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Non - example :. WRT TQFT (a.k.a . Chern - Simone theory,
chiral theories

,
theories from

modular tensor categories CMTC s))
• As is well- known

,
we can think of a WRT TQFT

as living on the boundary of a bordism - invariant3ft -dime oriented CSO) TQFT
. (see below

.)
• Goal of this talk: Imitate the above
construction with so replaced by
O Lunoriented) , Spin , Pint, pin. ,
Spin so , Pin-so, . .

.

no - pin
- with unorientedspin with anoriented vortices vortices



Intro part 2 : Quick review of well-behaved
( not modular) case

Let C be a G -pivotal n -category.
• for each of Ken and each K- '

manifold X,
we construct an (n - K)-category ACX)

.

• Also define ZCX) :=ACX)*=mor[ACH→IT
• ZC . . . ) satisfies fully extended

Atiyah -Segal axioms



try

AND:=ef{
ignition,

Hilbert space
C- string -nets on X e.g.

Extras't



key If DX #0, then must also specify
affixed) boundary condition on * (which I will

§ FrommPnenosfatiou)

next:=eK o. . .".io..I 9
Hilbert space

C- string -nets on X e.g.

ztxs text f
Depending on C , "string nets "
might look more like foamsor soap bubbles
(e.g . for DW TQFT)



" = " - t

away ,
• objects:{ Ct. :} fist s -nets
• morcx→ y) - ACXXI, I. y)

xx:*:#⇒
'÷ko¥÷÷Dk. ..= functors Vet)
• composition

ghee07€: ← together

→ O¥i.



Kin - I • objects:{ ft. ! } -C:{ trying -nets
ACX

"")=
•morcxsyj-ACXXIi.IN)
E

""¥¥¥⇒i÷ko÷÷Dk. ..= functors Vet)
• composition

glueO ← together
Rep LANDA

→ 0¥79:possible
particles#citations
of shape X



And so on
,
all the way down

to k=0 ( points)

Note that we never had to

choose a cell decomposition
(or triangulation ) for X when

defining Atx)



Kastl (path integrals) What we want :

⑥ 2-(wut' ) : A- ( 2W )→ ¢ ( ie . Zcwntyezcdw))
⑤ Inner product on ACM ") given by

( x. y > = ZCMXI) ( Ivy) anytime



Hartl (path integrals) what we want :

⑥ 2-(wut' ) : A- ( 2W )→ a lie . Zcwntyezcdw))
⑤ Inner product on ACM ") given by

( x. y > = ZCMXI) ( Ivy) anytime
② Gluing relation

2- (wgetkgef-EZCWcutkccutueioeil.se#eT
±m

' e:3
. Eating.

{
glue

'

along n



Th m (W, 2006] . Let treats ") 't
. Suppose

(a) dim ( ALM ") ) Coo U-M

(b) tr induces a non -degenerate inner product on
A-( B "; c) ht boundary conditions e

E) this inner product is positive -definite
or
,
more generally

E) ACY " - ') is semisimple t Y

Then 3 ! path integral satisfying 0-2 above , with
2-( Butt ) = tr.

Proof .. Calculate ZCW "") in terms ofa handle
decomposition

.

Show that the answer is invariant
under handle slides and handle reordering.



Th m (w, 2006] . Let treats ") 't
. Suppose

(a) dim ( ALM ") ) Coo U-M

(b) tr induces a non-degenerate inner product on
A-( B "; c) ht boundary conditions e

E) this inner product is positive -definite
or
,
more generally

E) ACY " - ') is semisimple t Y

Then 3- ! path integral satisfying 0-2 above , with
2-( Butt ) = tr.

Proof : Calculate ZCW "") in terms ofa handle
decomposition

.

Show that the answer is invariant
under handle slides and handle reordering.

Note : proof works without change for
6=0

, spin
, Pint
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Intro part 3 : so -MTC ( usual oriented
MTC)

(9) SO -pivotal 3 - categorypremodular category:{qtfif.it?;esemoIs:mPdke- morphisms



-

Intro part 3 : so -MTC ( usual oriented

pre modular category
d) so -pivotal 3- It!!!

