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⇢<latexit sha1_base64="XLt8ixYuGWCQ8XMvKJ/3If/IMHA=">AAACJ3icbVDLSgNBEOz1bXxFBS9eBoPgRdn1ojdFLx4jmAckIc5OenXI7IOZXiGu+zPeRP/Fm+jRz9CTk8SDSSwYKKq6u4byEyUNue6HMzU9Mzs3v7BYWFpeWV0rrm9UTZxqgRURq1jXfW5QyQgrJElhPdHIQ19hze+e9/3aHWoj4+iKegm2Qn4TyUAKTlZqF7ey5uBI5qsUc9Y0qW+Q8nax5B64A7BJ4v2S0slXEFwDQLld/G52YpGGGJFQ3JiG5ybUyrgmKRTmhWZqMOGiy2+wYWnEQzStbBCds12rdFgQa/siYgP170bGQ2N6oW8nQ063Ztzri/95jZSC41YmoyQljMQwKEgVo5j1y2AdqVGQ6lnChZb2r0zccs0F2coKIzEku/f5hLIvOnnBluWNVzNJqocHnuWXXun0DIZYgG3YgT3w4AhO4QLKUAEBD/AIz/DiPDmvzpvzPhydcn53NmEEzucPd4WpbQ==</latexit><latexit sha1_base64="kk7gcSrCHRzXyh0SU4nmtgQf8EA=">AAACJ3icbVC7SgNBFJ2NrxhfUcHGZjAINoZdG+0M2lhGMA9IQpid3E2GzD6YuSvEdX/GTvRf7ERLP0MrJ5sUJvHAwOGce+8ZjhtJodG2P63c0vLK6lp+vbCxubW9U9zdq+swVhxqPJSharpMgxQB1FCghGakgPmuhIY7vB77jXtQWoTBHY4i6PisHwhPcIZG6hYPknZ2JHFlDClt69jVgGm3WLLLdga6SJwpKV1+exmq3eJPuxfy2IcAuWRatxw7wk7CFAouIS20Yw0R40PWh5ahAfNBd5IsOqXHRulRL1TmBUgz9e9GwnytR75rJn2GAz3vjcX/vFaM3kUnEUEUIwR8EuTFkmJIx2XQnlDAUY4MYVwJ81fKB0wxjqaywkwMiuFDuqCc8l5aMGU589UskvpZ2TH81ilVrsgEeXJIjsgJccg5qZAbUiU1wskjeSIv5NV6tt6sd+tjMpqzpjv7ZAbW1y9JP6ql</latexit><latexit sha1_base64="kk7gcSrCHRzXyh0SU4nmtgQf8EA=">AAACJ3icbVC7SgNBFJ2NrxhfUcHGZjAINoZdG+0M2lhGMA9IQpid3E2GzD6YuSvEdX/GTvRf7ERLP0MrJ5sUJvHAwOGce+8ZjhtJodG2P63c0vLK6lp+vbCxubW9U9zdq+swVhxqPJSharpMgxQB1FCghGakgPmuhIY7vB77jXtQWoTBHY4i6PisHwhPcIZG6hYPknZ2JHFlDClt69jVgGm3WLLLdga6SJwpKV1+exmq3eJPuxfy2IcAuWRatxw7wk7CFAouIS20Yw0R40PWh5ahAfNBd5IsOqXHRulRL1TmBUgz9e9GwnytR75rJn2GAz3vjcX/vFaM3kUnEUEUIwR8EuTFkmJIx2XQnlDAUY4MYVwJ81fKB0wxjqaywkwMiuFDuqCc8l5aMGU589UskvpZ2TH81ilVrsgEeXJIjsgJccg5qZAbUiU1wskjeSIv5NV6tt6sd+tjMpqzpjv7ZAbW1y9JP6ql</latexit><latexit sha1_base64="erZ84k+mwAGvM+fZkFpM6PH8aj0=">AAACJ3icbVC7SgNBFJ2Nr7i+ooKNzWAQbAy7NloGbSwjmAckS5id3CRDZh/M3BXiuj9jJ/ovdqKlv2HlZJPCJB4YOJxz7z3D8WMpNDrOl1VYWV1b3yhu2lvbO7t7pf2Dho4SxaHOIxmpls80SBFCHQVKaMUKWOBLaPqjm4nffAClRRTe4zgGL2CDUPQFZ2ikbuko7eRHUl8mkNGOTnwNmHVLZafi5KDLxJ2RMpmh1i39dHoRTwIIkUumddt1YvRSplBwCZndSTTEjI/YANqGhiwA7aV5dEZPjdKj/UiZFyLN1b8bKQu0Hge+mQwYDvWiNxH/89oJ9q+8VIRxghDyaVA/kRQjOimD9oQCjnJsCONKmL9SPmSKcTSV2XMxKEaP2ZJyznuZbcpyF6tZJo2Limv4nVuuXs9qK5JjckLOiEsuSZXckhqpE06eyDN5JW/Wi/VufVif09GCNds5JHOwvn8B3DCnCQ==</latexit> ⇢
<latexit sha1_base64="XLt8ixYuGWCQ8XMvKJ/3If/IMHA=">AAACJ3icbVDLSgNBEOz1bXxFBS9eBoPgRdn1ojdFLx4jmAckIc5OenXI7IOZXiGu+zPeRP/Fm+jRz9CTk8SDSSwYKKq6u4byEyUNue6HMzU9Mzs3v7BYWFpeWV0rrm9UTZxqgRURq1jXfW5QyQgrJElhPdHIQ19hze+e9/3aHWoj4+iKegm2Qn4TyUAKTlZqF7ey5uBI5qsUc9Y0qW+Q8nax5B64A7BJ4v2S0slXEFwDQLld/G52YpGGGJFQ3JiG5ybUyrgmKRTmhWZqMOGiy2+wYWnEQzStbBCds12rdFgQa/siYgP170bGQ2N6oW8nQ063Ztzri/95jZSC41YmoyQljMQwKEgVo5j1y2AdqVGQ6lnChZb2r0zccs0F2coKIzEku/f5hLIvOnnBluWNVzNJqocHnuWXXun0DIZYgG3YgT3w4AhO4QLKUAEBD/AIz/DiPDmvzpvzPhydcn53NmEEzucPd4WpbQ==</latexit> <latexit sha1_base64="kk7gcSrCHRzXyh0SU4nmtgQf8EA=">AAACJ3icbVC7SgNBFJ2NrxhfUcHGZjAINoZdG+0M2lhGMA9IQpid3E2GzD6YuSvEdX/GTvRf7ERLP0MrJ5sUJvHAwOGce+8ZjhtJodG2P63c0vLK6lp+vbCxubW9U9zdq+swVhxqPJSharpMgxQB1FCghGakgPmuhIY7vB77jXtQWoTBHY4i6PisHwhPcIZG6hYPknZ2JHFlDClt69jVgGm3WLLLdga6SJwpKV1+exmq3eJPuxfy2IcAuWRatxw7wk7CFAouIS20Yw0R40PWh5ahAfNBd5IsOqXHRulRL1TmBUgz9e9GwnytR75rJn2GAz3vjcX/vFaM3kUnEUEUIwR8EuTFkmJIx2XQnlDAUY4MYVwJ81fKB0wxjqaywkwMiuFDuqCc8l5aMGU589UskvpZ2TH81ilVrsgEeXJIjsgJccg5qZAbUiU1wskjeSIv5NV6tt6sd+tjMpqzpjv7ZAbW1y9JP6ql</latexit> <latexit sha1_base64="kk7gcSrCHRzXyh0SU4nmtgQf8EA=">AAACJ3icbVC7SgNBFJ2NrxhfUcHGZjAINoZdG+0M2lhGMA9IQpid3E2GzD6YuSvEdX/GTvRf7ERLP0MrJ5sUJvHAwOGce+8ZjhtJodG2P63c0vLK6lp+vbCxubW9U9zdq+swVhxqPJSharpMgxQB1FCghGakgPmuhIY7vB77jXtQWoTBHY4i6PisHwhPcIZG6hYPknZ2JHFlDClt69jVgGm3WLLLdga6SJwpKV1+exmq3eJPuxfy2IcAuWRatxw7wk7CFAouIS20Yw0R40PWh5ahAfNBd5IsOqXHRulRL1TmBUgz9e9GwnytR75rJn2GAz3vjcX/vFaM3kUnEUEUIwR8EuTFkmJIx2XQnlDAUY4MYVwJ81fKB0wxjqaywkwMiuFDuqCc8l5aMGU589UskvpZ2TH81ilVrsgEeXJIjsgJccg5qZAbUiU1wskjeSIv5NV6tt6sd+tjMpqzpjv7ZAbW1y9JP6ql</latexit> <latexit sha1_base64="erZ84k+mwAGvM+fZkFpM6PH8aj0=">AAACJ3icbVC7SgNBFJ2Nr7i+ooKNzWAQbAy7NloGbSwjmAckS5id3CRDZh/M3BXiuj9jJ/ovdqKlv2HlZJPCJB4YOJxz7z3D8WMpNDrOl1VYWV1b3yhu2lvbO7t7pf2Dho4SxaHOIxmpls80SBFCHQVKaMUKWOBLaPqjm4nffAClRRTe4zgGL2CDUPQFZ2ikbuko7eRHUl8mkNGOTnwNmHVLZafi5KDLxJ2RMpmh1i39dHoRTwIIkUumddt1YvRSplBwCZndSTTEjI/YANqGhiwA7aV5dEZPjdKj/UiZFyLN1b8bKQu0Hge+mQwYDvWiNxH/89oJ9q+8VIRxghDyaVA/kRQjOimD9oQCjnJsCONKmL9SPmSKcTSV2XMxKEaP2ZJyznuZbcpyF6tZJo2Limv4nVuuXs9qK5JjckLOiEsuSZXckhqpE06eyDN5JW/Wi/VufVif09GCNds5JHOwvn8B3DCnCQ==</latexit>

• Turaev-Viro type construction
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Invariants of 4-manifolds

finite group
[Dijkgraaf-Witten, ’90]

2-group
[Yetter, ’93]

premodular category
[Crane-Yetter, ’93]

-crossed braided fusion 
category      [C-, ’16]

G
<latexit sha1_base64="9IQBYwo2muA5aqY7Gc78u11H1x0=">AAACEHicbZC7SgNBFIbPxltcb1FLm8Eg2Bh2bbQRgxZaJmAukCxhdnaSDJmdXWZmhbgs2NuJvoudWAm+ga9i5eRSmMQfBj7+cw7nzO/HnCntON9Wbml5ZXUtv25vbG5t7xR29+oqSiShNRLxSDZ9rChngtY005w2Y0lx6HPa8AfXo3rjnkrFInGnhzH1QtwTrMsI1saq3nQKRafkjIUWwZ1C8fLTvngEgEqn8NMOIpKEVGjCsVIt14m1l2KpGeE0s9uJojEmA9yjLYMCh1R56fjQDB0ZJ0DdSJonNBq7fydSHCo1DH3TGWLdV/O1kflfrZXo7rmXMhEnmgoyWdRNONIRGv0aBUxSovnQACaSmVsR6WOJiTbZ2DNrNBs8ZAvOCQky24TlzkezCPXTkmu46hbLVzBRHg7gEI7BhTMowy1UoAYEKDzBC7xaz9ab9W59TFpz1nRmH2Zkff0C1jye9Q==</latexit><latexit sha1_base64="WbqIvZlnyyu/qTIQ3HzCL7MlaKY=">AAACEHicbZDLSsNAFIYnXmu8VV26GSyCG0viRjdi0YUuW7AXaEOZTCbt0MkkzJwINfQJ3Ik+gS/hTlwJvoD4Kq6cXha29YeBj/+cwznz+4ngGhzn21pYXFpeWc2t2esbm1vb+Z3dmo5TRVmVxiJWDZ9oJrhkVeAgWCNRjES+YHW/dzWs1++Y0jyWt9BPmBeRjuQhpwSMVblu5wtO0RkJz4M7gcLFh32evHzZ5Xb+pxXENI2YBCqI1k3XScDLiAJOBRvYrVSzhNAe6bCmQUkipr1sdOgAHxonwGGszJOAR+7fiYxEWvcj33RGBLp6tjY0/6s1UwjPvIzLJAUm6XhRmAoMMR7+GgdcMQqib4BQxc2tmHaJIhRMNvbUGuC9+8Gcc0yDgW3CcmejmYfaSdE1XHELpUs0Vg7towN0hFx0ikroBpVRFVHE0AN6Qs/Wo/VqvVnv49YFazKzh6Zkff4CAfqgaQ==</latexit><latexit sha1_base64="WbqIvZlnyyu/qTIQ3HzCL7MlaKY=">AAACEHicbZDLSsNAFIYnXmu8VV26GSyCG0viRjdi0YUuW7AXaEOZTCbt0MkkzJwINfQJ3Ik+gS/hTlwJvoD4Kq6cXha29YeBj/+cwznz+4ngGhzn21pYXFpeWc2t2esbm1vb+Z3dmo5TRVmVxiJWDZ9oJrhkVeAgWCNRjES+YHW/dzWs1++Y0jyWt9BPmBeRjuQhpwSMVblu5wtO0RkJz4M7gcLFh32evHzZ5Xb+pxXENI2YBCqI1k3XScDLiAJOBRvYrVSzhNAe6bCmQUkipr1sdOgAHxonwGGszJOAR+7fiYxEWvcj33RGBLp6tjY0/6s1UwjPvIzLJAUm6XhRmAoMMR7+GgdcMQqib4BQxc2tmHaJIhRMNvbUGuC9+8Gcc0yDgW3CcmejmYfaSdE1XHELpUs0Vg7towN0hFx0ikroBpVRFVHE0AN6Qs/Wo/VqvVnv49YFazKzh6Zkff4CAfqgaQ==</latexit><latexit sha1_base64="qz6Q2Ox7e9ERdlAyWb8DRYhSJP8=">AAACEHicbZC7TsMwFIadcivhVmBksaiQWKgSFhgrGGBsJXqR2qhynJPWquNEtoNUojwBG4J3YUOsvAGvwoTbZqAtv2Tp03/O0Tn+/YQzpR3n2yqtrW9sbpW37Z3dvf2DyuFRW8WppNCiMY9l1ycKOBPQ0kxz6CYSSORz6Pjj22m98whSsVg86EkCXkSGgoWMEm2s5t2gUnVqzkx4FdwCqqhQY1D56QcxTSMQmnKiVM91Eu1lRGpGOeR2P1WQEDomQ+gZFCQC5WWzQ3N8ZpwAh7E0T2g8c/9OZCRSahL5pjMieqSWa1Pzv1ov1eG1lzGRpBoEnS8KU451jKe/xgGTQDWfGCBUMnMrpiMiCdUmG3thjWbjp3zFuaBBbpuw3OVoVqF9WXMNN91q/aaIrYxO0Ck6Ry66QnV0jxqohSgC9Ixe0Zv1Yr1bH9bnvLVkFTPHaEHW1y8e/J0o</latexit>

spherical fusion 2-category
[Douglous-Reutter, ’18]

⇢
<latexit sha1_base64="XLt8ixYuGWCQ8XMvKJ/3If/IMHA=">AAACJ3icbVDLSgNBEOz1bXxFBS9eBoPgRdn1ojdFLx4jmAckIc5OenXI7IOZXiGu+zPeRP/Fm+jRz9CTk8SDSSwYKKq6u4byEyUNue6HMzU9Mzs3v7BYWFpeWV0rrm9UTZxqgRURq1jXfW5QyQgrJElhPdHIQ19hze+e9/3aHWoj4+iKegm2Qn4TyUAKTlZqF7ey5uBI5qsUc9Y0qW+Q8nax5B64A7BJ4v2S0slXEFwDQLld/G52YpGGGJFQ3JiG5ybUyrgmKRTmhWZqMOGiy2+wYWnEQzStbBCds12rdFgQa/siYgP170bGQ2N6oW8nQ063Ztzri/95jZSC41YmoyQljMQwKEgVo5j1y2AdqVGQ6lnChZb2r0zccs0F2coKIzEku/f5hLIvOnnBluWNVzNJqocHnuWXXun0DIZYgG3YgT3w4AhO4QLKUAEBD/AIz/DiPDmvzpvzPhydcn53NmEEzucPd4WpbQ==</latexit> <latexit sha1_base64="kk7gcSrCHRzXyh0SU4nmtgQf8EA=">AAACJ3icbVC7SgNBFJ2NrxhfUcHGZjAINoZdG+0M2lhGMA9IQpid3E2GzD6YuSvEdX/GTvRf7ERLP0MrJ5sUJvHAwOGce+8ZjhtJodG2P63c0vLK6lp+vbCxubW9U9zdq+swVhxqPJSharpMgxQB1FCghGakgPmuhIY7vB77jXtQWoTBHY4i6PisHwhPcIZG6hYPknZ2JHFlDClt69jVgGm3WLLLdga6SJwpKV1+exmq3eJPuxfy2IcAuWRatxw7wk7CFAouIS20Yw0R40PWh5ahAfNBd5IsOqXHRulRL1TmBUgz9e9GwnytR75rJn2GAz3vjcX/vFaM3kUnEUEUIwR8EuTFkmJIx2XQnlDAUY4MYVwJ81fKB0wxjqaywkwMiuFDuqCc8l5aMGU589UskvpZ2TH81ilVrsgEeXJIjsgJccg5qZAbUiU1wskjeSIv5NV6tt6sd+tjMpqzpjv7ZAbW1y9JP6ql</latexit> <latexit sha1_base64="kk7gcSrCHRzXyh0SU4nmtgQf8EA=">AAACJ3icbVC7SgNBFJ2NrxhfUcHGZjAINoZdG+0M2lhGMA9IQpid3E2GzD6YuSvEdX/GTvRf7ERLP0MrJ5sUJvHAwOGce+8ZjhtJodG2P63c0vLK6lp+vbCxubW9U9zdq+swVhxqPJSharpMgxQB1FCghGakgPmuhIY7vB77jXtQWoTBHY4i6PisHwhPcIZG6hYPknZ2JHFlDClt69jVgGm3WLLLdga6SJwpKV1+exmq3eJPuxfy2IcAuWRatxw7wk7CFAouIS20Yw0R40PWh5ahAfNBd5IsOqXHRulRL1TmBUgz9e9GwnytR75rJn2GAz3vjcX/vFaM3kUnEUEUIwR8EuTFkmJIx2XQnlDAUY4MYVwJ81fKB0wxjqaywkwMiuFDuqCc8l5aMGU589UskvpZ2TH81ilVrsgEeXJIjsgJccg5qZAbUiU1wskjeSIv5NV6tt6sd+tjMpqzpjv7ZAbW1y9JP6ql</latexit> <latexit sha1_base64="erZ84k+mwAGvM+fZkFpM6PH8aj0=">AAACJ3icbVC7SgNBFJ2Nr7i+ooKNzWAQbAy7NloGbSwjmAckS5id3CRDZh/M3BXiuj9jJ/ovdqKlv2HlZJPCJB4YOJxz7z3D8WMpNDrOl1VYWV1b3yhu2lvbO7t7pf2Dho4SxaHOIxmpls80SBFCHQVKaMUKWOBLaPqjm4nffAClRRTe4zgGL2CDUPQFZ2ikbuko7eRHUl8mkNGOTnwNmHVLZafi5KDLxJ2RMpmh1i39dHoRTwIIkUumddt1YvRSplBwCZndSTTEjI/YANqGhiwA7aV5dEZPjdKj/UiZFyLN1b8bKQu0Hge+mQwYDvWiNxH/89oJ9q+8VIRxghDyaVA/kRQjOimD9oQCjnJsCONKmL9SPmSKcTSV2XMxKEaP2ZJyznuZbcpyF6tZJo2Limv4nVuuXs9qK5JjckLOiEsuSZXckhqpE06eyDN5JW/Wi/VufVif09GCNds5JHOwvn8B3DCnCQ==</latexit>

⇢
<latexit sha1_base64="XLt8ixYuGWCQ8XMvKJ/3If/IMHA=">AAACJ3icbVDLSgNBEOz1bXxFBS9eBoPgRdn1ojdFLx4jmAckIc5OenXI7IOZXiGu+zPeRP/Fm+jRz9CTk8SDSSwYKKq6u4byEyUNue6HMzU9Mzs3v7BYWFpeWV0rrm9UTZxqgRURq1jXfW5QyQgrJElhPdHIQ19hze+e9/3aHWoj4+iKegm2Qn4TyUAKTlZqF7ey5uBI5qsUc9Y0qW+Q8nax5B64A7BJ4v2S0slXEFwDQLld/G52YpGGGJFQ3JiG5ybUyrgmKRTmhWZqMOGiy2+wYWnEQzStbBCds12rdFgQa/siYgP170bGQ2N6oW8nQ063Ztzri/95jZSC41YmoyQljMQwKEgVo5j1y2AdqVGQ6lnChZb2r0zccs0F2coKIzEku/f5hLIvOnnBluWNVzNJqocHnuWXXun0DIZYgG3YgT3w4AhO4QLKUAEBD/AIz/DiPDmvzpvzPhydcn53NmEEzucPd4WpbQ==</latexit><latexit sha1_base64="kk7gcSrCHRzXyh0SU4nmtgQf8EA=">AAACJ3icbVC7SgNBFJ2NrxhfUcHGZjAINoZdG+0M2lhGMA9IQpid3E2GzD6YuSvEdX/GTvRf7ERLP0MrJ5sUJvHAwOGce+8ZjhtJodG2P63c0vLK6lp+vbCxubW9U9zdq+swVhxqPJSharpMgxQB1FCghGakgPmuhIY7vB77jXtQWoTBHY4i6PisHwhPcIZG6hYPknZ2JHFlDClt69jVgGm3WLLLdga6SJwpKV1+exmq3eJPuxfy2IcAuWRatxw7wk7CFAouIS20Yw0R40PWh5ahAfNBd5IsOqXHRulRL1TmBUgz9e9GwnytR75rJn2GAz3vjcX/vFaM3kUnEUEUIwR8EuTFkmJIx2XQnlDAUY4MYVwJ81fKB0wxjqaywkwMiuFDuqCc8l5aMGU589UskvpZ2TH81ilVrsgEeXJIjsgJccg5qZAbUiU1wskjeSIv5NV6tt6sd+tjMpqzpjv7ZAbW1y9JP6ql</latexit><latexit sha1_base64="kk7gcSrCHRzXyh0SU4nmtgQf8EA=">AAACJ3icbVC7SgNBFJ2NrxhfUcHGZjAINoZdG+0M2lhGMA9IQpid3E2GzD6YuSvEdX/GTvRf7ERLP0MrJ5sUJvHAwOGce+8ZjhtJodG2P63c0vLK6lp+vbCxubW9U9zdq+swVhxqPJSharpMgxQB1FCghGakgPmuhIY7vB77jXtQWoTBHY4i6PisHwhPcIZG6hYPknZ2JHFlDClt69jVgGm3WLLLdga6SJwpKV1+exmq3eJPuxfy2IcAuWRatxw7wk7CFAouIS20Yw0R40PWh5ahAfNBd5IsOqXHRulRL1TmBUgz9e9GwnytR75rJn2GAz3vjcX/vFaM3kUnEUEUIwR8EuTFkmJIx2XQnlDAUY4MYVwJ81fKB0wxjqaywkwMiuFDuqCc8l5aMGU589UskvpZ2TH81ilVrsgEeXJIjsgJccg5qZAbUiU1wskjeSIv5NV6tt6sd+tjMpqzpjv7ZAbW1y9JP6ql</latexit><latexit sha1_base64="erZ84k+mwAGvM+fZkFpM6PH8aj0=">AAACJ3icbVC7SgNBFJ2Nr7i+ooKNzWAQbAy7NloGbSwjmAckS5id3CRDZh/M3BXiuj9jJ/ovdqKlv2HlZJPCJB4YOJxz7z3D8WMpNDrOl1VYWV1b3yhu2lvbO7t7pf2Dho4SxaHOIxmpls80SBFCHQVKaMUKWOBLaPqjm4nffAClRRTe4zgGL2CDUPQFZ2ikbuko7eRHUl8mkNGOTnwNmHVLZafi5KDLxJ2RMpmh1i39dHoRTwIIkUumddt1YvRSplBwCZndSTTEjI/YANqGhiwA7aV5dEZPjdKj/UiZFyLN1b8bKQu0Hge+mQwYDvWiNxH/89oJ9q+8VIRxghDyaVA/kRQjOimD9oQCjnJsCONKmL9SPmSKcTSV2XMxKEaP2ZJyznuZbcpyF6tZJo2Limv4nVuuXs9qK5JjckLOiEsuSZXckhqpE06eyDN5JW/Wi/VufVif09GCNds5JHOwvn8B3DCnCQ==</latexit>

⇢<latexit sha1_base64="XLt8ixYuGWCQ8XMvKJ/3If/IMHA=">AAACJ3icbVDLSgNBEOz1bXxFBS9eBoPgRdn1ojdFLx4jmAckIc5OenXI7IOZXiGu+zPeRP/Fm+jRz9CTk8SDSSwYKKq6u4byEyUNue6HMzU9Mzs3v7BYWFpeWV0rrm9UTZxqgRURq1jXfW5QyQgrJElhPdHIQ19hze+e9/3aHWoj4+iKegm2Qn4TyUAKTlZqF7ey5uBI5qsUc9Y0qW+Q8nax5B64A7BJ4v2S0slXEFwDQLld/G52YpGGGJFQ3JiG5ybUyrgmKRTmhWZqMOGiy2+wYWnEQzStbBCds12rdFgQa/siYgP170bGQ2N6oW8nQ063Ztzri/95jZSC41YmoyQljMQwKEgVo5j1y2AdqVGQ6lnChZb2r0zccs0F2coKIzEku/f5hLIvOnnBluWNVzNJqocHnuWXXun0DIZYgG3YgT3w4AhO4QLKUAEBD/AIz/DiPDmvzpvzPhydcn53NmEEzucPd4WpbQ==</latexit><latexit sha1_base64="kk7gcSrCHRzXyh0SU4nmtgQf8EA=">AAACJ3icbVC7SgNBFJ2NrxhfUcHGZjAINoZdG+0M2lhGMA9IQpid3E2GzD6YuSvEdX/GTvRf7ERLP0MrJ5sUJvHAwOGce+8ZjhtJodG2P63c0vLK6lp+vbCxubW9U9zdq+swVhxqPJSharpMgxQB1FCghGakgPmuhIY7vB77jXtQWoTBHY4i6PisHwhPcIZG6hYPknZ2JHFlDClt69jVgGm3WLLLdga6SJwpKV1+exmq3eJPuxfy2IcAuWRatxw7wk7CFAouIS20Yw0R40PWh5ahAfNBd5IsOqXHRulRL1TmBUgz9e9GwnytR75rJn2GAz3vjcX/vFaM3kUnEUEUIwR8EuTFkmJIx2XQnlDAUY4MYVwJ81fKB0wxjqaywkwMiuFDuqCc8l5aMGU589UskvpZ2TH81ilVrsgEeXJIjsgJccg5qZAbUiU1wskjeSIv5NV6tt6sd+tjMpqzpjv7ZAbW1y9JP6ql</latexit><latexit sha1_base64="kk7gcSrCHRzXyh0SU4nmtgQf8EA=">AAACJ3icbVC7SgNBFJ2NrxhfUcHGZjAINoZdG+0M2lhGMA9IQpid3E2GzD6YuSvEdX/GTvRf7ERLP0MrJ5sUJvHAwOGce+8ZjhtJodG2P63c0vLK6lp+vbCxubW9U9zdq+swVhxqPJSharpMgxQB1FCghGakgPmuhIY7vB77jXtQWoTBHY4i6PisHwhPcIZG6hYPknZ2JHFlDClt69jVgGm3WLLLdga6SJwpKV1+exmq3eJPuxfy2IcAuWRatxw7wk7CFAouIS20Yw0R40PWh5ahAfNBd5IsOqXHRulRL1TmBUgz9e9GwnytR75rJn2GAz3vjcX/vFaM3kUnEUEUIwR8EuTFkmJIx2XQnlDAUY4MYVwJ81fKB0wxjqaywkwMiuFDuqCc8l5aMGU589UskvpZ2TH81ilVrsgEeXJIjsgJccg5qZAbUiU1wskjeSIv5NV6tt6sd+tjMpqzpjv7ZAbW1y9JP6ql</latexit><latexit sha1_base64="erZ84k+mwAGvM+fZkFpM6PH8aj0=">AAACJ3icbVC7SgNBFJ2Nr7i+ooKNzWAQbAy7NloGbSwjmAckS5id3CRDZh/M3BXiuj9jJ/ovdqKlv2HlZJPCJB4YOJxz7z3D8WMpNDrOl1VYWV1b3yhu2lvbO7t7pf2Dho4SxaHOIxmpls80SBFCHQVKaMUKWOBLaPqjm4nffAClRRTe4zgGL2CDUPQFZ2ikbuko7eRHUl8mkNGOTnwNmHVLZafi5KDLxJ2RMpmh1i39dHoRTwIIkUumddt1YvRSplBwCZndSTTEjI/YANqGhiwA7aV5dEZPjdKj/UiZFyLN1b8bKQu0Hge+mQwYDvWiNxH/89oJ9q+8VIRxghDyaVA/kRQjOimD9oQCjnJsCONKmL9SPmSKcTSV2XMxKEaP2ZJyznuZbcpyF6tZJo2Limv4nVuuXs9qK5JjckLOiEsuSZXckhqpE06eyDN5JW/Wi/VufVif09GCNds5JHOwvn8B3DCnCQ==</latexit>

⇢<latexit sha1_base64="XLt8ixYuGWCQ8XMvKJ/3If/IMHA=">AAACJ3icbVDLSgNBEOz1bXxFBS9eBoPgRdn1ojdFLx4jmAckIc5OenXI7IOZXiGu+zPeRP/Fm+jRz9CTk8SDSSwYKKq6u4byEyUNue6HMzU9Mzs3v7BYWFpeWV0rrm9UTZxqgRURq1jXfW5QyQgrJElhPdHIQ19hze+e9/3aHWoj4+iKegm2Qn4TyUAKTlZqF7ey5uBI5qsUc9Y0qW+Q8nax5B64A7BJ4v2S0slXEFwDQLld/G52YpGGGJFQ3JiG5ybUyrgmKRTmhWZqMOGiy2+wYWnEQzStbBCds12rdFgQa/siYgP170bGQ2N6oW8nQ063Ztzri/95jZSC41YmoyQljMQwKEgVo5j1y2AdqVGQ6lnChZb2r0zccs0F2coKIzEku/f5hLIvOnnBluWNVzNJqocHnuWXXun0DIZYgG3YgT3w4AhO4QLKUAEBD/AIz/DiPDmvzpvzPhydcn53NmEEzucPd4WpbQ==</latexit><latexit sha1_base64="kk7gcSrCHRzXyh0SU4nmtgQf8EA=">AAACJ3icbVC7SgNBFJ2NrxhfUcHGZjAINoZdG+0M2lhGMA9IQpid3E2GzD6YuSvEdX/GTvRf7ERLP0MrJ5sUJvHAwOGce+8ZjhtJodG2P63c0vLK6lp+vbCxubW9U9zdq+swVhxqPJSharpMgxQB1FCghGakgPmuhIY7vB77jXtQWoTBHY4i6PisHwhPcIZG6hYPknZ2JHFlDClt69jVgGm3WLLLdga6SJwpKV1+exmq3eJPuxfy2IcAuWRatxw7wk7CFAouIS20Yw0R40PWh5ahAfNBd5IsOqXHRulRL1TmBUgz9e9GwnytR75rJn2GAz3vjcX/vFaM3kUnEUEUIwR8EuTFkmJIx2XQnlDAUY4MYVwJ81fKB0wxjqaywkwMiuFDuqCc8l5aMGU589UskvpZ2TH81ilVrsgEeXJIjsgJccg5qZAbUiU1wskjeSIv5NV6tt6sd+tjMpqzpjv7ZAbW1y9JP6ql</latexit><latexit sha1_base64="kk7gcSrCHRzXyh0SU4nmtgQf8EA=">AAACJ3icbVC7SgNBFJ2NrxhfUcHGZjAINoZdG+0M2lhGMA9IQpid3E2GzD6YuSvEdX/GTvRf7ERLP0MrJ5sUJvHAwOGce+8ZjhtJodG2P63c0vLK6lp+vbCxubW9U9zdq+swVhxqPJSharpMgxQB1FCghGakgPmuhIY7vB77jXtQWoTBHY4i6PisHwhPcIZG6hYPknZ2JHFlDClt69jVgGm3WLLLdga6SJwpKV1+exmq3eJPuxfy2IcAuWRatxw7wk7CFAouIS20Yw0R40PWh5ahAfNBd5IsOqXHRulRL1TmBUgz9e9GwnytR75rJn2GAz3vjcX/vFaM3kUnEUEUIwR8EuTFkmJIx2XQnlDAUY4MYVwJ81fKB0wxjqaywkwMiuFDuqCc8l5aMGU589UskvpZ2TH81ilVrsgEeXJIjsgJccg5qZAbUiU1wskjeSIv5NV6tt6sd+tjMpqzpjv7ZAbW1y9JP6ql</latexit><latexit sha1_base64="erZ84k+mwAGvM+fZkFpM6PH8aj0=">AAACJ3icbVC7SgNBFJ2Nr7i+ooKNzWAQbAy7NloGbSwjmAckS5id3CRDZh/M3BXiuj9jJ/ovdqKlv2HlZJPCJB4YOJxz7z3D8WMpNDrOl1VYWV1b3yhu2lvbO7t7pf2Dho4SxaHOIxmpls80SBFCHQVKaMUKWOBLaPqjm4nffAClRRTe4zgGL2CDUPQFZ2ikbuko7eRHUl8mkNGOTnwNmHVLZafi5KDLxJ2RMpmh1i39dHoRTwIIkUumddt1YvRSplBwCZndSTTEjI/YANqGhiwA7aV5dEZPjdKj/UiZFyLN1b8bKQu0Hge+mQwYDvWiNxH/89oJ9q+8VIRxghDyaVA/kRQjOimD9oQCjnJsCONKmL9SPmSKcTSV2XMxKEaP2ZJyznuZbcpyF6tZJo2Limv4nVuuXs9qK5JjckLOiEsuSZXckhqpE06eyDN5JW/Wi/VufVif09GCNds5JHOwvn8B3DCnCQ==</latexit> ⇢
<latexit sha1_base64="XLt8ixYuGWCQ8XMvKJ/3If/IMHA=">AAACJ3icbVDLSgNBEOz1bXxFBS9eBoPgRdn1ojdFLx4jmAckIc5OenXI7IOZXiGu+zPeRP/Fm+jRz9CTk8SDSSwYKKq6u4byEyUNue6HMzU9Mzs3v7BYWFpeWV0rrm9UTZxqgRURq1jXfW5QyQgrJElhPdHIQ19hze+e9/3aHWoj4+iKegm2Qn4TyUAKTlZqF7ey5uBI5qsUc9Y0qW+Q8nax5B64A7BJ4v2S0slXEFwDQLld/G52YpGGGJFQ3JiG5ybUyrgmKRTmhWZqMOGiy2+wYWnEQzStbBCds12rdFgQa/siYgP170bGQ2N6oW8nQ063Ztzri/95jZSC41YmoyQljMQwKEgVo5j1y2AdqVGQ6lnChZb2r0zccs0F2coKIzEku/f5hLIvOnnBluWNVzNJqocHnuWXXun0DIZYgG3YgT3w4AhO4QLKUAEBD/AIz/DiPDmvzpvzPhydcn53NmEEzucPd4WpbQ==</latexit> <latexit sha1_base64="kk7gcSrCHRzXyh0SU4nmtgQf8EA=">AAACJ3icbVC7SgNBFJ2NrxhfUcHGZjAINoZdG+0M2lhGMA9IQpid3E2GzD6YuSvEdX/GTvRf7ERLP0MrJ5sUJvHAwOGce+8ZjhtJodG2P63c0vLK6lp+vbCxubW9U9zdq+swVhxqPJSharpMgxQB1FCghGakgPmuhIY7vB77jXtQWoTBHY4i6PisHwhPcIZG6hYPknZ2JHFlDClt69jVgGm3WLLLdga6SJwpKV1+exmq3eJPuxfy2IcAuWRatxw7wk7CFAouIS20Yw0R40PWh5ahAfNBd5IsOqXHRulRL1TmBUgz9e9GwnytR75rJn2GAz3vjcX/vFaM3kUnEUEUIwR8EuTFkmJIx2XQnlDAUY4MYVwJ81fKB0wxjqaywkwMiuFDuqCc8l5aMGU589UskvpZ2TH81ilVrsgEeXJIjsgJccg5qZAbUiU1wskjeSIv5NV6tt6sd+tjMpqzpjv7ZAbW1y9JP6ql</latexit> <latexit sha1_base64="kk7gcSrCHRzXyh0SU4nmtgQf8EA=">AAACJ3icbVC7SgNBFJ2NrxhfUcHGZjAINoZdG+0M2lhGMA9IQpid3E2GzD6YuSvEdX/GTvRf7ERLP0MrJ5sUJvHAwOGce+8ZjhtJodG2P63c0vLK6lp+vbCxubW9U9zdq+swVhxqPJSharpMgxQB1FCghGakgPmuhIY7vB77jXtQWoTBHY4i6PisHwhPcIZG6hYPknZ2JHFlDClt69jVgGm3WLLLdga6SJwpKV1+exmq3eJPuxfy2IcAuWRatxw7wk7CFAouIS20Yw0R40PWh5ahAfNBd5IsOqXHRulRL1TmBUgz9e9GwnytR75rJn2GAz3vjcX/vFaM3kUnEUEUIwR8EuTFkmJIx2XQnlDAUY4MYVwJ81fKB0wxjqaywkwMiuFDuqCc8l5aMGU589UskvpZ2TH81ilVrsgEeXJIjsgJccg5qZAbUiU1wskjeSIv5NV6tt6sd+tjMpqzpjv7ZAbW1y9JP6ql</latexit> <latexit sha1_base64="erZ84k+mwAGvM+fZkFpM6PH8aj0=">AAACJ3icbVC7SgNBFJ2Nr7i+ooKNzWAQbAy7NloGbSwjmAckS5id3CRDZh/M3BXiuj9jJ/ovdqKlv2HlZJPCJB4YOJxz7z3D8WMpNDrOl1VYWV1b3yhu2lvbO7t7pf2Dho4SxaHOIxmpls80SBFCHQVKaMUKWOBLaPqjm4nffAClRRTe4zgGL2CDUPQFZ2ikbuko7eRHUl8mkNGOTnwNmHVLZafi5KDLxJ2RMpmh1i39dHoRTwIIkUumddt1YvRSplBwCZndSTTEjI/YANqGhiwA7aV5dEZPjdKj/UiZFyLN1b8bKQu0Hge+mQwYDvWiNxH/89oJ9q+8VIRxghDyaVA/kRQjOimD9oQCjnJsCONKmL9SPmSKcTSV2XMxKEaP2ZJyznuZbcpyF6tZJo2Limv4nVuuXs9qK5JjckLOiEsuSZXckhqpE06eyDN5JW/Wi/VufVif09GCNds5JHOwvn8B3DCnCQ==</latexit>

• Turaev-Viro type construction
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Invariants of 4-manifolds

finite group
[Dijkgraaf-Witten, ’90]

2-group
[Yetter, ’93]

premodular category
[Crane-Yetter, ’93]

-crossed braided fusion 
category      [C-, ’16]

G
<latexit sha1_base64="9IQBYwo2muA5aqY7Gc78u11H1x0=">AAACEHicbZC7SgNBFIbPxltcb1FLm8Eg2Bh2bbQRgxZaJmAukCxhdnaSDJmdXWZmhbgs2NuJvoudWAm+ga9i5eRSmMQfBj7+cw7nzO/HnCntON9Wbml5ZXUtv25vbG5t7xR29+oqSiShNRLxSDZ9rChngtY005w2Y0lx6HPa8AfXo3rjnkrFInGnhzH1QtwTrMsI1saq3nQKRafkjIUWwZ1C8fLTvngEgEqn8NMOIpKEVGjCsVIt14m1l2KpGeE0s9uJojEmA9yjLYMCh1R56fjQDB0ZJ0DdSJonNBq7fydSHCo1DH3TGWLdV/O1kflfrZXo7rmXMhEnmgoyWdRNONIRGv0aBUxSovnQACaSmVsR6WOJiTbZ2DNrNBs8ZAvOCQky24TlzkezCPXTkmu46hbLVzBRHg7gEI7BhTMowy1UoAYEKDzBC7xaz9ab9W59TFpz1nRmH2Zkff0C1jye9Q==</latexit><latexit sha1_base64="WbqIvZlnyyu/qTIQ3HzCL7MlaKY=">AAACEHicbZDLSsNAFIYnXmu8VV26GSyCG0viRjdi0YUuW7AXaEOZTCbt0MkkzJwINfQJ3Ik+gS/hTlwJvoD4Kq6cXha29YeBj/+cwznz+4ngGhzn21pYXFpeWc2t2esbm1vb+Z3dmo5TRVmVxiJWDZ9oJrhkVeAgWCNRjES+YHW/dzWs1++Y0jyWt9BPmBeRjuQhpwSMVblu5wtO0RkJz4M7gcLFh32evHzZ5Xb+pxXENI2YBCqI1k3XScDLiAJOBRvYrVSzhNAe6bCmQUkipr1sdOgAHxonwGGszJOAR+7fiYxEWvcj33RGBLp6tjY0/6s1UwjPvIzLJAUm6XhRmAoMMR7+GgdcMQqib4BQxc2tmHaJIhRMNvbUGuC9+8Gcc0yDgW3CcmejmYfaSdE1XHELpUs0Vg7towN0hFx0ikroBpVRFVHE0AN6Qs/Wo/VqvVnv49YFazKzh6Zkff4CAfqgaQ==</latexit><latexit sha1_base64="WbqIvZlnyyu/qTIQ3HzCL7MlaKY=">AAACEHicbZDLSsNAFIYnXmu8VV26GSyCG0viRjdi0YUuW7AXaEOZTCbt0MkkzJwINfQJ3Ik+gS/hTlwJvoD4Kq6cXha29YeBj/+cwznz+4ngGhzn21pYXFpeWc2t2esbm1vb+Z3dmo5TRVmVxiJWDZ9oJrhkVeAgWCNRjES+YHW/dzWs1++Y0jyWt9BPmBeRjuQhpwSMVblu5wtO0RkJz4M7gcLFh32evHzZ5Xb+pxXENI2YBCqI1k3XScDLiAJOBRvYrVSzhNAe6bCmQUkipr1sdOgAHxonwGGszJOAR+7fiYxEWvcj33RGBLp6tjY0/6s1UwjPvIzLJAUm6XhRmAoMMR7+GgdcMQqib4BQxc2tmHaJIhRMNvbUGuC9+8Gcc0yDgW3CcmejmYfaSdE1XHELpUs0Vg7towN0hFx0ikroBpVRFVHE0AN6Qs/Wo/VqvVnv49YFazKzh6Zkff4CAfqgaQ==</latexit><latexit sha1_base64="qz6Q2Ox7e9ERdlAyWb8DRYhSJP8=">AAACEHicbZC7TsMwFIadcivhVmBksaiQWKgSFhgrGGBsJXqR2qhynJPWquNEtoNUojwBG4J3YUOsvAGvwoTbZqAtv2Tp03/O0Tn+/YQzpR3n2yqtrW9sbpW37Z3dvf2DyuFRW8WppNCiMY9l1ycKOBPQ0kxz6CYSSORz6Pjj22m98whSsVg86EkCXkSGgoWMEm2s5t2gUnVqzkx4FdwCqqhQY1D56QcxTSMQmnKiVM91Eu1lRGpGOeR2P1WQEDomQ+gZFCQC5WWzQ3N8ZpwAh7E0T2g8c/9OZCRSahL5pjMieqSWa1Pzv1ov1eG1lzGRpBoEnS8KU451jKe/xgGTQDWfGCBUMnMrpiMiCdUmG3thjWbjp3zFuaBBbpuw3OVoVqF9WXMNN91q/aaIrYxO0Ck6Ry66QnV0jxqohSgC9Ixe0Zv1Yr1bH9bnvLVkFTPHaEHW1y8e/J0o</latexit>

spherical fusion 2-category
[Douglous-Reutter, ’18]

