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Tensor 2-categories: Why?

Tensor categories oo // 3D TQFT

Douglas, Schommer-Pries, Snyder: 2013
Fusion categories: fully dualizable in 3-categoryMor (Cat)
−→

Cob.Hyp. fully extended 3D TQFT (Turaev-Viro)

Tensor 2-categories oo // 4D TQFT

Douglas, Reutter: 2018
Fusion 2-categories: 4D state-sum invariant
Conjecture 1: Extends to fully extended 4D TQFT
Conjecture 2: Fully dualizable objects in 4-categoryMor (Cat2)

1 15



Tensor 2-categories: Why?

Tensor categories oo // 3D TQFT

Douglas, Schommer-Pries, Snyder: 2013
Fusion categories: fully dualizable in 3-categoryMor (Cat)
−→

Cob.Hyp. fully extended 3D TQFT (Turaev-Viro)

Tensor 2-categories oo // 4D TQFT

Douglas, Reutter: 2018
Fusion 2-categories: 4D state-sum invariant
Conjecture 1: Extends to fully extended 4D TQFT
Conjecture 2: Fully dualizable objects in 4-categoryMor (Cat2)

1 15



Tensor 2-categories: How?

Douglas, Reutter
Fusion 2-category := ModA + tensor structure + rigidity
A multifusion category

ModA

2-category of �nite semisimple categories with A-action

Tensor structure: Bimonoidal categories
Succinct: H ∈ Coalg (Alg(Cat))
ModH inherits tensor structure: M,N ∈ModH,M�N ∈ModH

H
∆ // H2 // End (M)� End (N) // End (M�N)
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Bimonoidal categories and their modules in detail
Tensor categoryH with compatible comonoidal structure:

H2

µ
��

∆2
// H4

µ2
��

Vect
e
��

e2
##

H2

µ
��

ε2 // Vect2
o
��

Vect
e
��

H
∼

8@

∆
// H2 H

∆
//∼

7?

H2 H
∼

6>

ε
// Vect H

∼
6>

ε
// Vect

Condition forH-action onM�N:

H2

µ
��

∆2
// H4

µ2
��

// End (M)2 End (N)2

��

// End (MN)2

��

H
∆ //

∼

;C

H2 //
∼

2:

End (M)End (N) // End (MN)

These 2-morphisms need not be invertible!
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Lax bimonoidal categories and lax modules

Tensor categoryH with laxly compatible comonoidal
structure:

H2

µ
��

∆2
// H4

µ2
��

Vect
e
��

e2
##

H2

µ
��

ε2 // Vect2
o
��

Vect
e
��

H

8@

∆
// H2 H

∆
//

7?

H2 H

6>

ε
// Vect H

6>

ε
// Vect

H→ End (M) lax monoidal functor.
Tensor 2-category of lax modules overH, LModH.

Question: How to construct (lax) bimonoidal categories?
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A tale of two bialgebras

Andruskiewitsch, Natale: 2003
Vacant double category: unique square for each t and r

A =

t
l r
b

 Weak bialgebra spanned by squares
Product: Vertical path algebra (A,B) 7→ A

B
Coproduct: Horizontal decompositions A 7→

∑
A=BC B⊗ C
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A tale of two bialgebras

Hall algebras
Finitary exact category A
 (almost) bialgebra spanned by {objects}/iso
Enumerating extensions
Product: [a] · [c] =

∑
[b] # (a→ b→ c) [b]

Coproduct: ∆([b]) =
∑

[a],[c] # (a→ b→ c) [a]⊗ [c]

Green’s Theorem: A hereditary⇒ braided bialgebra

Questions: Why are they (co)associative?
Why are they bialgebras?
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2-Segal spaces

Every simplicial space X• ∈ S� de�nes algebraic structure:
Product as span: X21 X2

(d2,d0)
oo

d1
// X1

Associative?

Generally no!
X2 ×X1 X2
xx &&

X31 X3oo

OO

//

��

X1

X2×̃X1X2

99ff

Theorem (P, 2017)
{Simplicial spaces} ' {Lax algebras in Span2 S}
X 7→ αX “Universal Hall algebra”
Associative if and only if X satis�es 2-Segal conditions:1
Xn ' X2 ×X1 · · · ×X1 X2

1Dyckerho�–Kapranov, Galvéz-Carrillo–Kock–Tonks, Stern
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Bisimplicial spaces and bialgebras

Every bisimplicial space X•,• de�nes bialgebraic structure:
Product µ as span: X21,1 X2,1

(dv2,dv0)
oo

dv1
// X1,1

Coproduct ∆ as span: X1,1 X1,2
(dh2 ,dh0)

//

dh1
oo X21,1

By above, (co)associative⇔ X is a double 2-Segal space

Theorem (P, 2017)
{Double 2-Segal spaces} → {Lax bialgebras in Span2 S}
X 7→ βX “Universal Hall bialgebra”

A bialgebra if and only if X•,• satis�es series of pullback
conditions
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Recall: lax bimonoidal category

H2

µ
��

∆2
// H4

µ2
��

Vect
e
��

e2
##

H2

µ
��

ε2 // Vect2
o
��

Vect
e
��

H

8@

∆
// H2 H

∆
//

7?