Xd: t.isemosamnhee.morm.ms
3tE dim 'd TQFT
3. H dim 'l TQFTmakes things

easier to compute



-

Intro part 3 : so -MTC ( usual oriented
MTC)

(9) SO -pivotal 3 - categorypre modular category:{qtfif.it?aiesemoIs:mPdke- morphisms
A-( S3) is I - din 'd. Can choose ZCB 4) = X. [std eval]
( ZLB ") (0) --X ) for any XEICK
Than my crane - Yetter TQFT

When is this TQFT bondism -invariant ?



When is CY TQFT bordism invariant ?

In Ed, need :

⑨ Z(S4)=ZC0)
(b) Z(5xI)=ZCB4xso)
@ I Z(5xBY=ZCB3xs ')



When is CY TQFT bordism invariant ?

In 4d
, need :

⑨ Z(S4)=ZC0) my 5. Eadie - I
(b) Z(5xI)=Z( BY xso)ms (Edit ' - E
@ I Z(5xBY=ZCB3xs ') uns I. Edge -1 and

no nontrivial
⇐ A-(5) Etniv

transparent objects

9 T det 7*0" modular " condition→



[

Goal : start with well-behaved and bordism - invariant
RHI-dim'd CY TQFT Zzt ,
and derive a less well - behaved Eth -dim 't
TQFT Zzt,-( WRT TQFT)

slogan : 2-
⇐ (x) :=Zz+, (d-

'

(x)) (O)



[

Slogan : 2-
⇐ (x) :=Zz+, (d-

'

(x)) (O)
°

I 2 3 y
§

RSI = E
,
O
, O , O, I ng &:%dbbee empty.

multi-valued



[

Slogan : 2-
⇐ (x) :=Zz+, (d-

'

(x)) (O)
°

s a s 4
{

RE - E
,
O
, O , O, I mug &:%dbbee empty.

✓ & multi-valued
• Signed # of points

• detected by G (signature)
•

generated by • t
•

generated by Gp2
-

- - - - -
- -

- - - - - -
-
-

- - - - - -
- -

-

1st attempt at implementing slogan :

• Zzt , ( M:c.se, )=Z*, (W) (0) , ambiguous up to

factors of2w=M
ns.zwkipy-XEO-adaexponentlated

central change



LIE attempt coat.) 52¥ -

- Z
, 0,0, 0,2

o l 2 3 4

Zztc ( Ylciosea ) = Zest, (M ') , DM= Y
•IF =O ⇒ well- defined up to isomorphism
• Nyo =L ⇒ ambiguous up to factors of Zips)

( Diff ( Y) acts only projectively)



(1st attempt coat.) 52¥ -

- Z
, 0,0, 0,2

o l 2 3 4

Zztc ( Y
sea
) = Zest, (M ') , dM=Y

•IF =O ⇒ well- defined up to isomorphism
• rsf =L ⇒ ambiguous up to factors of Zips)

( Diff ( Y) acts only projectively).
-

- -
-
-
-

-

-
-

-

-

Zz# ( s
' ) = 2-
* (by

-

-
-
-
-

- - - - - - - -

Zealot) =? ?

Zen (Moi ) =Z*, ( I) E C as a Q -category



CIE attempt coat.) 52¥ -

- Z
, 0,0, 0,2

o l 2 3 4

Zztc ( Y
sea
) = Zest, (M ') , DM= Y

•IF =O ⇒ well- defined up to isomorphism
• rsf =L ⇒ ambiguous up to factors of Zips)

( Diff ( Y) acts only projectively)
2-
*
( s ' ) =Z3+, ( D2) , well-defined by special

2-
* ( out) =? ?

Properties of ga

Zet , Coto ) =Z*, ( I) E C as a Q -category
If Zzt , is fully extended, then

CEZC.tt.) I 2- ( at) ⑦ 2- ( or)
,
but most MTC, do not

split like this



2nd attempt at implementing slogan
"extended " manifold Xnscx, w) wed

- '

Cx)
( replace ordinary manifold by pain)

• (m '
,
w 4) mg (M's

,
n) u=ocw)

• ( Y ', MY ms ( 42
,
L) L=kerCHcCY)-Helms)

Summary : joy # our central charge, extensionof Diff ( Ys)
pigeons can't define Zz+ ,

on points



In general :

non - zero bordism groups here
prevent us from defining Zzt ,

on all
manifolds-

r¥=r8
,
RT

,
re
, RE
-
non -zero bordism groups
here cause anomalies



i÷÷÷÷÷÷¥÷:÷¥:t÷÷¥.



