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finite group cyclic groups,
[Dijkgraaf-Witten, ’90] [Kashaev, 14 ]
”) O - Dichromatic invariant based
2-group premodular category on pivotal functors,
[Yetter, '93] [Crane-Yetter, '93] [Barenz, Barrett, '17 |
o ) - etc
G-crossed braided fusion
category [C-, '16] JL
M

spherical fusion 2-category — Conjecturally homotopy invariants

[Douglous-Reutter, '18]

Semisimple TQFTs cannot distinguish smooth structures of 4-manifolds
[Reutter, "20]
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Seiberg-Witten/Donaldson theory.

Categorification [lots of research].

TQFT from Khovanov-Rozansky homology
[Morrison, Walker, Wedrich, ’'19]

etc.
dim=3 dim=4
Turaev-Viro invariants from Invariants from
fusion 1-categories fusion 2-categories

JL nonsemisimple generalization JL

Kuperberg invariants from

2977
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Goal: Construct Kuperberg-type 4-manifold invariants
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Hopf Algebras H (M, i, A, e, S)

M:HRH — H A:H—-> HXH
1 C —> H e: H— C S:H—-H

H (M, 1) Is an associative algebra;

H (A, ¢€) Is an associative coalgebra;
TRAMNA=(ARINA (IReA=(exI)A=1
A Is an algebra morphism;

AM =M M)I@Flip® I)(A®A)

The antipode S is compatible.
M(I®S)A=M(S®I)A =ne

Flip: HQ H— H® H, TRQUr—>YRx



G a finite group
ClGl =C{g:9€ G}

M(g®g')=gg

i(1) = 1¢
Alg) =9g®g
e(g) =1




27

G afinite group g=-er
ClGl|=Clg: g€ G} U,(sly) = C(E,F, K*')/ ~,
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q
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27

G afinite group g=-er

ClGl|=Clg: g€ G} U,(sly) = C(E,F, K*')/ ~,
N ~: KK = K™K = 1, KE = q?EK,
Mlg©g) =99 KF = q2FK, EF — FE = K=K<
i(1) = 1¢ Er=F =K —1=0;
AE)=1®E+E®K,
Alg) =9®g AF)=KloF+Fl,
AK) = K® K;
€(g) =1 )
e(E)=¢(F)=0, ¢(K) =1,
S(g) =g S(E) = — EK™!, S(F) = — KF,

S(K) = K~
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Semisimple

G a finite group
ClG]|=C{g:g9€ G}

Non-semisimple

M(g®g')=gg

i) =1g
Alg)=9®g
€(g) =1
S(g) =g

27

q:er

U,(sle) = C(E, F, K=) | ~,

~: KK 1=K 'K =1, KE = g°EK,

q
KF = q 2FK, EF — FE = K=K
Er=Fr=K —1=0

AE)=10E+E®K,
A(F)=K'®F+F®1l,
AK)=K® K;

e(E)=¢(F)=0, ¢(K) =1,

S(E) = — EK~!', S(F) = = KF,
S(K) =K1
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Tensor diagram representations

\M—> —>A/ — § — T —
/ \
— 5 € r —— € H — Yy e H*

Tensors can be composed (contracted):

M al S > (M @ M)(I® Flip® I)(A® A)

——s A — M ——

General M, A tensors:

~\

21M% — A .
/! N

MMQI) - (M@ I9"=2) (A®I®M=2) ... (A I)A



er, € H (resp. er € H) is a left (resp. right) integral if



er, € H (resp. er € H) is a left (resp. right) integral if



er, € H (resp. er € H) is a left (resp. right) integral if

Fact: {left integrals} and {right integral} 1-dimensional.



er, € H (resp. er € H) is a left (resp. right) integral if

Fact: {left integrals} and {right integral} 1-dimensional.
€L = CR = deG g € C|G]



er, € H (resp. er € H) is a left (resp. right) integral if

Fact: {left integrals} and {right integral} 1-dimensional.
€L = CR = deG g € C|G]