H2 H

6>

ε
// Vect H

6>

ε
// Vect

Lax bialgebra from double 2-Segal space

X211 X212oo // X411 ∗ ∗ ∗ X211 X210oo // ∗ ∗ ∗ ∗

X21

OO

��

X22oo

OO

//

��

X221

OO

��

X01

OO

��

X02oo

OO

//

��

X201

OO

��

X21

OO

��

X20oo

OO

//

��

∗ X01

OO

��

X00oo

OO

//

��

∗

X11 X12oo // X211 X11 X12oo // X211 X11 X10oo // ∗ X11 X10oo // ∗

Bialgebra⇔ Top right and bottom left squares are pullbacks
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OO
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OO

//

��

∗

X11 X12oo // X211 X11 X12oo // X211 X11 X10oo // ∗ X11 X10oo // ∗

Pullback conditions in detail

1. X00 ' ∗
2. X0n ' Xn01 and Xn0 ∼ Xn10

3. Three other independent squares:

X22 //

��

X21
��

X20 //

��

X21
��

X22
��

// X221
��

X12 // X11 X10 // X11 X212 // X
4
11

Number these 3(i), 3(ii), 3(iii)
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Back to our two bialgebras

X22 //

��

X21
��

X20 //

��

X21
��

X22
��

// X221
��

X12 // X11 X10 // X11 X212 // X
4
11

Vacant double category
X•,• ∈ Set� is bisimplicial nerve of double category

Theorem:2 Every Segal space is 2-Segal
⇒ (co)associativity
Condition 3(iii)⇔ interchange law in double category
Conditions 3(i) and 3(ii) follow from vacancy condition
⇒ ∆ is multiplicative
Conditions 1 and 2 hold⇔ single object
⇒ weak bialgebra unless only has a single object

2Dyckerho�, Kapranov 2012; Galvéz-Carrillo, Kock, Tonks 2014
11 15



Back to our two bialgebras

Hall algebra
X•,• = S•,•(A) is the Iterated Waldhausen S-construction:
Sn,k = “Space of length n �ags of length k �ags”
Sn,k = Sk,n, S0,k ' ∗ ' Sk,0, S1,1 = Obj (A), S2,1 = SES (A)

Theorem:3 S•,• is double 2-Segal
⇒ (co)associativity
Conditions 1 and 2 immediate
Conditions 3(i) and 3(ii) follow from universal properties
Condition 3(iii) holds⇔ A = 0
⇒ braided bialgebra

3Dyckerho�, Kapranov 2012; Galvéz-Carrillo, Kock, Tonks 2014
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Transfer to categories

Bimonoidal categories: Must transfer examples from spans to
categories
Have symmetric monoidal functor4 Λ : Span2 S→ Cat
X 7→ Loc (X). Pull-push on morphisms

Theorem

Every double 2-Segal space X de�nes a lax bimonoidal
category Λ (X)
⇒ de�nes a tensor 2-category LModX := LModΛ(X)

If X satis�es the pullback conditions then Λ (X) is bimonoidal
⇒ de�nes a tensor 2-categoryModX := ModΛ(X)

4Morton 2010; Walde 2016. Finiteness assumptions. Special case of
ambidexterity à la Hopkins–Lurie
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Our two bialgebras a third time

Hall algebra: X•,• = S•,•(A)

M ∈ LModX consists of
a ∈ A ρa : M→M and a→ b→ c ρc ◦ ρa ⇒ ρb

+ action of automorphisms in A on ρa’s
Compatibility with automorphisms and exact sequences
Example: A = VectFq andM = Vect
Data consists of GLn(Fq)-rep Vn ∀n and
Vm ⊗ Vn → Vn+m (Pn,m-equivariant)

14 15
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Our two bialgebras a third time

Double Segal groupoids
Generalize double category to double Segal groupoid X•,• ∈ Grpd

Then X•,1 is the vertical (2, 1)-category
Module 2-categories: ModX = Fun (X•,1,Cat) and
LModX = Funlax (X•,1,Cat)
Tensor structure from horizontal decomposition

Theorem (P, 20205)
Let X double Segal groupoid satisfying:
1) The bialgebra conditions;
2) Each Xn,k is a �nite groupoid; and,
3) Each row and column is a groupoid object à la Lurie.
ThenModX is a spherical fusion 2-category

5Actually, modulo subtleties in de�nition of sphericality
15 / 15
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