• Kashaev invariant based on 
cyclic groups,          
[Kashaev, ’14 ]                      

⇢
<latexit sha1_base64="XLt8ixYuGWCQ8XMvKJ/3If/IMHA=">AAACJ3icbVDLSgNBEOz1bXxFBS9eBoPgRdn1ojdFLx4jmAckIc5OenXI7IOZXiGu+zPeRP/Fm+jRz9CTk8SDSSwYKKq6u4byEyUNue6HMzU9Mzs3v7BYWFpeWV0rrm9UTZxqgRURq1jXfW5QyQgrJElhPdHIQ19hze+e9/3aHWoj4+iKegm2Qn4TyUAKTlZqF7ey5uBI5qsUc9Y0qW+Q8nax5B64A7BJ4v2S0slXEFwDQLld/G52YpGGGJFQ3JiG5ybUyrgmKRTmhWZqMOGiy2+wYWnEQzStbBCds12rdFgQa/siYgP170bGQ2N6oW8nQ063Ztzri/95jZSC41YmoyQljMQwKEgVo5j1y2AdqVGQ6lnChZb2r0zccs0F2coKIzEku/f5hLIvOnnBluWNVzNJqocHnuWXXun0DIZYgG3YgT3w4AhO4QLKUAEBD/AIz/DiPDmvzpvzPhydcn53NmEEzucPd4WpbQ==</latexit> <latexit sha1_base64="kk7gcSrCHRzXyh0SU4nmtgQf8EA=">AAACJ3icbVC7SgNBFJ2NrxhfUcHGZjAINoZdG+0M2lhGMA9IQpid3E2GzD6YuSvEdX/GTvRf7ERLP0MrJ5sUJvHAwOGce+8ZjhtJodG2P63c0vLK6lp+vbCxubW9U9zdq+swVhxqPJSharpMgxQB1FCghGakgPmuhIY7vB77jXtQWoTBHY4i6PisHwhPcIZG6hYPknZ2JHFlDClt69jVgGm3WLLLdga6SJwpKV1+exmq3eJPuxfy2IcAuWRatxw7wk7CFAouIS20Yw0R40PWh5ahAfNBd5IsOqXHRulRL1TmBUgz9e9GwnytR75rJn2GAz3vjcX/vFaM3kUnEUEUIwR8EuTFkmJIx2XQnlDAUY4MYVwJ81fKB0wxjqaywkwMiuFDuqCc8l5aMGU589UskvpZ2TH81ilVrsgEeXJIjsgJccg5qZAbUiU1wskjeSIv5NV6tt6sd+tjMpqzpjv7ZAbW1y9JP6ql</latexit> <latexit sha1_base64="kk7gcSrCHRzXyh0SU4nmtgQf8EA=">AAACJ3icbVC7SgNBFJ2NrxhfUcHGZjAINoZdG+0M2lhGMA9IQpid3E2GzD6YuSvEdX/GTvRf7ERLP0MrJ5sUJvHAwOGce+8ZjhtJodG2P63c0vLK6lp+vbCxubW9U9zdq+swVhxqPJSharpMgxQB1FCghGakgPmuhIY7vB77jXtQWoTBHY4i6PisHwhPcIZG6hYPknZ2JHFlDClt69jVgGm3WLLLdga6SJwpKV1+exmq3eJPuxfy2IcAuWRatxw7wk7CFAouIS20Yw0R40PWh5ahAfNBd5IsOqXHRulRL1TmBUgz9e9GwnytR75rJn2GAz3vjcX/vFaM3kUnEUEUIwR8EuTFkmJIx2XQnlDAUY4MYVwJ81fKB0wxjqaywkwMiuFDuqCc8l5aMGU589UskvpZ2TH81ilVrsgEeXJIjsgJccg5qZAbUiU1wskjeSIv5NV6tt6sd+tjMpqzpjv7ZAbW1y9JP6ql</latexit> <latexit sha1_base64="erZ84k+mwAGvM+fZkFpM6PH8aj0=">AAACJ3icbVC7SgNBFJ2Nr7i+ooKNzWAQbAy7NloGbSwjmAckS5id3CRDZh/M3BXiuj9jJ/ovdqKlv2HlZJPCJB4YOJxz7z3D8WMpNDrOl1VYWV1b3yhu2lvbO7t7pf2Dho4SxaHOIxmpls80SBFCHQVKaMUKWOBLaPqjm4nffAClRRTe4zgGL2CDUPQFZ2ikbuko7eRHUl8mkNGOTnwNmHVLZafi5KDLxJ2RMpmh1i39dHoRTwIIkUumddt1YvRSplBwCZndSTTEjI/YANqGhiwA7aV5dEZPjdKj/UiZFyLN1b8bKQu0Hge+mQwYDvWiNxH/89oJ9q+8VIRxghDyaVA/kRQjOimD9oQCjnJsCONKmL9SPmSKcTSV2XMxKEaP2ZJyznuZbcpyF6tZJo2Limv4nVuuXs9qK5JjckLOiEsuSZXckhqpE06eyDN5JW/Wi/VufVif09GCNds5JHOwvn8B3DCnCQ==</latexit>

⇢
<latexit sha1_base64="XLt8ixYuGWCQ8XMvKJ/3If/IMHA=">AAACJ3icbVDLSgNBEOz1bXxFBS9eBoPgRdn1ojdFLx4jmAckIc5OenXI7IOZXiGu+zPeRP/Fm+jRz9CTk8SDSSwYKKq6u4byEyUNue6HMzU9Mzs3v7BYWFpeWV0rrm9UTZxqgRURq1jXfW5QyQgrJElhPdHIQ19hze+e9/3aHWoj4+iKegm2Qn4TyUAKTlZqF7ey5uBI5qsUc9Y0qW+Q8nax5B64A7BJ4v2S0slXEFwDQLld/G52YpGGGJFQ3JiG5ybUyrgmKRTmhWZqMOGiy2+wYWnEQzStbBCds12rdFgQa/siYgP170bGQ2N6oW8nQ063Ztzri/95jZSC41YmoyQljMQwKEgVo5j1y2AdqVGQ6lnChZb2r0zccs0F2coKIzEku/f5hLIvOnnBluWNVzNJqocHnuWXXun0DIZYgG3YgT3w4AhO4QLKUAEBD/AIz/DiPDmvzpvzPhydcn53NmEEzucPd4WpbQ==</latexit><latexit sha1_base64="kk7gcSrCHRzXyh0SU4nmtgQf8EA=">AAACJ3icbVC7SgNBFJ2NrxhfUcHGZjAINoZdG+0M2lhGMA9IQpid3E2GzD6YuSvEdX/GTvRf7ERLP0MrJ5sUJvHAwOGce+8ZjhtJodG2P63c0vLK6lp+vbCxubW9U9zdq+swVhxqPJSharpMgxQB1FCghGakgPmuhIY7vB77jXtQWoTBHY4i6PisHwhPcIZG6hYPknZ2JHFlDClt69jVgGm3WLLLdga6SJwpKV1+exmq3eJPuxfy2IcAuWRatxw7wk7CFAouIS20Yw0R40PWh5ahAfNBd5IsOqXHRulRL1TmBUgz9e9GwnytR75rJn2GAz3vjcX/vFaM3kUnEUEUIwR8EuTFkmJIx2XQnlDAUY4MYVwJ81fKB0wxjqaywkwMiuFDuqCc8l5aMGU589UskvpZ2TH81ilVrsgEeXJIjsgJccg5qZAbUiU1wskjeSIv5NV6tt6sd+tjMpqzpjv7ZAbW1y9JP6ql</latexit><latexit sha1_base64="kk7gcSrCHRzXyh0SU4nmtgQf8EA=">AAACJ3icbVC7SgNBFJ2NrxhfUcHGZjAINoZdG+0M2lhGMA9IQpid3E2GzD6YuSvEdX/GTvRf7ERLP0MrJ5sUJvHAwOGce+8ZjhtJodG2P63c0vLK6lp+vbCxubW9U9zdq+swVhxqPJSharpMgxQB1FCghGakgPmuhIY7vB77jXtQWoTBHY4i6PisHwhPcIZG6hYPknZ2JHFlDClt69jVgGm3WLLLdga6SJwpKV1+exmq3eJPuxfy2IcAuWRatxw7wk7CFAouIS20Yw0R40PWh5ahAfNBd5IsOqXHRulRL1TmBUgz9e9GwnytR75rJn2GAz3vjcX/vFaM3kUnEUEUIwR8EuTFkmJIx2XQnlDAUY4MYVwJ81fKB0wxjqaywkwMiuFDuqCc8l5aMGU589UskvpZ2TH81ilVrsgEeXJIjsgJccg5qZAbUiU1wskjeSIv5NV6tt6sd+tjMpqzpjv7ZAbW1y9JP6ql</latexit><latexit sha1_base64="erZ84k+mwAGvM+fZkFpM6PH8aj0=">AAACJ3icbVC7SgNBFJ2Nr7i+ooKNzWAQbAy7NloGbSwjmAckS5id3CRDZh/M3BXiuj9jJ/ovdqKlv2HlZJPCJB4YOJxz7z3D8WMpNDrOl1VYWV1b3yhu2lvbO7t7pf2Dho4SxaHOIxmpls80SBFCHQVKaMUKWOBLaPqjm4nffAClRRTe4zgGL2CDUPQFZ2ikbuko7eRHUl8mkNGOTnwNmHVLZafi5KDLxJ2RMpmh1i39dHoRTwIIkUumddt1YvRSplBwCZndSTTEjI/YANqGhiwA7aV5dEZPjdKj/UiZFyLN1b8bKQu0Hge+mQwYDvWiNxH/89oJ9q+8VIRxghDyaVA/kRQjOimD9oQCjnJsCONKmL9SPmSKcTSV2XMxKEaP2ZJyznuZbcpyF6tZJo2Limv4nVuuXs9qK5JjckLOiEsuSZXckhqpE06eyDN5JW/Wi/VufVif09GCNds5JHOwvn8B3DCnCQ==</latexit>

⇢<latexit sha1_base64="XLt8ixYuGWCQ8XMvKJ/3If/IMHA=">AAACJ3icbVDLSgNBEOz1bXxFBS9eBoPgRdn1ojdFLx4jmAckIc5OenXI7IOZXiGu+zPeRP/Fm+jRz9CTk8SDSSwYKKq6u4byEyUNue6HMzU9Mzs3v7BYWFpeWV0rrm9UTZxqgRURq1jXfW5QyQgrJElhPdHIQ19hze+e9/3aHWoj4+iKegm2Qn4TyUAKTlZqF7ey5uBI5qsUc9Y0qW+Q8nax5B64A7BJ4v2S0slXEFwDQLld/G52YpGGGJFQ3JiG5ybUyrgmKRTmhWZqMOGiy2+wYWnEQzStbBCds12rdFgQa/siYgP170bGQ2N6oW8nQ063Ztzri/95jZSC41YmoyQljMQwKEgVo5j1y2AdqVGQ6lnChZb2r0zccs0F2coKIzEku/f5hLIvOnnBluWNVzNJqocHnuWXXun0DIZYgG3YgT3w4AhO4QLKUAEBD/AIz/DiPDmvzpvzPhydcn53NmEEzucPd4WpbQ==</latexit><latexit sha1_base64="kk7gcSrCHRzXyh0SU4nmtgQf8EA=">AAACJ3icbVC7SgNBFJ2NrxhfUcHGZjAINoZdG+0M2lhGMA9IQpid3E2GzD6YuSvEdX/GTvRf7ERLP0MrJ5sUJvHAwOGce+8ZjhtJodG2P63c0vLK6lp+vbCxubW9U9zdq+swVhxqPJSharpMgxQB1FCghGakgPmuhIY7vB77jXtQWoTBHY4i6PisHwhPcIZG6hYPknZ2JHFlDClt69jVgGm3WLLLdga6SJwpKV1+exmq3eJPuxfy2IcAuWRatxw7wk7CFAouIS20Yw0R40PWh5ahAfNBd5IsOqXHRulRL1TmBUgz9e9GwnytR75rJn2GAz3vjcX/vFaM3kUnEUEUIwR8EuTFkmJIx2XQnlDAUY4MYVwJ81fKB0wxjqaywkwMiuFDuqCc8l5aMGU589UskvpZ2TH81ilVrsgEeXJIjsgJccg5qZAbUiU1wskjeSIv5NV6tt6sd+tjMpqzpjv7ZAbW1y9JP6ql</latexit><latexit sha1_base64="kk7gcSrCHRzXyh0SU4nmtgQf8EA=">AAACJ3icbVC7SgNBFJ2NrxhfUcHGZjAINoZdG+0M2lhGMA9IQpid3E2GzD6YuSvEdX/GTvRf7ERLP0MrJ5sUJvHAwOGce+8ZjhtJodG2P63c0vLK6lp+vbCxubW9U9zdq+swVhxqPJSharpMgxQB1FCghGakgPmuhIY7vB77jXtQWoTBHY4i6PisHwhPcIZG6hYPknZ2JHFlDClt69jVgGm3WLLLdga6SJwpKV1+exmq3eJPuxfy2IcAuWRatxw7wk7CFAouIS20Yw0R40PWh5ahAfNBd5IsOqXHRulRL1TmBUgz9e9GwnytR75rJn2GAz3vjcX/vFaM3kUnEUEUIwR8EuTFkmJIx2XQnlDAUY4MYVwJ81fKB0wxjqaywkwMiuFDuqCc8l5aMGU589UskvpZ2TH81ilVrsgEeXJIjsgJccg5qZAbUiU1wskjeSIv5NV6tt6sd+tjMpqzpjv7ZAbW1y9JP6ql</latexit><latexit sha1_base64="erZ84k+mwAGvM+fZkFpM6PH8aj0=">AAACJ3icbVC7SgNBFJ2Nr7i+ooKNzWAQbAy7NloGbSwjmAckS5id3CRDZh/M3BXiuj9jJ/ovdqKlv2HlZJPCJB4YOJxz7z3D8WMpNDrOl1VYWV1b3yhu2lvbO7t7pf2Dho4SxaHOIxmpls80SBFCHQVKaMUKWOBLaPqjm4nffAClRRTe4zgGL2CDUPQFZ2ikbuko7eRHUl8mkNGOTnwNmHVLZafi5KDLxJ2RMpmh1i39dHoRTwIIkUumddt1YvRSplBwCZndSTTEjI/YANqGhiwA7aV5dEZPjdKj/UiZFyLN1b8bKQu0Hge+mQwYDvWiNxH/89oJ9q+8VIRxghDyaVA/kRQjOimD9oQCjnJsCONKmL9SPmSKcTSV2XMxKEaP2ZJyznuZbcpyF6tZJo2Limv4nVuuXs9qK5JjckLOiEsuSZXckhqpE06eyDN5JW/Wi/VufVif09GCNds5JHOwvn8B3DCnCQ==</latexit>

⇢<latexit sha1_base64="XLt8ixYuGWCQ8XMvKJ/3If/IMHA=">AAACJ3icbVDLSgNBEOz1bXxFBS9eBoPgRdn1ojdFLx4jmAckIc5OenXI7IOZXiGu+zPeRP/Fm+jRz9CTk8SDSSwYKKq6u4byEyUNue6HMzU9Mzs3v7BYWFpeWV0rrm9UTZxqgRURq1jXfW5QyQgrJElhPdHIQ19hze+e9/3aHWoj4+iKegm2Qn4TyUAKTlZqF7ey5uBI5qsUc9Y0qW+Q8nax5B64A7BJ4v2S0slXEFwDQLld/G52YpGGGJFQ3JiG5ybUyrgmKRTmhWZqMOGiy2+wYWnEQzStbBCds12rdFgQa/siYgP170bGQ2N6oW8nQ063Ztzri/95jZSC41YmoyQljMQwKEgVo5j1y2AdqVGQ6lnChZb2r0zccs0F2coKIzEku/f5hLIvOnnBluWNVzNJqocHnuWXXun0DIZYgG3YgT3w4AhO4QLKUAEBD/AIz/DiPDmvzpvzPhydcn53NmEEzucPd4WpbQ==</latexit><latexit sha1_base64="kk7gcSrCHRzXyh0SU4nmtgQf8EA=">AAACJ3icbVC7SgNBFJ2NrxhfUcHGZjAINoZdG+0M2lhGMA9IQpid3E2GzD6YuSvEdX/GTvRf7ERLP0MrJ5sUJvHAwOGce+8ZjhtJodG2P63c0vLK6lp+vbCxubW9U9zdq+swVhxqPJSharpMgxQB1FCghGakgPmuhIY7vB77jXtQWoTBHY4i6PisHwhPcIZG6hYPknZ2JHFlDClt69jVgGm3WLLLdga6SJwpKV1+exmq3eJPuxfy2IcAuWRatxw7wk7CFAouIS20Yw0R40PWh5ahAfNBd5IsOqXHRulRL1TmBUgz9e9GwnytR75rJn2GAz3vjcX/vFaM3kUnEUEUIwR8EuTFkmJIx2XQnlDAUY4MYVwJ81fKB0wxjqaywkwMiuFDuqCc8l5aMGU589UskvpZ2TH81ilVrsgEeXJIjsgJccg5qZAbUiU1wskjeSIv5NV6tt6sd+tjMpqzpjv7ZAbW1y9JP6ql</latexit><latexit sha1_base64="kk7gcSrCHRzXyh0SU4nmtgQf8EA=">AAACJ3icbVC7SgNBFJ2NrxhfUcHGZjAINoZdG+0M2lhGMA9IQpid3E2GzD6YuSvEdX/GTvRf7ERLP0MrJ5sUJvHAwOGce+8ZjhtJodG2P63c0vLK6lp+vbCxubW9U9zdq+swVhxqPJSharpMgxQB1FCghGakgPmuhIY7vB77jXtQWoTBHY4i6PisHwhPcIZG6hYPknZ2JHFlDClt69jVgGm3WLLLdga6SJwpKV1+exmq3eJPuxfy2IcAuWRatxw7wk7CFAouIS20Yw0R40PWh5ahAfNBd5IsOqXHRulRL1TmBUgz9e9GwnytR75rJn2GAz3vjcX/vFaM3kUnEUEUIwR8EuTFkmJIx2XQnlDAUY4MYVwJ81fKB0wxjqaywkwMiuFDuqCc8l5aMGU589UskvpZ2TH81ilVrsgEeXJIjsgJccg5qZAbUiU1wskjeSIv5NV6tt6sd+tjMpqzpjv7ZAbW1y9JP6ql</latexit><latexit sha1_base64="erZ84k+mwAGvM+fZkFpM6PH8aj0=">AAACJ3icbVC7SgNBFJ2Nr7i+ooKNzWAQbAy7NloGbSwjmAckS5id3CRDZh/M3BXiuj9jJ/ovdqKlv2HlZJPCJB4YOJxz7z3D8WMpNDrOl1VYWV1b3yhu2lvbO7t7pf2Dho4SxaHOIxmpls80SBFCHQVKaMUKWOBLaPqjm4nffAClRRTe4zgGL2CDUPQFZ2ikbuko7eRHUl8mkNGOTnwNmHVLZafi5KDLxJ2RMpmh1i39dHoRTwIIkUumddt1YvRSplBwCZndSTTEjI/YANqGhiwA7aV5dEZPjdKj/UiZFyLN1b8bKQu0Hge+mQwYDvWiNxH/89oJ9q+8VIRxghDyaVA/kRQjOimD9oQCjnJsCONKmL9SPmSKcTSV2XMxKEaP2ZJyznuZbcpyF6tZJo2Limv4nVuuXs9qK5JjckLOiEsuSZXckhqpE06eyDN5JW/Wi/VufVif09GCNds5JHOwvn8B3DCnCQ==</latexit> ⇢
<latexit sha1_base64="XLt8ixYuGWCQ8XMvKJ/3If/IMHA=">AAACJ3icbVDLSgNBEOz1bXxFBS9eBoPgRdn1ojdFLx4jmAckIc5OenXI7IOZXiGu+zPeRP/Fm+jRz9CTk8SDSSwYKKq6u4byEyUNue6HMzU9Mzs3v7BYWFpeWV0rrm9UTZxqgRURq1jXfW5QyQgrJElhPdHIQ19hze+e9/3aHWoj4+iKegm2Qn4TyUAKTlZqF7ey5uBI5qsUc9Y0qW+Q8nax5B64A7BJ4v2S0slXEFwDQLld/G52YpGGGJFQ3JiG5ybUyrgmKRTmhWZqMOGiy2+wYWnEQzStbBCds12rdFgQa/siYgP170bGQ2N6oW8nQ063Ztzri/95jZSC41YmoyQljMQwKEgVo5j1y2AdqVGQ6lnChZb2r0zccs0F2coKIzEku/f5hLIvOnnBluWNVzNJqocHnuWXXun0DIZYgG3YgT3w4AhO4QLKUAEBD/AIz/DiPDmvzpvzPhydcn53NmEEzucPd4WpbQ==</latexit> <latexit sha1_base64="kk7gcSrCHRzXyh0SU4nmtgQf8EA=">AAACJ3icbVC7SgNBFJ2NrxhfUcHGZjAINoZdG+0M2lhGMA9IQpid3E2GzD6YuSvEdX/GTvRf7ERLP0MrJ5sUJvHAwOGce+8ZjhtJodG2P63c0vLK6lp+vbCxubW9U9zdq+swVhxqPJSharpMgxQB1FCghGakgPmuhIY7vB77jXtQWoTBHY4i6PisHwhPcIZG6hYPknZ2JHFlDClt69jVgGm3WLLLdga6SJwpKV1+exmq3eJPuxfy2IcAuWRatxw7wk7CFAouIS20Yw0R40PWh5ahAfNBd5IsOqXHRulRL1TmBUgz9e9GwnytR75rJn2GAz3vjcX/vFaM3kUnEUEUIwR8EuTFkmJIx2XQnlDAUY4MYVwJ81fKB0wxjqaywkwMiuFDuqCc8l5aMGU589UskvpZ2TH81ilVrsgEeXJIjsgJccg5qZAbUiU1wskjeSIv5NV6tt6sd+tjMpqzpjv7ZAbW1y9JP6ql</latexit> <latexit sha1_base64="kk7gcSrCHRzXyh0SU4nmtgQf8EA=">AAACJ3icbVC7SgNBFJ2NrxhfUcHGZjAINoZdG+0M2lhGMA9IQpid3E2GzD6YuSvEdX/GTvRf7ERLP0MrJ5sUJvHAwOGce+8ZjhtJodG2P63c0vLK6lp+vbCxubW9U9zdq+swVhxqPJSharpMgxQB1FCghGakgPmuhIY7vB77jXtQWoTBHY4i6PisHwhPcIZG6hYPknZ2JHFlDClt69jVgGm3WLLLdga6SJwpKV1+exmq3eJPuxfy2IcAuWRatxw7wk7CFAouIS20Yw0R40PWh5ahAfNBd5IsOqXHRulRL1TmBUgz9e9GwnytR75rJn2GAz3vjcX/vFaM3kUnEUEUIwR8EuTFkmJIx2XQnlDAUY4MYVwJ81fKB0wxjqaywkwMiuFDuqCc8l5aMGU589UskvpZ2TH81ilVrsgEeXJIjsgJccg5qZAbUiU1wskjeSIv5NV6tt6sd+tjMpqzpjv7ZAbW1y9JP6ql</latexit> <latexit sha1_base64="erZ84k+mwAGvM+fZkFpM6PH8aj0=">AAACJ3icbVC7SgNBFJ2Nr7i+ooKNzWAQbAy7NloGbSwjmAckS5id3CRDZh/M3BXiuj9jJ/ovdqKlv2HlZJPCJB4YOJxz7z3D8WMpNDrOl1VYWV1b3yhu2lvbO7t7pf2Dho4SxaHOIxmpls80SBFCHQVKaMUKWOBLaPqjm4nffAClRRTe4zgGL2CDUPQFZ2ikbuko7eRHUl8mkNGOTnwNmHVLZafi5KDLxJ2RMpmh1i39dHoRTwIIkUumddt1YvRSplBwCZndSTTEjI/YANqGhiwA7aV5dEZPjdKj/UiZFyLN1b8bKQu0Hge+mQwYDvWiNxH/89oJ9q+8VIRxghDyaVA/kRQjOimD9oQCjnJsCONKmL9SPmSKcTSV2XMxKEaP2ZJyznuZbcpyF6tZJo2Limv4nVuuXs9qK5JjckLOiEsuSZXckhqpE06eyDN5JW/Wi/VufVif09GCNds5JHOwvn8B3DCnCQ==</latexit>

• Turaev-Viro type construction
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Invariants of 4-manifolds

finite group
[Dijkgraaf-Witten, ’90]

2-group
[Yetter, ’93]

premodular category
[Crane-Yetter, ’93]

-crossed braided fusion 
category      [C-, ’16]

G
<latexit sha1_base64="9IQBYwo2muA5aqY7Gc78u11H1x0=">AAACEHicbZC7SgNBFIbPxltcb1FLm8Eg2Bh2bbQRgxZaJmAukCxhdnaSDJmdXWZmhbgs2NuJvoudWAm+ga9i5eRSmMQfBj7+cw7nzO/HnCntON9Wbml5ZXUtv25vbG5t7xR29+oqSiShNRLxSDZ9rChngtY005w2Y0lx6HPa8AfXo3rjnkrFInGnhzH1QtwTrMsI1saq3nQKRafkjIUWwZ1C8fLTvngEgEqn8NMOIpKEVGjCsVIt14m1l2KpGeE0s9uJojEmA9yjLYMCh1R56fjQDB0ZJ0DdSJonNBq7fydSHCo1DH3TGWLdV/O1kflfrZXo7rmXMhEnmgoyWdRNONIRGv0aBUxSovnQACaSmVsR6WOJiTbZ2DNrNBs8ZAvOCQky24TlzkezCPXTkmu46hbLVzBRHg7gEI7BhTMowy1UoAYEKDzBC7xaz9ab9W59TFpz1nRmH2Zkff0C1jye9Q==</latexit><latexit sha1_base64="WbqIvZlnyyu/qTIQ3HzCL7MlaKY=">AAACEHicbZDLSsNAFIYnXmu8VV26GSyCG0viRjdi0YUuW7AXaEOZTCbt0MkkzJwINfQJ3Ik+gS/hTlwJvoD4Kq6cXha29YeBj/+cwznz+4ngGhzn21pYXFpeWc2t2esbm1vb+Z3dmo5TRVmVxiJWDZ9oJrhkVeAgWCNRjES+YHW/dzWs1++Y0jyWt9BPmBeRjuQhpwSMVblu5wtO0RkJz4M7gcLFh32evHzZ5Xb+pxXENI2YBCqI1k3XScDLiAJOBRvYrVSzhNAe6bCmQUkipr1sdOgAHxonwGGszJOAR+7fiYxEWvcj33RGBLp6tjY0/6s1UwjPvIzLJAUm6XhRmAoMMR7+GgdcMQqib4BQxc2tmHaJIhRMNvbUGuC9+8Gcc0yDgW3CcmejmYfaSdE1XHELpUs0Vg7towN0hFx0ikroBpVRFVHE0AN6Qs/Wo/VqvVnv49YFazKzh6Zkff4CAfqgaQ==</latexit><latexit sha1_base64="WbqIvZlnyyu/qTIQ3HzCL7MlaKY=">AAACEHicbZDLSsNAFIYnXmu8VV26GSyCG0viRjdi0YUuW7AXaEOZTCbt0MkkzJwINfQJ3Ik+gS/hTlwJvoD4Kq6cXha29YeBj/+cwznz+4ngGhzn21pYXFpeWc2t2esbm1vb+Z3dmo5TRVmVxiJWDZ9oJrhkVeAgWCNRjES+YHW/dzWs1++Y0jyWt9BPmBeRjuQhpwSMVblu5wtO0RkJz4M7gcLFh32evHzZ5Xb+pxXENI2YBCqI1k3XScDLiAJOBRvYrVSzhNAe6bCmQUkipr1sdOgAHxonwGGszJOAR+7fiYxEWvcj33RGBLp6tjY0/6s1UwjPvIzLJAUm6XhRmAoMMR7+GgdcMQqib4BQxc2tmHaJIhRMNvbUGuC9+8Gcc0yDgW3CcmejmYfaSdE1XHELpUs0Vg7towN0hFx0ikroBpVRFVHE0AN6Qs/Wo/VqvVnv49YFazKzh6Zkff4CAfqgaQ==</latexit><latexit sha1_base64="qz6Q2Ox7e9ERdlAyWb8DRYhSJP8=">AAACEHicbZC7TsMwFIadcivhVmBksaiQWKgSFhgrGGBsJXqR2qhynJPWquNEtoNUojwBG4J3YUOsvAGvwoTbZqAtv2Tp03/O0Tn+/YQzpR3n2yqtrW9sbpW37Z3dvf2DyuFRW8WppNCiMY9l1ycKOBPQ0kxz6CYSSORz6Pjj22m98whSsVg86EkCXkSGgoWMEm2s5t2gUnVqzkx4FdwCqqhQY1D56QcxTSMQmnKiVM91Eu1lRGpGOeR2P1WQEDomQ+gZFCQC5WWzQ3N8ZpwAh7E0T2g8c/9OZCRSahL5pjMieqSWa1Pzv1ov1eG1lzGRpBoEnS8KU451jKe/xgGTQDWfGCBUMnMrpiMiCdUmG3thjWbjp3zFuaBBbpuw3OVoVqF9WXMNN91q/aaIrYxO0Ck6Ry66QnV0jxqohSgC9Ixe0Zv1Yr1bH9bnvLVkFTPHaEHW1y8e/J0o</latexit>

spherical fusion 2-category
[Douglous-Reutter, ’18]

• Kashaev invariant based on 
cyclic groups,          
[Kashaev, ’14 ]                      

• Dichromatic invariant based 
on pivotal functors,               
[Barenz, Barrett, ’17 ]

• etc

⇢
<latexit sha1_base64="XLt8ixYuGWCQ8XMvKJ/3If/IMHA=">AAACJ3icbVDLSgNBEOz1bXxFBS9eBoPgRdn1ojdFLx4jmAckIc5OenXI7IOZXiGu+zPeRP/Fm+jRz9CTk8SDSSwYKKq6u4byEyUNue6HMzU9Mzs3v7BYWFpeWV0rrm9UTZxqgRURq1jXfW5QyQgrJElhPdHIQ19hze+e9/3aHWoj4+iKegm2Qn4TyUAKTlZqF7ey5uBI5qsUc9Y0qW+Q8nax5B64A7BJ4v2S0slXEFwDQLld/G52YpGGGJFQ3JiG5ybUyrgmKRTmhWZqMOGiy2+wYWnEQzStbBCds12rdFgQa/siYgP170bGQ2N6oW8nQ063Ztzri/95jZSC41YmoyQljMQwKEgVo5j1y2AdqVGQ6lnChZb2r0zccs0F2coKIzEku/f5hLIvOnnBluWNVzNJqocHnuWXXun0DIZYgG3YgT3w4AhO4QLKUAEBD/AIz/DiPDmvzpvzPhydcn53NmEEzucPd4WpbQ==</latexit> <latexit sha1_base64="kk7gcSrCHRzXyh0SU4nmtgQf8EA=">AAACJ3icbVC7SgNBFJ2NrxhfUcHGZjAINoZdG+0M2lhGMA9IQpid3E2GzD6YuSvEdX/GTvRf7ERLP0MrJ5sUJvHAwOGce+8ZjhtJodG2P63c0vLK6lp+vbCxubW9U9zdq+swVhxqPJSharpMgxQB1FCghGakgPmuhIY7vB77jXtQWoTBHY4i6PisHwhPcIZG6hYPknZ2JHFlDClt69jVgGm3WLLLdga6SJwpKV1+exmq3eJPuxfy2IcAuWRatxw7wk7CFAouIS20Yw0R40PWh5ahAfNBd5IsOqXHRulRL1TmBUgz9e9GwnytR75rJn2GAz3vjcX/vFaM3kUnEUEUIwR8EuTFkmJIx2XQnlDAUY4MYVwJ81fKB0wxjqaywkwMiuFDuqCc8l5aMGU589UskvpZ2TH81ilVrsgEeXJIjsgJccg5qZAbUiU1wskjeSIv5NV6tt6sd+tjMpqzpjv7ZAbW1y9JP6ql</latexit> <latexit sha1_base64="kk7gcSrCHRzXyh0SU4nmtgQf8EA=">AAACJ3icbVC7SgNBFJ2NrxhfUcHGZjAINoZdG+0M2lhGMA9IQpid3E2GzD6YuSvEdX/GTvRf7ERLP0MrJ5sUJvHAwOGce+8ZjhtJodG2P63c0vLK6lp+vbCxubW9U9zdq+swVhxqPJSharpMgxQB1FCghGakgPmuhIY7vB77jXtQWoTBHY4i6PisHwhPcIZG6hYPknZ2JHFlDClt69jVgGm3WLLLdga6SJwpKV1+exmq3eJPuxfy2IcAuWRatxw7wk7CFAouIS20Yw0R40PWh5ahAfNBd5IsOqXHRulRL1TmBUgz9e9GwnytR75rJn2GAz3vjcX/vFaM3kUnEUEUIwR8EuTFkmJIx2XQnlDAUY4MYVwJ81fKB0wxjqaywkwMiuFDuqCc8l5aMGU589UskvpZ2TH81ilVrsgEeXJIjsgJccg5qZAbUiU1wskjeSIv5NV6tt6sd+tjMpqzpjv7ZAbW1y9JP6ql</latexit> <latexit sha1_base64="erZ84k+mwAGvM+fZkFpM6PH8aj0=">AAACJ3icbVC7SgNBFJ2Nr7i+ooKNzWAQbAy7NloGbSwjmAckS5id3CRDZh/M3BXiuj9jJ/ovdqKlv2HlZJPCJB4YOJxz7z3D8WMpNDrOl1VYWV1b3yhu2lvbO7t7pf2Dho4SxaHOIxmpls80SBFCHQVKaMUKWOBLaPqjm4nffAClRRTe4zgGL2CDUPQFZ2ikbuko7eRHUl8mkNGOTnwNmHVLZafi5KDLxJ2RMpmh1i39dHoRTwIIkUumddt1YvRSplBwCZndSTTEjI/YANqGhiwA7aV5dEZPjdKj/UiZFyLN1b8bKQu0Hge+mQwYDvWiNxH/89oJ9q+8VIRxghDyaVA/kRQjOimD9oQCjnJsCONKmL9SPmSKcTSV2XMxKEaP2ZJyznuZbcpyF6tZJo2Limv4nVuuXs9qK5JjckLOiEsuSZXckhqpE06eyDN5JW/Wi/VufVif09GCNds5JHOwvn8B3DCnCQ==</latexit>

⇢
<latexit sha1_base64="XLt8ixYuGWCQ8XMvKJ/3If/IMHA=">AAACJ3icbVDLSgNBEOz1bXxFBS9eBoPgRdn1ojdFLx4jmAckIc5OenXI7IOZXiGu+zPeRP/Fm+jRz9CTk8SDSSwYKKq6u4byEyUNue6HMzU9Mzs3v7BYWFpeWV0rrm9UTZxqgRURq1jXfW5QyQgrJElhPdHIQ19hze+e9/3aHWoj4+iKegm2Qn4TyUAKTlZqF7ey5uBI5qsUc9Y0qW+Q8nax5B64A7BJ4v2S0slXEFwDQLld/G52YpGGGJFQ3JiG5ybUyrgmKRTmhWZqMOGiy2+wYWnEQzStbBCds12rdFgQa/siYgP170bGQ2N6oW8nQ063Ztzri/95jZSC41YmoyQljMQwKEgVo5j1y2AdqVGQ6lnChZb2r0zccs0F2coKIzEku/f5hLIvOnnBluWNVzNJqocHnuWXXun0DIZYgG3YgT3w4AhO4QLKUAEBD/AIz/DiPDmvzpvzPhydcn53NmEEzucPd4WpbQ==</latexit><latexit sha1_base64="kk7gcSrCHRzXyh0SU4nmtgQf8EA=">AAACJ3icbVC7SgNBFJ2NrxhfUcHGZjAINoZdG+0M2lhGMA9IQpid3E2GzD6YuSvEdX/GTvRf7ERLP0MrJ5sUJvHAwOGce+8ZjhtJodG2P63c0vLK6lp+vbCxubW9U9zdq+swVhxqPJSharpMgxQB1FCghGakgPmuhIY7vB77jXtQWoTBHY4i6PisHwhPcIZG6hYPknZ2JHFlDClt69jVgGm3WLLLdga6SJwpKV1+exmq3eJPuxfy2IcAuWRatxw7wk7CFAouIS20Yw0R40PWh5ahAfNBd5IsOqXHRulRL1TmBUgz9e9GwnytR75rJn2GAz3vjcX/vFaM3kUnEUEUIwR8EuTFkmJIx2XQnlDAUY4MYVwJ81fKB0wxjqaywkwMiuFDuqCc8l5aMGU589UskvpZ2TH81ilVrsgEeXJIjsgJccg5qZAbUiU1wskjeSIv5NV6tt6sd+tjMpqzpjv7ZAbW1y9JP6ql</latexit><latexit sha1_base64="kk7gcSrCHRzXyh0SU4nmtgQf8EA=">AAACJ3icbVC7SgNBFJ2NrxhfUcHGZjAINoZdG+0M2lhGMA9IQpid3E2GzD6YuSvEdX/GTvRf7ERLP0MrJ5sUJvHAwOGce+8ZjhtJodG2P63c0vLK6lp+vbCxubW9U9zdq+swVhxqPJSharpMgxQB1FCghGakgPmuhIY7vB77jXtQWoTBHY4i6PisHwhPcIZG6hYPknZ2JHFlDClt69jVgGm3WLLLdga6SJwpKV1+exmq3eJPuxfy2IcAuWRatxw7wk7CFAouIS20Yw0R40PWh5ahAfNBd5IsOqXHRulRL1TmBUgz9e9GwnytR75rJn2GAz3vjcX/vFaM3kUnEUEUIwR8EuTFkmJIx2XQnlDAUY4MYVwJ81fKB0wxjqaywkwMiuFDuqCc8l5aMGU589UskvpZ2TH81ilVrsgEeXJIjsgJccg5qZAbUiU1wskjeSIv5NV6tt6sd+tjMpqzpjv7ZAbW1y9JP6ql</latexit><latexit sha1_base64="erZ84k+mwAGvM+fZkFpM6PH8aj0=">AAACJ3icbVC7SgNBFJ2Nr7i+ooKNzWAQbAy7NloGbSwjmAckS5id3CRDZh/M3BXiuj9jJ/ovdqKlv2HlZJPCJB4YOJxz7z3D8WMpNDrOl1VYWV1b3yhu2lvbO7t7pf2Dho4SxaHOIxmpls80SBFCHQVKaMUKWOBLaPqjm4nffAClRRTe4zgGL2CDUPQFZ2ikbuko7eRHUl8mkNGOTnwNmHVLZafi5KDLxJ2RMpmh1i39dHoRTwIIkUumddt1YvRSplBwCZndSTTEjI/YANqGhiwA7aV5dEZPjdKj/UiZFyLN1b8bKQu0Hge+mQwYDvWiNxH/89oJ9q+8VIRxghDyaVA/kRQjOimD9oQCjnJsCONKmL9SPmSKcTSV2XMxKEaP2ZJyznuZbcpyF6tZJo2Limv4nVuuXs9qK5JjckLOiEsuSZXckhqpE06eyDN5JW/Wi/VufVif09GCNds5JHOwvn8B3DCnCQ==</latexit>

⇢<latexit sha1_base64="XLt8ixYuGWCQ8XMvKJ/3If/IMHA=">AAACJ3icbVDLSgNBEOz1bXxFBS9eBoPgRdn1ojdFLx4jmAckIc5OenXI7IOZXiGu+zPeRP/Fm+jRz9CTk8SDSSwYKKq6u4byEyUNue6HMzU9Mzs3v7BYWFpeWV0rrm9UTZxqgRURq1jXfW5QyQgrJElhPdHIQ19hze+e9/3aHWoj4+iKegm2Qn4TyUAKTlZqF7ey5uBI5qsUc9Y0qW+Q8nax5B64A7BJ4v2S0slXEFwDQLld/G52YpGGGJFQ3JiG5ybUyrgmKRTmhWZqMOGiy2+wYWnEQzStbBCds12rdFgQa/siYgP170bGQ2N6oW8nQ063Ztzri/95jZSC41YmoyQljMQwKEgVo5j1y2AdqVGQ6lnChZb2r0zccs0F2coKIzEku/f5hLIvOnnBluWNVzNJqocHnuWXXun0DIZYgG3YgT3w4AhO4QLKUAEBD/AIz/DiPDmvzpvzPhydcn53NmEEzucPd4WpbQ==</latexit><latexit sha1_base64="kk7gcSrCHRzXyh0SU4nmtgQf8EA=">AAACJ3icbVC7SgNBFJ2NrxhfUcHGZjAINoZdG+0M2lhGMA9IQpid3E2GzD6YuSvEdX/GTvRf7ERLP0MrJ5sUJvHAwOGce+8ZjhtJodG2P63c0vLK6lp+vbCxubW9U9zdq+swVhxqPJSharpMgxQB1FCghGakgPmuhIY7vB77jXtQWoTBHY4i6PisHwhPcIZG6hYPknZ2JHFlDClt69jVgGm3WLLLdga6SJwpKV1+exmq3eJPuxfy2IcAuWRatxw7wk7CFAouIS20Yw0R40PWh5ahAfNBd5IsOqXHRulRL1TmBUgz9e9GwnytR75rJn2GAz3vjcX/vFaM3kUnEUEUIwR8EuTFkmJIx2XQnlDAUY4MYVwJ81fKB0wxjqaywkwMiuFDuqCc8l5aMGU589UskvpZ2TH81ilVrsgEeXJIjsgJccg5qZAbUiU1wskjeSIv5NV6tt6sd+tjMpqzpjv7ZAbW1y9JP6ql</latexit><latexit sha1_base64="kk7gcSrCHRzXyh0SU4nmtgQf8EA=">AAACJ3icbVC7SgNBFJ2NrxhfUcHGZjAINoZdG+0M2lhGMA9IQpid3E2GzD6YuSvEdX/GTvRf7ERLP0MrJ5sUJvHAwOGce+8ZjhtJodG2P63c0vLK6lp+vbCxubW9U9zdq+swVhxqPJSharpMgxQB1FCghGakgPmuhIY7vB77jXtQWoTBHY4i6PisHwhPcIZG6hYPknZ2JHFlDClt69jVgGm3WLLLdga6SJwpKV1+exmq3eJPuxfy2IcAuWRatxw7wk7CFAouIS20Yw0R40PWh5ahAfNBd5IsOqXHRulRL1TmBUgz9e9GwnytR75rJn2GAz3vjcX/vFaM3kUnEUEUIwR8EuTFkmJIx2XQnlDAUY4MYVwJ81fKB0wxjqaywkwMiuFDuqCc8l5aMGU589UskvpZ2TH81ilVrsgEeXJIjsgJccg5qZAbUiU1wskjeSIv5NV6tt6sd+tjMpqzpjv7ZAbW1y9JP6ql</latexit><latexit sha1_base64="erZ84k+mwAGvM+fZkFpM6PH8aj0=">AAACJ3icbVC7SgNBFJ2Nr7i+ooKNzWAQbAy7NloGbSwjmAckS5id3CRDZh/M3BXiuj9jJ/ovdqKlv2HlZJPCJB4YOJxz7z3D8WMpNDrOl1VYWV1b3yhu2lvbO7t7pf2Dho4SxaHOIxmpls80SBFCHQVKaMUKWOBLaPqjm4nffAClRRTe4zgGL2CDUPQFZ2ikbuko7eRHUl8mkNGOTnwNmHVLZafi5KDLxJ2RMpmh1i39dHoRTwIIkUumddt1YvRSplBwCZndSTTEjI/YANqGhiwA7aV5dEZPjdKj/UiZFyLN1b8bKQu0Hge+mQwYDvWiNxH/89oJ9q+8VIRxghDyaVA/kRQjOimD9oQCjnJsCONKmL9SPmSKcTSV2XMxKEaP2ZJyznuZbcpyF6tZJo2Limv4nVuuXs9qK5JjckLOiEsuSZXckhqpE06eyDN5JW/Wi/VufVif09GCNds5JHOwvn8B3DCnCQ==</latexit>