6=0 ( unoriented manifolds)

first
,
must define an O - pre modular category

• So-pre mod. cat. C

• with anti automorphism r ,
F- id

r : q- rca) f-
*swapped

res nad

r : V:c→ viii. Nb) ¥9.es Tea,
q tha,

• Satisfying . . . .



"① - Orca, 99ps free)
da -

- drug Qa -
- Oria,

a b c a b e
a b b 9

* E. ¥ v. e. z
tf d d Jar rf

le la In
redbud real red Nb) rca) rcb) Maj M Kb)

TY F
"

& V B' G
• → . I → /
rca ) i

red) red
red

r intertwines with Band f



o i 2 3 4

O - MTC 2*0=74497440,742×742

• Zzt , is bordism invariant if
① I Edi =L } so-MTC conditions
② no transparent objects
③ r : A- (5)→ACS 's) is id

needed for unoriented 1-handles
.

(
automatically true °o° rC0

, )=0s3



Question/Problem
- find

O-MTCs which are

① not group- like , and

② not a Drinfeld center
of a So-MTC

?



O l 2 3 4

1*0=742,92/40,212×2/2
dim 3 q

• Zalm' ) ambiguous upto ¥%¥¥IIf5
-factors of {2-* (EP) - X. EQaeda' = IT

→ -un oriented central charge ,
ZSHURP ") =X.& h . Gada =±I

÷÷÷÷÷÷÷÷÷÷÷÷÷:
by ( Wy , WE)

" reflection
Frobenius -Schur "
I



O l 2 3 4

1*0=2/2, 0,742,0, 742×742dim Z
Talosed

case O : XC 4) even → Y = 2M
'
→similar to SO case

nor WE - gearbe four Y
, central extension by 2124212

Case I: XLY) odd → Y does not bound
→ slogan does not give an answer
murmurous

&



o e 2 3 -4

1*0=2/2, 0,742,0, 212×742dim Z
Talosed

case O : XC 4) even → 4=2N'→similar to SO case
nor WE - garbe for Y

, central extension by 2124212

Case I: XLY) odd → Y does not bound
→ slogan does not give an answer

conjecture : If Z3+, URPZXIRPY =Z*,C¢PY= -1,
then cannot extend Zzt, to IRP?

( Proof ? ? : unoriented Moore -Sei berg th m )



Problemi State and prove
Moore - Seiberg type thin
for G- O, spin, spin -O, etc.



dime r.E-eiaoixiz.o.eii.az
All I-manifolds bound (Riho)

,
but they bound in

two non -cobordaut ways ( RE -_ 212) .

s
'
= {DD
'

( on dcxodd))
2mB ( or dcxeuai) ②

So

2-
* (5) =

" ( D
') EC Two different

Estienne ??¥.IE?igegseeIet



o e 2 3 -4

1*0=2/2, 0,742,0, 742×742MB Eb D- I IR.pe

⇒ ZalmB) EZ# (B) x -23*412 P2) EC x Z
,*
(IRB)

2-
*
(IRPZXS ') is 1-dim 'd ⇒ 2-

* URP2) has only
one simple object ⇒ trivial as a plain I-cat
( SO I - cat)



O l 2 3 -4

MB Eb D- I IRPZ
k¥7449742,0

, 742×742

⇒ ZalmB) EZ# (B) x 7-3+142 P ') EC x Z
,*
(IRB)

2-
*
(IRPZXS ') is 1-dim 'd ⇒ 2-

* URPZ) has only
one simple object ⇒ trivial as a plain I-cat
( SO I - cat)
But not necessarily trivial as an unoriented
I - cat with trace

.
Let d be the simple object

of Zsa ( IRP') .
If Zst , URPZXIRPZ) = -1, then Agha = -I

9
E-dim
T

reflection fools-Schur



• - X- even LMB) an yoas
• - X- odd ( ordinary) anyous

Zee LY i ai , bi) defined ⇐ X (4) t # bi is even.