I O . co/ —
M= XM — AP = AT



er, € H (resp. er € H) is a left (resp. right) integral if

Fact: {left integrals} and {right integral} 1-dimensional.
€L = CR = deG g € C|G]

\ O : CcO / —_
M= XM — AP = AT
If H(M,i,A,e,S) is Hopf, soare H*(A*,e", M*,i*, S™)
HOP(M°P i, Ae,S™1) HP(M,i, AP e, S 1)

HOp,COp’ H*,Cop — Hop,*’ etC

v



The Drinfeld double of H: D(H)=H"*P® H

(MP P AP P, 5P




The Drinfeld double of H: D(H)=H"*P® H

(MP P AP P, 5P

v 5 > f v 5 > f
veH feH” f®veDH v fe (DH)*




The Drinfeld double of H: D(H)=H"*P® H
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veH feH” f®veDH v fe (DH)*
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The Drinfeld double of H:

D(H) = H**P @ H

(MP P AP P, 5P

ve H feH”

J o« v
v > f
f®uveDH v® f € (DH)*
—— D = ?

< <
%SD—> = M




The Drinfeld double of H: D(H)=H"*P® H

(MP P AP P, 5P

f<
v > f v
veH feH” f®veDH v fe (DH)*
D _ ¢ D -— 1
1 €

/ L %S_l
—>AD/ - — ST T s A
\ \
—>Aﬁ\
[N b . | M—c A
/M L M —




The Drinfeld double of H:

D(H) = H**P @ H

(MP P AP P, 5P

/o v
v > f v > f
veH feH” f®veDH v fe (DH)*
1 ¢ €
1
/ %M/ —qD —— = S~ M
—— AP = \ — 9 — A
\ \ IHS_l—
—>A—\]\
™~ 5 - ' M ——c A
/’Z\/[ L T M—

Generalized Drinfeld double : D(H,, Hs; ¢) = H; ® Ho

given ¢:Hy — H™P
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Kuperberg Invariant Zx,,(M?;f)
First assume H semisimple.
Choose two-sided integrals e € H,u € H*

For a 3-manifold M*, choose a Heegaard diagram

(nga — {()41, o 70‘9}75 — {617 o 769}). The & /S dalre d|SJO|nt,
>, \ (Ua;) is a punctured sphere; so are the g, ’s.

Glue a disk along each «; on
one side of 3 and glue a disk
along each j; on the other side,
and fill the rest with balls.




10



10



10



10




10



e — A—S— M— p

e — A —S— M —> I
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e —m A—S—>M—™ U

e — A—S—>M—7 U

Z.n (M?) is the contraction
of the tensor diagrams
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e —m A—S—>M—™ U

Z.n (M?) is the contraction
of the tensor diagrams

e — A—S—>M—7 U

H non-semisimple, Z& (M?; f) is an invariant of

. Kup
framed manifolds.
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e — A—S— M— p

Z.n (M?) is the contraction
of the tensor diagrams

e — A —S— M —> I

H non-semisimple, Zy',,(M?; f) is an invariant of
framed manifolds.

- H can be taken to be a Hopf object in any symmetric
tensor category [Kashaev, Virelizier, 18]
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e — A—S— M— I

Z.n (M?) is the contraction
of the tensor diagrams

e — A—S—>M—7 U

H non-semisimple, Z& (M?; f) is an invariant of

. Kup
framed manifolds.

+ H can be taken to be a Hopf object in any symmetric

tensor category [Kashaev, Virelizier, '18]
+ Zy,, recovers Seiberg-Witten invariant for certain H

N sVec [Lopez-Neumann, ‘“19]
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such that the induced map (), : Hy — Hj P
IS a Hopf algebra morphism.
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Definition
A Hopf tripletis H = (Ha, Hg, Hy;(—)),
. H,, Hg, H, are semi-simple Hopf algebras;
. for each MV € {ap, Bvy,yaj,
(o t H,®@ H, — C

such that the induced map (), : Hy — Hj P
IS a Hopf algebra morphism.