⇢<latexit sha1_base64="XLt8ixYuGWCQ8XMvKJ/3If/IMHA=">AAACJ3icbVDLSgNBEOz1bXxFBS9eBoPgRdn1ojdFLx4jmAckIc5OenXI7IOZXiGu+zPeRP/Fm+jRz9CTk8SDSSwYKKq6u4byEyUNue6HMzU9Mzs3v7BYWFpeWV0rrm9UTZxqgRURq1jXfW5QyQgrJElhPdHIQ19hze+e9/3aHWoj4+iKegm2Qn4TyUAKTlZqF7ey5uBI5qsUc9Y0qW+Q8nax5B64A7BJ4v2S0slXEFwDQLld/G52YpGGGJFQ3JiG5ybUyrgmKRTmhWZqMOGiy2+wYWnEQzStbBCds12rdFgQa/siYgP170bGQ2N6oW8nQ063Ztzri/95jZSC41YmoyQljMQwKEgVo5j1y2AdqVGQ6lnChZb2r0zccs0F2coKIzEku/f5hLIvOnnBluWNVzNJqocHnuWXXun0DIZYgG3YgT3w4AhO4QLKUAEBD/AIz/DiPDmvzpvzPhydcn53NmEEzucPd4WpbQ==</latexit><latexit sha1_base64="kk7gcSrCHRzXyh0SU4nmtgQf8EA=">AAACJ3icbVC7SgNBFJ2NrxhfUcHGZjAINoZdG+0M2lhGMA9IQpid3E2GzD6YuSvEdX/GTvRf7ERLP0MrJ5sUJvHAwOGce+8ZjhtJodG2P63c0vLK6lp+vbCxubW9U9zdq+swVhxqPJSharpMgxQB1FCghGakgPmuhIY7vB77jXtQWoTBHY4i6PisHwhPcIZG6hYPknZ2JHFlDClt69jVgGm3WLLLdga6SJwpKV1+exmq3eJPuxfy2IcAuWRatxw7wk7CFAouIS20Yw0R40PWh5ahAfNBd5IsOqXHRulRL1TmBUgz9e9GwnytR75rJn2GAz3vjcX/vFaM3kUnEUEUIwR8EuTFkmJIx2XQnlDAUY4MYVwJ81fKB0wxjqaywkwMiuFDuqCc8l5aMGU589UskvpZ2TH81ilVrsgEeXJIjsgJccg5qZAbUiU1wskjeSIv5NV6tt6sd+tjMpqzpjv7ZAbW1y9JP6ql</latexit><latexit sha1_base64="kk7gcSrCHRzXyh0SU4nmtgQf8EA=">AAACJ3icbVC7SgNBFJ2NrxhfUcHGZjAINoZdG+0M2lhGMA9IQpid3E2GzD6YuSvEdX/GTvRf7ERLP0MrJ5sUJvHAwOGce+8ZjhtJodG2P63c0vLK6lp+vbCxubW9U9zdq+swVhxqPJSharpMgxQB1FCghGakgPmuhIY7vB77jXtQWoTBHY4i6PisHwhPcIZG6hYPknZ2JHFlDClt69jVgGm3WLLLdga6SJwpKV1+exmq3eJPuxfy2IcAuWRatxw7wk7CFAouIS20Yw0R40PWh5ahAfNBd5IsOqXHRulRL1TmBUgz9e9GwnytR75rJn2GAz3vjcX/vFaM3kUnEUEUIwR8EuTFkmJIx2XQnlDAUY4MYVwJ81fKB0wxjqaywkwMiuFDuqCc8l5aMGU589UskvpZ2TH81ilVrsgEeXJIjsgJccg5qZAbUiU1wskjeSIv5NV6tt6sd+tjMpqzpjv7ZAbW1y9JP6ql</latexit><latexit sha1_base64="erZ84k+mwAGvM+fZkFpM6PH8aj0=">AAACJ3icbVC7SgNBFJ2Nr7i+ooKNzWAQbAy7NloGbSwjmAckS5id3CRDZh/M3BXiuj9jJ/ovdqKlv2HlZJPCJB4YOJxz7z3D8WMpNDrOl1VYWV1b3yhu2lvbO7t7pf2Dho4SxaHOIxmpls80SBFCHQVKaMUKWOBLaPqjm4nffAClRRTe4zgGL2CDUPQFZ2ikbuko7eRHUl8mkNGOTnwNmHVLZafi5KDLxJ2RMpmh1i39dHoRTwIIkUumddt1YvRSplBwCZndSTTEjI/YANqGhiwA7aV5dEZPjdKj/UiZFyLN1b8bKQu0Hge+mQwYDvWiNxH/89oJ9q+8VIRxghDyaVA/kRQjOimD9oQCjnJsCONKmL9SPmSKcTSV2XMxKEaP2ZJyznuZbcpyF6tZJo2Limv4nVuuXs9qK5JjckLOiEsuSZXckhqpE06eyDN5JW/Wi/VufVif09GCNds5JHOwvn8B3DCnCQ==</latexit> ⇢
<latexit sha1_base64="XLt8ixYuGWCQ8XMvKJ/3If/IMHA=">AAACJ3icbVDLSgNBEOz1bXxFBS9eBoPgRdn1ojdFLx4jmAckIc5OenXI7IOZXiGu+zPeRP/Fm+jRz9CTk8SDSSwYKKq6u4byEyUNue6HMzU9Mzs3v7BYWFpeWV0rrm9UTZxqgRURq1jXfW5QyQgrJElhPdHIQ19hze+e9/3aHWoj4+iKegm2Qn4TyUAKTlZqF7ey5uBI5qsUc9Y0qW+Q8nax5B64A7BJ4v2S0slXEFwDQLld/G52YpGGGJFQ3JiG5ybUyrgmKRTmhWZqMOGiy2+wYWnEQzStbBCds12rdFgQa/siYgP170bGQ2N6oW8nQ063Ztzri/95jZSC41YmoyQljMQwKEgVo5j1y2AdqVGQ6lnChZb2r0zccs0F2coKIzEku/f5hLIvOnnBluWNVzNJqocHnuWXXun0DIZYgG3YgT3w4AhO4QLKUAEBD/AIz/DiPDmvzpvzPhydcn53NmEEzucPd4WpbQ==</latexit> <latexit sha1_base64="kk7gcSrCHRzXyh0SU4nmtgQf8EA=">AAACJ3icbVC7SgNBFJ2NrxhfUcHGZjAINoZdG+0M2lhGMA9IQpid3E2GzD6YuSvEdX/GTvRf7ERLP0MrJ5sUJvHAwOGce+8ZjhtJodG2P63c0vLK6lp+vbCxubW9U9zdq+swVhxqPJSharpMgxQB1FCghGakgPmuhIY7vB77jXtQWoTBHY4i6PisHwhPcIZG6hYPknZ2JHFlDClt69jVgGm3WLLLdga6SJwpKV1+exmq3eJPuxfy2IcAuWRatxw7wk7CFAouIS20Yw0R40PWh5ahAfNBd5IsOqXHRulRL1TmBUgz9e9GwnytR75rJn2GAz3vjcX/vFaM3kUnEUEUIwR8EuTFkmJIx2XQnlDAUY4MYVwJ81fKB0wxjqaywkwMiuFDuqCc8l5aMGU589UskvpZ2TH81ilVrsgEeXJIjsgJccg5qZAbUiU1wskjeSIv5NV6tt6sd+tjMpqzpjv7ZAbW1y9JP6ql</latexit> <latexit sha1_base64="kk7gcSrCHRzXyh0SU4nmtgQf8EA=">AAACJ3icbVC7SgNBFJ2NrxhfUcHGZjAINoZdG+0M2lhGMA9IQpid3E2GzD6YuSvEdX/GTvRf7ERLP0MrJ5sUJvHAwOGce+8ZjhtJodG2P63c0vLK6lp+vbCxubW9U9zdq+swVhxqPJSharpMgxQB1FCghGakgPmuhIY7vB77jXtQWoTBHY4i6PisHwhPcIZG6hYPknZ2JHFlDClt69jVgGm3WLLLdga6SJwpKV1+exmq3eJPuxfy2IcAuWRatxw7wk7CFAouIS20Yw0R40PWh5ahAfNBd5IsOqXHRulRL1TmBUgz9e9GwnytR75rJn2GAz3vjcX/vFaM3kUnEUEUIwR8EuTFkmJIx2XQnlDAUY4MYVwJ81fKB0wxjqaywkwMiuFDuqCc8l5aMGU589UskvpZ2TH81ilVrsgEeXJIjsgJccg5qZAbUiU1wskjeSIv5NV6tt6sd+tjMpqzpjv7ZAbW1y9JP6ql</latexit> <latexit sha1_base64="erZ84k+mwAGvM+fZkFpM6PH8aj0=">AAACJ3icbVC7SgNBFJ2Nr7i+ooKNzWAQbAy7NloGbSwjmAckS5id3CRDZh/M3BXiuj9jJ/ovdqKlv2HlZJPCJB4YOJxz7z3D8WMpNDrOl1VYWV1b3yhu2lvbO7t7pf2Dho4SxaHOIxmpls80SBFCHQVKaMUKWOBLaPqjm4nffAClRRTe4zgGL2CDUPQFZ2ikbuko7eRHUl8mkNGOTnwNmHVLZafi5KDLxJ2RMpmh1i39dHoRTwIIkUumddt1YvRSplBwCZndSTTEjI/YANqGhiwA7aV5dEZPjdKj/UiZFyLN1b8bKQu0Hge+mQwYDvWiNxH/89oJ9q+8VIRxghDyaVA/kRQjOimD9oQCjnJsCONKmL9SPmSKcTSV2XMxKEaP2ZJyznuZbcpyF6tZJo2Limv4nVuuXs9qK5JjckLOiEsuSZXckhqpE06eyDN5JW/Wi/VufVif09GCNds5JHOwvn8B3DCnCQ==</latexit>

• Turaev-Viro type construction
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Invariants of 4-manifolds

finite group
[Dijkgraaf-Witten, ’90]

2-group
[Yetter, ’93]

premodular category
[Crane-Yetter, ’93]

-crossed braided fusion 
category      [C-, ’16]

G
<latexit sha1_base64="9IQBYwo2muA5aqY7Gc78u11H1x0=">AAACEHicbZC7SgNBFIbPxltcb1FLm8Eg2Bh2bbQRgxZaJmAukCxhdnaSDJmdXWZmhbgs2NuJvoudWAm+ga9i5eRSmMQfBj7+cw7nzO/HnCntON9Wbml5ZXUtv25vbG5t7xR29+oqSiShNRLxSDZ9rChngtY005w2Y0lx6HPa8AfXo3rjnkrFInGnhzH1QtwTrMsI1saq3nQKRafkjIUWwZ1C8fLTvngEgEqn8NMOIpKEVGjCsVIt14m1l2KpGeE0s9uJojEmA9yjLYMCh1R56fjQDB0ZJ0DdSJonNBq7fydSHCo1DH3TGWLdV/O1kflfrZXo7rmXMhEnmgoyWdRNONIRGv0aBUxSovnQACaSmVsR6WOJiTbZ2DNrNBs8ZAvOCQky24TlzkezCPXTkmu46hbLVzBRHg7gEI7BhTMowy1UoAYEKDzBC7xaz9ab9W59TFpz1nRmH2Zkff0C1jye9Q==</latexit><latexit sha1_base64="WbqIvZlnyyu/qTIQ3HzCL7MlaKY=">AAACEHicbZDLSsNAFIYnXmu8VV26GSyCG0viRjdi0YUuW7AXaEOZTCbt0MkkzJwINfQJ3Ik+gS/hTlwJvoD4Kq6cXha29YeBj/+cwznz+4ngGhzn21pYXFpeWc2t2esbm1vb+Z3dmo5TRVmVxiJWDZ9oJrhkVeAgWCNRjES+YHW/dzWs1++Y0jyWt9BPmBeRjuQhpwSMVblu5wtO0RkJz4M7gcLFh32evHzZ5Xb+pxXENI2YBCqI1k3XScDLiAJOBRvYrVSzhNAe6bCmQUkipr1sdOgAHxonwGGszJOAR+7fiYxEWvcj33RGBLp6tjY0/6s1UwjPvIzLJAUm6XhRmAoMMR7+GgdcMQqib4BQxc2tmHaJIhRMNvbUGuC9+8Gcc0yDgW3CcmejmYfaSdE1XHELpUs0Vg7towN0hFx0ikroBpVRFVHE0AN6Qs/Wo/VqvVnv49YFazKzh6Zkff4CAfqgaQ==</latexit><latexit sha1_base64="WbqIvZlnyyu/qTIQ3HzCL7MlaKY=">AAACEHicbZDLSsNAFIYnXmu8VV26GSyCG0viRjdi0YUuW7AXaEOZTCbt0MkkzJwINfQJ3Ik+gS/hTlwJvoD4Kq6cXha29YeBj/+cwznz+4ngGhzn21pYXFpeWc2t2esbm1vb+Z3dmo5TRVmVxiJWDZ9oJrhkVeAgWCNRjES+YHW/dzWs1++Y0jyWt9BPmBeRjuQhpwSMVblu5wtO0RkJz4M7gcLFh32evHzZ5Xb+pxXENI2YBCqI1k3XScDLiAJOBRvYrVSzhNAe6bCmQUkipr1sdOgAHxonwGGszJOAR+7fiYxEWvcj33RGBLp6tjY0/6s1UwjPvIzLJAUm6XhRmAoMMR7+GgdcMQqib4BQxc2tmHaJIhRMNvbUGuC9+8Gcc0yDgW3CcmejmYfaSdE1XHELpUs0Vg7towN0hFx0ikroBpVRFVHE0AN6Qs/Wo/VqvVnv49YFazKzh6Zkff4CAfqgaQ==</latexit><latexit sha1_base64="qz6Q2Ox7e9ERdlAyWb8DRYhSJP8=">AAACEHicbZC7TsMwFIadcivhVmBksaiQWKgSFhgrGGBsJXqR2qhynJPWquNEtoNUojwBG4J3YUOsvAGvwoTbZqAtv2Tp03/O0Tn+/YQzpR3n2yqtrW9sbpW37Z3dvf2DyuFRW8WppNCiMY9l1ycKOBPQ0kxz6CYSSORz6Pjj22m98whSsVg86EkCXkSGgoWMEm2s5t2gUnVqzkx4FdwCqqhQY1D56QcxTSMQmnKiVM91Eu1lRGpGOeR2P1WQEDomQ+gZFCQC5WWzQ3N8ZpwAh7E0T2g8c/9OZCRSahL5pjMieqSWa1Pzv1ov1eG1lzGRpBoEnS8KU451jKe/xgGTQDWfGCBUMnMrpiMiCdUmG3thjWbjp3zFuaBBbpuw3OVoVqF9WXMNN91q/aaIrYxO0Ck6Ry66QnV0jxqohSgC9Ixe0Zv1Yr1bH9bnvLVkFTPHaEHW1y8e/J0o</latexit>

spherical fusion 2-category
[Douglous-Reutter, ’18]

• Kashaev invariant based on 
cyclic groups,          
[Kashaev, ’14 ]                      

• Dichromatic invariant based 
on pivotal functors,               
[Barenz, Barrett, ’17 ]

• etc

⇢
<latexit sha1_base64="XLt8ixYuGWCQ8XMvKJ/3If/IMHA=">AAACJ3icbVDLSgNBEOz1bXxFBS9eBoPgRdn1ojdFLx4jmAckIc5OenXI7IOZXiGu+zPeRP/Fm+jRz9CTk8SDSSwYKKq6u4byEyUNue6HMzU9Mzs3v7BYWFpeWV0rrm9UTZxqgRURq1jXfW5QyQgrJElhPdHIQ19hze+e9/3aHWoj4+iKegm2Qn4TyUAKTlZqF7ey5uBI5qsUc9Y0qW+Q8nax5B64A7BJ4v2S0slXEFwDQLld/G52YpGGGJFQ3JiG5ybUyrgmKRTmhWZqMOGiy2+wYWnEQzStbBCds12rdFgQa/siYgP170bGQ2N6oW8nQ063Ztzri/95jZSC41YmoyQljMQwKEgVo5j1y2AdqVGQ6lnChZb2r0zccs0F2coKIzEku/f5hLIvOnnBluWNVzNJqocHnuWXXun0DIZYgG3YgT3w4AhO4QLKUAEBD/AIz/DiPDmvzpvzPhydcn53NmEEzucPd4WpbQ==</latexit> <latexit sha1_base64="kk7gcSrCHRzXyh0SU4nmtgQf8EA=">AAACJ3icbVC7SgNBFJ2NrxhfUcHGZjAINoZdG+0M2lhGMA9IQpid3E2GzD6YuSvEdX/GTvRf7ERLP0MrJ5sUJvHAwOGce+8ZjhtJodG2P63c0vLK6lp+vbCxubW9U9zdq+swVhxqPJSharpMgxQB1FCghGakgPmuhIY7vB77jXtQWoTBHY4i6PisHwhPcIZG6hYPknZ2JHFlDClt69jVgGm3WLLLdga6SJwpKV1+exmq3eJPuxfy2IcAuWRatxw7wk7CFAouIS20Yw0R40PWh5ahAfNBd5IsOqXHRulRL1TmBUgz9e9GwnytR75rJn2GAz3vjcX/vFaM3kUnEUEUIwR8EuTFkmJIx2XQnlDAUY4MYVwJ81fKB0wxjqaywkwMiuFDuqCc8l5aMGU589UskvpZ2TH81ilVrsgEeXJIjsgJccg5qZAbUiU1wskjeSIv5NV6tt6sd+tjMpqzpjv7ZAbW1y9JP6ql</latexit> <latexit sha1_base64="kk7gcSrCHRzXyh0SU4nmtgQf8EA=">AAACJ3icbVC7SgNBFJ2NrxhfUcHGZjAINoZdG+0M2lhGMA9IQpid3E2GzD6YuSvEdX/GTvRf7ERLP0MrJ5sUJvHAwOGce+8ZjhtJodG2P63c0vLK6lp+vbCxubW9U9zdq+swVhxqPJSharpMgxQB1FCghGakgPmuhIY7vB77jXtQWoTBHY4i6PisHwhPcIZG6hYPknZ2JHFlDClt69jVgGm3WLLLdga6SJwpKV1+exmq3eJPuxfy2IcAuWRatxw7wk7CFAouIS20Yw0R40PWh5ahAfNBd5IsOqXHRulRL1TmBUgz9e9GwnytR75rJn2GAz3vjcX/vFaM3kUnEUEUIwR8EuTFkmJIx2XQnlDAUY4MYVwJ81fKB0wxjqaywkwMiuFDuqCc8l5aMGU589UskvpZ2TH81ilVrsgEeXJIjsgJccg5qZAbUiU1wskjeSIv5NV6tt6sd+tjMpqzpjv7ZAbW1y9JP6ql</latexit> <latexit sha1_base64="erZ84k+mwAGvM+fZkFpM6PH8aj0=">AAACJ3icbVC7SgNBFJ2Nr7i+ooKNzWAQbAy7NloGbSwjmAckS5id3CRDZh/M3BXiuj9jJ/ovdqKlv2HlZJPCJB4YOJxz7z3D8WMpNDrOl1VYWV1b3yhu2lvbO7t7pf2Dho4SxaHOIxmpls80SBFCHQVKaMUKWOBLaPqjm4nffAClRRTe4zgGL2CDUPQFZ2ikbuko7eRHUl8mkNGOTnwNmHVLZafi5KDLxJ2RMpmh1i39dHoRTwIIkUumddt1YvRSplBwCZndSTTEjI/YANqGhiwA7aV5dEZPjdKj/UiZFyLN1b8bKQu0Hge+mQwYDvWiNxH/89oJ9q+8VIRxghDyaVA/kRQjOimD9oQCjnJsCONKmL9SPmSKcTSV2XMxKEaP2ZJyznuZbcpyF6tZJo2Limv4nVuuXs9qK5JjckLOiEsuSZXckhqpE06eyDN5JW/Wi/VufVif09GCNds5JHOwvn8B3DCnCQ==</latexit>

⇢
<latexit sha1_base64="XLt8ixYuGWCQ8XMvKJ/3If/IMHA=">AAACJ3icbVDLSgNBEOz1bXxFBS9eBoPgRdn1ojdFLx4jmAckIc5OenXI7IOZXiGu+zPeRP/Fm+jRz9CTk8SDSSwYKKq6u4byEyUNue6HMzU9Mzs3v7BYWFpeWV0rrm9UTZxqgRURq1jXfW5QyQgrJElhPdHIQ19hze+e9/3aHWoj4+iKegm2Qn4TyUAKTlZqF7ey5uBI5qsUc9Y0qW+Q8nax5B64A7BJ4v2S0slXEFwDQLld/G52YpGGGJFQ3JiG5ybUyrgmKRTmhWZqMOGiy2+wYWnEQzStbBCds12rdFgQa/siYgP170bGQ2N6oW8nQ063Ztzri/95jZSC41YmoyQljMQwKEgVo5j1y2AdqVGQ6lnChZb2r0zccs0F2coKIzEku/f5hLIvOnnBluWNVzNJqocHnuWXXun0DIZYgG3YgT3w4AhO4QLKUAEBD/AIz/DiPDmvzpvzPhydcn53NmEEzucPd4WpbQ==</latexit><latexit sha1_base64="kk7gcSrCHRzXyh0SU4nmtgQf8EA=">AAACJ3icbVC7SgNBFJ2NrxhfUcHGZjAINoZdG+0M2lhGMA9IQpid3E2GzD6YuSvEdX/GTvRf7ERLP0MrJ5sUJvHAwOGce+8ZjhtJodG2P63c0vLK6lp+vbCxubW9U9zdq+swVhxqPJSharpMgxQB1FCghGakgPmuhIY7vB77jXtQWoTBHY4i6PisHwhPcIZG6hYPknZ2JHFlDClt69jVgGm3WLLLdga6SJwpKV1+exmq3eJPuxfy2IcAuWRatxw7wk7CFAouIS20Yw0R40PWh5ahAfNBd5IsOqXHRulRL1TmBUgz9e9GwnytR75rJn2GAz3vjcX/vFaM3kUnEUEUIwR8EuTFkmJIx2XQnlDAUY4MYVwJ81fKB0wxjqaywkwMiuFDuqCc8l5aMGU589UskvpZ2TH81ilVrsgEeXJIjsgJccg5qZAbUiU1wskjeSIv5NV6tt6sd+tjMpqzpjv7ZAbW1y9JP6ql</latexit><latexit sha1_base64="kk7gcSrCHRzXyh0SU4nmtgQf8EA=">AAACJ3icbVC7SgNBFJ2NrxhfUcHGZjAINoZdG+0M2lhGMA9IQpid3E2GzD6YuSvEdX/GTvRf7ERLP0MrJ5sUJvHAwOGce+8ZjhtJodG2P63c0vLK6lp+vbCxubW9U9zdq+swVhxqPJSharpMgxQB1FCghGakgPmuhIY7vB77jXtQWoTBHY4i6PisHwhPcIZG6hYPknZ2JHFlDClt69jVgGm3WLLLdga6SJwpKV1+exmq3eJPuxfy2IcAuWRatxw7wk7CFAouIS20Yw0R40PWh5ahAfNBd5IsOqXHRulRL1TmBUgz9e9GwnytR75rJn2GAz3vjcX/vFaM3kUnEUEUIwR8EuTFkmJIx2XQnlDAUY4MYVwJ81fKB0wxjqaywkwMiuFDuqCc8l5aMGU589UskvpZ2TH81ilVrsgEeXJIjsgJccg5qZAbUiU1wskjeSIv5NV6tt6sd+tjMpqzpjv7ZAbW1y9JP6ql</latexit><latexit sha1_base64="erZ84k+mwAGvM+fZkFpM6PH8aj0=">AAACJ3icbVC7SgNBFJ2Nr7i+ooKNzWAQbAy7NloGbSwjmAckS5id3CRDZh/M3BXiuj9jJ/ovdqKlv2HlZJPCJB4YOJxz7z3D8WMpNDrOl1VYWV1b3yhu2lvbO7t7pf2Dho4SxaHOIxmpls80SBFCHQVKaMUKWOBLaPqjm4nffAClRRTe4zgGL2CDUPQFZ2ikbuko7eRHUl8mkNGOTnwNmHVLZafi5KDLxJ2RMpmh1i39dHoRTwIIkUumddt1YvRSplBwCZndSTTEjI/YANqGhiwA7aV5dEZPjdKj/UiZFyLN1b8bKQu0Hge+mQwYDvWiNxH/89oJ9q+8VIRxghDyaVA/kRQjOimD9oQCjnJsCONKmL9SPmSKcTSV2XMxKEaP2ZJyznuZbcpyF6tZJo2Limv4nVuuXs9qK5JjckLOiEsuSZXckhqpE06eyDN5JW/Wi/VufVif09GCNds5JHOwvn8B3DCnCQ==</latexit>

⇢<latexit sha1_base64="XLt8ixYuGWCQ8XMvKJ/3If/IMHA=">AAACJ3icbVDLSgNBEOz1bXxFBS9eBoPgRdn1ojdFLx4jmAckIc5OenXI7IOZXiGu+zPeRP/Fm+jRz9CTk8SDSSwYKKq6u4byEyUNue6HMzU9Mzs3v7BYWFpeWV0rrm9UTZxqgRURq1jXfW5QyQgrJElhPdHIQ19hze+e9/3aHWoj4+iKegm2Qn4TyUAKTlZqF7ey5uBI5qsUc9Y0qW+Q8nax5B64A7BJ4v2S0slXEFwDQLld/G52YpGGGJFQ3JiG5ybUyrgmKRTmhWZqMOGiy2+wYWnEQzStbBCds12rdFgQa/siYgP170bGQ2N6oW8nQ063Ztzri/95jZSC41YmoyQljMQwKEgVo5j1y2AdqVGQ6lnChZb2r0zccs0F2coKIzEku/f5hLIvOnnBluWNVzNJqocHnuWXXun0DIZYgG3YgT3w4AhO4QLKUAEBD/AIz/DiPDmvzpvzPhydcn53NmEEzucPd4WpbQ==</latexit><latexit sha1_base64="kk7gcSrCHRzXyh0SU4nmtgQf8EA=">AAACJ3icbVC7SgNBFJ2NrxhfUcHGZjAINoZdG+0M2lhGMA9IQpid3E2GzD6YuSvEdX/GTvRf7ERLP0MrJ5sUJvHAwOGce+8ZjhtJodG2P63c0vLK6lp+vbCxubW9U9zdq+swVhxqPJSharpMgxQB1FCghGakgPmuhIY7vB77jXtQWoTBHY4i6PisHwhPcIZG6hYPknZ2JHFlDClt69jVgGm3WLLLdga6SJwpKV1+exmq3eJPuxfy2IcAuWRatxw7wk7CFAouIS20Yw0R40PWh5ahAfNBd5IsOqXHRulRL1TmBUgz9e9GwnytR75rJn2GAz3vjcX/vFaM3kUnEUEUIwR8EuTFkmJIx2XQnlDAUY4MYVwJ81fKB0wxjqaywkwMiuFDuqCc8l5aMGU589UskvpZ2TH81ilVrsgEeXJIjsgJccg5qZAbUiU1wskjeSIv5NV6tt6sd+tjMpqzpjv7ZAbW1y9JP6ql</latexit><latexit sha1_base64="kk7gcSrCHRzXyh0SU4nmtgQf8EA=">AAACJ3icbVC7SgNBFJ2NrxhfUcHGZjAINoZdG+0M2lhGMA9IQpid3E2GzD6YuSvEdX/GTvRf7ERLP0MrJ5sUJvHAwOGce+8ZjhtJodG2P63c0vLK6lp+vbCxubW9U9zdq+swVhxqPJSharpMgxQB1FCghGakgPmuhIY7vB77jXtQWoTBHY4i6PisHwhPcIZG6hYPknZ2JHFlDClt69jVgGm3WLLLdga6SJwpKV1+exmq3eJPuxfy2IcAuWRatxw7wk7CFAouIS20Yw0R40PWh5ahAfNBd5IsOqXHRulRL1TmBUgz9e9GwnytR75rJn2GAz3vjcX/vFaM3kUnEUEUIwR8EuTFkmJIx2XQnlDAUY4MYVwJ81fKB0wxjqaywkwMiuFDuqCc8l5aMGU589UskvpZ2TH81ilVrsgEeXJIjsgJccg5qZAbUiU1wskjeSIv5NV6tt6sd+tjMpqzpjv7ZAbW1y9JP6ql</latexit><latexit sha1_base64="erZ84k+mwAGvM+fZkFpM6PH8aj0=">AAACJ3icbVC7SgNBFJ2Nr7i+ooKNzWAQbAy7NloGbSwjmAckS5id3CRDZh/M3BXiuj9jJ/ovdqKlv2HlZJPCJB4YOJxz7z3D8WMpNDrOl1VYWV1b3yhu2lvbO7t7pf2Dho4SxaHOIxmpls80SBFCHQVKaMUKWOBLaPqjm4nffAClRRTe4zgGL2CDUPQFZ2ikbuko7eRHUl8mkNGOTnwNmHVLZafi5KDLxJ2RMpmh1i39dHoRTwIIkUumddt1YvRSplBwCZndSTTEjI/YANqGhiwA7aV5dEZPjdKj/UiZFyLN1b8bKQu0Hge+mQwYDvWiNxH/89oJ9q+8VIRxghDyaVA/kRQjOimD9oQCjnJsCONKmL9SPmSKcTSV2XMxKEaP2ZJyznuZbcpyF6tZJo2Limv4nVuuXs9qK5JjckLOiEsuSZXckhqpE06eyDN5JW/Wi/VufVif09GCNds5JHOwvn8B3DCnCQ==</latexit>

⇢<latexit sha1_base64="XLt8ixYuGWCQ8XMvKJ/3If/IMHA=">AAACJ3icbVDLSgNBEOz1bXxFBS9eBoPgRdn1ojdFLx4jmAckIc5OenXI7IOZXiGu+zPeRP/Fm+jRz9CTk8SDSSwYKKq6u4byEyUNue6HMzU9Mzs3v7BYWFpeWV0rrm9UTZxqgRURq1jXfW5QyQgrJElhPdHIQ19hze+e9/3aHWoj4+iKegm2Qn4TyUAKTlZqF7ey5uBI5qsUc9Y0qW+Q8nax5B64A7BJ4v2S0slXEFwDQLld/G52YpGGGJFQ3JiG5ybUyrgmKRTmhWZqMOGiy2+wYWnEQzStbBCds12rdFgQa/siYgP170bGQ2N6oW8nQ063Ztzri/95jZSC41YmoyQljMQwKEgVo5j1y2AdqVGQ6lnChZb2r0zccs0F2coKIzEku/f5hLIvOnnBluWNVzNJqocHnuWXXun0DIZYgG3YgT3w4AhO4QLKUAEBD/AIz/DiPDmvzpvzPhydcn53NmEEzucPd4WpbQ==</latexit><latexit sha1_base64="kk7gcSrCHRzXyh0SU4nmtgQf8EA=">AAACJ3icbVC7SgNBFJ2NrxhfUcHGZjAINoZdG+0M2lhGMA9IQpid3E2GzD6YuSvEdX/GTvRf7ERLP0MrJ5sUJvHAwOGce+8ZjhtJodG2P63c0vLK6lp+vbCxubW9U9zdq+swVhxqPJSharpMgxQB1FCghGakgPmuhIY7vB77jXtQWoTBHY4i6PisHwhPcIZG6hYPknZ2JHFlDClt69jVgGm3WLLLdga6SJwpKV1+exmq3eJPuxfy2IcAuWRatxw7wk7CFAouIS20Yw0R40PWh5ahAfNBd5IsOqXHRulRL1TmBUgz9e9GwnytR75rJn2GAz3vjcX/vFaM3kUnEUEUIwR8EuTFkmJIx2XQnlDAUY4MYVwJ81fKB0wxjqaywkwMiuFDuqCc8l5aMGU589UskvpZ2TH81ilVrsgEeXJIjsgJccg5qZAbUiU1wskjeSIv5NV6tt6sd+tjMpqzpjv7ZAbW1y9JP6ql</latexit><latexit sha1_base64="kk7gcSrCHRzXyh0SU4nmtgQf8EA=">AAACJ3icbVC7SgNBFJ2NrxhfUcHGZjAINoZdG+0M2lhGMA9IQpid3E2GzD6YuSvEdX/GTvRf7ERLP0MrJ5sUJvHAwOGce+8ZjhtJodG2P63c0vLK6lp+vbCxubW9U9zdq+swVhxqPJSharpMgxQB1FCghGakgPmuhIY7vB77jXtQWoTBHY4i6PisHwhPcIZG6hYPknZ2JHFlDClt69jVgGm3WLLLdga6SJwpKV1+exmq3eJPuxfy2IcAuWRatxw7wk7CFAouIS20Yw0R40PWh5ahAfNBd5IsOqXHRulRL1TmBUgz9e9GwnytR75rJn2GAz3vjcX/vFaM3kUnEUEUIwR8EuTFkmJIx2XQnlDAUY4MYVwJ81fKB0wxjqaywkwMiuFDuqCc8l5aMGU589UskvpZ2TH81ilVrsgEeXJIjsgJccg5qZAbUiU1wskjeSIv5NV6tt6sd+tjMpqzpjv7ZAbW1y9JP6ql</latexit><latexit sha1_base64="erZ84k+mwAGvM+fZkFpM6PH8aj0=">AAACJ3icbVC7SgNBFJ2Nr7i+ooKNzWAQbAy7NloGbSwjmAckS5id3CRDZh/M3BXiuj9jJ/ovdqKlv2HlZJPCJB4YOJxz7z3D8WMpNDrOl1VYWV1b3yhu2lvbO7t7pf2Dho4SxaHOIxmpls80SBFCHQVKaMUKWOBLaPqjm4nffAClRRTe4zgGL2CDUPQFZ2ikbuko7eRHUl8mkNGOTnwNmHVLZafi5KDLxJ2RMpmh1i39dHoRTwIIkUumddt1YvRSplBwCZndSTTEjI/YANqGhiwA7aV5dEZPjdKj/UiZFyLN1b8bKQu0Hge+mQwYDvWiNxH/89oJ9q+8VIRxghDyaVA/kRQjOimD9oQCjnJsCONKmL9SPmSKcTSV2XMxKEaP2ZJyznuZbcpyF6tZJo2Limv4nVuuXs9qK5JjckLOiEsuSZXckhqpE06eyDN5JW/Wi/VufVif09GCNds5JHOwvn8B3DCnCQ==</latexit> ⇢
<latexit sha1_base64="XLt8ixYuGWCQ8XMvKJ/3If/IMHA=">AAACJ3icbVDLSgNBEOz1bXxFBS9eBoPgRdn1ojdFLx4jmAckIc5OenXI7IOZXiGu+zPeRP/Fm+jRz9CTk8SDSSwYKKq6u4byEyUNue6HMzU9Mzs3v7BYWFpeWV0rrm9UTZxqgRURq1jXfW5QyQgrJElhPdHIQ19hze+e9/3aHWoj4+iKegm2Qn4TyUAKTlZqF7ey5uBI5qsUc9Y0qW+Q8nax5B64A7BJ4v2S0slXEFwDQLld/G52YpGGGJFQ3JiG5ybUyrgmKRTmhWZqMOGiy2+wYWnEQzStbBCds12rdFgQa/siYgP170bGQ2N6oW8nQ063Ztzri/95jZSC41YmoyQljMQwKEgVo5j1y2AdqVGQ6lnChZb2r0zccs0F2coKIzEku/f5hLIvOnnBluWNVzNJqocHnuWXXun0DIZYgG3YgT3w4AhO4QLKUAEBD/AIz/DiPDmvzpvzPhydcn53NmEEzucPd4WpbQ==</latexit> <latexit sha1_base64="kk7gcSrCHRzXyh0SU4nmtgQf8EA=">AAACJ3icbVC7SgNBFJ2NrxhfUcHGZjAINoZdG+0M2lhGMA9IQpid3E2GzD6YuSvEdX/GTvRf7ERLP0MrJ5sUJvHAwOGce+8ZjhtJodG2P63c0vLK6lp+vbCxubW9U9zdq+swVhxqPJSharpMgxQB1FCghGakgPmuhIY7vB77jXtQWoTBHY4i6PisHwhPcIZG6hYPknZ2JHFlDClt69jVgGm3WLLLdga6SJwpKV1+exmq3eJPuxfy2IcAuWRatxw7wk7CFAouIS20Yw0R40PWh5ahAfNBd5IsOqXHRulRL1TmBUgz9e9GwnytR75rJn2GAz3vjcX/vFaM3kUnEUEUIwR8EuTFkmJIx2XQnlDAUY4MYVwJ81fKB0wxjqaywkwMiuFDuqCc8l5aMGU589UskvpZ2TH81ilVrsgEeXJIjsgJccg5qZAbUiU1wskjeSIv5NV6tt6sd+tjMpqzpjv7ZAbW1y9JP6ql</latexit> <latexit sha1_base64="kk7gcSrCHRzXyh0SU4nmtgQf8EA=">AAACJ3icbVC7SgNBFJ2NrxhfUcHGZjAINoZdG+0M2lhGMA9IQpid3E2GzD6YuSvEdX/GTvRf7ERLP0MrJ5sUJvHAwOGce+8ZjhtJodG2P63c0vLK6lp+vbCxubW9U9zdq+swVhxqPJSharpMgxQB1FCghGakgPmuhIY7vB77jXtQWoTBHY4i6PisHwhPcIZG6hYPknZ2JHFlDClt69jVgGm3WLLLdga6SJwpKV1+exmq3eJPuxfy2IcAuWRatxw7wk7CFAouIS20Yw0R40PWh5ahAfNBd5IsOqXHRulRL1TmBUgz9e9GwnytR75rJn2GAz3vjcX/vFaM3kUnEUEUIwR8EuTFkmJIx2XQnlDAUY4MYVwJ81fKB0wxjqaywkwMiuFDuqCc8l5aMGU589UskvpZ2TH81ilVrsgEeXJIjsgJccg5qZAbUiU1wskjeSIv5NV6tt6sd+tjMpqzpjv7ZAbW1y9JP6ql</latexit> <latexit sha1_base64="erZ84k+mwAGvM+fZkFpM6PH8aj0=">AAACJ3icbVC7SgNBFJ2Nr7i+ooKNzWAQbAy7NloGbSwjmAckS5id3CRDZh/M3BXiuj9jJ/ovdqKlv2HlZJPCJB4YOJxz7z3D8WMpNDrOl1VYWV1b3yhu2lvbO7t7pf2Dho4SxaHOIxmpls80SBFCHQVKaMUKWOBLaPqjm4nffAClRRTe4zgGL2CDUPQFZ2ikbuko7eRHUl8mkNGOTnwNmHVLZafi5KDLxJ2RMpmh1i39dHoRTwIIkUumddt1YvRSplBwCZndSTTEjI/YANqGhiwA7aV5dEZPjdKj/UiZFyLN1b8bKQu0Hge+mQwYDvWiNxH/89oJ9q+8VIRxghDyaVA/kRQjOimD9oQCjnJsCONKmL9SPmSKcTSV2XMxKEaP2ZJyznuZbcpyF6tZJo2Limv4nVuuXs9qK5JjckLOiEsuSZXckhqpE06eyDN5JW/Wi/VufVif09GCNds5JHOwvn8B3DCnCQ==</latexit>

• Turaev-Viro type construction

Conjecturally homotopy invariants⟹

⟹
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Invariants of 4-manifolds

finite group
[Dijkgraaf-Witten, ’90]

2-group
[Yetter, ’93]

premodular category
[Crane-Yetter, ’93]

-crossed braided fusion 
category      [C-, ’16]

G
<latexit sha1_base64="9IQBYwo2muA5aqY7Gc78u11H1x0=">AAACEHicbZC7SgNBFIbPxltcb1FLm8Eg2Bh2bbQRgxZaJmAukCxhdnaSDJmdXWZmhbgs2NuJvoudWAm+ga9i5eRSmMQfBj7+cw7nzO/HnCntON9Wbml5ZXUtv25vbG5t7xR29+oqSiShNRLxSDZ9rChngtY005w2Y0lx6HPa8AfXo3rjnkrFInGnhzH1QtwTrMsI1saq3nQKRafkjIUWwZ1C8fLTvngEgEqn8NMOIpKEVGjCsVIt14m1l2KpGeE0s9uJojEmA9yjLYMCh1R56fjQDB0ZJ0DdSJonNBq7fydSHCo1DH3TGWLdV/O1kflfrZXo7rmXMhEnmgoyWdRNONIRGv0aBUxSovnQACaSmVsR6WOJiTbZ2DNrNBs8ZAvOCQky24TlzkezCPXTkmu46hbLVzBRHg7gEI7BhTMowy1UoAYEKDzBC7xaz9ab9W59TFpz1nRmH2Zkff0C1jye9Q==</latexit><latexit sha1_base64="WbqIvZlnyyu/qTIQ3HzCL7MlaKY=">AAACEHicbZDLSsNAFIYnXmu8VV26GSyCG0viRjdi0YUuW7AXaEOZTCbt0MkkzJwINfQJ3Ik+gS/hTlwJvoD4Kq6cXha29YeBj/+cwznz+4ngGhzn21pYXFpeWc2t2esbm1vb+Z3dmo5TRVmVxiJWDZ9oJrhkVeAgWCNRjES+YHW/dzWs1++Y0jyWt9BPmBeRjuQhpwSMVblu5wtO0RkJz4M7gcLFh32evHzZ5Xb+pxXENI2YBCqI1k3XScDLiAJOBRvYrVSzhNAe6bCmQUkipr1sdOgAHxonwGGszJOAR+7fiYxEWvcj33RGBLp6tjY0/6s1UwjPvIzLJAUm6XhRmAoMMR7+GgdcMQqib4BQxc2tmHaJIhRMNvbUGuC9+8Gcc0yDgW3CcmejmYfaSdE1XHELpUs0Vg7towN0hFx0ikroBpVRFVHE0AN6Qs/Wo/VqvVnv49YFazKzh6Zkff4CAfqgaQ==</latexit><latexit sha1_base64="WbqIvZlnyyu/qTIQ3HzCL7MlaKY=">AAACEHicbZDLSsNAFIYnXmu8VV26GSyCG0viRjdi0YUuW7AXaEOZTCbt0MkkzJwINfQJ3Ik+gS/hTlwJvoD4Kq6cXha29YeBj/+cwznz+4ngGhzn21pYXFpeWc2t2esbm1vb+Z3dmo5TRVmVxiJWDZ9oJrhkVeAgWCNRjES+YHW/dzWs1++Y0jyWt9BPmBeRjuQhpwSMVblu5wtO0RkJz4M7gcLFh32evHzZ5Xb+pxXENI2YBCqI1k3XScDLiAJOBRvYrVSzhNAe6bCmQUkipr1sdOgAHxonwGGszJOAR+7fiYxEWvcj33RGBLp6tjY0/6s1UwjPvIzLJAUm6XhRmAoMMR7+GgdcMQqib4BQxc2tmHaJIhRMNvbUGuC9+8Gcc0yDgW3CcmejmYfaSdE1XHELpUs0Vg7towN0hFx0ikroBpVRFVHE0AN6Qs/Wo/VqvVnv49YFazKzh6Zkff4CAfqgaQ==</latexit><latexit sha1_base64="qz6Q2Ox7e9ERdlAyWb8DRYhSJP8=">AAACEHicbZC7TsMwFIadcivhVmBksaiQWKgSFhgrGGBsJXqR2qhynJPWquNEtoNUojwBG4J3YUOsvAGvwoTbZqAtv2Tp03/O0Tn+/YQzpR3n2yqtrW9sbpW37Z3dvf2DyuFRW8WppNCiMY9l1ycKOBPQ0kxz6CYSSORz6Pjj22m98whSsVg86EkCXkSGgoWMEm2s5t2gUnVqzkx4FdwCqqhQY1D56QcxTSMQmnKiVM91Eu1lRGpGOeR2P1WQEDomQ+gZFCQC5WWzQ3N8ZpwAh7E0T2g8c/9OZCRSahL5pjMieqSWa1Pzv1ov1eG1lzGRpBoEnS8KU451jKe/xgGTQDWfGCBUMnMrpiMiCdUmG3thjWbjp3zFuaBBbpuw3OVoVqF9WXMNN91q/aaIrYxO0Ck6Ry66QnV0jxqohSgC9Ixe0Zv1Yr1bH9bnvLVkFTPHaEHW1y8e/J0o</latexit>

spherical fusion 2-category
[Douglous-Reutter, ’18]