G = Spin spin - premodular category

Simple objects of two types ; {EndCa) EQ
"
m- type "

End (a) EQle "
q - type "

Wabc is a super vector space
and a module for

EudCajxcEadCbJQEudCd-i@gc.n.

% -

-
⑤a. 9 !



Simple objects of two types ; {EndCa) EQ
"
m- type "

End (a) EQle "
q - type "

Wabc is a super vector space
and a module for

EudCaJxcEadCbJOxEudCcJE@fJ.e.n.

% = Eq . f f and Tp have different
relative spin structures



Simple objects of two types ; {EndCa) EQ
"
m- type "

End (a) Idle "
q - type "

Wabc is a super vector space
and a module for

EudCaJxcEadCbJQEudCcJEa@genE.v,
are = Gif

9

a

- Qtv:
'

En.ie
"



° I 2 3 4Spin -MTC III" -_ 2,742,742,0, I
E. Efe÷↳T - I sit in! KS
No transparent objects

central charge =Zz+, ( KS) ( complicated!)

22 I- handles
All framings •
are even

↳



⇐

-



Spin -MTC rszin-E.ziz.qz.IE
I.EE?,T-- I sit in! KI
No transparent objects

central charge =Zz+, ( KS) ( complicated!)
can 't define 2-

⇐ LY) if arfCY)=I

Can't define 2-⇐ ( sin )
leg. 4=123)



Spin -MTC rs¥=I, #'s , EE , £
E. E¥÷⇒T - I sit in! KS
No transparent objects

central charge =Zz+, CK 3) ( complicated!)
can 't define 2-

⇐
( Y) if arfc 4) =I

can't define 2-⇐ ( sin )
leg. 4=123)

Zzti ( s
'

B) = 52-3+1 (DJ EC
{Zsu ( D'Itu ) E C X Z

# (Tzu)
2-* Cato) = {Zsa CI ) E CZsa ( IHS're) E C × Zsa ( Sf)



i÷÷÷÷÷÷¥÷:÷¥:t÷÷¥.



G = Pin
- Pin

.

- prenodular cat:
r : Vfb → ✓

Nbl red
red

Pin
-

-MTC r
'
= IF

,
r4=id

No central 52¥ -

= 2%
,
Is
, £8,03, Icharge cry"" --o)

Zztc ( Y
') only defined it BC 45=0 C-Egg

{ Brown -Aat iuvt.

Zac ( s
'B) us 218 -extension of Zz#CB) EC



G -- Spin so ( spin with uuonieuted vortices )
spin defects

Premodular vortex category /
* Vortices are treated as part of the manifold,

not fluctuating string nets . A

ban : "Y
.
.

"

.

"

!
'

:*
.

"

,

Ob -

- db . 0 ¢

E ii.
Too?÷¥Af to Hof ¥89

• a



Data ( cont
. ) : smh!+ straying

sips .- oil
.

ftp.T.pt year, pep:b
Coherence Relations :

Only some instances of pentagon eqa :

All A- -K A- not: etc
.

Only some instances of hexagon eqh .



Examples of V- premodular cafes :
i

so - MTC14

Tube category of Spin 2- eat

To define 3h -dim'd TQFT
,
must specify both

2- ( B. 4) c- 2- ( 5,0) and ZCB4.BZ/EZCS?s ')
9 Center
X. std - eval

M . random
- eval

2-3+1 is bordism - invariant iff :

* Eydbilltudlbit = I
No transparent bounding

me , yz . § Nub
- db simple objects
a-



O l 2 3 4III. '0=2,000
,Exa

(EPT api)
r; generators €54

, IRR)
Zz* (EP? Er

') = Id§ Gdi .

2-*its
"

, RPT -

- I Fifi §. Rika nd b

k 3 I 16 . cap? EP '

) - 8. ( S4
, yzpy



Problem : find examples of
(spin - O) - MTC , such that :

•
" forbidden pentagons

"
are not

satisfied

• 2-3+154, Rpg -

- III E. RY:L db #I