Ha — H;,cop & ng N HE»COp,OP _ (HEOP)*,COp
Hys How o HY o

y op k
H,— H;®™" & HP — HZ
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Definition
A Hopf tripletis H = (Ha, Hg, Hy;(—)),

7

o

(

H., Hg, H, are semi-simple Hopf algebras;
for each #v € {aB, By, yaf
(o t H,®@ H, — C

such that the induced map ()}, : H, — H}»*P
IS a Hopf algebra morphism.
Ha N H;,COp PN ng N Hgacopaop — (HEOP)*,COp
*,CO COp *
Hg — va P & HB — Hv
H,— H"? & HiP — HJ
D(HEP, HgOp) — HZ7 is a Hopf algebra morphism.
(= HP @ Hy™")
. Generalized Drinfeld double

12
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H,
<_>O¢7 \<_>7a
<—>Bv ny

Hp

Lemma [Chaidez, Cotler, C-]
The third condition in the definition is equivalent to

! )
A, AP
o/ \o — o/ \’o
/ \ / \
AVRERAVE A=Ay

/ \ / \

13
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Examples of Hopf triplets
- Let (H, R) be a semisimple quasi-triangular Hopf algebra

/ R— M — ——A\P—— N ——
R cHoH 4 . 4
2 — A — M — R— M —
e 7 R—M ——
/A\ B R/ =
R = \O/
. AT A°P R
S N
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Examples of Hopf triplets
- Let (H, R) be a semisimple quasi-triangular Hopf algebra

/ R— M — ——A\P—— N ——
R cHoH < . <
N — A — M — R— M —
e 7 R— M—
s . -
R\ \ ) R>—><M—> \AOP/ R
N N

HH _ (H*,Cop,op’ Hcop’ H*)
IS a Hopf triplet.

J{ *>Cop,0p

canon/cy \ . g

JJcop

canonical
14



Examples of Hopf triplets
-+ Let (H, R) be a semisimple quasi-triangular Hopf algebra

/ R——mM — ——A\P—— N ——
R cH®H e = e
N — A —™ M — R—mmM —
e e R—— M —
P A R e _
i - >< R\Aop/ R
o R M — . .
HH — (H*,Cop,op’ Hcop’ H*)
IS a Hopf triplet. C[ZN] = Cla)/(a™ — 1)
IS quasi-triangular with
H *>¢op,0p B
. 1 2w/ —1ij i j
canon/cy \ R =+ ). ¢ NTaXa
\g i,j=0
F cop

canonical
14



Let Hg be the unique Hopf algebra in dim 8 that is neither
commutative nor cocommutative: Hg = C|x,y, 2|/I

1
= <xy—yx,xz—zy,yz—zm,x2—1,y2—1, 22—5(1+$‘|‘y—$y)>
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Let Hg be the unique Hopf algebra in dim 8 that is neither
commutative nor cocommutative: Hg = C|x,y, 2|/I

1
= <xy—yx,xz—zy,yz—zm,x2—1,y2—1, 22—5(1+$‘|‘y—$y)>

Hg has a basis: {1, z,y,2y, 2,22, yz, zyz}
Alz) =2z, Aly) =y®y, AR)= %(z@z%—yz@z%—z@xz—yz@xz)
e(w)y=1  Sw)=w for  we{r,y, 2z}

Consider triplet of the form
(H87 H87 H87 <_>)

Hyg
<—>/ \<—>
H H
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Let Hg be the unique Hopf algebra in dim 8 that is neither
commutative nor cocommutative: Hg = C|x,y, 2|/I

1
= <xy—yx,xz—zy,yz—zm,x2—1,y2—1, 22—5(1+$‘|‘y—$y)>

Hg has a basis: {1, z,y,2y, 2,22, yz, zyz}
Alz) =2z, Aly) =y®y, AR)= %(z@z%—yz@z%—z@xz—yz@xz)
e(w)y=1  Sw)=w for  we{r,y, 2z}

Consider triplet of the form There are MANY choices for
(H87H87H8; <_>) <_>, €.9.