• Kashaev invariant based on 
cyclic groups,          
[Kashaev, ’14 ]                      

• Dichromatic invariant based 
on pivotal functors,               
[Barenz, Barrett, ’17 ]

• etc

⇢
<latexit sha1_base64="XLt8ixYuGWCQ8XMvKJ/3If/IMHA=">AAACJ3icbVDLSgNBEOz1bXxFBS9eBoPgRdn1ojdFLx4jmAckIc5OenXI7IOZXiGu+zPeRP/Fm+jRz9CTk8SDSSwYKKq6u4byEyUNue6HMzU9Mzs3v7BYWFpeWV0rrm9UTZxqgRURq1jXfW5QyQgrJElhPdHIQ19hze+e9/3aHWoj4+iKegm2Qn4TyUAKTlZqF7ey5uBI5qsUc9Y0qW+Q8nax5B64A7BJ4v2S0slXEFwDQLld/G52YpGGGJFQ3JiG5ybUyrgmKRTmhWZqMOGiy2+wYWnEQzStbBCds12rdFgQa/siYgP170bGQ2N6oW8nQ063Ztzri/95jZSC41YmoyQljMQwKEgVo5j1y2AdqVGQ6lnChZb2r0zccs0F2coKIzEku/f5hLIvOnnBluWNVzNJqocHnuWXXun0DIZYgG3YgT3w4AhO4QLKUAEBD/AIz/DiPDmvzpvzPhydcn53NmEEzucPd4WpbQ==</latexit> <latexit sha1_base64="kk7gcSrCHRzXyh0SU4nmtgQf8EA=">AAACJ3icbVC7SgNBFJ2NrxhfUcHGZjAINoZdG+0M2lhGMA9IQpid3E2GzD6YuSvEdX/GTvRf7ERLP0MrJ5sUJvHAwOGce+8ZjhtJodG2P63c0vLK6lp+vbCxubW9U9zdq+swVhxqPJSharpMgxQB1FCghGakgPmuhIY7vB77jXtQWoTBHY4i6PisHwhPcIZG6hYPknZ2JHFlDClt69jVgGm3WLLLdga6SJwpKV1+exmq3eJPuxfy2IcAuWRatxw7wk7CFAouIS20Yw0R40PWh5ahAfNBd5IsOqXHRulRL1TmBUgz9e9GwnytR75rJn2GAz3vjcX/vFaM3kUnEUEUIwR8EuTFkmJIx2XQnlDAUY4MYVwJ81fKB0wxjqaywkwMiuFDuqCc8l5aMGU589UskvpZ2TH81ilVrsgEeXJIjsgJccg5qZAbUiU1wskjeSIv5NV6tt6sd+tjMpqzpjv7ZAbW1y9JP6ql</latexit> <latexit sha1_base64="kk7gcSrCHRzXyh0SU4nmtgQf8EA=">AAACJ3icbVC7SgNBFJ2NrxhfUcHGZjAINoZdG+0M2lhGMA9IQpid3E2GzD6YuSvEdX/GTvRf7ERLP0MrJ5sUJvHAwOGce+8ZjhtJodG2P63c0vLK6lp+vbCxubW9U9zdq+swVhxqPJSharpMgxQB1FCghGakgPmuhIY7vB77jXtQWoTBHY4i6PisHwhPcIZG6hYPknZ2JHFlDClt69jVgGm3WLLLdga6SJwpKV1+exmq3eJPuxfy2IcAuWRatxw7wk7CFAouIS20Yw0R40PWh5ahAfNBd5IsOqXHRulRL1TmBUgz9e9GwnytR75rJn2GAz3vjcX/vFaM3kUnEUEUIwR8EuTFkmJIx2XQnlDAUY4MYVwJ81fKB0wxjqaywkwMiuFDuqCc8l5aMGU589UskvpZ2TH81ilVrsgEeXJIjsgJccg5qZAbUiU1wskjeSIv5NV6tt6sd+tjMpqzpjv7ZAbW1y9JP6ql</latexit> <latexit sha1_base64="erZ84k+mwAGvM+fZkFpM6PH8aj0=">AAACJ3icbVC7SgNBFJ2Nr7i+ooKNzWAQbAy7NloGbSwjmAckS5id3CRDZh/M3BXiuj9jJ/ovdqKlv2HlZJPCJB4YOJxz7z3D8WMpNDrOl1VYWV1b3yhu2lvbO7t7pf2Dho4SxaHOIxmpls80SBFCHQVKaMUKWOBLaPqjm4nffAClRRTe4zgGL2CDUPQFZ2ikbuko7eRHUl8mkNGOTnwNmHVLZafi5KDLxJ2RMpmh1i39dHoRTwIIkUumddt1YvRSplBwCZndSTTEjI/YANqGhiwA7aV5dEZPjdKj/UiZFyLN1b8bKQu0Hge+mQwYDvWiNxH/89oJ9q+8VIRxghDyaVA/kRQjOimD9oQCjnJsCONKmL9SPmSKcTSV2XMxKEaP2ZJyznuZbcpyF6tZJo2Limv4nVuuXs9qK5JjckLOiEsuSZXckhqpE06eyDN5JW/Wi/VufVif09GCNds5JHOwvn8B3DCnCQ==</latexit>

⇢
<latexit sha1_base64="XLt8ixYuGWCQ8XMvKJ/3If/IMHA=">AAACJ3icbVDLSgNBEOz1bXxFBS9eBoPgRdn1ojdFLx4jmAckIc5OenXI7IOZXiGu+zPeRP/Fm+jRz9CTk8SDSSwYKKq6u4byEyUNue6HMzU9Mzs3v7BYWFpeWV0rrm9UTZxqgRURq1jXfW5QyQgrJElhPdHIQ19hze+e9/3aHWoj4+iKegm2Qn4TyUAKTlZqF7ey5uBI5qsUc9Y0qW+Q8nax5B64A7BJ4v2S0slXEFwDQLld/G52YpGGGJFQ3JiG5ybUyrgmKRTmhWZqMOGiy2+wYWnEQzStbBCds12rdFgQa/siYgP170bGQ2N6oW8nQ063Ztzri/95jZSC41YmoyQljMQwKEgVo5j1y2AdqVGQ6lnChZb2r0zccs0F2coKIzEku/f5hLIvOnnBluWNVzNJqocHnuWXXun0DIZYgG3YgT3w4AhO4QLKUAEBD/AIz/DiPDmvzpvzPhydcn53NmEEzucPd4WpbQ==</latexit><latexit sha1_base64="kk7gcSrCHRzXyh0SU4nmtgQf8EA=">AAACJ3icbVC7SgNBFJ2NrxhfUcHGZjAINoZdG+0M2lhGMA9IQpid3E2GzD6YuSvEdX/GTvRf7ERLP0MrJ5sUJvHAwOGce+8ZjhtJodG2P63c0vLK6lp+vbCxubW9U9zdq+swVhxqPJSharpMgxQB1FCghGakgPmuhIY7vB77jXtQWoTBHY4i6PisHwhPcIZG6hYPknZ2JHFlDClt69jVgGm3WLLLdga6SJwpKV1+exmq3eJPuxfy2IcAuWRatxw7wk7CFAouIS20Yw0R40PWh5ahAfNBd5IsOqXHRulRL1TmBUgz9e9GwnytR75rJn2GAz3vjcX/vFaM3kUnEUEUIwR8EuTFkmJIx2XQnlDAUY4MYVwJ81fKB0wxjqaywkwMiuFDuqCc8l5aMGU589UskvpZ2TH81ilVrsgEeXJIjsgJccg5qZAbUiU1wskjeSIv5NV6tt6sd+tjMpqzpjv7ZAbW1y9JP6ql</latexit><latexit sha1_base64="kk7gcSrCHRzXyh0SU4nmtgQf8EA=">AAACJ3icbVC7SgNBFJ2NrxhfUcHGZjAINoZdG+0M2lhGMA9IQpid3E2GzD6YuSvEdX/GTvRf7ERLP0MrJ5sUJvHAwOGce+8ZjhtJodG2P63c0vLK6lp+vbCxubW9U9zdq+swVhxqPJSharpMgxQB1FCghGakgPmuhIY7vB77jXtQWoTBHY4i6PisHwhPcIZG6hYPknZ2JHFlDClt69jVgGm3WLLLdga6SJwpKV1+exmq3eJPuxfy2IcAuWRatxw7wk7CFAouIS20Yw0R40PWh5ahAfNBd5IsOqXHRulRL1TmBUgz9e9GwnytR75rJn2GAz3vjcX/vFaM3kUnEUEUIwR8EuTFkmJIx2XQnlDAUY4MYVwJ81fKB0wxjqaywkwMiuFDuqCc8l5aMGU589UskvpZ2TH81ilVrsgEeXJIjsgJccg5qZAbUiU1wskjeSIv5NV6tt6sd+tjMpqzpjv7ZAbW1y9JP6ql</latexit><latexit sha1_base64="erZ84k+mwAGvM+fZkFpM6PH8aj0=">AAACJ3icbVC7SgNBFJ2Nr7i+ooKNzWAQbAy7NloGbSwjmAckS5id3CRDZh/M3BXiuj9jJ/ovdqKlv2HlZJPCJB4YOJxz7z3D8WMpNDrOl1VYWV1b3yhu2lvbO7t7pf2Dho4SxaHOIxmpls80SBFCHQVKaMUKWOBLaPqjm4nffAClRRTe4zgGL2CDUPQFZ2ikbuko7eRHUl8mkNGOTnwNmHVLZafi5KDLxJ2RMpmh1i39dHoRTwIIkUumddt1YvRSplBwCZndSTTEjI/YANqGhiwA7aV5dEZPjdKj/UiZFyLN1b8bKQu0Hge+mQwYDvWiNxH/89oJ9q+8VIRxghDyaVA/kRQjOimD9oQCjnJsCONKmL9SPmSKcTSV2XMxKEaP2ZJyznuZbcpyF6tZJo2Limv4nVuuXs9qK5JjckLOiEsuSZXckhqpE06eyDN5JW/Wi/VufVif09GCNds5JHOwvn8B3DCnCQ==</latexit>

⇢<latexit sha1_base64="XLt8ixYuGWCQ8XMvKJ/3If/IMHA=">AAACJ3icbVDLSgNBEOz1bXxFBS9eBoPgRdn1ojdFLx4jmAckIc5OenXI7IOZXiGu+zPeRP/Fm+jRz9CTk8SDSSwYKKq6u4byEyUNue6HMzU9Mzs3v7BYWFpeWV0rrm9UTZxqgRURq1jXfW5QyQgrJElhPdHIQ19hze+e9/3aHWoj4+iKegm2Qn4TyUAKTlZqF7ey5uBI5qsUc9Y0qW+Q8nax5B64A7BJ4v2S0slXEFwDQLld/G52YpGGGJFQ3JiG5ybUyrgmKRTmhWZqMOGiy2+wYWnEQzStbBCds12rdFgQa/siYgP170bGQ2N6oW8nQ063Ztzri/95jZSC41YmoyQljMQwKEgVo5j1y2AdqVGQ6lnChZb2r0zccs0F2coKIzEku/f5hLIvOnnBluWNVzNJqocHnuWXXun0DIZYgG3YgT3w4AhO4QLKUAEBD/AIz/DiPDmvzpvzPhydcn53NmEEzucPd4WpbQ==</latexit><latexit sha1_base64="kk7gcSrCHRzXyh0SU4nmtgQf8EA=">AAACJ3icbVC7SgNBFJ2NrxhfUcHGZjAINoZdG+0M2lhGMA9IQpid3E2GzD6YuSvEdX/GTvRf7ERLP0MrJ5sUJvHAwOGce+8ZjhtJodG2P63c0vLK6lp+vbCxubW9U9zdq+swVhxqPJSharpMgxQB1FCghGakgPmuhIY7vB77jXtQWoTBHY4i6PisHwhPcIZG6hYPknZ2JHFlDClt69jVgGm3WLLLdga6SJwpKV1+exmq3eJPuxfy2IcAuWRatxw7wk7CFAouIS20Yw0R40PWh5ahAfNBd5IsOqXHRulRL1TmBUgz9e9GwnytR75rJn2GAz3vjcX/vFaM3kUnEUEUIwR8EuTFkmJIx2XQnlDAUY4MYVwJ81fKB0wxjqaywkwMiuFDuqCc8l5aMGU589UskvpZ2TH81ilVrsgEeXJIjsgJccg5qZAbUiU1wskjeSIv5NV6tt6sd+tjMpqzpjv7ZAbW1y9JP6ql</latexit><latexit sha1_base64="kk7gcSrCHRzXyh0SU4nmtgQf8EA=">AAACJ3icbVC7SgNBFJ2NrxhfUcHGZjAINoZdG+0M2lhGMA9IQpid3E2GzD6YuSvEdX/GTvRf7ERLP0MrJ5sUJvHAwOGce+8ZjhtJodG2P63c0vLK6lp+vbCxubW9U9zdq+swVhxqPJSharpMgxQB1FCghGakgPmuhIY7vB77jXtQWoTBHY4i6PisHwhPcIZG6hYPknZ2JHFlDClt69jVgGm3WLLLdga6SJwpKV1+exmq3eJPuxfy2IcAuWRatxw7wk7CFAouIS20Yw0R40PWh5ahAfNBd5IsOqXHRulRL1TmBUgz9e9GwnytR75rJn2GAz3vjcX/vFaM3kUnEUEUIwR8EuTFkmJIx2XQnlDAUY4MYVwJ81fKB0wxjqaywkwMiuFDuqCc8l5aMGU589UskvpZ2TH81ilVrsgEeXJIjsgJccg5qZAbUiU1wskjeSIv5NV6tt6sd+tjMpqzpjv7ZAbW1y9JP6ql</latexit><latexit sha1_base64="erZ84k+mwAGvM+fZkFpM6PH8aj0=">AAACJ3icbVC7SgNBFJ2Nr7i+ooKNzWAQbAy7NloGbSwjmAckS5id3CRDZh/M3BXiuj9jJ/ovdqKlv2HlZJPCJB4YOJxz7z3D8WMpNDrOl1VYWV1b3yhu2lvbO7t7pf2Dho4SxaHOIxmpls80SBFCHQVKaMUKWOBLaPqjm4nffAClRRTe4zgGL2CDUPQFZ2ikbuko7eRHUl8mkNGOTnwNmHVLZafi5KDLxJ2RMpmh1i39dHoRTwIIkUumddt1YvRSplBwCZndSTTEjI/YANqGhiwA7aV5dEZPjdKj/UiZFyLN1b8bKQu0Hge+mQwYDvWiNxH/89oJ9q+8VIRxghDyaVA/kRQjOimD9oQCjnJsCONKmL9SPmSKcTSV2XMxKEaP2ZJyznuZbcpyF6tZJo2Limv4nVuuXs9qK5JjckLOiEsuSZXckhqpE06eyDN5JW/Wi/VufVif09GCNds5JHOwvn8B3DCnCQ==</latexit>

⇢<latexit sha1_base64="XLt8ixYuGWCQ8XMvKJ/3If/IMHA=">AAACJ3icbVDLSgNBEOz1bXxFBS9eBoPgRdn1ojdFLx4jmAckIc5OenXI7IOZXiGu+zPeRP/Fm+jRz9CTk8SDSSwYKKq6u4byEyUNue6HMzU9Mzs3v7BYWFpeWV0rrm9UTZxqgRURq1jXfW5QyQgrJElhPdHIQ19hze+e9/3aHWoj4+iKegm2Qn4TyUAKTlZqF7ey5uBI5qsUc9Y0qW+Q8nax5B64A7BJ4v2S0slXEFwDQLld/G52YpGGGJFQ3JiG5ybUyrgmKRTmhWZqMOGiy2+wYWnEQzStbBCds12rdFgQa/siYgP170bGQ2N6oW8nQ063Ztzri/95jZSC41YmoyQljMQwKEgVo5j1y2AdqVGQ6lnChZb2r0zccs0F2coKIzEku/f5hLIvOnnBluWNVzNJqocHnuWXXun0DIZYgG3YgT3w4AhO4QLKUAEBD/AIz/DiPDmvzpvzPhydcn53NmEEzucPd4WpbQ==</latexit><latexit sha1_base64="kk7gcSrCHRzXyh0SU4nmtgQf8EA=">AAACJ3icbVC7SgNBFJ2NrxhfUcHGZjAINoZdG+0M2lhGMA9IQpid3E2GzD6YuSvEdX/GTvRf7ERLP0MrJ5sUJvHAwOGce+8ZjhtJodG2P63c0vLK6lp+vbCxubW9U9zdq+swVhxqPJSharpMgxQB1FCghGakgPmuhIY7vB77jXtQWoTBHY4i6PisHwhPcIZG6hYPknZ2JHFlDClt69jVgGm3WLLLdga6SJwpKV1+exmq3eJPuxfy2IcAuWRatxw7wk7CFAouIS20Yw0R40PWh5ahAfNBd5IsOqXHRulRL1TmBUgz9e9GwnytR75rJn2GAz3vjcX/vFaM3kUnEUEUIwR8EuTFkmJIx2XQnlDAUY4MYVwJ81fKB0wxjqaywkwMiuFDuqCc8l5aMGU589UskvpZ2TH81ilVrsgEeXJIjsgJccg5qZAbUiU1wskjeSIv5NV6tt6sd+tjMpqzpjv7ZAbW1y9JP6ql</latexit><latexit sha1_base64="kk7gcSrCHRzXyh0SU4nmtgQf8EA=">AAACJ3icbVC7SgNBFJ2NrxhfUcHGZjAINoZdG+0M2lhGMA9IQpid3E2GzD6YuSvEdX/GTvRf7ERLP0MrJ5sUJvHAwOGce+8ZjhtJodG2P63c0vLK6lp+vbCxubW9U9zdq+swVhxqPJSharpMgxQB1FCghGakgPmuhIY7vB77jXtQWoTBHY4i6PisHwhPcIZG6hYPknZ2JHFlDClt69jVgGm3WLLLdga6SJwpKV1+exmq3eJPuxfy2IcAuWRatxw7wk7CFAouIS20Yw0R40PWh5ahAfNBd5IsOqXHRulRL1TmBUgz9e9GwnytR75rJn2GAz3vjcX/vFaM3kUnEUEUIwR8EuTFkmJIx2XQnlDAUY4MYVwJ81fKB0wxjqaywkwMiuFDuqCc8l5aMGU589UskvpZ2TH81ilVrsgEeXJIjsgJccg5qZAbUiU1wskjeSIv5NV6tt6sd+tjMpqzpjv7ZAbW1y9JP6ql</latexit><latexit sha1_base64="erZ84k+mwAGvM+fZkFpM6PH8aj0=">AAACJ3icbVC7SgNBFJ2Nr7i+ooKNzWAQbAy7NloGbSwjmAckS5id3CRDZh/M3BXiuj9jJ/ovdqKlv2HlZJPCJB4YOJxz7z3D8WMpNDrOl1VYWV1b3yhu2lvbO7t7pf2Dho4SxaHOIxmpls80SBFCHQVKaMUKWOBLaPqjm4nffAClRRTe4zgGL2CDUPQFZ2ikbuko7eRHUl8mkNGOTnwNmHVLZafi5KDLxJ2RMpmh1i39dHoRTwIIkUumddt1YvRSplBwCZndSTTEjI/YANqGhiwA7aV5dEZPjdKj/UiZFyLN1b8bKQu0Hge+mQwYDvWiNxH/89oJ9q+8VIRxghDyaVA/kRQjOimD9oQCjnJsCONKmL9SPmSKcTSV2XMxKEaP2ZJyznuZbcpyF6tZJo2Limv4nVuuXs9qK5JjckLOiEsuSZXckhqpE06eyDN5JW/Wi/VufVif09GCNds5JHOwvn8B3DCnCQ==</latexit> ⇢
<latexit sha1_base64="XLt8ixYuGWCQ8XMvKJ/3If/IMHA=">AAACJ3icbVDLSgNBEOz1bXxFBS9eBoPgRdn1ojdFLx4jmAckIc5OenXI7IOZXiGu+zPeRP/Fm+jRz9CTk8SDSSwYKKq6u4byEyUNue6HMzU9Mzs3v7BYWFpeWV0rrm9UTZxqgRURq1jXfW5QyQgrJElhPdHIQ19hze+e9/3aHWoj4+iKegm2Qn4TyUAKTlZqF7ey5uBI5qsUc9Y0qW+Q8nax5B64A7BJ4v2S0slXEFwDQLld/G52YpGGGJFQ3JiG5ybUyrgmKRTmhWZqMOGiy2+wYWnEQzStbBCds12rdFgQa/siYgP170bGQ2N6oW8nQ063Ztzri/95jZSC41YmoyQljMQwKEgVo5j1y2AdqVGQ6lnChZb2r0zccs0F2coKIzEku/f5hLIvOnnBluWNVzNJqocHnuWXXun0DIZYgG3YgT3w4AhO4QLKUAEBD/AIz/DiPDmvzpvzPhydcn53NmEEzucPd4WpbQ==</latexit> <latexit sha1_base64="kk7gcSrCHRzXyh0SU4nmtgQf8EA=">AAACJ3icbVC7SgNBFJ2NrxhfUcHGZjAINoZdG+0M2lhGMA9IQpid3E2GzD6YuSvEdX/GTvRf7ERLP0MrJ5sUJvHAwOGce+8ZjhtJodG2P63c0vLK6lp+vbCxubW9U9zdq+swVhxqPJSharpMgxQB1FCghGakgPmuhIY7vB77jXtQWoTBHY4i6PisHwhPcIZG6hYPknZ2JHFlDClt69jVgGm3WLLLdga6SJwpKV1+exmq3eJPuxfy2IcAuWRatxw7wk7CFAouIS20Yw0R40PWh5ahAfNBd5IsOqXHRulRL1TmBUgz9e9GwnytR75rJn2GAz3vjcX/vFaM3kUnEUEUIwR8EuTFkmJIx2XQnlDAUY4MYVwJ81fKB0wxjqaywkwMiuFDuqCc8l5aMGU589UskvpZ2TH81ilVrsgEeXJIjsgJccg5qZAbUiU1wskjeSIv5NV6tt6sd+tjMpqzpjv7ZAbW1y9JP6ql</latexit> <latexit sha1_base64="kk7gcSrCHRzXyh0SU4nmtgQf8EA=">AAACJ3icbVC7SgNBFJ2NrxhfUcHGZjAINoZdG+0M2lhGMA9IQpid3E2GzD6YuSvEdX/GTvRf7ERLP0MrJ5sUJvHAwOGce+8ZjhtJodG2P63c0vLK6lp+vbCxubW9U9zdq+swVhxqPJSharpMgxQB1FCghGakgPmuhIY7vB77jXtQWoTBHY4i6PisHwhPcIZG6hYPknZ2JHFlDClt69jVgGm3WLLLdga6SJwpKV1+exmq3eJPuxfy2IcAuWRatxw7wk7CFAouIS20Yw0R40PWh5ahAfNBd5IsOqXHRulRL1TmBUgz9e9GwnytR75rJn2GAz3vjcX/vFaM3kUnEUEUIwR8EuTFkmJIx2XQnlDAUY4MYVwJ81fKB0wxjqaywkwMiuFDuqCc8l5aMGU589UskvpZ2TH81ilVrsgEeXJIjsgJccg5qZAbUiU1wskjeSIv5NV6tt6sd+tjMpqzpjv7ZAbW1y9JP6ql</latexit> <latexit sha1_base64="erZ84k+mwAGvM+fZkFpM6PH8aj0=">AAACJ3icbVC7SgNBFJ2Nr7i+ooKNzWAQbAy7NloGbSwjmAckS5id3CRDZh/M3BXiuj9jJ/ovdqKlv2HlZJPCJB4YOJxz7z3D8WMpNDrOl1VYWV1b3yhu2lvbO7t7pf2Dho4SxaHOIxmpls80SBFCHQVKaMUKWOBLaPqjm4nffAClRRTe4zgGL2CDUPQFZ2ikbuko7eRHUl8mkNGOTnwNmHVLZafi5KDLxJ2RMpmh1i39dHoRTwIIkUumddt1YvRSplBwCZndSTTEjI/YANqGhiwA7aV5dEZPjdKj/UiZFyLN1b8bKQu0Hge+mQwYDvWiNxH/89oJ9q+8VIRxghDyaVA/kRQjOimD9oQCjnJsCONKmL9SPmSKcTSV2XMxKEaP2ZJyznuZbcpyF6tZJo2Limv4nVuuXs9qK5JjckLOiEsuSZXckhqpE06eyDN5JW/Wi/VufVif09GCNds5JHOwvn8B3DCnCQ==</latexit>

• Turaev-Viro type construction

Conjecturally homotopy invariants⟹

⟹

Semisimple TQFTs cannot distinguish smooth structures of 4-manifolds                   
[Reutter, ’20]
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• Seiberg-Witten/Donaldson theory.    
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• Seiberg-Witten/Donaldson theory.    

• Categorification  [lots of research].                
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• Seiberg-Witten/Donaldson theory.    

• Categorification  [lots of research].                

• TQFT from Khovanov-Rozansky homology                       
[Morrison, Walker, Wedrich, ’19]

• etc.
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Turaev-Viro invariants from 
fusion 1-categories

dim=3

⟹

Kuperberg invariants from 
(nonsemisimple) Hopf algebras

nonsemisimple generalization

• Seiberg-Witten/Donaldson theory.    

• Categorification  [lots of research].                

• TQFT from Khovanov-Rozansky homology                       
[Morrison, Walker, Wedrich, ’19]

• etc.
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Turaev-Viro invariants from 
fusion 1-categories

dim=3

⟹

Invariants from 
fusion 2-categories

dim=4

⟹

????Kuperberg invariants from 
(nonsemisimple) Hopf algebras

nonsemisimple generalization

• Seiberg-Witten/Donaldson theory.    

• Categorification  [lots of research].                

• TQFT from Khovanov-Rozansky homology                       
[Morrison, Walker, Wedrich, ’19]

• etc.
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Turaev-Viro invariants from 
fusion 1-categories

dim=3

⟹

Invariants from 
fusion 2-categories

dim=4

⟹

????Kuperberg invariants from 
(nonsemisimple) Hopf algebras

nonsemisimple generalization

Goal: Construct Kuperberg-type 4-manifold invariants

• Seiberg-Witten/Donaldson theory.    

• Categorification  [lots of research].                

• TQFT from Khovanov-Rozansky homology                       
[Morrison, Walker, Wedrich, ’19]

• etc.
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Hopf Algebras
M : H ⌦H ! H

<latexit sha1_base64="gajeCgVzPxeILV9fo8OJZvFQbiQ=">AAACLXicbZC7SgNBFIbPek3iLWqpxWAQbAy7NopV0CaNEMFcIAlxdjJJhszuLDNnlRjS+Ba+gZ3ou1gIYus7WDm5FCbxwMDHf87hP/P7kRQGXffDWVhcWl5ZTSRTa+sbm1vp7Z2SUbFmvMiUVLriU8OlCHkRBUpeiTSngS952e9eDvvlO66NUOEN9iJeD2g7FC3BKFqpkd6/Oid5UlMoAm6GpEW7g1RrdU/yjXTGzbqjIvPgTSCTS0ZPtwBQaKR/ak3F4oCHyCQ1puq5Edb7VKNgkg9StdjwiLIubfOqxZBa03p/9IsBObRKk7SUti9EMlL/bvRpYEwv8O1kQLFjZntD8b9eNcbWWb0vwihGHrKxUSuWBBUZRkKaQnOGsmeBMi3srYR1qKYMbXCpKRsU3YfBnHLMmoOUDcubjWYeSidZz/K1Te0CxpWAPTiAI/DgFHKQhwIUgcEjPMMrvDkvzrvz6XyNRxecyc4uTJXz/QsYEali</latexit><latexit sha1_base64="ec9+54MrVy+9nx16+t+jgFReH6A="></latexit><latexit sha1_base64="ec9+54MrVy+9nx16+t+jgFReH6A="></latexit><latexit sha1_base64="9sEQ+OQJSORACHdUNq/tpMrQOng=">AAACLXicbZC7SgNBFIZn4y3GW9RSi8Eg2Bh2bRSroE0aIYK5QLKE2dnZZMjszjJzVolLGp/GTvRdLASx9R2snE1SmMQDAx//OYf/zO/Fgmuw7Q8rt7S8srqWXy9sbG5t7xR39xpaJoqyOpVCqpZHNBM8YnXgIFgrVoyEnmBNb3Cd9Zv3TGkuozsYxswNSS/iAacEjNQtHt5c4iruSOAh0xkp3usDUUo+4Gq3WLLL9rjwIjhTKKFp1brFn44vaRKyCKggWrcdOwY3JQo4FWxU6CSaxYQOSI+1DUbEmLrp+BcjfGwUHwdSmRcBHqt/N1ISaj0MPTMZEujr+V4m/tdrJxBcuCmP4gRYRCdGQSIwSJxFgn2uGAUxNECo4uZWTPtEEQomuMKMDfDB42hBOaX+qGDCcuajWYTGWdkxfGuXKlfT2PLoAB2hE+Sgc1RBVVRDdUTRE3pGr+jNerHerU/razKas6Y7+2imrO9filCnsA==</latexit>

� : H ! H ⌦H
<latexit sha1_base64="L0dR929IuR5lStQeZCFjS95fPfk=">AAACNnicbZDLTgIxFIY7XhFvoy7dNAKJG8kMG40roi5YYiKXhCGkUwo0dKaT9owGJzyBT+PO6JO4cWfcunZlB1gIeJImX/9zTv729yPBNTjOu7Wyura+sZnZym7v7O7t2weHdS1jRVmNSiFV0yeaCR6yGnAQrBkpRgJfsIY/vE77jXumNJfhHYwi1g5IP+Q9TgkYqWMX8ti7YQLIJa5gT/H+AIhS8iG9SeAB04byHTvnFJ1J4WVwZ5BDs6p27B+vK2kcsBCoIFq3XCeCdkIUcCrYOOvFmkWEDkmftQyGxBi1k8l3xrhglC7uSWVOCHii/t1ISKD1KPDNZEBgoBd7qfhfrxVD76Kd8DCKgYV0atSLBQaJ02xwlytGQYwMEKq4eSumA6IIBZNgds4G+PBxvKSc0e44a8JyF6NZhnqp6Bq+LeXKV7PYMugYnaBT5KJzVEYVVEU1RNETekav6M16sT6sT+trOrpizXaO0FxZ379qQaqN</latexit><latexit sha1_base64="L0dR929IuR5lStQeZCFjS95fPfk=">AAACNnicbZDLTgIxFIY7XhFvoy7dNAKJG8kMG40roi5YYiKXhCGkUwo0dKaT9owGJzyBT+PO6JO4cWfcunZlB1gIeJImX/9zTv729yPBNTjOu7Wyura+sZnZym7v7O7t2weHdS1jRVmNSiFV0yeaCR6yGnAQrBkpRgJfsIY/vE77jXumNJfhHYwi1g5IP+Q9TgkYqWMX8ti7YQLIJa5gT/H+AIhS8iG9SeAB04byHTvnFJ1J4WVwZ5BDs6p27B+vK2kcsBCoIFq3XCeCdkIUcCrYOOvFmkWEDkmftQyGxBi1k8l3xrhglC7uSWVOCHii/t1ISKD1KPDNZEBgoBd7qfhfrxVD76Kd8DCKgYV0atSLBQaJ02xwlytGQYwMEKq4eSumA6IIBZNgds4G+PBxvKSc0e44a8JyF6NZhnqp6Bq+LeXKV7PYMugYnaBT5KJzVEYVVEU1RNETekav6M16sT6sT+trOrpizXaO0FxZ379qQaqN</latexit><latexit sha1_base64="L0dR929IuR5lStQeZCFjS95fPfk=">AAACNnicbZDLTgIxFIY7XhFvoy7dNAKJG8kMG40roi5YYiKXhCGkUwo0dKaT9owGJzyBT+PO6JO4cWfcunZlB1gIeJImX/9zTv729yPBNTjOu7Wyura+sZnZym7v7O7t2weHdS1jRVmNSiFV0yeaCR6yGnAQrBkpRgJfsIY/vE77jXumNJfhHYwi1g5IP+Q9TgkYqWMX8ti7YQLIJa5gT/H+AIhS8iG9SeAB04byHTvnFJ1J4WVwZ5BDs6p27B+vK2kcsBCoIFq3XCeCdkIUcCrYOOvFmkWEDkmftQyGxBi1k8l3xrhglC7uSWVOCHii/t1ISKD1KPDNZEBgoBd7qfhfrxVD76Kd8DCKgYV0atSLBQaJ02xwlytGQYwMEKq4eSumA6IIBZNgds4G+PBxvKSc0e44a8JyF6NZhnqp6Bq+LeXKV7PYMugYnaBT5KJzVEYVVEU1RNETekav6M16sT6sT+trOrpizXaO0FxZ379qQaqN</latexit><latexit sha1_base64="L0dR929IuR5lStQeZCFjS95fPfk=">AAACNnicbZDLTgIxFIY7XhFvoy7dNAKJG8kMG40roi5YYiKXhCGkUwo0dKaT9owGJzyBT+PO6JO4cWfcunZlB1gIeJImX/9zTv729yPBNTjOu7Wyura+sZnZym7v7O7t2weHdS1jRVmNSiFV0yeaCR6yGnAQrBkpRgJfsIY/vE77jXumNJfhHYwi1g5IP+Q9TgkYqWMX8ti7YQLIJa5gT/H+AIhS8iG9SeAB04byHTvnFJ1J4WVwZ5BDs6p27B+vK2kcsBCoIFq3XCeCdkIUcCrYOOvFmkWEDkmftQyGxBi1k8l3xrhglC7uSWVOCHii/t1ISKD1KPDNZEBgoBd7qfhfrxVD76Kd8DCKgYV0atSLBQaJ02xwlytGQYwMEKq4eSumA6IIBZNgds4G+PBxvKSc0e44a8JyF6NZhnqp6Bq+LeXKV7PYMugYnaBT5KJzVEYVVEU1RNETekav6M16sT6sT+trOrpizXaO0FxZ379qQaqN</latexit>

S : H ! H
<latexit sha1_base64="iOY42MtMtxCDH7PyM+Ix2B6rJ5c=">AAACJ3icbZDLTgIxFIY7XnG8oSZu3DSCiRvJDBuNK6IblhjlksCEdEqBhs500p7R4MjLuDP6Lu6MLn0NVxaYhYB/0uTrf87JOfn9SHANjvNlLS2vrK6tZzbsza3tnd3s3n5Ny1hRVqVSSNXwiWaCh6wKHARrRIqRwBes7g+ux/X6PVOay/AOhhHzAtILeZdTAsZqZw/z+PYSl3FL8V4fiFLywfzy7WzOKTgT4UVwU8ihVJV29qfVkTQOWAhUEK2brhOBlxAFnAo2sluxZhGhA9JjTYMhCZj2ksn9I3xinA7uSmVeCHji/p1ISKD1MPBNZ0Cgr+drY/O/WjOG7oWX8DCKgYV0uqgbCwwSj8PAHa4YBTE0QKji5lZM+0QRCiYye2YN8MHjaME5o52RbcJy56NZhFqx4Bq+KeZKV2lsGXSEjtEpctE5KqEyqqAqougJPaNX9Ga9WO/Wh/U5bV2y0pkDNCPr+xeZEaSP</latexit><latexit sha1_base64="iOY42MtMtxCDH7PyM+Ix2B6rJ5c=">AAACJ3icbZDLTgIxFIY7XnG8oSZu3DSCiRvJDBuNK6IblhjlksCEdEqBhs500p7R4MjLuDP6Lu6MLn0NVxaYhYB/0uTrf87JOfn9SHANjvNlLS2vrK6tZzbsza3tnd3s3n5Ny1hRVqVSSNXwiWaCh6wKHARrRIqRwBes7g+ux/X6PVOay/AOhhHzAtILeZdTAsZqZw/z+PYSl3FL8V4fiFLywfzy7WzOKTgT4UVwU8ihVJV29qfVkTQOWAhUEK2brhOBlxAFnAo2sluxZhGhA9JjTYMhCZj2ksn9I3xinA7uSmVeCHji/p1ISKD1MPBNZ0Cgr+drY/O/WjOG7oWX8DCKgYV0uqgbCwwSj8PAHa4YBTE0QKji5lZM+0QRCiYye2YN8MHjaME5o52RbcJy56NZhFqx4Bq+KeZKV2lsGXSEjtEpctE5KqEyqqAqougJPaNX9Ga9WO/Wh/U5bV2y0pkDNCPr+xeZEaSP</latexit><latexit sha1_base64="iOY42MtMtxCDH7PyM+Ix2B6rJ5c=">AAACJ3icbZDLTgIxFIY7XnG8oSZu3DSCiRvJDBuNK6IblhjlksCEdEqBhs500p7R4MjLuDP6Lu6MLn0NVxaYhYB/0uTrf87JOfn9SHANjvNlLS2vrK6tZzbsza3tnd3s3n5Ny1hRVqVSSNXwiWaCh6wKHARrRIqRwBes7g+ux/X6PVOay/AOhhHzAtILeZdTAsZqZw/z+PYSl3FL8V4fiFLywfzy7WzOKTgT4UVwU8ihVJV29qfVkTQOWAhUEK2brhOBlxAFnAo2sluxZhGhA9JjTYMhCZj2ksn9I3xinA7uSmVeCHji/p1ISKD1MPBNZ0Cgr+drY/O/WjOG7oWX8DCKgYV0uqgbCwwSj8PAHa4YBTE0QKji5lZM+0QRCiYye2YN8MHjaME5o52RbcJy56NZhFqx4Bq+KeZKV2lsGXSEjtEpctE5KqEyqqAqougJPaNX9Ga9WO/Wh/U5bV2y0pkDNCPr+xeZEaSP</latexit><latexit sha1_base64="iOY42MtMtxCDH7PyM+Ix2B6rJ5c=">AAACJ3icbZDLTgIxFIY7XnG8oSZu3DSCiRvJDBuNK6IblhjlksCEdEqBhs500p7R4MjLuDP6Lu6MLn0NVxaYhYB/0uTrf87JOfn9SHANjvNlLS2vrK6tZzbsza3tnd3s3n5Ny1hRVqVSSNXwiWaCh6wKHARrRIqRwBes7g+ux/X6PVOay/AOhhHzAtILeZdTAsZqZw/z+PYSl3FL8V4fiFLywfzy7WzOKTgT4UVwU8ihVJV29qfVkTQOWAhUEK2brhOBlxAFnAo2sluxZhGhA9JjTYMhCZj2ksn9I3xinA7uSmVeCHji/p1ISKD1MPBNZ0Cgr+drY/O/WjOG7oWX8DCKgYV0uqgbCwwSj8PAHa4YBTE0QKji5lZM+0QRCiYye2YN8MHjaME5o52RbcJy56NZhFqx4Bq+KeZKV2lsGXSEjtEpctE5KqEyqqAqougJPaNX9Ga9WO/Wh/U5bV2y0pkDNCPr+xeZEaSP</latexit>

✏ : H ! C
<latexit sha1_base64="QJN96/Ta9+Pq9P3zJTwYSwU+8Wc=">AAACN3icbZC7TsMwFIYdriXcAowsFgXEAkpYQEyILh2LRC9SU1WO67ZWHTuyT0AlyhvwNGwIXoSJDbGyMuFeBqD8kqVP/zlH5/iPEsEN+P6rMze/sLi0XFhxV9fWNza9re2aUammrEqVULoREcMEl6wKHARrJJqROBKsHg1Ko3r9lmnDlbyBYcJaMelJ3uWUgLXa3uE+DlliuFDyApdxqHmvD0RrdYfDmEA/irJSjvfbXtE/8cfCsxBMoYimqrS9r7CjaBozCVQQY5qBn0ArIxo4FSx3w9SwhNAB6bGmRUliZlrZ+D85PrBOB3eVtk8CHrs/JzISGzOMI9s5utH8rY3M/2rNFLrnrYzLJAUm6WRRNxUYFB6FgztcMwpiaIFQze2tmPaJJhRshO6vNcAH9/mMc0w7uWvDCv5GMwu105PA8vVp8fJqGlsB7aI9dIQCdIYuURlVUBVR9IAe0TN6cZ6cN+fd+Zi0zjnTmR30S87nN+stq+8=</latexit><latexit sha1_base64="QJN96/Ta9+Pq9P3zJTwYSwU+8Wc=">AAACN3icbZC7TsMwFIYdriXcAowsFgXEAkpYQEyILh2LRC9SU1WO67ZWHTuyT0AlyhvwNGwIXoSJDbGyMuFeBqD8kqVP/zlH5/iPEsEN+P6rMze/sLi0XFhxV9fWNza9re2aUammrEqVULoREcMEl6wKHARrJJqROBKsHg1Ko3r9lmnDlbyBYcJaMelJ3uWUgLXa3uE+DlliuFDyApdxqHmvD0RrdYfDmEA/irJSjvfbXtE/8cfCsxBMoYimqrS9r7CjaBozCVQQY5qBn0ArIxo4FSx3w9SwhNAB6bGmRUliZlrZ+D85PrBOB3eVtk8CHrs/JzISGzOMI9s5utH8rY3M/2rNFLrnrYzLJAUm6WRRNxUYFB6FgztcMwpiaIFQze2tmPaJJhRshO6vNcAH9/mMc0w7uWvDCv5GMwu105PA8vVp8fJqGlsB7aI9dIQCdIYuURlVUBVR9IAe0TN6cZ6cN+fd+Zi0zjnTmR30S87nN+stq+8=</latexit><latexit sha1_base64="QJN96/Ta9+Pq9P3zJTwYSwU+8Wc=">AAACN3icbZC7TsMwFIYdriXcAowsFgXEAkpYQEyILh2LRC9SU1WO67ZWHTuyT0AlyhvwNGwIXoSJDbGyMuFeBqD8kqVP/zlH5/iPEsEN+P6rMze/sLi0XFhxV9fWNza9re2aUammrEqVULoREcMEl6wKHARrJJqROBKsHg1Ko3r9lmnDlbyBYcJaMelJ3uWUgLXa3uE+DlliuFDyApdxqHmvD0RrdYfDmEA/irJSjvfbXtE/8cfCsxBMoYimqrS9r7CjaBozCVQQY5qBn0ArIxo4FSx3w9SwhNAB6bGmRUliZlrZ+D85PrBOB3eVtk8CHrs/JzISGzOMI9s5utH8rY3M/2rNFLrnrYzLJAUm6WRRNxUYFB6FgztcMwpiaIFQze2tmPaJJhRshO6vNcAH9/mMc0w7uWvDCv5GMwu105PA8vVp8fJqGlsB7aI9dIQCdIYuURlVUBVR9IAe0TN6cZ6cN+fd+Zi0zjnTmR30S87nN+stq+8=</latexit><latexit sha1_base64="QJN96/Ta9+Pq9P3zJTwYSwU+8Wc=">AAACN3icbZC7TsMwFIYdriXcAowsFgXEAkpYQEyILh2LRC9SU1WO67ZWHTuyT0AlyhvwNGwIXoSJDbGyMuFeBqD8kqVP/zlH5/iPEsEN+P6rMze/sLi0XFhxV9fWNza9re2aUammrEqVULoREcMEl6wKHARrJJqROBKsHg1Ko3r9lmnDlbyBYcJaMelJ3uWUgLXa3uE+DlliuFDyApdxqHmvD0RrdYfDmEA/irJSjvfbXtE/8cfCsxBMoYimqrS9r7CjaBozCVQQY5qBn0ArIxo4FSx3w9SwhNAB6bGmRUliZlrZ+D85PrBOB3eVtk8CHrs/JzISGzOMI9s5utH8rY3M/2rNFLrnrYzLJAUm6WRRNxUYFB6FgztcMwpiaIFQze2tmPaJJhRshO6vNcAH9/mMc0w7uWvDCv5GMwu105PA8vVp8fJqGlsB7aI9dIQCdIYuURlVUBVR9IAe0TN6cZ6cN+fd+Zi0zjnTmR30S87nN+stq+8=</latexit>i : C ! H

