Dmud (X)= Tak to use
Borsel- Moore homology

Heuristicx variety IF
Tr( Froby. Shu (x))

Funct( CIF ), 2 )
C 12
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In the Betti case,
Locsysgetting(x):= Maps(X(C),BGY)

derived stack hometope

functor : derived S Dhomotorytypes

More generally, we can consider

y homotopy type
z (derived) stack

THM .(BenZvi- Francis- Nadeer )

IfeZ is perfect and Y is a finite CW cply

Qocoh (Maps(Y,Z))= falch (Z ) = QCoh(z)By
Y urizanen
@ coh (BGY= Rep( Ev ) faromology
If A,B isa symm. mon. OG) category
Fund(S,A,B)= Mapssly, Fun (A,B.) locally

Fund(A,Boshua(Y)shewy
a locally

constant

Sheaneson
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Suppose By-py is a map .
this induces afunctor
1. F. Aby tay
THE Aay )= End ove (1 )

it for Qech ( Maps(Y,Z))
we get TrFaleh(Maps(y,z)
0 = M (0) Maps(Y/F ,Z )

Expectation :
Tr(Froko 260h/Lecsyssu(x))
= functions on Locaysar(x )a