1 1 1 1 1 1 1 1
HS (1 -1 -1 1 —1 ) 7 —1 \
<_>/ \<_> 1 -1 —1 1 ) —1 —1 )
1 1 1 1 -1 -1 -1 -1
1 i —i —1 —V/2 0 0 V2
H H 1 —i ¢ -1 0 —=iv2 W2 0
_ 1 —i i —1 0 V2  —iv2 0
\ 1 i —i —1 +/2 0 0 —\/5)

—
o)
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Invariant of 4-manifolds from Hopf triplets
H,

<—>a7 \(—Ma

Hﬁ <_>Bv ny

H = (HOHH[%H’Y; <_>>
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Invariant of 4-manifolds from Hopf triplets

H,
BN Given M, choose a
Hy, — e g trisection diagram

H = (HaaHﬁaH’ﬁ <_>>

ne{a, 5,7}
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Invariant of 4-manifolds from Hopf triplets

H,
<_>O¢V \<_
Hﬁ <_>5’Y

)va
H’Y

H = (HaaHﬁaH’ﬁ <_>>

ne{a, 5,7}

Given M* choose a
trisection diagram

* *
* o
& 0
- »
Ll L]
- -
. .
s .
\d .
d -
*

(297&7577)

uv € {af, By, ya}

V; ey

16



Invariant of 4-manifolds from Hopf triplets

o o
0 o
o »
= N
- .
* .
.
. %
.
* *

H,
BN Given M, choose a
Hy, — e g trisection diagram

H = (Ho, Hg, Hy; (—)) (X9, 8,7)
p € {a, 8,7} WE{O‘Q’M’”Z}
v

A
e
> Hi

Z(M;H) is defined to be the contraction of the tensors
with some normalization factor.
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Ay — 0+ ANg— 0 A,

N /

s

Ay >0+ Ag— 0 A,

5?2 x §?

Ay — 0+ Ag— 0 A,

N e

o O/ O

S%x5?

Ay > o Ag— 0 A,
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Theorem (chaidez, Cotler, C-]

Z (M ;H) is an invariant of closed oriented smooth
4-manifolds.
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Z (M ;H) is an invariant of closed oriented smooth
4-manifolds.

/ e

I~/
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Theorem (chaidez, Cotler, C-]

Z (M ;H) is an invariant of closed oriented smooth
4-manifolds.

! !

/ A A,‘;p
/ _ / N " \. _ J \.
/ - / /N /N
/ Aa>.< AB Ag{p_>.<_A5p

/ \ / \
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Theorem (chaidez, Cotler, C-]

Z (M ;H) is an invariant of closed oriented smooth
4-manifolds.

| |
/ A A,‘;p
e A A
/ - / /N /N
/ AOé>.< AB Ag{p_>.<_A5p
/ \ / \

Proposition [chaidez, Cotler, C-]
Z(Mi#MayH) = Z(M1;H) Z(Ma; H)
Z(M;H1 ®7‘[2) = Z(M;H1) Z(M;Hz)
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Theorem [Chaidez, Cotler, C-]
If H is quasi-triangular semisimple, then

Z(M;Hpg) = dim(H)'=XM) CY(M;Rep(H))
\ Crane-Yetter
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Theorem [Chaidez, Cotler, C-]
If H is quasi-triangular semisimple, then

Z(M;Hpg) = dim(H)'=XM) CY(M;Rep(H))
\ Crane-Yetter

Hn: Hopf triplet
from Zn

Z('7HN) Z('7HN)
Sk 1 S?xS* | (34 (-1)") /(2N)
St x §? N CP? LY e
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Theorem [Chaidez, Cotler, C-]
If H is quasi-triangular semisimple, then

Z(M;Hpg) = dim(H)'=XM) CY(M;Rep(H))
\ Crane-Yetter

Z(°7HN) Z(aHN)

Hn: Hopf triplet 51 T | S°xS2| B3+ (1)) /2N)

from Zny SLxS3| N cp? | LyN

Conjecture [chaidez, Cotler, C-]
Z(M;Hy) = NTXM Ky (M)

\ Kashaev invariant
If the above conjecture is right, then

Corollary: Crane-Yetter contains Kashaev invariant.
(conjectured by Williamson-Wang)
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Thank You
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