<latexit sha1_base64="TeCtNlLeIUzhdSlEAWBrjBrWEXc="></latexit>

H(M, i,�, ✏, S)
<latexit sha1_base64="sIA8yC2ZcdGqc+icBXGfTI7g49A=">AAACLnicbVBNSwMxEM367fpV9ShCsAgKtexWQY+iHnoRKtpWaEvJplMbms0uyaxQS0/+Gm+i/0XwIF79DZ5M6x7U+mCYx3szTPKCWAqDnvfqTExOTc/Mzs27C4tLyyuZ1bWKiRLNocwjGenrgBmQQkEZBUq4jjWwMJBQDbqnQ796C9qISF1hL4ZGyG6UaAvO0ErNzGZx5zxHRY7Wz0Aisx1iI2SkcvRylzYzWS/vjUDHiZ+SLElRamY+662IJyEo5JIZU/O9GBt9plFwCQO3nhiIGe+yG6hZqlgIptEffWNAt63Sou1I21JIR+rPjT4LjemFgZ0MGXbMX28o/ufVEmwfNfpCxQmC4t+H2omkGNFhJrQlNHCUPUsY18K+lfIO04yjTc79dQZF924wpuzx1sC1Yfl/oxknlULe388XLg6yxydpbHNkg2yRHeKTQ3JMiqREyoSTe/JAnsiz8+i8OG/O+/fohJPurJNfcD6+APvwpr8=</latexit>
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Hopf Algebras
M : H ⌦H ! H

<latexit sha1_base64="gajeCgVzPxeILV9fo8OJZvFQbiQ=">AAACLXicbZC7SgNBFIbPek3iLWqpxWAQbAy7NopV0CaNEMFcIAlxdjJJhszuLDNnlRjS+Ba+gZ3ou1gIYus7WDm5FCbxwMDHf87hP/P7kRQGXffDWVhcWl5ZTSRTa+sbm1vp7Z2SUbFmvMiUVLriU8OlCHkRBUpeiTSngS952e9eDvvlO66NUOEN9iJeD2g7FC3BKFqpkd6/Oid5UlMoAm6GpEW7g1RrdU/yjXTGzbqjIvPgTSCTS0ZPtwBQaKR/ak3F4oCHyCQ1puq5Edb7VKNgkg9StdjwiLIubfOqxZBa03p/9IsBObRKk7SUti9EMlL/bvRpYEwv8O1kQLFjZntD8b9eNcbWWb0vwihGHrKxUSuWBBUZRkKaQnOGsmeBMi3srYR1qKYMbXCpKRsU3YfBnHLMmoOUDcubjWYeSidZz/K1Te0CxpWAPTiAI/DgFHKQhwIUgcEjPMMrvDkvzrvz6XyNRxecyc4uTJXz/QsYEali</latexit><latexit sha1_base64="ec9+54MrVy+9nx16+t+jgFReH6A="></latexit><latexit sha1_base64="ec9+54MrVy+9nx16+t+jgFReH6A="></latexit><latexit sha1_base64="9sEQ+OQJSORACHdUNq/tpMrQOng=">AAACLXicbZC7SgNBFIZn4y3GW9RSi8Eg2Bh2bRSroE0aIYK5QLKE2dnZZMjszjJzVolLGp/GTvRdLASx9R2snE1SmMQDAx//OYf/zO/Fgmuw7Q8rt7S8srqWXy9sbG5t7xR39xpaJoqyOpVCqpZHNBM8YnXgIFgrVoyEnmBNb3Cd9Zv3TGkuozsYxswNSS/iAacEjNQtHt5c4iruSOAh0xkp3usDUUo+4Gq3WLLL9rjwIjhTKKFp1brFn44vaRKyCKggWrcdOwY3JQo4FWxU6CSaxYQOSI+1DUbEmLrp+BcjfGwUHwdSmRcBHqt/N1ISaj0MPTMZEujr+V4m/tdrJxBcuCmP4gRYRCdGQSIwSJxFgn2uGAUxNECo4uZWTPtEEQomuMKMDfDB42hBOaX+qGDCcuajWYTGWdkxfGuXKlfT2PLoAB2hE+Sgc1RBVVRDdUTRE3pGr+jNerHerU/razKas6Y7+2imrO9filCnsA==</latexit>

� : H ! H ⌦H
<latexit sha1_base64="L0dR929IuR5lStQeZCFjS95fPfk=">AAACNnicbZDLTgIxFIY7XhFvoy7dNAKJG8kMG40roi5YYiKXhCGkUwo0dKaT9owGJzyBT+PO6JO4cWfcunZlB1gIeJImX/9zTv729yPBNTjOu7Wyura+sZnZym7v7O7t2weHdS1jRVmNSiFV0yeaCR6yGnAQrBkpRgJfsIY/vE77jXumNJfhHYwi1g5IP+Q9TgkYqWMX8ti7YQLIJa5gT/H+AIhS8iG9SeAB04byHTvnFJ1J4WVwZ5BDs6p27B+vK2kcsBCoIFq3XCeCdkIUcCrYOOvFmkWEDkmftQyGxBi1k8l3xrhglC7uSWVOCHii/t1ISKD1KPDNZEBgoBd7qfhfrxVD76Kd8DCKgYV0atSLBQaJ02xwlytGQYwMEKq4eSumA6IIBZNgds4G+PBxvKSc0e44a8JyF6NZhnqp6Bq+LeXKV7PYMugYnaBT5KJzVEYVVEU1RNETekav6M16sT6sT+trOrpizXaO0FxZ379qQaqN</latexit><latexit sha1_base64="L0dR929IuR5lStQeZCFjS95fPfk=">AAACNnicbZDLTgIxFIY7XhFvoy7dNAKJG8kMG40roi5YYiKXhCGkUwo0dKaT9owGJzyBT+PO6JO4cWfcunZlB1gIeJImX/9zTv729yPBNTjOu7Wyura+sZnZym7v7O7t2weHdS1jRVmNSiFV0yeaCR6yGnAQrBkpRgJfsIY/vE77jXumNJfhHYwi1g5IP+Q9TgkYqWMX8ti7YQLIJa5gT/H+AIhS8iG9SeAB04byHTvnFJ1J4WVwZ5BDs6p27B+vK2kcsBCoIFq3XCeCdkIUcCrYOOvFmkWEDkmftQyGxBi1k8l3xrhglC7uSWVOCHii/t1ISKD1KPDNZEBgoBd7qfhfrxVD76Kd8DCKgYV0atSLBQaJ02xwlytGQYwMEKq4eSumA6IIBZNgds4G+PBxvKSc0e44a8JyF6NZhnqp6Bq+LeXKV7PYMugYnaBT5KJzVEYVVEU1RNETekav6M16sT6sT+trOrpizXaO0FxZ379qQaqN</latexit><latexit sha1_base64="L0dR929IuR5lStQeZCFjS95fPfk=">AAACNnicbZDLTgIxFIY7XhFvoy7dNAKJG8kMG40roi5YYiKXhCGkUwo0dKaT9owGJzyBT+PO6JO4cWfcunZlB1gIeJImX/9zTv729yPBNTjOu7Wyura+sZnZym7v7O7t2weHdS1jRVmNSiFV0yeaCR6yGnAQrBkpRgJfsIY/vE77jXumNJfhHYwi1g5IP+Q9TgkYqWMX8ti7YQLIJa5gT/H+AIhS8iG9SeAB04byHTvnFJ1J4WVwZ5BDs6p27B+vK2kcsBCoIFq3XCeCdkIUcCrYOOvFmkWEDkmftQyGxBi1k8l3xrhglC7uSWVOCHii/t1ISKD1KPDNZEBgoBd7qfhfrxVD76Kd8DCKgYV0atSLBQaJ02xwlytGQYwMEKq4eSumA6IIBZNgds4G+PBxvKSc0e44a8JyF6NZhnqp6Bq+LeXKV7PYMugYnaBT5KJzVEYVVEU1RNETekav6M16sT6sT+trOrpizXaO0FxZ379qQaqN</latexit><latexit sha1_base64="L0dR929IuR5lStQeZCFjS95fPfk=">AAACNnicbZDLTgIxFIY7XhFvoy7dNAKJG8kMG40roi5YYiKXhCGkUwo0dKaT9owGJzyBT+PO6JO4cWfcunZlB1gIeJImX/9zTv729yPBNTjOu7Wyura+sZnZym7v7O7t2weHdS1jRVmNSiFV0yeaCR6yGnAQrBkpRgJfsIY/vE77jXumNJfhHYwi1g5IP+Q9TgkYqWMX8ti7YQLIJa5gT/H+AIhS8iG9SeAB04byHTvnFJ1J4WVwZ5BDs6p27B+vK2kcsBCoIFq3XCeCdkIUcCrYOOvFmkWEDkmftQyGxBi1k8l3xrhglC7uSWVOCHii/t1ISKD1KPDNZEBgoBd7qfhfrxVD76Kd8DCKgYV0atSLBQaJ02xwlytGQYwMEKq4eSumA6IIBZNgds4G+PBxvKSc0e44a8JyF6NZhnqp6Bq+LeXKV7PYMugYnaBT5KJzVEYVVEU1RNETekav6M16sT6sT+trOrpizXaO0FxZ379qQaqN</latexit>

S : H ! H
<latexit sha1_base64="iOY42MtMtxCDH7PyM+Ix2B6rJ5c=">AAACJ3icbZDLTgIxFIY7XnG8oSZu3DSCiRvJDBuNK6IblhjlksCEdEqBhs500p7R4MjLuDP6Lu6MLn0NVxaYhYB/0uTrf87JOfn9SHANjvNlLS2vrK6tZzbsza3tnd3s3n5Ny1hRVqVSSNXwiWaCh6wKHARrRIqRwBes7g+ux/X6PVOay/AOhhHzAtILeZdTAsZqZw/z+PYSl3FL8V4fiFLywfzy7WzOKTgT4UVwU8ihVJV29qfVkTQOWAhUEK2brhOBlxAFnAo2sluxZhGhA9JjTYMhCZj2ksn9I3xinA7uSmVeCHji/p1ISKD1MPBNZ0Cgr+drY/O/WjOG7oWX8DCKgYV0uqgbCwwSj8PAHa4YBTE0QKji5lZM+0QRCiYye2YN8MHjaME5o52RbcJy56NZhFqx4Bq+KeZKV2lsGXSEjtEpctE5KqEyqqAqougJPaNX9Ga9WO/Wh/U5bV2y0pkDNCPr+xeZEaSP</latexit><latexit sha1_base64="iOY42MtMtxCDH7PyM+Ix2B6rJ5c=">AAACJ3icbZDLTgIxFIY7XnG8oSZu3DSCiRvJDBuNK6IblhjlksCEdEqBhs500p7R4MjLuDP6Lu6MLn0NVxaYhYB/0uTrf87JOfn9SHANjvNlLS2vrK6tZzbsza3tnd3s3n5Ny1hRVqVSSNXwiWaCh6wKHARrRIqRwBes7g+ux/X6PVOay/AOhhHzAtILeZdTAsZqZw/z+PYSl3FL8V4fiFLywfzy7WzOKTgT4UVwU8ihVJV29qfVkTQOWAhUEK2brhOBlxAFnAo2sluxZhGhA9JjTYMhCZj2ksn9I3xinA7uSmVeCHji/p1ISKD1MPBNZ0Cgr+drY/O/WjOG7oWX8DCKgYV0uqgbCwwSj8PAHa4YBTE0QKji5lZM+0QRCiYye2YN8MHjaME5o52RbcJy56NZhFqx4Bq+KeZKV2lsGXSEjtEpctE5KqEyqqAqougJPaNX9Ga9WO/Wh/U5bV2y0pkDNCPr+xeZEaSP</latexit><latexit sha1_base64="iOY42MtMtxCDH7PyM+Ix2B6rJ5c=">AAACJ3icbZDLTgIxFIY7XnG8oSZu3DSCiRvJDBuNK6IblhjlksCEdEqBhs500p7R4MjLuDP6Lu6MLn0NVxaYhYB/0uTrf87JOfn9SHANjvNlLS2vrK6tZzbsza3tnd3s3n5Ny1hRVqVSSNXwiWaCh6wKHARrRIqRwBes7g+ux/X6PVOay/AOhhHzAtILeZdTAsZqZw/z+PYSl3FL8V4fiFLywfzy7WzOKTgT4UVwU8ihVJV29qfVkTQOWAhUEK2brhOBlxAFnAo2sluxZhGhA9JjTYMhCZj2ksn9I3xinA7uSmVeCHji/p1ISKD1MPBNZ0Cgr+drY/O/WjOG7oWX8DCKgYV0uqgbCwwSj8PAHa4YBTE0QKji5lZM+0QRCiYye2YN8MHjaME5o52RbcJy56NZhFqx4Bq+KeZKV2lsGXSEjtEpctE5KqEyqqAqougJPaNX9Ga9WO/Wh/U5bV2y0pkDNCPr+xeZEaSP</latexit><latexit sha1_base64="iOY42MtMtxCDH7PyM+Ix2B6rJ5c=">AAACJ3icbZDLTgIxFIY7XnG8oSZu3DSCiRvJDBuNK6IblhjlksCEdEqBhs500p7R4MjLuDP6Lu6MLn0NVxaYhYB/0uTrf87JOfn9SHANjvNlLS2vrK6tZzbsza3tnd3s3n5Ny1hRVqVSSNXwiWaCh6wKHARrRIqRwBes7g+ux/X6PVOay/AOhhHzAtILeZdTAsZqZw/z+PYSl3FL8V4fiFLywfzy7WzOKTgT4UVwU8ihVJV29qfVkTQOWAhUEK2brhOBlxAFnAo2sluxZhGhA9JjTYMhCZj2ksn9I3xinA7uSmVeCHji/p1ISKD1MPBNZ0Cgr+drY/O/WjOG7oWX8DCKgYV0uqgbCwwSj8PAHa4YBTE0QKji5lZM+0QRCiYye2YN8MHjaME5o52RbcJy56NZhFqx4Bq+KeZKV2lsGXSEjtEpctE5KqEyqqAqougJPaNX9Ga9WO/Wh/U5bV2y0pkDNCPr+xeZEaSP</latexit>

✏ : H ! C
<latexit sha1_base64="QJN96/Ta9+Pq9P3zJTwYSwU+8Wc=">AAACN3icbZC7TsMwFIYdriXcAowsFgXEAkpYQEyILh2LRC9SU1WO67ZWHTuyT0AlyhvwNGwIXoSJDbGyMuFeBqD8kqVP/zlH5/iPEsEN+P6rMze/sLi0XFhxV9fWNza9re2aUammrEqVULoREcMEl6wKHARrJJqROBKsHg1Ko3r9lmnDlbyBYcJaMelJ3uWUgLXa3uE+DlliuFDyApdxqHmvD0RrdYfDmEA/irJSjvfbXtE/8cfCsxBMoYimqrS9r7CjaBozCVQQY5qBn0ArIxo4FSx3w9SwhNAB6bGmRUliZlrZ+D85PrBOB3eVtk8CHrs/JzISGzOMI9s5utH8rY3M/2rNFLrnrYzLJAUm6WRRNxUYFB6FgztcMwpiaIFQze2tmPaJJhRshO6vNcAH9/mMc0w7uWvDCv5GMwu105PA8vVp8fJqGlsB7aI9dIQCdIYuURlVUBVR9IAe0TN6cZ6cN+fd+Zi0zjnTmR30S87nN+stq+8=</latexit><latexit sha1_base64="QJN96/Ta9+Pq9P3zJTwYSwU+8Wc=">AAACN3icbZC7TsMwFIYdriXcAowsFgXEAkpYQEyILh2LRC9SU1WO67ZWHTuyT0AlyhvwNGwIXoSJDbGyMuFeBqD8kqVP/zlH5/iPEsEN+P6rMze/sLi0XFhxV9fWNza9re2aUammrEqVULoREcMEl6wKHARrJJqROBKsHg1Ko3r9lmnDlbyBYcJaMelJ3uWUgLXa3uE+DlliuFDyApdxqHmvD0RrdYfDmEA/irJSjvfbXtE/8cfCsxBMoYimqrS9r7CjaBozCVQQY5qBn0ArIxo4FSx3w9SwhNAB6bGmRUliZlrZ+D85PrBOB3eVtk8CHrs/JzISGzOMI9s5utH8rY3M/2rNFLrnrYzLJAUm6WRRNxUYFB6FgztcMwpiaIFQze2tmPaJJhRshO6vNcAH9/mMc0w7uWvDCv5GMwu105PA8vVp8fJqGlsB7aI9dIQCdIYuURlVUBVR9IAe0TN6cZ6cN+fd+Zi0zjnTmR30S87nN+stq+8=</latexit><latexit sha1_base64="QJN96/Ta9+Pq9P3zJTwYSwU+8Wc=">AAACN3icbZC7TsMwFIYdriXcAowsFgXEAkpYQEyILh2LRC9SU1WO67ZWHTuyT0AlyhvwNGwIXoSJDbGyMuFeBqD8kqVP/zlH5/iPEsEN+P6rMze/sLi0XFhxV9fWNza9re2aUammrEqVULoREcMEl6wKHARrJJqROBKsHg1Ko3r9lmnDlbyBYcJaMelJ3uWUgLXa3uE+DlliuFDyApdxqHmvD0RrdYfDmEA/irJSjvfbXtE/8cfCsxBMoYimqrS9r7CjaBozCVQQY5qBn0ArIxo4FSx3w9SwhNAB6bGmRUliZlrZ+D85PrBOB3eVtk8CHrs/JzISGzOMI9s5utH8rY3M/2rNFLrnrYzLJAUm6WRRNxUYFB6FgztcMwpiaIFQze2tmPaJJhRshO6vNcAH9/mMc0w7uWvDCv5GMwu105PA8vVp8fJqGlsB7aI9dIQCdIYuURlVUBVR9IAe0TN6cZ6cN+fd+Zi0zjnTmR30S87nN+stq+8=</latexit><latexit sha1_base64="QJN96/Ta9+Pq9P3zJTwYSwU+8Wc=">AAACN3icbZC7TsMwFIYdriXcAowsFgXEAkpYQEyILh2LRC9SU1WO67ZWHTuyT0AlyhvwNGwIXoSJDbGyMuFeBqD8kqVP/zlH5/iPEsEN+P6rMze/sLi0XFhxV9fWNza9re2aUammrEqVULoREcMEl6wKHARrJJqROBKsHg1Ko3r9lmnDlbyBYcJaMelJ3uWUgLXa3uE+DlliuFDyApdxqHmvD0RrdYfDmEA/irJSjvfbXtE/8cfCsxBMoYimqrS9r7CjaBozCVQQY5qBn0ArIxo4FSx3w9SwhNAB6bGmRUliZlrZ+D85PrBOB3eVtk8CHrs/JzISGzOMI9s5utH8rY3M/2rNFLrnrYzLJAUm6WRRNxUYFB6FgztcMwpiaIFQze2tmPaJJhRshO6vNcAH9/mMc0w7uWvDCv5GMwu105PA8vVp8fJqGlsB7aI9dIQCdIYuURlVUBVR9IAe0TN6cZ6cN+fd+Zi0zjnTmR30S87nN+stq+8=</latexit>

              is an associative algebra;
              is an associative coalgebra;

     is an algebra morphism;

The antipode     is compatible.

H(�, ✏)
<latexit sha1_base64="ak7ImHAFEgNkRF3qU3H1YXxyeM0=">AAACJ3icbZA9SwNBEIb34lc8v6KCjc1iFCJouEujZVCLlApGA0kIe5tJsmRv79idE2K8P2Mn+l/sREv/hpWbmEITXxh4eGeGGd4glsKg5304mbn5hcWl7LK7srq2vpHb3LoxUaI5VHkkI10LmAEpFFRRoIRarIGFgYTboH8+6t/egTYiUtc4iKEZsq4SHcEZWquV29mvFBoXIJEd0QbERshIHdL9Vi7vFb2x6Cz4E8iTiS5bua9GO+JJCAq5ZMbUfS/G5pBpFFxC6jYSAzHjfdaFukXFQjDN4fj/lB5Yp007kbalkI7d3xtDFhozCAM7GTLsmeneyPyvV0+wc9ocChUnCIr/HOokkmJER2HQttDAUQ4sMK6F/ZXyHtOMo43M/XMGRf8+nXGOeTt1bVj+dDSzcFMq+pavSvny2SS2LNkle6RAfHJCyqRCLkmVcPJAHskzeXGenFfnzXn/Gc04k51t8kfO5zcHwKTO</latexit><latexit sha1_base64="ak7ImHAFEgNkRF3qU3H1YXxyeM0=">AAACJ3icbZA9SwNBEIb34lc8v6KCjc1iFCJouEujZVCLlApGA0kIe5tJsmRv79idE2K8P2Mn+l/sREv/hpWbmEITXxh4eGeGGd4glsKg5304mbn5hcWl7LK7srq2vpHb3LoxUaI5VHkkI10LmAEpFFRRoIRarIGFgYTboH8+6t/egTYiUtc4iKEZsq4SHcEZWquV29mvFBoXIJEd0QbERshIHdL9Vi7vFb2x6Cz4E8iTiS5bua9GO+JJCAq5ZMbUfS/G5pBpFFxC6jYSAzHjfdaFukXFQjDN4fj/lB5Yp007kbalkI7d3xtDFhozCAM7GTLsmeneyPyvV0+wc9ocChUnCIr/HOokkmJER2HQttDAUQ4sMK6F/ZXyHtOMo43M/XMGRf8+nXGOeTt1bVj+dDSzcFMq+pavSvny2SS2LNkle6RAfHJCyqRCLkmVcPJAHskzeXGenFfnzXn/Gc04k51t8kfO5zcHwKTO</latexit><latexit sha1_base64="ak7ImHAFEgNkRF3qU3H1YXxyeM0=">AAACJ3icbZA9SwNBEIb34lc8v6KCjc1iFCJouEujZVCLlApGA0kIe5tJsmRv79idE2K8P2Mn+l/sREv/hpWbmEITXxh4eGeGGd4glsKg5304mbn5hcWl7LK7srq2vpHb3LoxUaI5VHkkI10LmAEpFFRRoIRarIGFgYTboH8+6t/egTYiUtc4iKEZsq4SHcEZWquV29mvFBoXIJEd0QbERshIHdL9Vi7vFb2x6Cz4E8iTiS5bua9GO+JJCAq5ZMbUfS/G5pBpFFxC6jYSAzHjfdaFukXFQjDN4fj/lB5Yp007kbalkI7d3xtDFhozCAM7GTLsmeneyPyvV0+wc9ocChUnCIr/HOokkmJER2HQttDAUQ4sMK6F/ZXyHtOMo43M/XMGRf8+nXGOeTt1bVj+dDSzcFMq+pavSvny2SS2LNkle6RAfHJCyqRCLkmVcPJAHskzeXGenFfnzXn/Gc04k51t8kfO5zcHwKTO</latexit><latexit sha1_base64="ak7ImHAFEgNkRF3qU3H1YXxyeM0=">AAACJ3icbZA9SwNBEIb34lc8v6KCjc1iFCJouEujZVCLlApGA0kIe5tJsmRv79idE2K8P2Mn+l/sREv/hpWbmEITXxh4eGeGGd4glsKg5304mbn5hcWl7LK7srq2vpHb3LoxUaI5VHkkI10LmAEpFFRRoIRarIGFgYTboH8+6t/egTYiUtc4iKEZsq4SHcEZWquV29mvFBoXIJEd0QbERshIHdL9Vi7vFb2x6Cz4E8iTiS5bua9GO+JJCAq5ZMbUfS/G5pBpFFxC6jYSAzHjfdaFukXFQjDN4fj/lB5Yp007kbalkI7d3xtDFhozCAM7GTLsmeneyPyvV0+wc9ocChUnCIr/HOokkmJER2HQttDAUQ4sMK6F/ZXyHtOMo43M/XMGRf8+nXGOeTt1bVj+dDSzcFMq+pavSvny2SS2LNkle6RAfHJCyqRCLkmVcPJAHskzeXGenFfnzXn/Gc04k51t8kfO5zcHwKTO</latexit>

(I ⌦�)� = (�⌦ I)�
<latexit sha1_base64="XJm1z/utyrdKMhOFMbuCrNeE4uI="></latexit><latexit sha1_base64="XJm1z/utyrdKMhOFMbuCrNeE4uI="></latexit><latexit sha1_base64="XJm1z/utyrdKMhOFMbuCrNeE4uI="></latexit><latexit sha1_base64="XJm1z/utyrdKMhOFMbuCrNeE4uI="></latexit>

(I ⌦ ✏)� = (✏⌦ I)� = I
<latexit sha1_base64="SDO2Atxbnmkj08PPKw3AqgJyvzM="></latexit><latexit sha1_base64="SDO2Atxbnmkj08PPKw3AqgJyvzM="></latexit><latexit sha1_base64="SDO2Atxbnmkj08PPKw3AqgJyvzM="></latexit><latexit sha1_base64="SDO2Atxbnmkj08PPKw3AqgJyvzM="></latexit>

�M = (M ⌦M)(I ⌦ Flip⌦ I)(�⌦�)
<latexit sha1_base64="sTYAyMgxH3XsbXhGLq32+EQpOUM="></latexit><latexit sha1_base64="sTYAyMgxH3XsbXhGLq32+EQpOUM="></latexit><latexit sha1_base64="sTYAyMgxH3XsbXhGLq32+EQpOUM="></latexit><latexit sha1_base64="sTYAyMgxH3XsbXhGLq32+EQpOUM="></latexit>

M(I ⌦ S)� = M(S ⌦ I)� = ⌘✏
<latexit sha1_base64="scd4AOSI4AIAXna0ughwxHX3TQg="></latexit><latexit sha1_base64="scd4AOSI4AIAXna0ughwxHX3TQg="></latexit><latexit sha1_base64="scd4AOSI4AIAXna0ughwxHX3TQg="></latexit><latexit sha1_base64="scd4AOSI4AIAXna0ughwxHX3TQg="></latexit>

�
<latexit sha1_base64="M0upDY52h8SxrZgyJwqGyWRTCY0=">AAACF3icbZC7TsMwFIadcivhVmBksWiRWKiSLjBWwMBYJHqR2qhyHKe16jiRfYJUor4EG4J3YUOsjLwKE26bgbb8kqVP/zlH5/j3E8E1OM63VVhb39jcKm7bO7t7+welw6OWjlNFWZPGIlYdn2gmuGRN4CBYJ1GMRL5gbX90M623H5nSPJYPME6YF5GB5CGnBIzVqfRumQBS6ZfKTtWZCa+Cm0MZ5Wr0Sz+9IKZpxCRQQbTuuk4CXkYUcCrYxO6lmiWEjsiAdQ1KEjHtZbN7J/jMOAEOY2WeBDxz/05kJNJ6HPmmMyIw1Mu1qflfrZtCeOVlXCYpMEnni8JUYIjx9PM44IpREGMDhCpubsV0SBShYCKyF9YAHz1NVpwLGkxsE5a7HM0qtGpV1/B9rVy/zmMrohN0is6Riy5RHd2hBmoiigR6Rq/ozXqx3q0P63PeWrDymWO0IOvrF/pTn7Y=</latexit><latexit sha1_base64="M0upDY52h8SxrZgyJwqGyWRTCY0=">AAACF3icbZC7TsMwFIadcivhVmBksWiRWKiSLjBWwMBYJHqR2qhyHKe16jiRfYJUor4EG4J3YUOsjLwKE26bgbb8kqVP/zlH5/j3E8E1OM63VVhb39jcKm7bO7t7+welw6OWjlNFWZPGIlYdn2gmuGRN4CBYJ1GMRL5gbX90M623H5nSPJYPME6YF5GB5CGnBIzVqfRumQBS6ZfKTtWZCa+Cm0MZ5Wr0Sz+9IKZpxCRQQbTuuk4CXkYUcCrYxO6lmiWEjsiAdQ1KEjHtZbN7J/jMOAEOY2WeBDxz/05kJNJ6HPmmMyIw1Mu1qflfrZtCeOVlXCYpMEnni8JUYIjx9PM44IpREGMDhCpubsV0SBShYCKyF9YAHz1NVpwLGkxsE5a7HM0qtGpV1/B9rVy/zmMrohN0is6Riy5RHd2hBmoiigR6Rq/ozXqx3q0P63PeWrDymWO0IOvrF/pTn7Y=</latexit><latexit sha1_base64="M0upDY52h8SxrZgyJwqGyWRTCY0=">AAACF3icbZC7TsMwFIadcivhVmBksWiRWKiSLjBWwMBYJHqR2qhyHKe16jiRfYJUor4EG4J3YUOsjLwKE26bgbb8kqVP/zlH5/j3E8E1OM63VVhb39jcKm7bO7t7+welw6OWjlNFWZPGIlYdn2gmuGRN4CBYJ1GMRL5gbX90M623H5nSPJYPME6YF5GB5CGnBIzVqfRumQBS6ZfKTtWZCa+Cm0MZ5Wr0Sz+9IKZpxCRQQbTuuk4CXkYUcCrYxO6lmiWEjsiAdQ1KEjHtZbN7J/jMOAEOY2WeBDxz/05kJNJ6HPmmMyIw1Mu1qflfrZtCeOVlXCYpMEnni8JUYIjx9PM44IpREGMDhCpubsV0SBShYCKyF9YAHz1NVpwLGkxsE5a7HM0qtGpV1/B9rVy/zmMrohN0is6Riy5RHd2hBmoiigR6Rq/ozXqx3q0P63PeWrDymWO0IOvrF/pTn7Y=</latexit><latexit sha1_base64="M0upDY52h8SxrZgyJwqGyWRTCY0=">AAACF3icbZC7TsMwFIadcivhVmBksWiRWKiSLjBWwMBYJHqR2qhyHKe16jiRfYJUor4EG4J3YUOsjLwKE26bgbb8kqVP/zlH5/j3E8E1OM63VVhb39jcKm7bO7t7+welw6OWjlNFWZPGIlYdn2gmuGRN4CBYJ1GMRL5gbX90M623H5nSPJYPME6YF5GB5CGnBIzVqfRumQBS6ZfKTtWZCa+Cm0MZ5Wr0Sz+9IKZpxCRQQbTuuk4CXkYUcCrYxO6lmiWEjsiAdQ1KEjHtZbN7J/jMOAEOY2WeBDxz/05kJNJ6HPmmMyIw1Mu1qflfrZtCeOVlXCYpMEnni8JUYIjx9PM44IpREGMDhCpubsV0SBShYCKyF9YAHz1NVpwLGkxsE5a7HM0qtGpV1/B9rVy/zmMrohN0is6Riy5RHd2hBmoiigR6Rq/ozXqx3q0P63PeWrDymWO0IOvrF/pTn7Y=</latexit>

S
<latexit sha1_base64="Tlhor0pe6qZXRl1OstpcVqQBAy8=">AAACEnicbZC7TsMwFIYdrqXcCowsFi0SC1XSBcYKFsai0ovURpXjOK1Vx4nsE6QS5RHYELwLG2LlBXgVJtw2A235JUuf/nOOzvHvxYJrsO1va219Y3Nru7BT3N3bPzgsHR23dZQoylo0EpHqekQzwSVrAQfBurFiJPQE63jj22m988iU5pF8gEnM3JAMJQ84JWCsZqVZGZTKdtWeCa+Ck0MZ5WoMSj99P6JJyCRQQbTuOXYMbkoUcCpYVuwnmsWEjsmQ9QxKEjLtprNTM3xuHB8HkTJPAp65fydSEmo9CT3TGRIY6eXa1Pyv1ksguHZTLuMEmKTzRUEiMER4+m/sc8UoiIkBQhU3t2I6IopQMOkUF9YAHz9lK84l9bOiCctZjmYV2rWqY/i+Vq7f5LEV0Ck6QxfIQVeoju5QA7UQRUP0jF7Rm/VivVsf1ue8dc3KZ07QgqyvX/ZxnZE=</latexit><latexit sha1_base64="Tlhor0pe6qZXRl1OstpcVqQBAy8=">AAACEnicbZC7TsMwFIYdrqXcCowsFi0SC1XSBcYKFsai0ovURpXjOK1Vx4nsE6QS5RHYELwLG2LlBXgVJtw2A235JUuf/nOOzvHvxYJrsO1va219Y3Nru7BT3N3bPzgsHR23dZQoylo0EpHqekQzwSVrAQfBurFiJPQE63jj22m988iU5pF8gEnM3JAMJQ84JWCsZqVZGZTKdtWeCa+Ck0MZ5WoMSj99P6JJyCRQQbTuOXYMbkoUcCpYVuwnmsWEjsmQ9QxKEjLtprNTM3xuHB8HkTJPAp65fydSEmo9CT3TGRIY6eXa1Pyv1ksguHZTLuMEmKTzRUEiMER4+m/sc8UoiIkBQhU3t2I6IopQMOkUF9YAHz9lK84l9bOiCctZjmYV2rWqY/i+Vq7f5LEV0Ck6QxfIQVeoju5QA7UQRUP0jF7Rm/VivVsf1ue8dc3KZ07QgqyvX/ZxnZE=</latexit><latexit sha1_base64="Tlhor0pe6qZXRl1OstpcVqQBAy8=">AAACEnicbZC7TsMwFIYdrqXcCowsFi0SC1XSBcYKFsai0ovURpXjOK1Vx4nsE6QS5RHYELwLG2LlBXgVJtw2A235JUuf/nOOzvHvxYJrsO1va219Y3Nru7BT3N3bPzgsHR23dZQoylo0EpHqekQzwSVrAQfBurFiJPQE63jj22m988iU5pF8gEnM3JAMJQ84JWCsZqVZGZTKdtWeCa+Ck0MZ5WoMSj99P6JJyCRQQbTuOXYMbkoUcCpYVuwnmsWEjsmQ9QxKEjLtprNTM3xuHB8HkTJPAp65fydSEmo9CT3TGRIY6eXa1Pyv1ksguHZTLuMEmKTzRUEiMER4+m/sc8UoiIkBQhU3t2I6IopQMOkUF9YAHz9lK84l9bOiCctZjmYV2rWqY/i+Vq7f5LEV0Ck6QxfIQVeoju5QA7UQRUP0jF7Rm/VivVsf1ue8dc3KZ07QgqyvX/ZxnZE=</latexit><latexit sha1_base64="Tlhor0pe6qZXRl1OstpcVqQBAy8=">AAACEnicbZC7TsMwFIYdrqXcCowsFi0SC1XSBcYKFsai0ovURpXjOK1Vx4nsE6QS5RHYELwLG2LlBXgVJtw2A235JUuf/nOOzvHvxYJrsO1va219Y3Nru7BT3N3bPzgsHR23dZQoylo0EpHqekQzwSVrAQfBurFiJPQE63jj22m988iU5pF8gEnM3JAMJQ84JWCsZqVZGZTKdtWeCa+Ck0MZ5WoMSj99P6JJyCRQQbTuOXYMbkoUcCpYVuwnmsWEjsmQ9QxKEjLtprNTM3xuHB8HkTJPAp65fydSEmo9CT3TGRIY6eXa1Pyv1ksguHZTLuMEmKTzRUEiMER4+m/sc8UoiIkBQhU3t2I6IopQMOkUF9YAHz9lK84l9bOiCctZjmYV2rWqY/i+Vq7f5LEV0Ck6QxfIQVeoju5QA7UQRUP0jF7Rm/VivVsf1ue8dc3KZ07QgqyvX/ZxnZE=</latexit>

Flip : H ⌦H ! H ⌦H, x⌦ y 7! y ⌦ x
<latexit sha1_base64="m9s0LjvUS5vDyAOuBa2gnoujSTM="></latexit><latexit sha1_base64="m9s0LjvUS5vDyAOuBa2gnoujSTM="></latexit><latexit sha1_base64="m9s0LjvUS5vDyAOuBa2gnoujSTM="></latexit><latexit sha1_base64="m9s0LjvUS5vDyAOuBa2gnoujSTM="></latexit>

i : C ! H
<latexit sha1_base64="TeCtNlLeIUzhdSlEAWBrjBrWEXc="></latexit>

H(M, i,�, ✏, S)
<latexit sha1_base64="sIA8yC2ZcdGqc+icBXGfTI7g49A=">AAACLnicbVBNSwMxEM367fpV9ShCsAgKtexWQY+iHnoRKtpWaEvJplMbms0uyaxQS0/+Gm+i/0XwIF79DZ5M6x7U+mCYx3szTPKCWAqDnvfqTExOTc/Mzs27C4tLyyuZ1bWKiRLNocwjGenrgBmQQkEZBUq4jjWwMJBQDbqnQ796C9qISF1hL4ZGyG6UaAvO0ErNzGZx5zxHRY7Wz0Aisx1iI2SkcvRylzYzWS/vjUDHiZ+SLElRamY+662IJyEo5JIZU/O9GBt9plFwCQO3nhiIGe+yG6hZqlgIptEffWNAt63Sou1I21JIR+rPjT4LjemFgZ0MGXbMX28o/ufVEmwfNfpCxQmC4t+H2omkGNFhJrQlNHCUPUsY18K+lfIO04yjTc79dQZF924wpuzx1sC1Yfl/oxknlULe388XLg6yxydpbHNkg2yRHeKTQ3JMiqREyoSTe/JAnsiz8+i8OG/O+/fohJPurJNfcD6+APvwpr8=</latexit>

H(M, i)
<latexit sha1_base64="pkanHijFsE5ofsjtc5VtGRaHnz0=">AAACF3icbVDLSgNBEJyNr7i+oh69DAYhgobdKOgx6CUXIYJ5QLKE2dnZZMjsg5leIYb9CW+i/+JNvHr0Vzw5SfZgEgsaiqpuurvcWHAFlvVt5FZW19Y38pvm1vbO7l5h/6CpokRS1qCRiGTbJYoJHrIGcBCsHUtGAlewlju8nfitRyYVj8IHGMXMCUg/5D6nBLTUrpXuzjA/xb1C0SpbU+BlYmekiDLUe4WfrhfRJGAhUEGU6thWDM6YSOBUsNTsJorFhA5Jn3U0DUnAlDOe3pviE6142I+krhDwVP07MSaBUqPA1Z0BgYFa9Cbif14nAf/aGfMwToCFdLbITwSGCE+exx6XjIIYaUKo5PpWTAdEEgo6InNuDfDhU7qknFMvNXVY9mI0y6RZKdsX5cr9ZbF6k8WWR0foGJWQja5QFdVQHTUQRQI9o1f0ZrwY78aH8TlrzRnZzCGag/H1C5lHnuk=</latexit>
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C[G] = C{g : g 2 G}
<latexit sha1_base64="Ag01plX05+QDUbXnI3XDDk7yWfE="></latexit><latexit sha1_base64="Ag01plX05+QDUbXnI3XDDk7yWfE="></latexit><latexit sha1_base64="Ag01plX05+QDUbXnI3XDDk7yWfE="></latexit><latexit sha1_base64="Ag01plX05+QDUbXnI3XDDk7yWfE="></latexit>

G
<latexit sha1_base64="SGhRuDEOC932tR1kGHrt88xzsIE=">AAACEnicdVDJSgNBEO2JWxy3qEcvjYngxaEn0Zjcgh70GNEskAyhp6eTNOlZ6O4RYphP8Cb6L97Eqz/gr3iyswjG5UHB470qquq5EWdSIfRupBYWl5ZX0qvm2vrG5lZme6cuw1gQWiMhD0XTxZJyFtCaYorTZiQo9l1OG+7gfOw3bqmQLAxu1DCijo97AesygpWWrnMXuU4miywbocLxCUQWsgtF29akVC4XUQHaFpogC2aodjIfbS8ksU8DRTiWsmWjSDkjLBQjnCZmO5Y0wmSAe7SlaYB9Kp3R5NQEHmjFg91Q6AoUnKjfJ0bYl3Lou7rTx6ovf3pj8S+vFatuyRmxIIoVDch0UTfmUIVw/Df0mKBE8aEmmAimb4WkjwUmSqdjzq1RbHCX/FKOiJeYOqyvROD/pJ63bM2v8tnK2Sy2NNgD++AQ2OAUVMAlqIIaIKAH7sEjeDIejGfjxXidtqaM2cwumIPx9glB2p3B</latexit><latexit sha1_base64="SGhRuDEOC932tR1kGHrt88xzsIE=">AAACEnicdVDJSgNBEO2JWxy3qEcvjYngxaEn0Zjcgh70GNEskAyhp6eTNOlZ6O4RYphP8Cb6L97Eqz/gr3iyswjG5UHB470qquq5EWdSIfRupBYWl5ZX0qvm2vrG5lZme6cuw1gQWiMhD0XTxZJyFtCaYorTZiQo9l1OG+7gfOw3bqmQLAxu1DCijo97AesygpWWrnMXuU4miywbocLxCUQWsgtF29akVC4XUQHaFpogC2aodjIfbS8ksU8DRTiWsmWjSDkjLBQjnCZmO5Y0wmSAe7SlaYB9Kp3R5NQEHmjFg91Q6AoUnKjfJ0bYl3Lou7rTx6ovf3pj8S+vFatuyRmxIIoVDch0UTfmUIVw/Df0mKBE8aEmmAimb4WkjwUmSqdjzq1RbHCX/FKOiJeYOqyvROD/pJ63bM2v8tnK2Sy2NNgD++AQ2OAUVMAlqIIaIKAH7sEjeDIejGfjxXidtqaM2cwumIPx9glB2p3B</latexit><latexit sha1_base64="SGhRuDEOC932tR1kGHrt88xzsIE=">AAACEnicdVDJSgNBEO2JWxy3qEcvjYngxaEn0Zjcgh70GNEskAyhp6eTNOlZ6O4RYphP8Cb6L97Eqz/gr3iyswjG5UHB470qquq5EWdSIfRupBYWl5ZX0qvm2vrG5lZme6cuw1gQWiMhD0XTxZJyFtCaYorTZiQo9l1OG+7gfOw3bqmQLAxu1DCijo97AesygpWWrnMXuU4miywbocLxCUQWsgtF29akVC4XUQHaFpogC2aodjIfbS8ksU8DRTiWsmWjSDkjLBQjnCZmO5Y0wmSAe7SlaYB9Kp3R5NQEHmjFg91Q6AoUnKjfJ0bYl3Lou7rTx6ovf3pj8S+vFatuyRmxIIoVDch0UTfmUIVw/Df0mKBE8aEmmAimb4WkjwUmSqdjzq1RbHCX/FKOiJeYOqyvROD/pJ63bM2v8tnK2Sy2NNgD++AQ2OAUVMAlqIIaIKAH7sEjeDIejGfjxXidtqaM2cwumIPx9glB2p3B</latexit><latexit sha1_base64="SGhRuDEOC932tR1kGHrt88xzsIE=">AAACEnicdVDJSgNBEO2JWxy3qEcvjYngxaEn0Zjcgh70GNEskAyhp6eTNOlZ6O4RYphP8Cb6L97Eqz/gr3iyswjG5UHB470qquq5EWdSIfRupBYWl5ZX0qvm2vrG5lZme6cuw1gQWiMhD0XTxZJyFtCaYorTZiQo9l1OG+7gfOw3bqmQLAxu1DCijo97AesygpWWrnMXuU4miywbocLxCUQWsgtF29akVC4XUQHaFpogC2aodjIfbS8ksU8DRTiWsmWjSDkjLBQjnCZmO5Y0wmSAe7SlaYB9Kp3R5NQEHmjFg91Q6AoUnKjfJ0bYl3Lou7rTx6ovf3pj8S+vFatuyRmxIIoVDch0UTfmUIVw/Df0mKBE8aEmmAimb4WkjwUmSqdjzq1RbHCX/FKOiJeYOqyvROD/pJ63bM2v8tnK2Sy2NNgD++AQ2OAUVMAlqIIaIKAH7sEjeDIejGfjxXidtqaM2cwumIPx9glB2p3B</latexit>

M(g ⌦ g0) = gg0
<latexit sha1_base64="mv7P9BnQ7WJt/OhCZQYqAAQy9HY="></latexit><latexit sha1_base64="mv7P9BnQ7WJt/OhCZQYqAAQy9HY="></latexit><latexit sha1_base64="mv7P9BnQ7WJt/OhCZQYqAAQy9HY="></latexit><latexit sha1_base64="mv7P9BnQ7WJt/OhCZQYqAAQy9HY="></latexit>

�(g) = g ⌦ g
<latexit sha1_base64="+99SIfwBKvvFfzMAQq3hJKcq2To="></latexit><latexit sha1_base64="+99SIfwBKvvFfzMAQq3hJKcq2To="></latexit><latexit sha1_base64="+99SIfwBKvvFfzMAQq3hJKcq2To="></latexit><latexit sha1_base64="+99SIfwBKvvFfzMAQq3hJKcq2To="></latexit>

✏(g) = 1
<latexit sha1_base64="66gC9QdaCDGjE4J3IYCsAaSuQYE="></latexit><latexit sha1_base64="66gC9QdaCDGjE4J3IYCsAaSuQYE="></latexit><latexit sha1_base64="66gC9QdaCDGjE4J3IYCsAaSuQYE="></latexit><latexit sha1_base64="66gC9QdaCDGjE4J3IYCsAaSuQYE="></latexit>

S(g) = g-1
<latexit sha1_base64="6+Mdn3G0Z7kguT2PoGOvGk1lqG4="></latexit><latexit sha1_base64="6+Mdn3G0Z7kguT2PoGOvGk1lqG4="></latexit><latexit sha1_base64="6+Mdn3G0Z7kguT2PoGOvGk1lqG4="></latexit><latexit sha1_base64="6+Mdn3G0Z7kguT2PoGOvGk1lqG4="></latexit>

a finite group

i(1) = 1G
<latexit sha1_base64="rfZFPa40MmALLaGSd2WqT8F1RRw=">AAACGXicdVDLSgMxFM34tr6qLt0Ei6ALh8TRWhdC0YUuK1gV61AymUwbmskMSUaoQ//Cnei/uBO3rvwVV6a1gs8DFw7n3Mu99wSp4Nog9OqMjI6NT0xOTRdmZufmF4qLS2c6yRRldZqIRF0ERDPBJasbbgS7SBUjcSDYedA57Pvn10xpnshT002ZH5OW5BGnxFjpkq/jDbgPcfOoWSwhFyPkbe9A5CLslTG2pLK3V0YexC4aoASGqDWLb1dhQrOYSUMF0bqBUWr8nCjDqWC9wlWmWUpoh7RYw1JJYqb9fHBxD65ZJYRRomxJAwfq14mcxFp348B2xsS09U+vL/7lNTITVfycyzQzTNKPRVEmoElg/30YcsWoEV1LCFXc3gppmyhCjQ2p8G2N4Z2b3i9lk4a9gg3rMxH4PznbcrHnbp1sl6oHw9imwApYBesAg11QBcegBuqAAgluwT14cO6cR+fJef5oHXGGM8vgG5yXdyNAn70=</latexit>
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C[G] = C{g : g 2 G}
<latexit sha1_base64="Ag01plX05+QDUbXnI3XDDk7yWfE="></latexit><latexit sha1_base64="Ag01plX05+QDUbXnI3XDDk7yWfE="></latexit><latexit sha1_base64="Ag01plX05+QDUbXnI3XDDk7yWfE="></latexit><latexit sha1_base64="Ag01plX05+QDUbXnI3XDDk7yWfE="></latexit>

G
<latexit sha1_base64="SGhRuDEOC932tR1kGHrt88xzsIE=">AAACEnicdVDJSgNBEO2JWxy3qEcvjYngxaEn0Zjcgh70GNEskAyhp6eTNOlZ6O4RYphP8Cb6L97Eqz/gr3iyswjG5UHB470qquq5EWdSIfRupBYWl5ZX0qvm2vrG5lZme6cuw1gQWiMhD0XTxZJyFtCaYorTZiQo9l1OG+7gfOw3bqmQLAxu1DCijo97AesygpWWrnMXuU4miywbocLxCUQWsgtF29akVC4XUQHaFpogC2aodjIfbS8ksU8DRTiWsmWjSDkjLBQjnCZmO5Y0wmSAe7SlaYB9Kp3R5NQEHmjFg91Q6AoUnKjfJ0bYl3Lou7rTx6ovf3pj8S+vFatuyRmxIIoVDch0UTfmUIVw/Df0mKBE8aEmmAimb4WkjwUmSqdjzq1RbHCX/FKOiJeYOqyvROD/pJ63bM2v8tnK2Sy2NNgD++AQ2OAUVMAlqIIaIKAH7sEjeDIejGfjxXidtqaM2cwumIPx9glB2p3B</latexit><latexit sha1_base64="SGhRuDEOC932tR1kGHrt88xzsIE=">AAACEnicdVDJSgNBEO2JWxy3qEcvjYngxaEn0Zjcgh70GNEskAyhp6eTNOlZ6O4RYphP8Cb6L97Eqz/gr3iyswjG5UHB470qquq5EWdSIfRupBYWl5ZX0qvm2vrG5lZme6cuw1gQWiMhD0XTxZJyFtCaYorTZiQo9l1OG+7gfOw3bqmQLAxu1DCijo97AesygpWWrnMXuU4miywbocLxCUQWsgtF29akVC4XUQHaFpogC2aodjIfbS8ksU8DRTiWsmWjSDkjLBQjnCZmO5Y0wmSAe7SlaYB9Kp3R5NQEHmjFg91Q6AoUnKjfJ0bYl3Lou7rTx6ovf3pj8S+vFatuyRmxIIoVDch0UTfmUIVw/Df0mKBE8aEmmAimb4WkjwUmSqdjzq1RbHCX/FKOiJeYOqyvROD/pJ63bM2v8tnK2Sy2NNgD++AQ2OAUVMAlqIIaIKAH7sEjeDIejGfjxXidtqaM2cwumIPx9glB2p3B</latexit><latexit sha1_base64="SGhRuDEOC932tR1kGHrt88xzsIE=">AAACEnicdVDJSgNBEO2JWxy3qEcvjYngxaEn0Zjcgh70GNEskAyhp6eTNOlZ6O4RYphP8Cb6L97Eqz/gr3iyswjG5UHB470qquq5EWdSIfRupBYWl5ZX0qvm2vrG5lZme6cuw1gQWiMhD0XTxZJyFtCaYorTZiQo9l1OG+7gfOw3bqmQLAxu1DCijo97AesygpWWrnMXuU4miywbocLxCUQWsgtF29akVC4XUQHaFpogC2aodjIfbS8ksU8DRTiWsmWjSDkjLBQjnCZmO5Y0wmSAe7SlaYB9Kp3R5NQEHmjFg91Q6AoUnKjfJ0bYl3Lou7rTx6ovf3pj8S+vFatuyRmxIIoVDch0UTfmUIVw/Df0mKBE8aEmmAimb4WkjwUmSqdjzq1RbHCX/FKOiJeYOqyvROD/pJ63bM2v8tnK2Sy2NNgD++AQ2OAUVMAlqIIaIKAH7sEjeDIejGfjxXidtqaM2cwumIPx9glB2p3B</latexit><latexit sha1_base64="SGhRuDEOC932tR1kGHrt88xzsIE=">AAACEnicdVDJSgNBEO2JWxy3qEcvjYngxaEn0Zjcgh70GNEskAyhp6eTNOlZ6O4RYphP8Cb6L97Eqz/gr3iyswjG5UHB470qquq5EWdSIfRupBYWl5ZX0qvm2vrG5lZme6cuw1gQWiMhD0XTxZJyFtCaYorTZiQo9l1OG+7gfOw3bqmQLAxu1DCijo97AesygpWWrnMXuU4miywbocLxCUQWsgtF29akVC4XUQHaFpogC2aodjIfbS8ksU8DRTiWsmWjSDkjLBQjnCZmO5Y0wmSAe7SlaYB9Kp3R5NQEHmjFg91Q6AoUnKjfJ0bYl3Lou7rTx6ovf3pj8S+vFatuyRmxIIoVDch0UTfmUIVw/Df0mKBE8aEmmAimb4WkjwUmSqdjzq1RbHCX/FKOiJeYOqyvROD/pJ63bM2v8tnK2Sy2NNgD++AQ2OAUVMAlqIIaIKAH7sEjeDIejGfjxXidtqaM2cwumIPx9glB2p3B</latexit>

M(g ⌦ g0) = gg0
<latexit sha1_base64="mv7P9BnQ7WJt/OhCZQYqAAQy9HY="></latexit><latexit sha1_base64="mv7P9BnQ7WJt/OhCZQYqAAQy9HY="></latexit><latexit sha1_base64="mv7P9BnQ7WJt/OhCZQYqAAQy9HY="></latexit><latexit sha1_base64="mv7P9BnQ7WJt/OhCZQYqAAQy9HY="></latexit>

�(g) = g ⌦ g
<latexit sha1_base64="+99SIfwBKvvFfzMAQq3hJKcq2To="></latexit><latexit sha1_base64="+99SIfwBKvvFfzMAQq3hJKcq2To="></latexit><latexit sha1_base64="+99SIfwBKvvFfzMAQq3hJKcq2To="></latexit><latexit sha1_base64="+99SIfwBKvvFfzMAQq3hJKcq2To="></latexit>

✏(g) = 1
<latexit sha1_base64="66gC9QdaCDGjE4J3IYCsAaSuQYE="></latexit><latexit sha1_base64="66gC9QdaCDGjE4J3IYCsAaSuQYE="></latexit><latexit sha1_base64="66gC9QdaCDGjE4J3IYCsAaSuQYE="></latexit><latexit sha1_base64="66gC9QdaCDGjE4J3IYCsAaSuQYE="></latexit>

S(g) = g-1
<latexit sha1_base64="6+Mdn3G0Z7kguT2PoGOvGk1lqG4="></latexit><latexit sha1_base64="6+Mdn3G0Z7kguT2PoGOvGk1lqG4="></latexit><latexit sha1_base64="6+Mdn3G0Z7kguT2PoGOvGk1lqG4="></latexit><latexit sha1_base64="6+Mdn3G0Z7kguT2PoGOvGk1lqG4="></latexit>

a finite group
Uq(sl2) = ChE,F,K±1i/ ⇠,

<latexit sha1_base64="gY4g2xW6UcBTpiv+l0b1Eg6Paps="></latexit><latexit sha1_base64="gY4g2xW6UcBTpiv+l0b1Eg6Paps="></latexit><latexit sha1_base64="gY4g2xW6UcBTpiv+l0b1Eg6Paps="></latexit><latexit sha1_base64="gY4g2xW6UcBTpiv+l0b1Eg6Paps="></latexit>

q = e
2⇡i
r

<latexit sha1_base64="xl4jyn6sManIGPoXqPKSmU9zK14="></latexit><latexit sha1_base64="xl4jyn6sManIGPoXqPKSmU9zK14="></latexit><latexit sha1_base64="xl4jyn6sManIGPoXqPKSmU9zK14="></latexit><latexit sha1_base64="xl4jyn6sManIGPoXqPKSmU9zK14="></latexit>

Hopf Algebras H(M, i ,�, ✏, S)

Semisimple

C[G ] = C{g : g 2 G},

M(g ⌦ g
0) = gg

0;

i(1) = e;

�(g) = g ⌦ g ;

✏(g) = 1;

S(g) = g
�1.

Non semisimple

Uq(sl2) = ChE ,F ,K ,K
�1i, q = e

2⇡i

r , r odd.

KK
�1 = K

�1
K = 1, KE = q

2
EK ,

KF = q
�2

FK , EF � FE = K�K
�1

q�q�1 ,

E
r = F

r = K
r � 1 = 0;

�(E ) = 1⌦ E + E ⌦ K ,

�(F ) = K
�1 ⌦ F + F ⌦ 1,

�(K ) = K ⌦ K ;

✏(E ) = ✏(F ) = 0, ✏(K ) = 1;

S(E ) = �EK
�1, S(F ) = �KF ,

S(K ) = K
�1.

5

⇠:
<latexit sha1_base64="VSYShBuo+Qr6OsYlyPk6STZGfoc=">AAACGHicdVDLTgIxFO3gC8cX6tJNI5i4kXRAEVwR3bjERB4GJqRTCjS0M5O2Y4JkvsKd0X9xZ9y681dcWR4m4uMkNzk5597ce48XcqY0Qu9WYmFxaXkluWqvrW9sbqW2d2oqiCShVRLwQDY8rChnPq1qpjlthJJi4XFa9wYXY79+S6VigX+thyF1Be75rMsI1ka6ybQUE/AMZtqpNMo6COWPTyDKIidfcBxDiqVSAeWhk0UTpMEMlXbqo9UJSCSorwnHSjUdFGp3hKVmhNPYbkWKhpgMcI82DfWxoModTQ6O4YFROrAbSFO+hhP1+8QIC6WGwjOdAuu++umNxb+8ZqS7RXfE/DDS1CfTRd2IQx3A8fewwyQlmg8NwUQycyskfSwx0SYje26NZoO7+JdyRDqxbcL6SgT+T2q5rGP4VS5dPp/FlgR7YB8cAgecgjK4BBVQBQQIcA8ewZP1YD1bL9brtDVhzWZ2wRyst09AMJ/V</latexit><latexit sha1_base64="VSYShBuo+Qr6OsYlyPk6STZGfoc=">AAACGHicdVDLTgIxFO3gC8cX6tJNI5i4kXRAEVwR3bjERB4GJqRTCjS0M5O2Y4JkvsKd0X9xZ9y681dcWR4m4uMkNzk5597ce48XcqY0Qu9WYmFxaXkluWqvrW9sbqW2d2oqiCShVRLwQDY8rChnPq1qpjlthJJi4XFa9wYXY79+S6VigX+thyF1Be75rMsI1ka6ybQUE/AMZtqpNMo6COWPTyDKIidfcBxDiqVSAeWhk0UTpMEMlXbqo9UJSCSorwnHSjUdFGp3hKVmhNPYbkWKhpgMcI82DfWxoModTQ6O4YFROrAbSFO+hhP1+8QIC6WGwjOdAuu++umNxb+8ZqS7RXfE/DDS1CfTRd2IQx3A8fewwyQlmg8NwUQycyskfSwx0SYje26NZoO7+JdyRDqxbcL6SgT+T2q5rGP4VS5dPp/FlgR7YB8cAgecgjK4BBVQBQQIcA8ewZP1YD1bL9brtDVhzWZ2wRyst09AMJ/V</latexit><latexit sha1_base64="VSYShBuo+Qr6OsYlyPk6STZGfoc=">AAACGHicdVDLTgIxFO3gC8cX6tJNI5i4kXRAEVwR3bjERB4GJqRTCjS0M5O2Y4JkvsKd0X9xZ9y681dcWR4m4uMkNzk5597ce48XcqY0Qu9WYmFxaXkluWqvrW9sbqW2d2oqiCShVRLwQDY8rChnPq1qpjlthJJi4XFa9wYXY79+S6VigX+thyF1Be75rMsI1ka6ybQUE/AMZtqpNMo6COWPTyDKIidfcBxDiqVSAeWhk0UTpMEMlXbqo9UJSCSorwnHSjUdFGp3hKVmhNPYbkWKhpgMcI82DfWxoModTQ6O4YFROrAbSFO+hhP1+8QIC6WGwjOdAuu++umNxb+8ZqS7RXfE/DDS1CfTRd2IQx3A8fewwyQlmg8NwUQycyskfSwx0SYje26NZoO7+JdyRDqxbcL6SgT+T2q5rGP4VS5dPp/FlgR7YB8cAgecgjK4BBVQBQQIcA8ewZP1YD1bL9brtDVhzWZ2wRyst09AMJ/V</latexit><latexit sha1_base64="VSYShBuo+Qr6OsYlyPk6STZGfoc=">AAACGHicdVDLTgIxFO3gC8cX6tJNI5i4kXRAEVwR3bjERB4GJqRTCjS0M5O2Y4JkvsKd0X9xZ9y681dcWR4m4uMkNzk5597ce48XcqY0Qu9WYmFxaXkluWqvrW9sbqW2d2oqiCShVRLwQDY8rChnPq1qpjlthJJi4XFa9wYXY79+S6VigX+thyF1Be75rMsI1ka6ybQUE/AMZtqpNMo6COWPTyDKIidfcBxDiqVSAeWhk0UTpMEMlXbqo9UJSCSorwnHSjUdFGp3hKVmhNPYbkWKhpgMcI82DfWxoModTQ6O4YFROrAbSFO+hhP1+8QIC6WGwjOdAuu++umNxb+8ZqS7RXfE/DDS1CfTRd2IQx3A8fewwyQlmg8NwUQycyskfSwx0SYje26NZoO7+JdyRDqxbcL6SgT+T2q5rGP4VS5dPp/FlgR7YB8cAgecgjK4BBVQBQQIcA8ewZP1YD1bL9brtDVhzWZ2wRyst09AMJ/V</latexit>

i(1) = 1G
<latexit sha1_base64="rfZFPa40MmALLaGSd2WqT8F1RRw=">AAACGXicdVDLSgMxFM34tr6qLt0Ei6ALh8TRWhdC0YUuK1gV61AymUwbmskMSUaoQ//Cnei/uBO3rvwVV6a1gs8DFw7n3Mu99wSp4Nog9OqMjI6NT0xOTRdmZufmF4qLS2c6yRRldZqIRF0ERDPBJasbbgS7SBUjcSDYedA57Pvn10xpnshT002ZH5OW5BGnxFjpkq/jDbgPcfOoWSwhFyPkbe9A5CLslTG2pLK3V0YexC4aoASGqDWLb1dhQrOYSUMF0bqBUWr8nCjDqWC9wlWmWUpoh7RYw1JJYqb9fHBxD65ZJYRRomxJAwfq14mcxFp348B2xsS09U+vL/7lNTITVfycyzQzTNKPRVEmoElg/30YcsWoEV1LCFXc3gppmyhCjQ2p8G2N4Z2b3i9lk4a9gg3rMxH4PznbcrHnbp1sl6oHw9imwApYBesAg11QBcegBuqAAgluwT14cO6cR+fJef5oHXGGM8vgG5yXdyNAn70=</latexit>
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C[G] = C{g : g 2 G}
<latexit sha1_base64="Ag01plX05+QDUbXnI3XDDk7yWfE="></latexit><latexit sha1_base64="Ag01plX05+QDUbXnI3XDDk7yWfE="></latexit><latexit sha1_base64="Ag01plX05+QDUbXnI3XDDk7yWfE="></latexit><latexit sha1_base64="Ag01plX05+QDUbXnI3XDDk7yWfE="></latexit>

G
<latexit sha1_base64="SGhRuDEOC932tR1kGHrt88xzsIE=">AAACEnicdVDJSgNBEO2JWxy3qEcvjYngxaEn0Zjcgh70GNEskAyhp6eTNOlZ6O4RYphP8Cb6L97Eqz/gr3iyswjG5UHB470qquq5EWdSIfRupBYWl5ZX0qvm2vrG5lZme6cuw1gQWiMhD0XTxZJyFtCaYorTZiQo9l1OG+7gfOw3bqmQLAxu1DCijo97AesygpWWrnMXuU4miywbocLxCUQWsgtF29akVC4XUQHaFpogC2aodjIfbS8ksU8DRTiWsmWjSDkjLBQjnCZmO5Y0wmSAe7SlaYB9Kp3R5NQEHmjFg91Q6AoUnKjfJ0bYl3Lou7rTx6ovf3pj8S+vFatuyRmxIIoVDch0UTfmUIVw/Df0mKBE8aEmmAimb4WkjwUmSqdjzq1RbHCX/FKOiJeYOqyvROD/pJ63bM2v8tnK2Sy2NNgD++AQ2OAUVMAlqIIaIKAH7sEjeDIejGfjxXidtqaM2cwumIPx9glB2p3B</latexit><latexit sha1_base64="SGhRuDEOC932tR1kGHrt88xzsIE=">AAACEnicdVDJSgNBEO2JWxy3qEcvjYngxaEn0Zjcgh70GNEskAyhp6eTNOlZ6O4RYphP8Cb6L97Eqz/gr3iyswjG5UHB470qquq5EWdSIfRupBYWl5ZX0qvm2vrG5lZme6cuw1gQWiMhD0XTxZJyFtCaYorTZiQo9l1OG+7gfOw3bqmQLAxu1DCijo97AesygpWWrnMXuU4miywbocLxCUQWsgtF29akVC4XUQHaFpogC2aodjIfbS8ksU8DRTiWsmWjSDkjLBQjnCZmO5Y0wmSAe7SlaYB9Kp3R5NQEHmjFg91Q6AoUnKjfJ0bYl3Lou7rTx6ovf3pj8S+vFatuyRmxIIoVDch0UTfmUIVw/Df0mKBE8aEmmAimb4WkjwUmSqdjzq1RbHCX/FKOiJeYOqyvROD/pJ63bM2v8tnK2Sy2NNgD++AQ2OAUVMAlqIIaIKAH7sEjeDIejGfjxXidtqaM2cwumIPx9glB2p3B</latexit><latexit sha1_base64="SGhRuDEOC932tR1kGHrt88xzsIE=">AAACEnicdVDJSgNBEO2JWxy3qEcvjYngxaEn0Zjcgh70GNEskAyhp6eTNOlZ6O4RYphP8Cb6L97Eqz/gr3iyswjG5UHB470qquq5EWdSIfRupBYWl5ZX0qvm2vrG5lZme6cuw1gQWiMhD0XTxZJyFtCaYorTZiQo9l1OG+7gfOw3bqmQLAxu1DCijo97AesygpWWrnMXuU4miywbocLxCUQWsgtF29akVC4XUQHaFpogC2aodjIfbS8ksU8DRTiWsmWjSDkjLBQjnCZmO5Y0wmSAe7SlaYB9Kp3R5NQEHmjFg91Q6AoUnKjfJ0bYl3Lou7rTx6ovf3pj8S+vFatuyRmxIIoVDch0UTfmUIVw/Df0mKBE8aEmmAimb4WkjwUmSqdjzq1RbHCX/FKOiJeYOqyvROD/pJ63bM2v8tnK2Sy2NNgD++AQ2OAUVMAlqIIaIKAH7sEjeDIejGfjxXidtqaM2cwumIPx9glB2p3B</latexit><latexit sha1_base64="SGhRuDEOC932tR1kGHrt88xzsIE=">AAACEnicdVDJSgNBEO2JWxy3qEcvjYngxaEn0Zjcgh70GNEskAyhp6eTNOlZ6O4RYphP8Cb6L97Eqz/gr3iyswjG5UHB470qquq5EWdSIfRupBYWl5ZX0qvm2vrG5lZme6cuw1gQWiMhD0XTxZJyFtCaYorTZiQo9l1OG+7gfOw3bqmQLAxu1DCijo97AesygpWWrnMXuU4miywbocLxCUQWsgtF29akVC4XUQHaFpogC2aodjIfbS8ksU8DRTiWsmWjSDkjLBQjnCZmO5Y0wmSAe7SlaYB9Kp3R5NQEHmjFg91Q6AoUnKjfJ0bYl3Lou7rTx6ovf3pj8S+vFatuyRmxIIoVDch0UTfmUIVw/Df0mKBE8aEmmAimb4WkjwUmSqdjzq1RbHCX/FKOiJeYOqyvROD/pJ63bM2v8tnK2Sy2NNgD++AQ2OAUVMAlqIIaIKAH7sEjeDIejGfjxXidtqaM2cwumIPx9glB2p3B</latexit>

M(g ⌦ g0) = gg0
<latexit sha1_base64="mv7P9BnQ7WJt/OhCZQYqAAQy9HY="></latexit><latexit sha1_base64="mv7P9BnQ7WJt/OhCZQYqAAQy9HY="></latexit><latexit sha1_base64="mv7P9BnQ7WJt/OhCZQYqAAQy9HY="></latexit><latexit sha1_base64="mv7P9BnQ7WJt/OhCZQYqAAQy9HY="></latexit>

�(g) = g ⌦ g
<latexit sha1_base64="+99SIfwBKvvFfzMAQq3hJKcq2To="></latexit><latexit sha1_base64="+99SIfwBKvvFfzMAQq3hJKcq2To="></latexit><latexit sha1_base64="+99SIfwBKvvFfzMAQq3hJKcq2To="></latexit><latexit sha1_base64="+99SIfwBKvvFfzMAQq3hJKcq2To="></latexit>

✏(g) = 1
<latexit sha1_base64="66gC9QdaCDGjE4J3IYCsAaSuQYE="></latexit><latexit sha1_base64="66gC9QdaCDGjE4J3IYCsAaSuQYE="></latexit><latexit sha1_base64="66gC9QdaCDGjE4J3IYCsAaSuQYE="></latexit><latexit sha1_base64="66gC9QdaCDGjE4J3IYCsAaSuQYE="></latexit>

S(g) = g-1
<latexit sha1_base64="6+Mdn3G0Z7kguT2PoGOvGk1lqG4="></latexit><latexit sha1_base64="6+Mdn3G0Z7kguT2PoGOvGk1lqG4="></latexit><latexit sha1_base64="6+Mdn3G0Z7kguT2PoGOvGk1lqG4="></latexit><latexit sha1_base64="6+Mdn3G0Z7kguT2PoGOvGk1lqG4="></latexit>

a finite group
Uq(sl2) = ChE,F,K±1i/ ⇠,

<latexit sha1_base64="gY4g2xW6UcBTpiv+l0b1Eg6Paps="></latexit><latexit sha1_base64="gY4g2xW6UcBTpiv+l0b1Eg6Paps="></latexit><latexit sha1_base64="gY4g2xW6UcBTpiv+l0b1Eg6Paps="></latexit><latexit sha1_base64="gY4g2xW6UcBTpiv+l0b1Eg6Paps="></latexit>

q = e
2⇡i
r

<latexit sha1_base64="xl4jyn6sManIGPoXqPKSmU9zK14="></latexit><latexit sha1_base64="xl4jyn6sManIGPoXqPKSmU9zK14="></latexit><latexit sha1_base64="xl4jyn6sManIGPoXqPKSmU9zK14="></latexit><latexit sha1_base64="xl4jyn6sManIGPoXqPKSmU9zK14="></latexit>

Hopf Algebras H(M, i ,�, ✏, S)

Semisimple

C[G ] = C{g : g 2 G},

M(g ⌦ g
0) = gg

0;

i(1) = e;

�(g) = g ⌦ g ;

✏(g) = 1;

S(g) = g
�1.

Non semisimple

Uq(sl2) = ChE ,F ,K ,K
�1i, q = e

2⇡i

r , r odd.

KK
�1 = K

�1
K = 1, KE = q

2
EK ,

KF = q
�2
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S(E ) = �EK
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S(K ) = K
�1.
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⇠:
<latexit sha1_base64="VSYShBuo+Qr6OsYlyPk6STZGfoc=">AAACGHicdVDLTgIxFO3gC8cX6tJNI5i4kXRAEVwR3bjERB4GJqRTCjS0M5O2Y4JkvsKd0X9xZ9y681dcWR4m4uMkNzk5597ce48XcqY0Qu9WYmFxaXkluWqvrW9sbqW2d2oqiCShVRLwQDY8rChnPq1qpjlthJJi4XFa9wYXY79+S6VigX+thyF1Be75rMsI1ka6ybQUE/AMZtqpNMo6COWPTyDKIidfcBxDiqVSAeWhk0UTpMEMlXbqo9UJSCSorwnHSjUdFGp3hKVmhNPYbkWKhpgMcI82DfWxoModTQ6O4YFROrAbSFO+hhP1+8QIC6WGwjOdAuu++umNxb+8ZqS7RXfE/DDS1CfTRd2IQx3A8fewwyQlmg8NwUQycyskfSwx0SYje26NZoO7+JdyRDqxbcL6SgT+T2q5rGP4VS5dPp/FlgR7YB8cAgecgjK4BBVQBQQIcA8ewZP1YD1bL9brtDVhzWZ2wRyst09AMJ/V</latexit><latexit sha1_base64="VSYShBuo+Qr6OsYlyPk6STZGfoc=">AAACGHicdVDLTgIxFO3gC8cX6tJNI5i4kXRAEVwR3bjERB4GJqRTCjS0M5O2Y4JkvsKd0X9xZ9y681dcWR4m4uMkNzk5597ce48XcqY0Qu9WYmFxaXkluWqvrW9sbqW2d2oqiCShVRLwQDY8rChnPq1qpjlthJJi4XFa9wYXY79+S6VigX+thyF1Be75rMsI1ka6ybQUE/AMZtqpNMo6COWPTyDKIidfcBxDiqVSAeWhk0UTpMEMlXbqo9UJSCSorwnHSjUdFGp3hKVmhNPYbkWKhpgMcI82DfWxoModTQ6O4YFROrAbSFO+hhP1+8QIC6WGwjOdAuu++umNxb+8ZqS7RXfE/DDS1CfTRd2IQx3A8fewwyQlmg8NwUQycyskfSwx0SYje26NZoO7+JdyRDqxbcL6SgT+T2q5rGP4VS5dPp/FlgR7YB8cAgecgjK4BBVQBQQIcA8ewZP1YD1bL9brtDVhzWZ2wRyst09AMJ/V</latexit><latexit sha1_base64="VSYShBuo+Qr6OsYlyPk6STZGfoc=">AAACGHicdVDLTgIxFO3gC8cX6tJNI5i4kXRAEVwR3bjERB4GJqRTCjS0M5O2Y4JkvsKd0X9xZ9y681dcWR4m4uMkNzk5597ce48XcqY0Qu9WYmFxaXkluWqvrW9sbqW2d2oqiCShVRLwQDY8rChnPq1qpjlthJJi4XFa9wYXY79+S6VigX+thyF1Be75rMsI1ka6ybQUE/AMZtqpNMo6COWPTyDKIidfcBxDiqVSAeWhk0UTpMEMlXbqo9UJSCSorwnHSjUdFGp3hKVmhNPYbkWKhpgMcI82DfWxoModTQ6O4YFROrAbSFO+hhP1+8QIC6WGwjOdAuu++umNxb+8ZqS7RXfE/DDS1CfTRd2IQx3A8fewwyQlmg8NwUQycyskfSwx0SYje26NZoO7+JdyRDqxbcL6SgT+T2q5rGP4VS5dPp/FlgR7YB8cAgecgjK4BBVQBQQIcA8ewZP1YD1bL9brtDVhzWZ2wRyst09AMJ/V</latexit><latexit sha1_base64="VSYShBuo+Qr6OsYlyPk6STZGfoc=">AAACGHicdVDLTgIxFO3gC8cX6tJNI5i4kXRAEVwR3bjERB4GJqRTCjS0M5O2Y4JkvsKd0X9xZ9y681dcWR4m4uMkNzk5597ce48XcqY0Qu9WYmFxaXkluWqvrW9sbqW2d2oqiCShVRLwQDY8rChnPq1qpjlthJJi4XFa9wYXY79+S6VigX+thyF1Be75rMsI1ka6ybQUE/AMZtqpNMo6COWPTyDKIidfcBxDiqVSAeWhk0UTpMEMlXbqo9UJSCSorwnHSjUdFGp3hKVmhNPYbkWKhpgMcI82DfWxoModTQ6O4YFROrAbSFO+hhP1+8QIC6WGwjOdAuu++umNxb+8ZqS7RXfE/DDS1CfTRd2IQx3A8fewwyQlmg8NwUQycyskfSwx0SYje26NZoO7+JdyRDqxbcL6SgT+T2q5rGP4VS5dPp/FlgR7YB8cAgecgjK4BBVQBQQIcA8ewZP1YD1bL9brtDVhzWZ2wRyst09AMJ/V</latexit>

i(1) = 1G
<latexit sha1_base64="rfZFPa40MmALLaGSd2WqT8F1RRw=">AAACGXicdVDLSgMxFM34tr6qLt0Ei6ALh8TRWhdC0YUuK1gV61AymUwbmskMSUaoQ//Cnei/uBO3rvwVV6a1gs8DFw7n3Mu99wSp4Nog9OqMjI6NT0xOTRdmZufmF4qLS2c6yRRldZqIRF0ERDPBJasbbgS7SBUjcSDYedA57Pvn10xpnshT002ZH5OW5BGnxFjpkq/jDbgPcfOoWSwhFyPkbe9A5CLslTG2pLK3V0YexC4aoASGqDWLb1dhQrOYSUMF0bqBUWr8nCjDqWC9wlWmWUpoh7RYw1JJYqb9fHBxD65ZJYRRomxJAwfq14mcxFp348B2xsS09U+vL/7lNTITVfycyzQzTNKPRVEmoElg/30YcsWoEV1LCFXc3gppmyhCjQ2p8G2N4Z2b3i9lk4a9gg3rMxH4PznbcrHnbp1sl6oHw9imwApYBesAg11QBcegBuqAAgluwT14cO6cR+fJef5oHXGGM8vgG5yXdyNAn70=</latexit>

S(E) = − EK−1, S(F) = − KF,
S(K) = K−1
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C[G] = C{g : g 2 G}
<latexit sha1_base64="Ag01plX05+QDUbXnI3XDDk7yWfE="></latexit><latexit sha1_base64="Ag01plX05+QDUbXnI3XDDk7yWfE="></latexit><latexit sha1_base64="Ag01plX05+QDUbXnI3XDDk7yWfE="></latexit><latexit sha1_base64="Ag01plX05+QDUbXnI3XDDk7yWfE="></latexit>

G
<latexit sha1_base64="SGhRuDEOC932tR1kGHrt88xzsIE=">AAACEnicdVDJSgNBEO2JWxy3qEcvjYngxaEn0Zjcgh70GNEskAyhp6eTNOlZ6O4RYphP8Cb6L97Eqz/gr3iyswjG5UHB470qquq5EWdSIfRupBYWl5ZX0qvm2vrG5lZme6cuw1gQWiMhD0XTxZJyFtCaYorTZiQo9l1OG+7gfOw3bqmQLAxu1DCijo97AesygpWWrnMXuU4miywbocLxCUQWsgtF29akVC4XUQHaFpogC2aodjIfbS8ksU8DRTiWsmWjSDkjLBQjnCZmO5Y0wmSAe7SlaYB9Kp3R5NQEHmjFg91Q6AoUnKjfJ0bYl3Lou7rTx6ovf3pj8S+vFatuyRmxIIoVDch0UTfmUIVw/Df0mKBE8aEmmAimb4WkjwUmSqdjzq1RbHCX/FKOiJeYOqyvROD/pJ63bM2v8tnK2Sy2NNgD++AQ2OAUVMAlqIIaIKAH7sEjeDIejGfjxXidtqaM2cwumIPx9glB2p3B</latexit><latexit sha1_base64="SGhRuDEOC932tR1kGHrt88xzsIE=">AAACEnicdVDJSgNBEO2JWxy3qEcvjYngxaEn0Zjcgh70GNEskAyhp6eTNOlZ6O4RYphP8Cb6L97Eqz/gr3iyswjG5UHB470qquq5EWdSIfRupBYWl5ZX0qvm2vrG5lZme6cuw1gQWiMhD0XTxZJyFtCaYorTZiQo9l1OG+7gfOw3bqmQLAxu1DCijo97AesygpWWrnMXuU4miywbocLxCUQWsgtF29akVC4XUQHaFpogC2aodjIfbS8ksU8DRTiWsmWjSDkjLBQjnCZmO5Y0wmSAe7SlaYB9Kp3R5NQEHmjFg91Q6AoUnKjfJ0bYl3Lou7rTx6ovf3pj8S+vFatuyRmxIIoVDch0UTfmUIVw/Df0mKBE8aEmmAimb4WkjwUmSqdjzq1RbHCX/FKOiJeYOqyvROD/pJ63bM2v8tnK2Sy2NNgD++AQ2OAUVMAlqIIaIKAH7sEjeDIejGfjxXidtqaM2cwumIPx9glB2p3B</latexit><latexit sha1_base64="SGhRuDEOC932tR1kGHrt88xzsIE=">AAACEnicdVDJSgNBEO2JWxy3qEcvjYngxaEn0Zjcgh70GNEskAyhp6eTNOlZ6O4RYphP8Cb6L97Eqz/gr3iyswjG5UHB470qquq5EWdSIfRupBYWl5ZX0qvm2vrG5lZme6cuw1gQWiMhD0XTxZJyFtCaYorTZiQo9l1OG+7gfOw3bqmQLAxu1DCijo97AesygpWWrnMXuU4miywbocLxCUQWsgtF29akVC4XUQHaFpogC2aodjIfbS8ksU8DRTiWsmWjSDkjLBQjnCZmO5Y0wmSAe7SlaYB9Kp3R5NQEHmjFg91Q6AoUnKjfJ0bYl3Lou7rTx6ovf3pj8S+vFatuyRmxIIoVDch0UTfmUIVw/Df0mKBE8aEmmAimb4WkjwUmSqdjzq1RbHCX/FKOiJeYOqyvROD/pJ63bM2v8tnK2Sy2NNgD++AQ2OAUVMAlqIIaIKAH7sEjeDIejGfjxXidtqaM2cwumIPx9glB2p3B</latexit><latexit sha1_base64="SGhRuDEOC932tR1kGHrt88xzsIE=">AAACEnicdVDJSgNBEO2JWxy3qEcvjYngxaEn0Zjcgh70GNEskAyhp6eTNOlZ6O4RYphP8Cb6L97Eqz/gr3iyswjG5UHB470qquq5EWdSIfRupBYWl5ZX0qvm2vrG5lZme6cuw1gQWiMhD0XTxZJyFtCaYorTZiQo9l1OG+7gfOw3bqmQLAxu1DCijo97AesygpWWrnMXuU4miywbocLxCUQWsgtF29akVC4XUQHaFpogC2aodjIfbS8ksU8DRTiWsmWjSDkjLBQjnCZmO5Y0wmSAe7SlaYB9Kp3R5NQEHmjFg91Q6AoUnKjfJ0bYl3Lou7rTx6ovf3pj8S+vFatuyRmxIIoVDch0UTfmUIVw/Df0mKBE8aEmmAimb4WkjwUmSqdjzq1RbHCX/FKOiJeYOqyvROD/pJ63bM2v8tnK2Sy2NNgD++AQ2OAUVMAlqIIaIKAH7sEjeDIejGfjxXidtqaM2cwumIPx9glB2p3B</latexit>

M(g ⌦ g0) = gg0
<latexit sha1_base64="mv7P9BnQ7WJt/OhCZQYqAAQy9HY="></latexit><latexit sha1_base64="mv7P9BnQ7WJt/OhCZQYqAAQy9HY="></latexit><latexit sha1_base64="mv7P9BnQ7WJt/OhCZQYqAAQy9HY="></latexit><latexit sha1_base64="mv7P9BnQ7WJt/OhCZQYqAAQy9HY="></latexit>

�(g) = g ⌦ g
<latexit sha1_base64="+99SIfwBKvvFfzMAQq3hJKcq2To="></latexit><latexit sha1_base64="+99SIfwBKvvFfzMAQq3hJKcq2To="></latexit><latexit sha1_base64="+99SIfwBKvvFfzMAQq3hJKcq2To="></latexit><latexit sha1_base64="+99SIfwBKvvFfzMAQq3hJKcq2To="></latexit>

✏(g) = 1
<latexit sha1_base64="66gC9QdaCDGjE4J3IYCsAaSuQYE="></latexit><latexit sha1_base64="66gC9QdaCDGjE4J3IYCsAaSuQYE="></latexit><latexit sha1_base64="66gC9QdaCDGjE4J3IYCsAaSuQYE="></latexit><latexit sha1_base64="66gC9QdaCDGjE4J3IYCsAaSuQYE="></latexit>

S(g) = g-1
<latexit sha1_base64="6+Mdn3G0Z7kguT2PoGOvGk1lqG4="></latexit><latexit sha1_base64="6+Mdn3G0Z7kguT2PoGOvGk1lqG4="></latexit><latexit sha1_base64="6+Mdn3G0Z7kguT2PoGOvGk1lqG4="></latexit><latexit sha1_base64="6+Mdn3G0Z7kguT2PoGOvGk1lqG4="></latexit>

a finite group
Uq(sl2) = ChE,F,K±1i/ ⇠,

<latexit sha1_base64="gY4g2xW6UcBTpiv+l0b1Eg6Paps="></latexit><latexit sha1_base64="gY4g2xW6UcBTpiv+l0b1Eg6Paps="></latexit><latexit sha1_base64="gY4g2xW6UcBTpiv+l0b1Eg6Paps="></latexit><latexit sha1_base64="gY4g2xW6UcBTpiv+l0b1Eg6Paps="></latexit>

q = e
2⇡i
r

<latexit sha1_base64="xl4jyn6sManIGPoXqPKSmU9zK14="></latexit><latexit sha1_base64="xl4jyn6sManIGPoXqPKSmU9zK14="></latexit><latexit sha1_base64="xl4jyn6sManIGPoXqPKSmU9zK14="></latexit><latexit sha1_base64="xl4jyn6sManIGPoXqPKSmU9zK14="></latexit>
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Semisimple Non-semisimple

⇠:
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S(E) = − EK−1, S(F) = − KF,
S(K) = K−1
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<latexit sha1_base64="Sd9c89rbIJssKr1Kq3/kjtuQd2E=">AAACGHicbZC7TsMwFIYdriXcCowsFi0SQqJKusBYwdKxSPSC2lA5jtNatZ3IdpBKlKdgQ/AubIiVjVdhwm0z0JZfsvTpP+foHP9+zKjSjvNtrayurW9sFrbs7Z3dvf3iwWFLRYnEpIkjFsmOjxRhVJCmppqRTiwJ4j4jbX90M6m3H4lUNBJ3ehwTj6OBoCHFSBvrvtyjAtYfzsv9YsmpOFPBZXBzKIFcjX7xpxdEOOFEaMyQUl3XibWXIqkpZiSze4kiMcIjNCBdgwJxorx0enAGT40TwDCS5gkNp+7fiRRxpcbcN50c6aFarE3M/2rdRIdXXkpFnGgi8GxRmDCoIzj5PQyoJFizsQGEJTW3QjxEEmFtMrLn1mg6esqWnAscZLYJy12MZhla1Ypr+LZaql3nsRXAMTgBZ8AFl6AG6qABmgADDp7BK3izXqx368P6nLWuWPnMEZiT9fUL5s6fnQ==</latexit><latexit sha1_base64="Sd9c89rbIJssKr1Kq3/kjtuQd2E=">AAACGHicbZC7TsMwFIYdriXcCowsFi0SQqJKusBYwdKxSPSC2lA5jtNatZ3IdpBKlKdgQ/AubIiVjVdhwm0z0JZfsvTpP+foHP9+zKjSjvNtrayurW9sFrbs7Z3dvf3iwWFLRYnEpIkjFsmOjxRhVJCmppqRTiwJ4j4jbX90M6m3H4lUNBJ3ehwTj6OBoCHFSBvrvtyjAtYfzsv9YsmpOFPBZXBzKIFcjX7xpxdEOOFEaMyQUl3XibWXIqkpZiSze4kiMcIjNCBdgwJxorx0enAGT40TwDCS5gkNp+7fiRRxpcbcN50c6aFarE3M/2rdRIdXXkpFnGgi8GxRmDCoIzj5PQyoJFizsQGEJTW3QjxEEmFtMrLn1mg6esqWnAscZLYJy12MZhla1Ypr+LZaql3nsRXAMTgBZ8AFl6AG6qABmgADDp7BK3izXqx368P6nLWuWPnMEZiT9fUL5s6fnQ==</latexit><latexit sha1_base64="Sd9c89rbIJssKr1Kq3/kjtuQd2E=">AAACGHicbZC7TsMwFIYdriXcCowsFi0SQqJKusBYwdKxSPSC2lA5jtNatZ3IdpBKlKdgQ/AubIiVjVdhwm0z0JZfsvTpP+foHP9+zKjSjvNtrayurW9sFrbs7Z3dvf3iwWFLRYnEpIkjFsmOjxRhVJCmppqRTiwJ4j4jbX90M6m3H4lUNBJ3ehwTj6OBoCHFSBvrvtyjAtYfzsv9YsmpOFPBZXBzKIFcjX7xpxdEOOFEaMyQUl3XibWXIqkpZiSze4kiMcIjNCBdgwJxorx0enAGT40TwDCS5gkNp+7fiRRxpcbcN50c6aFarE3M/2rdRIdXXkpFnGgi8GxRmDCoIzj5PQyoJFizsQGEJTW3QjxEEmFtMrLn1mg6esqWnAscZLYJy12MZhla1Ypr+LZaql3nsRXAMTgBZ8AFl6AG6qABmgADDp7BK3izXqx368P6nLWuWPnMEZiT9fUL5s6fnQ==</latexit><latexit sha1_base64="Sd9c89rbIJssKr1Kq3/kjtuQd2E=">AAACGHicbZC7TsMwFIYdriXcCowsFi0SQqJKusBYwdKxSPSC2lA5jtNatZ3IdpBKlKdgQ/AubIiVjVdhwm0z0JZfsvTpP+foHP9+zKjSjvNtrayurW9sFrbs7Z3dvf3iwWFLRYnEpIkjFsmOjxRhVJCmppqRTiwJ4j4jbX90M6m3H4lUNBJ3ehwTj6OBoCHFSBvrvtyjAtYfzsv9YsmpOFPBZXBzKIFcjX7xpxdEOOFEaMyQUl3XibWXIqkpZiSze4kiMcIjNCBdgwJxorx0enAGT40TwDCS5gkNp+7fiRRxpcbcN50c6aFarE3M/2rdRIdXXkpFnGgi8GxRmDCoIzj5PQyoJFizsQGEJTW3QjxEEmFtMrLn1mg6esqWnAscZLYJy12MZhla1Ypr+LZaql3nsRXAMTgBZ8AFl6AG6qABmgADDp7BK3izXqx368P6nLWuWPnMEZiT9fUL5s6fnQ==</latexit>

i �!
<latexit sha1_base64="gdf1DrkGi2gdBDlLoC/p8Vc3+bI=">AAAB/HicbVBNSwMxEJ2tX7V+rfboJVgET2W3CnosevFYwX5Au5Rsmm1Ds8mSZJWl1L/ixYMiXv0h3vw3pu0etPXBwOO9GWbmhQln2njet1NYW9/Y3Cpul3Z29/YP3MOjlpapIrRJJJeqE2JNORO0aZjhtJMoiuOQ03Y4vpn57QeqNJPi3mQJDWI8FCxiBBsr9d0y6yHU41IMFRuODFZKPvbdilf15kCrxM9JBXI0+u5XbyBJGlNhCMdad30vMcEEK8MIp9NSL9U0wWSMh7RrqcAx1cFkfvwUnVplgCKpbAmD5urviQmOtc7i0HbG2Iz0sjcT//O6qYmuggkTSWqoIItFUcqRkWiWBBowRYnhmSWYKGZvRWSEFSbG5lWyIfjLL6+SVq3qn1drdxeV+nUeRxGO4QTOwIdLqMMtNKAJBDJ4hld4c56cF+fd+Vi0Fpx8pgx/4Hz+AKUelMc=</latexit>
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Tensor diagram representationsHopf Algebras H(M, i ,�, ✏, S)

i ✏ x y

SM �

Tensors can be composed (contracted):

M � =

�

�

M

M

General �, M tensors:

�

1

2

n
···

M

1

2

n
···

(�⌦ id⌦(n�2)) � · · · � (�⌦ id) �� M � (M ⌦ id) � · · · � (M ⌦ id⌦(n�2))

6

Tensors can be composed (contracted):
�M =

<latexit sha1_base64="5wjhtPUXvjq+s26SA0NVFyvm2W0=">AAACHHicbZDLSsNAFIYnXmu8VV26GWwFN5akG90IRV24ESrYC7ShTCaTdujk4syJUEOew53ou7gTt4Kv4sppm4Vt/eHAx3/O4Rx+NxZcgWV9G0vLK6tr64UNc3Nre2e3uLffVFEiKWvQSESy7RLFBA9ZAzgI1o4lI4ErWMsdXo37rUcmFY/CexjFzAlIP+Q+pwS05ZS710wAwbf4Apd7xZJVsSbCi2DnUEK56r3iT9eLaBKwEKggSnVsKwYnJRI4FSwzu4liMaFD0mcdjSEJmHLSydMZPtaOh/1I6goBT9y/GykJlBoFrp4MCAzUfG9s/tfrJOCfOykP4wRYSKeH/ERgiPA4AexxySiIkQZCJde/YjogklDQOZkzZ4APn7IF55R6manDsuejWYRmtWJrvquWapd5bAV0iI7QCbLRGaqhG1RHDUTRA3pGr+jNeDHejQ/jczq6ZOQ7B2hGxtcvSi6g0g==</latexit><latexit sha1_base64="5wjhtPUXvjq+s26SA0NVFyvm2W0=">AAACHHicbZDLSsNAFIYnXmu8VV26GWwFN5akG90IRV24ESrYC7ShTCaTdujk4syJUEOew53ou7gTt4Kv4sppm4Vt/eHAx3/O4Rx+NxZcgWV9G0vLK6tr64UNc3Nre2e3uLffVFEiKWvQSESy7RLFBA9ZAzgI1o4lI4ErWMsdXo37rUcmFY/CexjFzAlIP+Q+pwS05ZS710wAwbf4Apd7xZJVsSbCi2DnUEK56r3iT9eLaBKwEKggSnVsKwYnJRI4FSwzu4liMaFD0mcdjSEJmHLSydMZPtaOh/1I6goBT9y/GykJlBoFrp4MCAzUfG9s/tfrJOCfOykP4wRYSKeH/ERgiPA4AexxySiIkQZCJde/YjogklDQOZkzZ4APn7IF55R6manDsuejWYRmtWJrvquWapd5bAV0iI7QCbLRGaqhG1RHDUTRA3pGr+jNeDHejQ/jczq6ZOQ7B2hGxtcvSi6g0g==</latexit><latexit sha1_base64="5wjhtPUXvjq+s26SA0NVFyvm2W0=">AAACHHicbZDLSsNAFIYnXmu8VV26GWwFN5akG90IRV24ESrYC7ShTCaTdujk4syJUEOew53ou7gTt4Kv4sppm4Vt/eHAx3/O4Rx+NxZcgWV9G0vLK6tr64UNc3Nre2e3uLffVFEiKWvQSESy7RLFBA9ZAzgI1o4lI4ErWMsdXo37rUcmFY/CexjFzAlIP+Q+pwS05ZS710wAwbf4Apd7xZJVsSbCi2DnUEK56r3iT9eLaBKwEKggSnVsKwYnJRI4FSwzu4liMaFD0mcdjSEJmHLSydMZPtaOh/1I6goBT9y/GykJlBoFrp4MCAzUfG9s/tfrJOCfOykP4wRYSKeH/ERgiPA4AexxySiIkQZCJde/YjogklDQOZkzZ4APn7IF55R6manDsuejWYRmtWJrvquWapd5bAV0iI7QCbLRGaqhG1RHDUTRA3pGr+jNeDHejQ/jczq6ZOQ7B2hGxtcvSi6g0g==</latexit><latexit sha1_base64="5wjhtPUXvjq+s26SA0NVFyvm2W0=">AAACHHicbZDLSsNAFIYnXmu8VV26GWwFN5akG90IRV24ESrYC7ShTCaTdujk4syJUEOew53ou7gTt4Kv4sppm4Vt/eHAx3/O4Rx+NxZcgWV9G0vLK6tr64UNc3Nre2e3uLffVFEiKWvQSESy7RLFBA9ZAzgI1o4lI4ErWMsdXo37rUcmFY/CexjFzAlIP+Q+pwS05ZS710wAwbf4Apd7xZJVsSbCi2DnUEK56r3iT9eLaBKwEKggSnVsKwYnJRI4FSwzu4liMaFD0mcdjSEJmHLSydMZPtaOh/1I6goBT9y/GykJlBoFrp4MCAzUfG9s/tfrJOCfOykP4wRYSKeH/ERgiPA4AexxySiIkQZCJde/YjogklDQOZkzZ4APn7IF55R6manDsuejWYRmtWJrvquWapd5bAV0iI7QCbLRGaqhG1RHDUTRA3pGr+jNeDHejQ/jczq6ZOQ7B2hGxtcvSi6g0g==</latexit>

(M ⌦M)(I ⌦ Flip⌦ I)(�⌦�)
<latexit sha1_base64="jBsZONfD2641cGcenn0p7q1x2CQ="></latexit><latexit sha1_base64="jBsZONfD2641cGcenn0p7q1x2CQ="></latexit><latexit sha1_base64="jBsZONfD2641cGcenn0p7q1x2CQ="></latexit><latexit sha1_base64="jBsZONfD2641cGcenn0p7q1x2CQ="></latexit>
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6

General     ,      tensors:M<latexit sha1_base64="JmnvYw4PPRYI+BOX8zfSP3ecLDs=">AAACEnicbZDNTsJAFIVv8Q/rH+rSzUQwcSNp2eiS6MaNCUZBEmjIdDqFCdNpMzM1QdJHcGf0XdwZt76Ar+LKAboQ8CSTfDn33tw7x084U9pxvq3Cyura+kZx097a3tndK+0ftFScSkKbJOaxbPtYUc4EbWqmOW0nkuLI5/TBH15N6g+PVCoWi3s9SqgX4b5gISNYG+uuclPplcpO1ZkKLYObQxlyNXqln24QkzSiQhOOleq4TqK9MZaaEU4zu5sqmmAyxH3aMShwRJU3np6aoRPjBCiMpXlCo6n7d2KMI6VGkW86I6wHarE2Mf+rdVIdXnhjJpJUU0Fmi8KUIx2jyb9RwCQlmo8MYCKZuRWRAZaYaJOOPbdGs+FTtuSckSCzTVjuYjTL0KpVXcO3tXL9Mo+tCEdwDKfgwjnU4Roa0AQCfXiGV3izXqx368P6nLUWrHzmEOZkff0C7GOdiw==</latexit><latexit sha1_base64="JmnvYw4PPRYI+BOX8zfSP3ecLDs=">AAACEnicbZDNTsJAFIVv8Q/rH+rSzUQwcSNp2eiS6MaNCUZBEmjIdDqFCdNpMzM1QdJHcGf0XdwZt76Ar+LKAboQ8CSTfDn33tw7x084U9pxvq3Cyura+kZx097a3tndK+0ftFScSkKbJOaxbPtYUc4EbWqmOW0nkuLI5/TBH15N6g+PVCoWi3s9SqgX4b5gISNYG+uuclPplcpO1ZkKLYObQxlyNXqln24QkzSiQhOOleq4TqK9MZaaEU4zu5sqmmAyxH3aMShwRJU3np6aoRPjBCiMpXlCo6n7d2KMI6VGkW86I6wHarE2Mf+rdVIdXnhjJpJUU0Fmi8KUIx2jyb9RwCQlmo8MYCKZuRWRAZaYaJOOPbdGs+FTtuSckSCzTVjuYjTL0KpVXcO3tXL9Mo+tCEdwDKfgwjnU4Roa0AQCfXiGV3izXqx368P6nLUWrHzmEOZkff0C7GOdiw==</latexit><latexit sha1_base64="JmnvYw4PPRYI+BOX8zfSP3ecLDs=">AAACEnicbZDNTsJAFIVv8Q/rH+rSzUQwcSNp2eiS6MaNCUZBEmjIdDqFCdNpMzM1QdJHcGf0XdwZt76Ar+LKAboQ8CSTfDn33tw7x084U9pxvq3Cyura+kZx097a3tndK+0ftFScSkKbJOaxbPtYUc4EbWqmOW0nkuLI5/TBH15N6g+PVCoWi3s9SqgX4b5gISNYG+uuclPplcpO1ZkKLYObQxlyNXqln24QkzSiQhOOleq4TqK9MZaaEU4zu5sqmmAyxH3aMShwRJU3np6aoRPjBCiMpXlCo6n7d2KMI6VGkW86I6wHarE2Mf+rdVIdXnhjJpJUU0Fmi8KUIx2jyb9RwCQlmo8MYCKZuRWRAZaYaJOOPbdGs+FTtuSckSCzTVjuYjTL0KpVXcO3tXL9Mo+tCEdwDKfgwjnU4Roa0AQCfXiGV3izXqx368P6nLUWrHzmEOZkff0C7GOdiw==</latexit><latexit sha1_base64="JmnvYw4PPRYI+BOX8zfSP3ecLDs=">AAACEnicbZDNTsJAFIVv8Q/rH+rSzUQwcSNp2eiS6MaNCUZBEmjIdDqFCdNpMzM1QdJHcGf0XdwZt76Ar+LKAboQ8CSTfDn33tw7x084U9pxvq3Cyura+kZx097a3tndK+0ftFScSkKbJOaxbPtYUc4EbWqmOW0nkuLI5/TBH15N6g+PVCoWi3s9SqgX4b5gISNYG+uuclPplcpO1ZkKLYObQxlyNXqln24QkzSiQhOOleq4TqK9MZaaEU4zu5sqmmAyxH3aMShwRJU3np6aoRPjBCiMpXlCo6n7d2KMI6VGkW86I6wHarE2Mf+rdVIdXnhjJpJUU0Fmi8KUIx2jyb9RwCQlmo8MYCKZuRWRAZaYaJOOPbdGs+FTtuSckSCzTVjuYjTL0KpVXcO3tXL9Mo+tCEdwDKfgwjnU4Roa0AQCfXiGV3izXqx368P6nLUWrHzmEOZkff0C7GOdiw==</latexit> �
<latexit sha1_base64="M0upDY52h8SxrZgyJwqGyWRTCY0=">AAACF3icbZC7TsMwFIadcivhVmBksWiRWKiSLjBWwMBYJHqR2qhyHKe16jiRfYJUor4EG4J3YUOsjLwKE26bgbb8kqVP/zlH5/j3E8E1OM63VVhb39jcKm7bO7t7+welw6OWjlNFWZPGIlYdn2gmuGRN4CBYJ1GMRL5gbX90M623H5nSPJYPME6YF5GB5CGnBIzVqfRumQBS6ZfKTtWZCa+Cm0MZ5Wr0Sz+9IKZpxCRQQbTuuk4CXkYUcCrYxO6lmiWEjsiAdQ1KEjHtZbN7J/jMOAEOY2WeBDxz/05kJNJ6HPmmMyIw1Mu1qflfrZtCeOVlXCYpMEnni8JUYIjx9PM44IpREGMDhCpubsV0SBShYCKyF9YAHz1NVpwLGkxsE5a7HM0qtGpV1/B9rVy/zmMrohN0is6Riy5RHd2hBmoiigR6Rq/ozXqx3q0P63PeWrDymWO0IOvrF/pTn7Y=</latexit><latexit sha1_base64="M0upDY52h8SxrZgyJwqGyWRTCY0=">AAACF3icbZC7TsMwFIadcivhVmBksWiRWKiSLjBWwMBYJHqR2qhyHKe16jiRfYJUor4EG4J3YUOsjLwKE26bgbb8kqVP/zlH5/j3E8E1OM63VVhb39jcKm7bO7t7+welw6OWjlNFWZPGIlYdn2gmuGRN4CBYJ1GMRL5gbX90M623H5nSPJYPME6YF5GB5CGnBIzVqfRumQBS6ZfKTtWZCa+Cm0MZ5Wr0Sz+9IKZpxCRQQbTuuk4CXkYUcCrYxO6lmiWEjsiAdQ1KEjHtZbN7J/jMOAEOY2WeBDxz/05kJNJ6HPmmMyIw1Mu1qflfrZtCeOVlXCYpMEnni8JUYIjx9PM44IpREGMDhCpubsV0SBShYCKyF9YAHz1NVpwLGkxsE5a7HM0qtGpV1/B9rVy/zmMrohN0is6Riy5RHd2hBmoiigR6Rq/ozXqx3q0P63PeWrDymWO0IOvrF/pTn7Y=</latexit><latexit sha1_base64="M0upDY52h8SxrZgyJwqGyWRTCY0=">AAACF3icbZC7TsMwFIadcivhVmBksWiRWKiSLjBWwMBYJHqR2qhyHKe16jiRfYJUor4EG4J3YUOsjLwKE26bgbb8kqVP/zlH5/j3E8E1OM63VVhb39jcKm7bO7t7+welw6OWjlNFWZPGIlYdn2gmuGRN4CBYJ1GMRL5gbX90M623H5nSPJYPME6YF5GB5CGnBIzVqfRumQBS6ZfKTtWZCa+Cm0MZ5Wr0Sz+9IKZpxCRQQbTuuk4CXkYUcCrYxO6lmiWEjsiAdQ1KEjHtZbN7J/jMOAEOY2WeBDxz/05kJNJ6HPmmMyIw1Mu1qflfrZtCeOVlXCYpMEnni8JUYIjx9PM44IpREGMDhCpubsV0SBShYCKyF9YAHz1NVpwLGkxsE5a7HM0qtGpV1/B9rVy/zmMrohN0is6Riy5RHd2hBmoiigR6Rq/ozXqx3q0P63PeWrDymWO0IOvrF/pTn7Y=</latexit><latexit sha1_base64="M0upDY52h8SxrZgyJwqGyWRTCY0=">AAACF3icbZC7TsMwFIadcivhVmBksWiRWKiSLjBWwMBYJHqR2qhyHKe16jiRfYJUor4EG4J3YUOsjLwKE26bgbb8kqVP/zlH5/j3E8E1OM63VVhb39jcKm7bO7t7+welw6OWjlNFWZPGIlYdn2gmuGRN4CBYJ1GMRL5gbX90M623H5nSPJYPME6YF5GB5CGnBIzVqfRumQBS6ZfKTtWZCa+Cm0MZ5Wr0Sz+9IKZpxCRQQbTuuk4CXkYUcCrYxO6lmiWEjsiAdQ1KEjHtZbN7J/jMOAEOY2WeBDxz/05kJNJ6HPmmMyIw1Mu1qflfrZtCeOVlXCYpMEnni8JUYIjx9PM44IpREGMDhCpubsV0SBShYCKyF9YAHz1NVpwLGkxsE5a7HM0qtGpV1/B9rVy/zmMrohN0is6Riy5RHd2hBmoiigR6Rq/ozXqx3q0P63PeWrDymWO0IOvrF/pTn7Y=</latexit>

M(M ⌦ I) · · · (M ⌦ I⌦(n�2))
<latexit sha1_base64="EtoDxwgpzWYwcFWkE5S07teZZQo="></latexit><latexit sha1_base64="EtoDxwgpzWYwcFWkE5S07teZZQo="></latexit><latexit sha1_base64="EtoDxwgpzWYwcFWkE5S07teZZQo="></latexit><latexit sha1_base64="EtoDxwgpzWYwcFWkE5S07teZZQo="></latexit>

(�⌦ I⌦(n�2)) · · · (�⌦ I)�
<latexit sha1_base64="KQ+Mq3xagsyKiPk4NGramgz0Oyw="></latexit><latexit sha1_base64="KQ+Mq3xagsyKiPk4NGramgz0Oyw="></latexit><latexit sha1_base64="KQ+Mq3xagsyKiPk4NGramgz0Oyw="></latexit><latexit sha1_base64="KQ+Mq3xagsyKiPk4NGramgz0Oyw="></latexit>
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2.2 Integrals in Hopf Algebras

A left (resp. right) integral of H is an element eL 2 H (resp. eR 2 H) such that xeL = ✏(x)eL
(resp. eRx = ✏(x)eR) for any x 2 H. Left and right integrals of H⇤ are denoted by µL and
µR, respectively. The defining equations of eL, eR, µL, and µR

1 in terms of tensor diagrams
are given by:

M

eL

= ✏ eL M

eR

= ✏ eR

�

µL

= µL i �

µR

= µR i

(11)

The space of left integrals and the space of right integrals are both one dimensional.
Choose right integrals eR 2 H, µR 2 H

⇤ such that µR(eR) = 1. Define the distinguished
group-like elements a 2 H,↵ 2 H

⇤ by,

a := �eR

µR

↵ := M

eR

µR (12)

and for n 2 Z define µ
n� 1

2
2 H

⇤
, e

n� 1
2
2 H by

µn� 1
2 := M

a
n

µR en� 1
2 := �eR

↵
n

(13)

Then µR = µ� 1
2
, eR = e� 1

2
are right integrals and µL := µ 1

2
2 H

⇤
, eL := e 1

2
2 H are

left integrals. Set q := ↵(a). It follows that q is a root of unity and we have µR(eR) =
µR(eL) = µL(eR) = 1 and µL(eL) = q

�1. Moreover, µL � S = µR, µR � S = qµL, S(eL) = eR,

S(eR) = qeL. Thus S2 has eigenvalue q on all integrals of H and H
⇤. The relations between

integrals and the distinguished group-like elements are given as follows:

M

eR

= ↵ eR M

eL

= ↵
-1 eL

�

µR

= µR a �

µL

= µL a
-1

(14)

Note that here a and ↵ correspond to g and ↵
�1, respectively, in [23] [24]. The well-known

Radford formula for S4 can be expressed as

S
4 = M

a

a
-1

�

↵

↵
-1

(15)

1
In [21] they are called left cointegral, right cointegral, left integral and right integral, respectively, of H.
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Fact: {left integrals} and {right integral} 1-dimensional.   
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2.2 Integrals in Hopf Algebras

A left (resp. right) integral of H is an element eL 2 H (resp. eR 2 H) such that xeL = ✏(x)eL
(resp. eRx = ✏(x)eR) for any x 2 H. Left and right integrals of H⇤ are denoted by µL and
µR, respectively. The defining equations of eL, eR, µL, and µR

1 in terms of tensor diagrams
are given by:

M

eL

= ✏ eL M

eR

= ✏ eR

�

µL

= µL i �

µR

= µR i

(11)

The space of left integrals and the space of right integrals are both one dimensional.
Choose right integrals eR 2 H, µR 2 H

⇤ such that µR(eR) = 1. Define the distinguished
group-like elements a 2 H,↵ 2 H

⇤ by,

a := �eR

µR

↵ := M

eR

µR (12)

and for n 2 Z define µ
n� 1

2
2 H

⇤
, e

n� 1
2
2 H by

µn� 1
2 := M

a
n

µR en� 1
2 := �eR

↵
n

(13)

Then µR = µ� 1
2
, eR = e� 1

2
are right integrals and µL := µ 1

2
2 H

⇤
, eL := e 1

2
2 H are

left integrals. Set q := ↵(a). It follows that q is a root of unity and we have µR(eR) =
µR(eL) = µL(eR) = 1 and µL(eL) = q

�1. Moreover, µL � S = µR, µR � S = qµL, S(eL) = eR,

S(eR) = qeL. Thus S2 has eigenvalue q on all integrals of H and H
⇤. The relations between

integrals and the distinguished group-like elements are given as follows:

M

eR

= ↵ eR M

eL

= ↵
-1 eL

�

µR

= µR a �

µL

= µL a
-1

(14)

Note that here a and ↵ correspond to g and ↵
�1, respectively, in [23] [24]. The well-known

Radford formula for S4 can be expressed as

S
4 = M

a

a
-1

�

↵

↵
-1

(15)

1
In [21] they are called left cointegral, right cointegral, left integral and right integral, respectively, of H.
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Fact: {left integrals} and {right integral} 1-dimensional.   
eL = eR =

P
g2G g
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2.2 Integrals in Hopf Algebras

A left (resp. right) integral of H is an element eL 2 H (resp. eR 2 H) such that xeL = ✏(x)eL
(resp. eRx = ✏(x)eR) for any x 2 H. Left and right integrals of H⇤ are denoted by µL and
µR, respectively. The defining equations of eL, eR, µL, and µR

1 in terms of tensor diagrams
are given by:

M

eL

= ✏ eL M

eR

= ✏ eR

�

µL

= µL i �

µR

= µR i

(11)

The space of left integrals and the space of right integrals are both one dimensional.
Choose right integrals eR 2 H, µR 2 H

⇤ such that µR(eR) = 1. Define the distinguished
group-like elements a 2 H,↵ 2 H

⇤ by,

a := �eR

µR

↵ := M

eR

µR (12)

and for n 2 Z define µ
n� 1

2
2 H

⇤
, e

n� 1
2
2 H by

µn� 1
2 := M

a
n

µR en� 1
2 := �eR

↵
n

(13)

Then µR = µ� 1
2
, eR = e� 1

2
are right integrals and µL := µ 1

2
2 H

⇤
, eL := e 1

2
2 H are

left integrals. Set q := ↵(a). It follows that q is a root of unity and we have µR(eR) =
µR(eL) = µL(eR) = 1 and µL(eL) = q

�1. Moreover, µL � S = µR, µR � S = qµL, S(eL) = eR,

S(eR) = qeL. Thus S2 has eigenvalue q on all integrals of H and H
⇤. The relations between

integrals and the distinguished group-like elements are given as follows:

M

eR

= ↵ eR M

eL

= ↵
-1 eL

�

µR

= µR a �

µL

= µL a
-1

(14)

Note that here a and ↵ correspond to g and ↵
�1, respectively, in [23] [24]. The well-known

Radford formula for S4 can be expressed as

S
4 = M

a

a
-1

�

↵

↵
-1

(15)

1
In [21] they are called left cointegral, right cointegral, left integral and right integral, respectively, of H.
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Fact: {left integrals} and {right integral} 1-dimensional.   
eL = eR =

P
g2G g
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2 C[G]
<latexit sha1_base64="yuGfDrY7AIVT7ZW9uon1z7xvX4Q=">AAAB/HicbVBNT8JAFHzFL8QvlKOXjWDiibRc9EjkoEdMBEzahmyXLWzYbpvdrUnT4F/x4kFjvPpDvPlv3AIHBSfZZDLzXt7sBAlnStv2t1Xa2Nza3invVvb2Dw6PqscnfRWnktAeiXksHwKsKGeC9jTTnD4kkuIo4HQQTDuFP3ikUrFY3OssoX6Ex4KFjGBtpGG11vCYQF6E9SQI8s7MvfEbw2rdbtpzoHXiLEkdlugOq1/eKCZpRIUmHCvlOnai/RxLzQins4qXKppgMsVj6hoqcESVn8/Dz9C5UUYojKV5QqO5+nsjx5FSWRSYySKlWvUK8T/PTXV45edMJKmmgiwOhSlHOkZFE2jEJCWaZ4ZgIpnJisgES0y06atiSnBWv7xO+q2mY/hdq96+XtZRhlM4gwtw4BLacAtd6AGBDJ7hFd6sJ+vFerc+FqMla7lTgz+wPn8Ahk2UBg==</latexit><latexit sha1_base64="yuGfDrY7AIVT7ZW9uon1z7xvX4Q=">AAAB/HicbVBNT8JAFHzFL8QvlKOXjWDiibRc9EjkoEdMBEzahmyXLWzYbpvdrUnT4F/x4kFjvPpDvPlv3AIHBSfZZDLzXt7sBAlnStv2t1Xa2Nza3invVvb2Dw6PqscnfRWnktAeiXksHwKsKGeC9jTTnD4kkuIo4HQQTDuFP3ikUrFY3OssoX6Ex4KFjGBtpGG11vCYQF6E9SQI8s7MvfEbw2rdbtpzoHXiLEkdlugOq1/eKCZpRIUmHCvlOnai/RxLzQins4qXKppgMsVj6hoqcESVn8/Dz9C5UUYojKV5QqO5+nsjx5FSWRSYySKlWvUK8T/PTXV45edMJKmmgiwOhSlHOkZFE2jEJCWaZ4ZgIpnJisgES0y06atiSnBWv7xO+q2mY/hdq96+XtZRhlM4gwtw4BLacAtd6AGBDJ7hFd6sJ+vFerc+FqMla7lTgz+wPn8Ahk2UBg==</latexit><latexit sha1_base64="yuGfDrY7AIVT7ZW9uon1z7xvX4Q=">AAAB/HicbVBNT8JAFHzFL8QvlKOXjWDiibRc9EjkoEdMBEzahmyXLWzYbpvdrUnT4F/x4kFjvPpDvPlv3AIHBSfZZDLzXt7sBAlnStv2t1Xa2Nza3invVvb2Dw6PqscnfRWnktAeiXksHwKsKGeC9jTTnD4kkuIo4HQQTDuFP3ikUrFY3OssoX6Ex4KFjGBtpGG11vCYQF6E9SQI8s7MvfEbw2rdbtpzoHXiLEkdlugOq1/eKCZpRIUmHCvlOnai/RxLzQins4qXKppgMsVj6hoqcESVn8/Dz9C5UUYojKV5QqO5+nsjx5FSWRSYySKlWvUK8T/PTXV45edMJKmmgiwOhSlHOkZFE2jEJCWaZ4ZgIpnJisgES0y06atiSnBWv7xO+q2mY/hdq96+XtZRhlM4gwtw4BLacAtd6AGBDJ7hFd6sJ+vFerc+FqMla7lTgz+wPn8Ahk2UBg==</latexit><latexit sha1_base64="yuGfDrY7AIVT7ZW9uon1z7xvX4Q=">AAAB/HicbVBNT8JAFHzFL8QvlKOXjWDiibRc9EjkoEdMBEzahmyXLWzYbpvdrUnT4F/x4kFjvPpDvPlv3AIHBSfZZDLzXt7sBAlnStv2t1Xa2Nza3invVvb2Dw6PqscnfRWnktAeiXksHwKsKGeC9jTTnD4kkuIo4HQQTDuFP3ikUrFY3OssoX6Ex4KFjGBtpGG11vCYQF6E9SQI8s7MvfEbw2rdbtpzoHXiLEkdlugOq1/eKCZpRIUmHCvlOnai/RxLzQins4qXKppgMsVj6hoqcESVn8/Dz9C5UUYojKV5QqO5+nsjx5FSWRSYySKlWvUK8T/PTXV45edMJKmmgiwOhSlHOkZFE2jEJCWaZ4ZgIpnJisgES0y06atiSnBWv7xO+q2mY/hdq96+XtZRhlM4gwtw4BLacAtd6AGBDJ7hFd6sJ+vFerc+FqMla7lTgz+wPn8Ahk2UBg==</latexit>

x
<latexit sha1_base64="Ud4qgTAHb+VcIhKUbyCziZPl+cI=">AAACEnicdVDLTgIxFO3gC8cX6tJNI5i4kbSgCDuiG5cY5ZEAIZ3SgYbOI23HiBM+wZ3Rf3Fn3PoD/oory8NEfJzkJifn3Jt773FCwZVG6N1KLCwuLa8kV+219Y3NrdT2Tk0FkaSsSgMRyIZDFBPcZ1XNtWCNUDLiOYLVncH52K/fMKl44F/rYcjaHun53OWUaCNdZW4znVQaZTFC+eMTiLII5wsYG1IslQooD3EWTZAGM1Q6qY9WN6CRx3xNBVGqiVGo2zGRmlPBRnYrUiwkdEB6rGmoTzym2vHk1BE8MEoXuoE05Ws4Ub9PxMRTaug5ptMjuq9+emPxL68ZabfYjrkfRpr5dLrIjQTUARz/DbtcMqrF0BBCJTe3QtonklBt0rHn1mg+uBv9Uo5od2SbsL4Sgf+TWi6LDb/Mpctns9iSYA/sg0OAwSkogwtQAVVAQQ/cg0fwZD1Yz9aL9TptTVizmV0wB+vtE5P3nfI=</latexit><latexit sha1_base64="Ud4qgTAHb+VcIhKUbyCziZPl+cI=">AAACEnicdVDLTgIxFO3gC8cX6tJNI5i4kbSgCDuiG5cY5ZEAIZ3SgYbOI23HiBM+wZ3Rf3Fn3PoD/oory8NEfJzkJifn3Jt773FCwZVG6N1KLCwuLa8kV+219Y3NrdT2Tk0FkaSsSgMRyIZDFBPcZ1XNtWCNUDLiOYLVncH52K/fMKl44F/rYcjaHun53OWUaCNdZW4znVQaZTFC+eMTiLII5wsYG1IslQooD3EWTZAGM1Q6qY9WN6CRx3xNBVGqiVGo2zGRmlPBRnYrUiwkdEB6rGmoTzym2vHk1BE8MEoXuoE05Ws4Ub9PxMRTaug5ptMjuq9+emPxL68ZabfYjrkfRpr5dLrIjQTUARz/DbtcMqrF0BBCJTe3QtonklBt0rHn1mg+uBv9Uo5od2SbsL4Sgf+TWi6LDb/Mpctns9iSYA/sg0OAwSkogwtQAVVAQQ/cg0fwZD1Yz9aL9TptTVizmV0wB+vtE5P3nfI=</latexit><latexit sha1_base64="Ud4qgTAHb+VcIhKUbyCziZPl+cI=">AAACEnicdVDLTgIxFO3gC8cX6tJNI5i4kbSgCDuiG5cY5ZEAIZ3SgYbOI23HiBM+wZ3Rf3Fn3PoD/oory8NEfJzkJifn3Jt773FCwZVG6N1KLCwuLa8kV+219Y3NrdT2Tk0FkaSsSgMRyIZDFBPcZ1XNtWCNUDLiOYLVncH52K/fMKl44F/rYcjaHun53OWUaCNdZW4znVQaZTFC+eMTiLII5wsYG1IslQooD3EWTZAGM1Q6qY9WN6CRx3xNBVGqiVGo2zGRmlPBRnYrUiwkdEB6rGmoTzym2vHk1BE8MEoXuoE05Ws4Ub9PxMRTaug5ptMjuq9+emPxL68ZabfYjrkfRpr5dLrIjQTUARz/DbtcMqrF0BBCJTe3QtonklBt0rHn1mg+uBv9Uo5od2SbsL4Sgf+TWi6LDb/Mpctns9iSYA/sg0OAwSkogwtQAVVAQQ/cg0fwZD1Yz9aL9TptTVizmV0wB+vtE5P3nfI=</latexit><latexit sha1_base64="Ud4qgTAHb+VcIhKUbyCziZPl+cI=">AAACEnicdVDLTgIxFO3gC8cX6tJNI5i4kbSgCDuiG5cY5ZEAIZ3SgYbOI23HiBM+wZ3Rf3Fn3PoD/oory8NEfJzkJifn3Jt773FCwZVG6N1KLCwuLa8kV+219Y3NrdT2Tk0FkaSsSgMRyIZDFBPcZ1XNtWCNUDLiOYLVncH52K/fMKl44F/rYcjaHun53OWUaCNdZW4znVQaZTFC+eMTiLII5wsYG1IslQooD3EWTZAGM1Q6qY9WN6CRx3xNBVGqiVGo2zGRmlPBRnYrUiwkdEB6rGmoTzym2vHk1BE8MEoXuoE05Ws4Ub9PxMRTaug5ptMjuq9+emPxL68ZabfYjrkfRpr5dLrIjQTUARz/DbtcMqrF0BBCJTe3QtonklBt0rHn1mg+uBv9Uo5od2SbsL4Sgf+TWi6LDb/Mpctns9iSYA/sg0OAwSkogwtQAVVAQQ/cg0fwZD1Yz9aL9TptTVizmV0wB+vtE5P3nfI=</latexit>

x
<latexit sha1_base64="Ud4qgTAHb+VcIhKUbyCziZPl+cI=">AAACEnicdVDLTgIxFO3gC8cX6tJNI5i4kbSgCDuiG5cY5ZEAIZ3SgYbOI23HiBM+wZ3Rf3Fn3PoD/oory8NEfJzkJifn3Jt773FCwZVG6N1KLCwuLa8kV+219Y3NrdT2Tk0FkaSsSgMRyIZDFBPcZ1XNtWCNUDLiOYLVncH52K/fMKl44F/rYcjaHun53OWUaCNdZW4znVQaZTFC+eMTiLII5wsYG1IslQooD3EWTZAGM1Q6qY9WN6CRx3xNBVGqiVGo2zGRmlPBRnYrUiwkdEB6rGmoTzym2vHk1BE8MEoXuoE05Ws4Ub9PxMRTaug5ptMjuq9+emPxL68ZabfYjrkfRpr5dLrIjQTUARz/DbtcMqrF0BBCJTe3QtonklBt0rHn1mg+uBv9Uo5od2SbsL4Sgf+TWi6LDb/Mpctns9iSYA/sg0OAwSkogwtQAVVAQQ/cg0fwZD1Yz9aL9TptTVizmV0wB+vtE5P3nfI=</latexit><latexit sha1_base64="Ud4qgTAHb+VcIhKUbyCziZPl+cI=">AAACEnicdVDLTgIxFO3gC8cX6tJNI5i4kbSgCDuiG5cY5ZEAIZ3SgYbOI23HiBM+wZ3Rf3Fn3PoD/oory8NEfJzkJifn3Jt773FCwZVG6N1KLCwuLa8kV+219Y3NrdT2Tk0FkaSsSgMRyIZDFBPcZ1XNtWCNUDLiOYLVncH52K/fMKl44F/rYcjaHun53OWUaCNdZW4znVQaZTFC+eMTiLII5wsYG1IslQooD3EWTZAGM1Q6qY9WN6CRx3xNBVGqiVGo2zGRmlPBRnYrUiwkdEB6rGmoTzym2vHk1BE8MEoXuoE05Ws4Ub9PxMRTaug5ptMjuq9+emPxL68ZabfYjrkfRpr5dLrIjQTUARz/DbtcMqrF0BBCJTe3QtonklBt0rHn1mg+uBv9Uo5od2SbsL4Sgf+TWi6LDb/Mpctns9iSYA/sg0OAwSkogwtQAVVAQQ/cg0fwZD1Yz9aL9TptTVizmV0wB+vtE5P3nfI=</latexit><latexit sha1_base64="Ud4qgTAHb+VcIhKUbyCziZPl+cI=">AAACEnicdVDLTgIxFO3gC8cX6tJNI5i4kbSgCDuiG5cY5ZEAIZ3SgYbOI23HiBM+wZ3Rf3Fn3PoD/oory8NEfJzkJifn3Jt773FCwZVG6N1KLCwuLa8kV+219Y3NrdT2Tk0FkaSsSgMRyIZDFBPcZ1XNtWCNUDLiOYLVncH52K/fMKl44F/rYcjaHun53OWUaCNdZW4znVQaZTFC+eMTiLII5wsYG1IslQooD3EWTZAGM1Q6qY9WN6CRx3xNBVGqiVGo2zGRmlPBRnYrUiwkdEB6rGmoTzym2vHk1BE8MEoXuoE05Ws4Ub9PxMRTaug5ptMjuq9+emPxL68ZabfYjrkfRpr5dLrIjQTUARz/DbtcMqrF0BBCJTe3QtonklBt0rHn1mg+uBv9Uo5od2SbsL4Sgf+TWi6LDb/Mpctns9iSYA/sg0OAwSkogwtQAVVAQQ/cg0fwZD1Yz9aL9TptTVizmV0wB+vtE5P3nfI=</latexit><latexit sha1_base64="Ud4qgTAHb+VcIhKUbyCziZPl+cI=">AAACEnicdVDLTgIxFO3gC8cX6tJNI5i4kbSgCDuiG5cY5ZEAIZ3SgYbOI23HiBM+wZ3Rf3Fn3PoD/oory8NEfJzkJifn3Jt773FCwZVG6N1KLCwuLa8kV+219Y3NrdT2Tk0FkaSsSgMRyIZDFBPcZ1XNtWCNUDLiOYLVncH52K/fMKl44F/rYcjaHun53OWUaCNdZW4znVQaZTFC+eMTiLII5wsYG1IslQooD3EWTZAGM1Q6qY9WN6CRx3xNBVGqiVGo2zGRmlPBRnYrUiwkdEB6rGmoTzym2vHk1BE8MEoXuoE05Ws4Ub9PxMRTaug5ptMjuq9+emPxL68ZabfYjrkfRpr5dLrIjQTUARz/DbtcMqrF0BBCJTe3QtonklBt0rHn1mg+uBv9Uo5od2SbsL4Sgf+TWi6LDb/Mpctns9iSYA/sg0OAwSkogwtQAVVAQQ/cg0fwZD1Yz9aL9TptTVizmV0wB+vtE5P3nfI=</latexit>

Mop
<latexit sha1_base64="5lfcIlraLF5o2sq7Q0aHKd2hesc=">AAACHHicbZDJSgNBEIZr4hbHLerRy2AQvBhmvOhFDHrxIkQwCyRj6Ol0kiY9i901YhwGfAtvou8ieBCvgq/iyc5yMIk/FHz8VUUVvxcJrtC2v43M3PzC4lJ22VxZXVvfyG1uVVQYS8rKNBShrHlEMcEDVkaOgtUiyYjvCVb1eueDfvWOScXD4Br7EXN90gl4m1OC2nIvb5IGsntMwihNm7m8XbCHsmbBGUP+9N08eQSAUjP302iFNPZZgFQQpeqOHaGbEImcCpaajVixiNAe6bC6xoD4TLnJ8OnU2tNOy2qHUleA1tD9u5EQX6m+7+lJn2BXTfcG5n+9eoztYzfhQRQjC+joUDsWFobWIAGrxSWjKPoaCJVc/2rRLpGEos7JnDiDvPeQzjgHtJWaOixnOppZqBwWHM1XTr54BiNlYQd2YR8cOIIiXEAJykDhFp7gBV6NZ+PN+DA+R6MZY7yzDRMyvn4BnCKkwQ==</latexit><latexit sha1_base64="ljhpx5FkO27BTDdoCL79wi5Z+QQ=">AAACHHicbZDJSgNBEIZ7XOO4RT16aQyCF8OMF72IQS9ehAhmgWQMPT09SZOexe4aMQ7zHN5E8VUED+JV8VU82VkOJvGHgo+/qqjid2PBFVjWtzEzOze/sJhbMpdXVtfW8xubVRUlkrIKjUQk6y5RTPCQVYCDYPVYMhK4gtXc7lm/X7tlUvEovIJezJyAtEPuc0pAW87FddoEdgdpFGdZK1+witZAeBrsERRO3szj+OXLLLfyP00voknAQqCCKNWwrRiclEjgVLDMbCaKxYR2SZs1NIYkYMpJB09neFc7HvYjqSsEPHD/bqQkUKoXuHoyINBRk72++V+vkYB/5KQ8jBNgIR0e8hOBIcL9BLDHJaMgehoIlVz/immHSEJB52SOnQHevc+mnH3qZaYOy56MZhqqB0Vb86VdKJ2ioXJoG+2gPWSjQ1RC56iMKoiiG/SAntCz8Wi8Gu/Gx3B0xhjtbKExGZ+/x9GmNQ==</latexit><latexit sha1_base64="ljhpx5FkO27BTDdoCL79wi5Z+QQ=">AAACHHicbZDJSgNBEIZ7XOO4RT16aQyCF8OMF72IQS9ehAhmgWQMPT09SZOexe4aMQ7zHN5E8VUED+JV8VU82VkOJvGHgo+/qqjid2PBFVjWtzEzOze/sJhbMpdXVtfW8xubVRUlkrIKjUQk6y5RTPCQVYCDYPVYMhK4gtXc7lm/X7tlUvEovIJezJyAtEPuc0pAW87FddoEdgdpFGdZK1+witZAeBrsERRO3szj+OXLLLfyP00voknAQqCCKNWwrRiclEjgVLDMbCaKxYR2SZs1NIYkYMpJB09neFc7HvYjqSsEPHD/bqQkUKoXuHoyINBRk72++V+vkYB/5KQ8jBNgIR0e8hOBIcL9BLDHJaMgehoIlVz/immHSEJB52SOnQHevc+mnH3qZaYOy56MZhqqB0Vb86VdKJ2ioXJoG+2gPWSjQ1RC56iMKoiiG/SAntCz8Wi8Gu/Gx3B0xhjtbKExGZ+/x9GmNQ==</latexit><latexit sha1_base64="HI55k4Mjxe10/BQGvLrY3x1O3fs=">AAACHHicbZDLSsNAFIYn9VbjrerSTbAIbiyJG10W3bgRKtgLtLFMJpN26GQmzpyINeQ53Im+iztxK/gqrpxeFrb1hwMf/zmHc/iDhDMNrvttFZaWV1bXiuv2xubW9k5pd6+hZaoIrRPJpWoFWFPOBK0DA05biaI4DjhtBoPLUb/5QJVmUtzCMKF+jHuCRYxgMJZ/fZd1gD5CJpM875bKbsUdy1kEbwplNFWtW/rphJKkMRVAONa67bkJ+BlWwAinud1JNU0wGeAebRsUOKbaz8ZP586RcUInksqUAGfs/t3IcKz1MA7MZIyhr+d7I/O/XjuF6NzPmEhSoIJMDkUpd0A6owSckClKgA8NYKKY+dUhfawwAZOTPXMG2OApX3BOSJjbJixvPppFaJxWPMM3Xrl6MY2tiA7QITpGHjpDVXSFaqiOCLpHz+gVvVkv1rv1YX1ORgvWdGcfzcj6+gXk06L0</latexit> M

<latexit sha1_base64="zrx3ukKTPS9wn9i6akMvTW/n7Ho=">AAACEHicbZC7SgNBFIbPxltcb1FLm8Eg2Bh2bbQRgzY2QgLmAskSZmcnyZDZ2WVmVojLgr2d6LvYiZXgG/gqVk4uhUn8YeDjP+dwzvx+zJnSjvNt5ZaWV1bX8uv2xubW9k5hd6+uokQSWiMRj2TTx4pyJmhNM81pM5YUhz6nDX9wPao37qlULBJ3ehhTL8Q9wbqMYG2s6m2nUHRKzlhoEdwpFC8/7YtHAKh0Cj/tICJJSIUmHCvVcp1YeymWmhFOM7udKBpjMsA92jIocEiVl44PzdCRcQLUjaR5QqOx+3cixaFSw9A3nSHWfTVfG5n/1VqJ7p57KRNxoqkgk0XdhCMdodGvUcAkJZoPDWAimbkVkT6WmGiTjT2zRrPBQ7bgnJAgs01Y7nw0i1A/LbmGq26xfAUT5eEADuEYXDiDMtxABWpAgMITvMCr9Wy9We/Wx6Q1Z01n9mFG1tcv4ESe+w==</latexit><latexit sha1_base64="5nwTIZ1ea63HCPTLw5knv97wCOg=">AAACEHicbZDLSsNAFIYnXmu8VV26GSyCG0viRjdi0Y0boQV7gTaUyWTSDp1MwsyJUEOfwJ3oE/gS7sSV4AuIr+LK6WVhW38Y+PjPOZwzv58IrsFxvq2FxaXlldXcmr2+sbm1nd/Zrek4VZRVaSxi1fCJZoJLVgUOgjUSxUjkC1b3e1fDev2OKc1jeQv9hHkR6UgeckrAWJWbdr7gFJ2R8Dy4EyhcfNjnycuXXW7nf1pBTNOISaCCaN10nQS8jCjgVLCB3Uo1SwjtkQ5rGpQkYtrLRocO8KFxAhzGyjwJeOT+nchIpHU/8k1nRKCrZ2tD879aM4XwzMu4TFJgko4XhanAEOPhr3HAFaMg+gYIVdzcimmXKELBZGNPrQHeux/MOcc0GNgmLHc2mnmonRRdwxW3ULpEY+XQPjpAR8hFp6iErlEZVRFFDD2gJ/RsPVqv1pv1Pm5dsCYze2hK1ucvDAKgbw==</latexit><latexit sha1_base64="5nwTIZ1ea63HCPTLw5knv97wCOg=">AAACEHicbZDLSsNAFIYnXmu8VV26GSyCG0viRjdi0Y0boQV7gTaUyWTSDp1MwsyJUEOfwJ3oE/gS7sSV4AuIr+LK6WVhW38Y+PjPOZwzv58IrsFxvq2FxaXlldXcmr2+sbm1nd/Zrek4VZRVaSxi1fCJZoJLVgUOgjUSxUjkC1b3e1fDev2OKc1jeQv9hHkR6UgeckrAWJWbdr7gFJ2R8Dy4EyhcfNjnycuXXW7nf1pBTNOISaCCaN10nQS8jCjgVLCB3Uo1SwjtkQ5rGpQkYtrLRocO8KFxAhzGyjwJeOT+nchIpHU/8k1nRKCrZ2tD879aM4XwzMu4TFJgko4XhanAEOPhr3HAFaMg+gYIVdzcimmXKELBZGNPrQHeux/MOcc0GNgmLHc2mnmonRRdwxW3ULpEY+XQPjpAR8hFp6iErlEZVRFFDD2gJ/RsPVqv1pv1Pm5dsCYze2hK1ucvDAKgbw==</latexit><latexit sha1_base64="nbRc8TvuQBLNjGBt1BNoONyXP9E=">AAACEHicbZDLSsNAFIYn9VbjrerSzWAR3FgSN7osunEjtGAv0IYymZy0QyeTMDMRasgTuBN9F3fi1jfwVVw5bbOwrT8MfPznHM6Z3084U9pxvq3S2vrG5lZ5297Z3ds/qBwetVWcSgotGvNYdn2igDMBLc00h24igUQ+h44/vp3WO48gFYvFg54k4EVkKFjIKNHGat4PKlWn5syEV8EtoIoKNQaVn34Q0zQCoSknSvVcJ9FeRqRmlENu91MFCaFjMoSeQUEiUF42OzTHZ8YJcBhL84TGM/fvREYipSaRbzojokdquTY1/6v1Uh1eexkTSapB0PmiMOVYx3j6axwwCVTziQFCJTO3YjoiklBtsrEX1mg2fspXnAsa5LYJy12OZhXalzXXcNOt1m+K2MroBJ2ic+SiK1RHd6iBWogiQM/oFb1ZL9a79WF9zltLVjFzjBZkff0CKQSdLg==</latexit>
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2.2 Integrals in Hopf Algebras

A left (resp. right) integral of H is an element eL 2 H (resp. eR 2 H) such that xeL = ✏(x)eL
(resp. eRx = ✏(x)eR) for any x 2 H. Left and right integrals of H⇤ are denoted by µL and
µR, respectively. The defining equations of eL, eR, µL, and µR

1 in terms of tensor diagrams
are given by:

M

eL

= ✏ eL M

eR

= ✏ eR

�

µL

= µL i �

µR

= µR i

(11)

The space of left integrals and the space of right integrals are both one dimensional.
Choose right integrals eR 2 H, µR 2 H

⇤ such that µR(eR) = 1. Define the distinguished
group-like elements a 2 H,↵ 2 H

⇤ by,

a := �eR

µR

↵ := M

eR

µR (12)

and for n 2 Z define µ
n� 1

2
2 H

⇤
, e

n� 1
2
2 H by

µn� 1
2 := M

a
n

µR en� 1
2 := �eR

↵
n

(13)

Then µR = µ� 1
2
, eR = e� 1

2
are right integrals and µL := µ 1

2
2 H

⇤
, eL := e 1

2
2 H are

left integrals. Set q := ↵(a). It follows that q is a root of unity and we have µR(eR) =
µR(eL) = µL(eR) = 1 and µL(eL) = q

�1. Moreover, µL � S = µR, µR � S = qµL, S(eL) = eR,

S(eR) = qeL. Thus S2 has eigenvalue q on all integrals of H and H
⇤. The relations between

integrals and the distinguished group-like elements are given as follows:

M

eR

= ↵ eR M

eL

= ↵
-1 eL

�

µR

= µR a �

µL

= µL a
-1

(14)

Note that here a and ↵ correspond to g and ↵
�1, respectively, in [23] [24]. The well-known

Radford formula for S4 can be expressed as

S
4 = M

a

a
-1

�

↵

↵
-1

(15)

1
In [21] they are called left cointegral, right cointegral, left integral and right integral, respectively, of H.

6

2.2 Integrals in Hopf Algebras

A left (resp. right) integral of H is an element eL 2 H (resp. eR 2 H) such that xeL = ✏(x)eL
(resp. eRx = ✏(x)eR) for any x 2 H. Left and right integrals of H⇤ are denoted by µL and
µR, respectively. The defining equations of eL, eR, µL, and µR

1 in terms of tensor diagrams
are given by:

M

eL

= ✏ eL M

eR

= ✏ eR

�

µL

= µL i �

µR

= µR i

(11)

The space of left integrals and the space of right integrals are both one dimensional.
Choose right integrals eR 2 H, µR 2 H

⇤ such that µR(eR) = 1. Define the distinguished
group-like elements a 2 H,↵ 2 H

⇤ by,

a := �eR

µR

↵ := M

eR

µR (12)

and for n 2 Z define µ
n� 1

2
2 H

⇤
, e

n� 1
2
2 H by

µn� 1
2 := M

a
n

µR en� 1
2 := �eR

↵
n

(13)

Then µR = µ� 1
2
, eR = e� 1

2
are right integrals and µL := µ 1

2
2 H

⇤
, eL := e 1

2
2 H are

left integrals. Set q := ↵(a). It follows that q is a root of unity and we have µR(eR) =
µR(eL) = µL(eR) = 1 and µL(eL) = q

�1. Moreover, µL � S = µR, µR � S = qµL, S(eL) = eR,

S(eR) = qeL. Thus S2 has eigenvalue q on all integrals of H and H
⇤. The relations between

integrals and the distinguished group-like elements are given as follows:

M

eR

= ↵ eR M

eL

= ↵
-1 eL

�

µR

= µR a �

µL

= µL a
-1

(14)

Note that here a and ↵ correspond to g and ↵
�1, respectively, in [23] [24]. The well-known

Radford formula for S4 can be expressed as

S
4 = M

a

a
-1

�

↵

↵
-1

(15)

1
In [21] they are called left cointegral, right cointegral, left integral and right integral, respectively, of H.

6

             (resp.             )  is a left (resp. right) integral if
2.2 Integrals in Hopf Algebras

A left (resp. right) integral of H is an element eL 2 H (resp. eR 2 H) such that xeL = ✏(x)eL
(resp. eRx = ✏(x)eR) for any x 2 H. Left and right integrals of H⇤ are denoted by µL and
µR, respectively. The defining equations of eL, eR, µL, and µR

1 in terms of tensor diagrams
are given by:

M

eL

= ✏ eL M

eR

= ✏ eR

�

µL

= µL i �

µR

= µR i

(11)

The space of left integrals and the space of right integrals are both one dimensional.
Choose right integrals eR 2 H, µR 2 H

⇤ such that µR(eR) = 1. Define the distinguished
group-like elements a 2 H,↵ 2 H

⇤ by,

a := �eR

µR

↵ := M

eR

µR (12)

and for n 2 Z define µ
n� 1

2
2 H

⇤
, e

n� 1
2
2 H by

µn� 1
2 := M

a
n

µR en� 1
2 := �eR

↵
n

(13)

Then µR = µ� 1
2
, eR = e� 1

2
are right integrals and µL := µ 1

2
2 H

⇤
, eL := e 1

2
2 H are

left integrals. Set q := ↵(a). It follows that q is a root of unity and we have µR(eR) =
µR(eL) = µL(eR) = 1 and µL(eL) = q

�1. Moreover, µL � S = µR, µR � S = qµL, S(eL) = eR,

S(eR) = qeL. Thus S2 has eigenvalue q on all integrals of H and H
⇤. The relations between

integrals and the distinguished group-like elements are given as follows:

M

eR

= ↵ eR M

eL

= ↵
-1 eL

�

µR

= µR a �

µL

= µL a
-1

(14)

Note that here a and ↵ correspond to g and ↵
�1, respectively, in [23] [24]. The well-known

Radford formula for S4 can be expressed as

S
4 = M

a

a
-1

�

↵

↵
-1

(15)

1
In [21] they are called left cointegral, right cointegral, left integral and right integral, respectively, of H.

6

2.2 Integrals in Hopf Algebras

A left (resp. right) integral of H is an element eL 2 H (resp. eR 2 H) such that xeL = ✏(x)eL
(resp. eRx = ✏(x)eR) for any x 2 H. Left and right integrals of H⇤ are denoted by µL and
µR, respectively. The defining equations of eL, eR, µL, and µR

1 in terms of tensor diagrams
are given by:

M

eL

= ✏ eL M

eR

= ✏ eR

�

µL

= µL i �

µR

= µR i

(11)

The space of left integrals and the space of right integrals are both one dimensional.
Choose right integrals eR 2 H, µR 2 H

⇤ such that µR(eR) = 1. Define the distinguished
group-like elements a 2 H,↵ 2 H

⇤ by,

a := �eR

µR

↵ := M

eR

µR (12)

and for n 2 Z define µ
n� 1

2
2 H

⇤
, e

n� 1
2
2 H by

µn� 1
2 := M

a
n

µR en� 1
2 := �eR

↵
n

(13)

Then µR = µ� 1
2
, eR = e� 1

2
are right integrals and µL := µ 1

2
2 H

⇤
, eL := e 1

2
2 H are

left integrals. Set q := ↵(a). It follows that q is a root of unity and we have µR(eR) =
µR(eL) = µL(eR) = 1 and µL(eL) = q

�1. Moreover, µL � S = µR, µR � S = qµL, S(eL) = eR,

S(eR) = qeL. Thus S2 has eigenvalue q on all integrals of H and H
⇤. The relations between

integrals and the distinguished group-like elements are given as follows:

M

eR

= ↵ eR M

eL

= ↵
-1 eL

�

µR

= µR a �

µL

= µL a
-1

(14)

Note that here a and ↵ correspond to g and ↵
�1, respectively, in [23] [24]. The well-known

Radford formula for S4 can be expressed as

S
4 = M

a

a
-1

�

↵

↵
-1

(15)

1
In [21] they are called left cointegral, right cointegral, left integral and right integral, respectively, of H.

6

Fact: {left integrals} and {right integral} 1-dimensional.   
eL = eR =

P
g2G g
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2 C[G]
<latexit sha1_base64="yuGfDrY7AIVT7ZW9uon1z7xvX4Q=">AAAB/HicbVBNT8JAFHzFL8QvlKOXjWDiibRc9EjkoEdMBEzahmyXLWzYbpvdrUnT4F/x4kFjvPpDvPlv3AIHBSfZZDLzXt7sBAlnStv2t1Xa2Nza3invVvb2Dw6PqscnfRWnktAeiXksHwKsKGeC9jTTnD4kkuIo4HQQTDuFP3ikUrFY3OssoX6Ex4KFjGBtpGG11vCYQF6E9SQI8s7MvfEbw2rdbtpzoHXiLEkdlugOq1/eKCZpRIUmHCvlOnai/RxLzQins4qXKppgMsVj6hoqcESVn8/Dz9C5UUYojKV5QqO5+nsjx5FSWRSYySKlWvUK8T/PTXV45edMJKmmgiwOhSlHOkZFE2jEJCWaZ4ZgIpnJisgES0y06atiSnBWv7xO+q2mY/hdq96+XtZRhlM4gwtw4BLacAtd6AGBDJ7hFd6sJ+vFerc+FqMla7lTgz+wPn8Ahk2UBg==</latexit><latexit sha1_base64="yuGfDrY7AIVT7ZW9uon1z7xvX4Q=">AAAB/HicbVBNT8JAFHzFL8QvlKOXjWDiibRc9EjkoEdMBEzahmyXLWzYbpvdrUnT4F/x4kFjvPpDvPlv3AIHBSfZZDLzXt7sBAlnStv2t1Xa2Nza3invVvb2Dw6PqscnfRWnktAeiXksHwKsKGeC9jTTnD4kkuIo4HQQTDuFP3ikUrFY3OssoX6Ex4KFjGBtpGG11vCYQF6E9SQI8s7MvfEbw2rdbtpzoHXiLEkdlugOq1/eKCZpRIUmHCvlOnai/RxLzQins4qXKppgMsVj6hoqcESVn8/Dz9C5UUYojKV5QqO5+nsjx5FSWRSYySKlWvUK8T/PTXV45edMJKmmgiwOhSlHOkZFE2jEJCWaZ4ZgIpnJisgES0y06atiSnBWv7xO+q2mY/hdq96+XtZRhlM4gwtw4BLacAtd6AGBDJ7hFd6sJ+vFerc+FqMla7lTgz+wPn8Ahk2UBg==</latexit><latexit sha1_base64="yuGfDrY7AIVT7ZW9uon1z7xvX4Q=">AAAB/HicbVBNT8JAFHzFL8QvlKOXjWDiibRc9EjkoEdMBEzahmyXLWzYbpvdrUnT4F/x4kFjvPpDvPlv3AIHBSfZZDLzXt7sBAlnStv2t1Xa2Nza3invVvb2Dw6PqscnfRWnktAeiXksHwKsKGeC9jTTnD4kkuIo4HQQTDuFP3ikUrFY3OssoX6Ex4KFjGBtpGG11vCYQF6E9SQI8s7MvfEbw2rdbtpzoHXiLEkdlugOq1/eKCZpRIUmHCvlOnai/RxLzQins4qXKppgMsVj6hoqcESVn8/Dz9C5UUYojKV5QqO5+nsjx5FSWRSYySKlWvUK8T/PTXV45edMJKmmgiwOhSlHOkZFE2jEJCWaZ4ZgIpnJisgES0y06atiSnBWv7xO+q2mY/hdq96+XtZRhlM4gwtw4BLacAtd6AGBDJ7hFd6sJ+vFerc+FqMla7lTgz+wPn8Ahk2UBg==</latexit><latexit sha1_base64="yuGfDrY7AIVT7ZW9uon1z7xvX4Q=">AAAB/HicbVBNT8JAFHzFL8QvlKOXjWDiibRc9EjkoEdMBEzahmyXLWzYbpvdrUnT4F/x4kFjvPpDvPlv3AIHBSfZZDLzXt7sBAlnStv2t1Xa2Nza3invVvb2Dw6PqscnfRWnktAeiXksHwKsKGeC9jTTnD4kkuIo4HQQTDuFP3ikUrFY3OssoX6Ex4KFjGBtpGG11vCYQF6E9SQI8s7MvfEbw2rdbtpzoHXiLEkdlugOq1/eKCZpRIUmHCvlOnai/RxLzQins4qXKppgMsVj6hoqcESVn8/Dz9C5UUYojKV5QqO5+nsjx5FSWRSYySKlWvUK8T/PTXV45edMJKmmgiwOhSlHOkZFE2jEJCWaZ4ZgIpnJisgES0y06atiSnBWv7xO+q2mY/hdq96+XtZRhlM4gwtw4BLacAtd6AGBDJ7hFd6sJ+vFerc+FqMla7lTgz+wPn8Ahk2UBg==</latexit>

x
<latexit sha1_base64="Ud4qgTAHb+VcIhKUbyCziZPl+cI=">AAACEnicdVDLTgIxFO3gC8cX6tJNI5i4kbSgCDuiG5cY5ZEAIZ3SgYbOI23HiBM+wZ3Rf3Fn3PoD/oory8NEfJzkJifn3Jt773FCwZVG6N1KLCwuLa8kV+219Y3NrdT2Tk0FkaSsSgMRyIZDFBPcZ1XNtWCNUDLiOYLVncH52K/fMKl44F/rYcjaHun53OWUaCNdZW4znVQaZTFC+eMTiLII5wsYG1IslQooD3EWTZAGM1Q6qY9WN6CRx3xNBVGqiVGo2zGRmlPBRnYrUiwkdEB6rGmoTzym2vHk1BE8MEoXuoE05Ws4Ub9PxMRTaug5ptMjuq9+emPxL68ZabfYjrkfRpr5dLrIjQTUARz/DbtcMqrF0BBCJTe3QtonklBt0rHn1mg+uBv9Uo5od2SbsL4Sgf+TWi6LDb/Mpctns9iSYA/sg0OAwSkogwtQAVVAQQ/cg0fwZD1Yz9aL9TptTVizmV0wB+vtE5P3nfI=</latexit><latexit sha1_base64="Ud4qgTAHb+VcIhKUbyCziZPl+cI=">AAACEnicdVDLTgIxFO3gC8cX6tJNI5i4kbSgCDuiG5cY5ZEAIZ3SgYbOI23HiBM+wZ3Rf3Fn3PoD/oory8NEfJzkJifn3Jt773FCwZVG6N1KLCwuLa8kV+219Y3NrdT2Tk0FkaSsSgMRyIZDFBPcZ1XNtWCNUDLiOYLVncH52K/fMKl44F/rYcjaHun53OWUaCNdZW4znVQaZTFC+eMTiLII5wsYG1IslQooD3EWTZAGM1Q6qY9WN6CRx3xNBVGqiVGo2zGRmlPBRnYrUiwkdEB6rGmoTzym2vHk1BE8MEoXuoE05Ws4Ub9PxMRTaug5ptMjuq9+emPxL68ZabfYjrkfRpr5dLrIjQTUARz/DbtcMqrF0BBCJTe3QtonklBt0rHn1mg+uBv9Uo5od2SbsL4Sgf+TWi6LDb/Mpctns9iSYA/sg0OAwSkogwtQAVVAQQ/cg0fwZD1Yz9aL9TptTVizmV0wB+vtE5P3nfI=</latexit><latexit sha1_base64="Ud4qgTAHb+VcIhKUbyCziZPl+cI=">AAACEnicdVDLTgIxFO3gC8cX6tJNI5i4kbSgCDuiG5cY5ZEAIZ3SgYbOI23HiBM+wZ3Rf3Fn3PoD/oory8NEfJzkJifn3Jt773FCwZVG6N1KLCwuLa8kV+219Y3NrdT2Tk0FkaSsSgMRyIZDFBPcZ1XNtWCNUDLiOYLVncH52K/fMKl44F/rYcjaHun53OWUaCNdZW4znVQaZTFC+eMTiLII5wsYG1IslQooD3EWTZAGM1Q6qY9WN6CRx3xNBVGqiVGo2zGRmlPBRnYrUiwkdEB6rGmoTzym2vHk1BE8MEoXuoE05Ws4Ub9PxMRTaug5ptMjuq9+emPxL68ZabfYjrkfRpr5dLrIjQTUARz/DbtcMqrF0BBCJTe3QtonklBt0rHn1mg+uBv9Uo5od2SbsL4Sgf+TWi6LDb/Mpctns9iSYA/sg0OAwSkogwtQAVVAQQ/cg0fwZD1Yz9aL9TptTVizmV0wB+vtE5P3nfI=</latexit><latexit sha1_base64="Ud4qgTAHb+VcIhKUbyCziZPl+cI=">AAACEnicdVDLTgIxFO3gC8cX6tJNI5i4kbSgCDuiG5cY5ZEAIZ3SgYbOI23HiBM+wZ3Rf3Fn3PoD/oory8NEfJzkJifn3Jt773FCwZVG6N1KLCwuLa8kV+219Y3NrdT2Tk0FkaSsSgMRyIZDFBPcZ1XNtWCNUDLiOYLVncH52K/fMKl44F/rYcjaHun53OWUaCNdZW4znVQaZTFC+eMTiLII5wsYG1IslQooD3EWTZAGM1Q6qY9WN6CRx3xNBVGqiVGo2zGRmlPBRnYrUiwkdEB6rGmoTzym2vHk1BE8MEoXuoE05Ws4Ub9PxMRTaug5ptMjuq9+emPxL68ZabfYjrkfRpr5dLrIjQTUARz/DbtcMqrF0BBCJTe3QtonklBt0rHn1mg+uBv9Uo5od2SbsL4Sgf+TWi6LDb/Mpctns9iSYA/sg0OAwSkogwtQAVVAQQ/cg0fwZD1Yz9aL9TptTVizmV0wB+vtE5P3nfI=</latexit>

x
<latexit sha1_base64="Ud4qgTAHb+VcIhKUbyCziZPl+cI=">AAACEnicdVDLTgIxFO3gC8cX6tJNI5i4kbSgCDuiG5cY5ZEAIZ3SgYbOI23HiBM+wZ3Rf3Fn3PoD/oory8NEfJzkJifn3Jt773FCwZVG6N1KLCwuLa8kV+219Y3NrdT2Tk0FkaSsSgMRyIZDFBPcZ1XNtWCNUDLiOYLVncH52K/fMKl44F/rYcjaHun53OWUaCNdZW4znVQaZTFC+eMTiLII5wsYG1IslQooD3EWTZAGM1Q6qY9WN6CRx3xNBVGqiVGo2zGRmlPBRnYrUiwkdEB6rGmoTzym2vHk1BE8MEoXuoE05Ws4Ub9PxMRTaug5ptMjuq9+emPxL68ZabfYjrkfRpr5dLrIjQTUARz/DbtcMqrF0BBCJTe3QtonklBt0rHn1mg+uBv9Uo5od2SbsL4Sgf+TWi6LDb/Mpctns9iSYA/sg0OAwSkogwtQAVVAQQ/cg0fwZD1Yz9aL9TptTVizmV0wB+vtE5P3nfI=</latexit><latexit sha1_base64="Ud4qgTAHb+VcIhKUbyCziZPl+cI=">AAACEnicdVDLTgIxFO3gC8cX6tJNI5i4kbSgCDuiG5cY5ZEAIZ3SgYbOI23HiBM+wZ3Rf3Fn3PoD/oory8NEfJzkJifn3Jt773FCwZVG6N1KLCwuLa8kV+219Y3NrdT2Tk0FkaSsSgMRyIZDFBPcZ1XNtWCNUDLiOYLVncH52K/fMKl44F/rYcjaHun53OWUaCNdZW4znVQaZTFC+eMTiLII5wsYG1IslQooD3EWTZAGM1Q6qY9WN6CRx3xNBVGqiVGo2zGRmlPBRnYrUiwkdEB6rGmoTzym2vHk1BE8MEoXuoE05Ws4Ub9PxMRTaug5ptMjuq9+emPxL68ZabfYjrkfRpr5dLrIjQTUARz/DbtcMqrF0BBCJTe3QtonklBt0rHn1mg+uBv9Uo5od2SbsL4Sgf+TWi6LDb/Mpctns9iSYA/sg0OAwSkogwtQAVVAQQ/cg0fwZD1Yz9aL9TptTVizmV0wB+vtE5P3nfI=</latexit><latexit sha1_base64="Ud4qgTAHb+VcIhKUbyCziZPl+cI=">AAACEnicdVDLTgIxFO3gC8cX6tJNI5i4kbSgCDuiG5cY5ZEAIZ3SgYbOI23HiBM+wZ3Rf3Fn3PoD/oory8NEfJzkJifn3Jt773FCwZVG6N1KLCwuLa8kV+219Y3NrdT2Tk0FkaSsSgMRyIZDFBPcZ1XNtWCNUDLiOYLVncH52K/fMKl44F/rYcjaHun53OWUaCNdZW4znVQaZTFC+eMTiLII5wsYG1IslQooD3EWTZAGM1Q6qY9WN6CRx3xNBVGqiVGo2zGRmlPBRnYrUiwkdEB6rGmoTzym2vHk1BE8MEoXuoE05Ws4Ub9PxMRTaug5ptMjuq9+emPxL68ZabfYjrkfRpr5dLrIjQTUARz/DbtcMqrF0BBCJTe3QtonklBt0rHn1mg+uBv9Uo5od2SbsL4Sgf+TWi6LDb/Mpctns9iSYA/sg0OAwSkogwtQAVVAQQ/cg0fwZD1Yz9aL9TptTVizmV0wB+vtE5P3nfI=</latexit><latexit sha1_base64="Ud4qgTAHb+VcIhKUbyCziZPl+cI=">AAACEnicdVDLTgIxFO3gC8cX6tJNI5i4kbSgCDuiG5cY5ZEAIZ3SgYbOI23HiBM+wZ3Rf3Fn3PoD/oory8NEfJzkJifn3Jt773FCwZVG6N1KLCwuLa8kV+219Y3NrdT2Tk0FkaSsSgMRyIZDFBPcZ1XNtWCNUDLiOYLVncH52K/fMKl44F/rYcjaHun53OWUaCNdZW4znVQaZTFC+eMTiLII5wsYG1IslQooD3EWTZAGM1Q6qY9WN6CRx3xNBVGqiVGo2zGRmlPBRnYrUiwkdEB6rGmoTzym2vHk1BE8MEoXuoE05Ws4Ub9PxMRTaug5ptMjuq9+emPxL68ZabfYjrkfRpr5dLrIjQTUARz/DbtcMqrF0BBCJTe3QtonklBt0rHn1mg+uBv9Uo5od2SbsL4Sgf+TWi6LDb/Mpctns9iSYA/sg0OAwSkogwtQAVVAQQ/cg0fwZD1Yz9aL9TptTVizmV0wB+vtE5P3nfI=</latexit>

If                            is Hopf, so are

etc.

Mop
<latexit sha1_base64="5lfcIlraLF5o2sq7Q0aHKd2hesc=">AAACHHicbZDJSgNBEIZr4hbHLerRy2AQvBhmvOhFDHrxIkQwCyRj6Ol0kiY9i901YhwGfAtvou8ieBCvgq/iyc5yMIk/FHz8VUUVvxcJrtC2v43M3PzC4lJ22VxZXVvfyG1uVVQYS8rKNBShrHlEMcEDVkaOgtUiyYjvCVb1eueDfvWOScXD4Br7EXN90gl4m1OC2nIvb5IGsntMwihNm7m8XbCHsmbBGUP+9N08eQSAUjP302iFNPZZgFQQpeqOHaGbEImcCpaajVixiNAe6bC6xoD4TLnJ8OnU2tNOy2qHUleA1tD9u5EQX6m+7+lJn2BXTfcG5n+9eoztYzfhQRQjC+joUDsWFobWIAGrxSWjKPoaCJVc/2rRLpGEos7JnDiDvPeQzjgHtJWaOixnOppZqBwWHM1XTr54BiNlYQd2YR8cOIIiXEAJykDhFp7gBV6NZ+PN+DA+R6MZY7yzDRMyvn4BnCKkwQ==</latexit><latexit sha1_base64="ljhpx5FkO27BTDdoCL79wi5Z+QQ=">AAACHHicbZDJSgNBEIZ7XOO4RT16aQyCF8OMF72IQS9ehAhmgWQMPT09SZOexe4aMQ7zHN5E8VUED+JV8VU82VkOJvGHgo+/qqjid2PBFVjWtzEzOze/sJhbMpdXVtfW8xubVRUlkrIKjUQk6y5RTPCQVYCDYPVYMhK4gtXc7lm/X7tlUvEovIJezJyAtEPuc0pAW87FddoEdgdpFGdZK1+witZAeBrsERRO3szj+OXLLLfyP00voknAQqCCKNWwrRiclEjgVLDMbCaKxYR2SZs1NIYkYMpJB09neFc7HvYjqSsEPHD/bqQkUKoXuHoyINBRk72++V+vkYB/5KQ8jBNgIR0e8hOBIcL9BLDHJaMgehoIlVz/immHSEJB52SOnQHevc+mnH3qZaYOy56MZhqqB0Vb86VdKJ2ioXJoG+2gPWSjQ1RC56iMKoiiG/SAntCz8Wi8Gu/Gx3B0xhjtbKExGZ+/x9GmNQ==</latexit><latexit sha1_base64="ljhpx5FkO27BTDdoCL79wi5Z+QQ=">AAACHHicbZDJSgNBEIZ7XOO4RT16aQyCF8OMF72IQS9ehAhmgWQMPT09SZOexe4aMQ7zHN5E8VUED+JV8VU82VkOJvGHgo+/qqjid2PBFVjWtzEzOze/sJhbMpdXVtfW8xubVRUlkrIKjUQk6y5RTPCQVYCDYPVYMhK4gtXc7lm/X7tlUvEovIJezJyAtEPuc0pAW87FddoEdgdpFGdZK1+witZAeBrsERRO3szj+OXLLLfyP00voknAQqCCKNWwrRiclEjgVLDMbCaKxYR2SZs1NIYkYMpJB09neFc7HvYjqSsEPHD/bqQkUKoXuHoyINBRk72++V+vkYB/5KQ8jBNgIR0e8hOBIcL9BLDHJaMgehoIlVz/immHSEJB52SOnQHevc+mnH3qZaYOy56MZhqqB0Vb86VdKJ2ioXJoG+2gPWSjQ1RC56iMKoiiG/SAntCz8Wi8Gu/Gx3B0xhjtbKExGZ+/x9GmNQ==</latexit><latexit sha1_base64="HI55k4Mjxe10/BQGvLrY3x1O3fs=">AAACHHicbZDLSsNAFIYn9VbjrerSTbAIbiyJG10W3bgRKtgLtLFMJpN26GQmzpyINeQ53Im+iztxK/gqrpxeFrb1hwMf/zmHc/iDhDMNrvttFZaWV1bXiuv2xubW9k5pd6+hZaoIrRPJpWoFWFPOBK0DA05biaI4DjhtBoPLUb/5QJVmUtzCMKF+jHuCRYxgMJZ/fZd1gD5CJpM875bKbsUdy1kEbwplNFWtW/rphJKkMRVAONa67bkJ+BlWwAinud1JNU0wGeAebRsUOKbaz8ZP586RcUInksqUAGfs/t3IcKz1MA7MZIyhr+d7I/O/XjuF6NzPmEhSoIJMDkUpd0A6owSckClKgA8NYKKY+dUhfawwAZOTPXMG2OApX3BOSJjbJixvPppFaJxWPMM3Xrl6MY2tiA7QITpGHjpDVXSFaqiOCLpHz+gVvVkv1rv1YX1ORgvWdGcfzcj6+gXk06L0</latexit> M

<latexit sha1_base64="zrx3ukKTPS9wn9i6akMvTW/n7Ho=">AAACEHicbZC7SgNBFIbPxltcb1FLm8Eg2Bh2bbQRgzY2QgLmAskSZmcnyZDZ2WVmVojLgr2d6LvYiZXgG/gqVk4uhUn8YeDjP+dwzvx+zJnSjvNt5ZaWV1bX8uv2xubW9k5hd6+uokQSWiMRj2TTx4pyJmhNM81pM5YUhz6nDX9wPao37qlULBJ3ehhTL8Q9wbqMYG2s6m2nUHRKzlhoEdwpFC8/7YtHAKh0Cj/tICJJSIUmHCvVcp1YeymWmhFOM7udKBpjMsA92jIocEiVl44PzdCRcQLUjaR5QqOx+3cixaFSw9A3nSHWfTVfG5n/1VqJ7p57KRNxoqkgk0XdhCMdodGvUcAkJZoPDWAimbkVkT6WmGiTjT2zRrPBQ7bgnJAgs01Y7nw0i1A/LbmGq26xfAUT5eEADuEYXDiDMtxABWpAgMITvMCr9Wy9We/Wx6Q1Z01n9mFG1tcv4ESe+w==</latexit><latexit sha1_base64="5nwTIZ1ea63HCPTLw5knv97wCOg=">AAACEHicbZDLSsNAFIYnXmu8VV26GSyCG0viRjdi0Y0boQV7gTaUyWTSDp1MwsyJUEOfwJ3oE/gS7sSV4AuIr+LK6WVhW38Y+PjPOZwzv58IrsFxvq2FxaXlldXcmr2+sbm1nd/Zrek4VZRVaSxi1fCJZoJLVgUOgjUSxUjkC1b3e1fDev2OKc1jeQv9hHkR6UgeckrAWJWbdr7gFJ2R8Dy4EyhcfNjnycuXXW7nf1pBTNOISaCCaN10nQS8jCjgVLCB3Uo1SwjtkQ5rGpQkYtrLRocO8KFxAhzGyjwJeOT+nchIpHU/8k1nRKCrZ2tD879aM4XwzMu4TFJgko4XhanAEOPhr3HAFaMg+gYIVdzcimmXKELBZGNPrQHeux/MOcc0GNgmLHc2mnmonRRdwxW3ULpEY+XQPjpAR8hFp6iErlEZVRFFDD2gJ/RsPVqv1pv1Pm5dsCYze2hK1ucvDAKgbw==</latexit><latexit sha1_base64="5nwTIZ1ea63HCPTLw5knv97wCOg=">AAACEHicbZDLSsNAFIYnXmu8VV26GSyCG0viRjdi0Y0boQV7gTaUyWTSDp1MwsyJUEOfwJ3oE/gS7sSV4AuIr+LK6WVhW38Y+PjPOZwzv58IrsFxvq2FxaXlldXcmr2+sbm1nd/Zrek4VZRVaSxi1fCJZoJLVgUOgjUSxUjkC1b3e1fDev2OKc1jeQv9hHkR6UgeckrAWJWbdr7gFJ2R8Dy4EyhcfNjnycuXXW7nf1pBTNOISaCCaN10nQS8jCjgVLCB3Uo1SwjtkQ5rGpQkYtrLRocO8KFxAhzGyjwJeOT+nchIpHU/8k1nRKCrZ2tD879aM4XwzMu4TFJgko4XhanAEOPhr3HAFaMg+gYIVdzcimmXKELBZGNPrQHeux/MOcc0GNgmLHc2mnmonRRdwxW3ULpEY+XQPjpAR8hFp6iErlEZVRFFDD2gJ/RsPVqv1pv1Pm5dsCYze2hK1ucvDAKgbw==</latexit><latexit sha1_base64="nbRc8TvuQBLNjGBt1BNoONyXP9E=">AAACEHicbZDLSsNAFIYn9VbjrerSzWAR3FgSN7osunEjtGAv0IYymZy0QyeTMDMRasgTuBN9F3fi1jfwVVw5bbOwrT8MfPznHM6Z3084U9pxvq3S2vrG5lZ5297Z3ds/qBwetVWcSgotGvNYdn2igDMBLc00h24igUQ+h44/vp3WO48gFYvFg54k4EVkKFjIKNHGat4PKlWn5syEV8EtoIoKNQaVn34Q0zQCoSknSvVcJ9FeRqRmlENu91MFCaFjMoSeQUEiUF42OzTHZ8YJcBhL84TGM/fvREYipSaRbzojokdquTY1/6v1Uh1eexkTSapB0PmiMOVYx3j6axwwCVTziQFCJTO3YjoiklBtsrEX1mg2fspXnAsa5LYJy12OZhXalzXXcNOt1m+K2MroBJ2ic+SiK1RHd6iBWogiQM/oFb1ZL9a79WF9zltLVjFzjBZkff0CKQSdLg==</latexit>

:= �cop
<latexit sha1_base64="pKHSrDxim7cjT+CaTLVlwvlK8KM=">AAACJHicbZA9SwNBEIbn4lc8v04tbQ6DYGO4s9FGDGphqWBUSGLY20ySJXsf7M6J8Tjwn9iJ/hIbO7Gw8YdYuUks1PjCwMM7M8zwBokUmjzv3SpMTE5NzxRn7bn5hcUlZ3nlXMep4ljlsYzVZcA0ShFhlQRJvEwUsjCQeBH0Dgf9i2tUWsTRGfUTbISsE4m24IyM1XRW60coiV1ldcIbynic5HnTKXllbyh3HPxvKO0/23t3AHDSdD7rrZinIUbEJdO65nsJNTKmSHCJuV1PNSaM91gHawYjFqJuZMPnc3fDOC23HStTEblD9+dGxkKt+2FgJkNGXf23NzD/69VSau82MhElKWHER4faqXQpdgdJuC2hkJPsG2BcCfOry7tMMU4mL/vXGRK923zM2eKt3DZh+X+jGYfz7bJv+NQrVQ5gpCKswTpsgg87UIFjOIEqcOjDPTzCk/VgvViv1ttotGB976zCL1kfXw5Fp4k=</latexit><latexit sha1_base64="YDe8is6lJ3WhpykDP+7HG82jLG4=">AAACJHicbZA7SwNBEMf3fMbzdZrS5jAINoY7G23EoBaWEcwDkhj2NpNkyd6D3TkxHvdZLATRT2JjJyI2fhArN4/CJP5h4Md/Zpjh70WCK3ScL2NufmFxaTmzYq6urW9sWlvbZRXGkkGJhSKUVY8qEDyAEnIUUI0kUN8TUPF654N+5Rak4mFwjf0IGj7tBLzNGUVtNa1s/QIE0pukjnCHCQujNG1aOSfvDGXPgjuG3OmreRI9fprFpvVTb4Us9iFAJqhSNdeJsJFQiZwJSM16rCCirEc7UNMYUB9UIxk+n9p72mnZ7VDqCtAeun83Euor1fc9PelT7Krp3sD8r1eLsX3cSHgQxQgBGx1qx8LG0B4kYbe4BIair4EyyfWvNutSSRnqvMyJM8h79+mMc8BaqanDcqejmYXyYd7VfOXkCmdkpAzZIbtkn7jkiBTIJSmSEmGkTx7IM3kxnow34934GI3OGeOdLJmQ8f0LOfSo/Q==</latexit><latexit sha1_base64="YDe8is6lJ3WhpykDP+7HG82jLG4=">AAACJHicbZA7SwNBEMf3fMbzdZrS5jAINoY7G23EoBaWEcwDkhj2NpNkyd6D3TkxHvdZLATRT2JjJyI2fhArN4/CJP5h4Md/Zpjh70WCK3ScL2NufmFxaTmzYq6urW9sWlvbZRXGkkGJhSKUVY8qEDyAEnIUUI0kUN8TUPF654N+5Rak4mFwjf0IGj7tBLzNGUVtNa1s/QIE0pukjnCHCQujNG1aOSfvDGXPgjuG3OmreRI9fprFpvVTb4Us9iFAJqhSNdeJsJFQiZwJSM16rCCirEc7UNMYUB9UIxk+n9p72mnZ7VDqCtAeun83Euor1fc9PelT7Krp3sD8r1eLsX3cSHgQxQgBGx1qx8LG0B4kYbe4BIair4EyyfWvNutSSRnqvMyJM8h79+mMc8BaqanDcqejmYXyYd7VfOXkCmdkpAzZIbtkn7jkiBTIJSmSEmGkTx7IM3kxnow34934GI3OGeOdLJmQ8f0LOfSo/Q==</latexit><latexit sha1_base64="URHabuGfK03nmKWn19oNtmzvK2E=">AAACJHicbZC7TsNAEEXX4RXCK5CSxiJCoiGyaaCMgIIySOQhJSZar8fJKuuHdseIYPlb6BD8Cx2ioOFDqNgkLkjClUY6ujOjGV03FlyhZX0ZhZXVtfWN4mZpa3tnd6+8f9BSUSIZNFkkItlxqQLBQ2giRwGdWAINXAFtd3Q16bcfQCoehXc4jsEJ6CDkPmcUtdUvV3rXIJDepz2ER0xZFGdZv1y1atZU5jLYOVRJrka//NPzIpYEECITVKmubcXopFQiZwKyUi9REFM2ogPoagxpAMpJp89n5rF2PNOPpK4Qzan7dyOlgVLjwNWTAcWhWuxNzP963QT9CyflYZwghGx2yE+EiZE5ScL0uASGYqyBMsn1ryYbUkkZ6rxKc2eQj56yJeeUeVlJh2UvRrMMrbOarfnWqtYv89iK5JAckRNik3NSJzekQZqEkTF5Jq/kzXgx3o0P43M2WjDynQqZk/H9C1b2pbw=</latexit>

�
<latexit sha1_base64="JbuqlPFNBr0nX2tvqfjCwLH5Fa0=">AAACFXicbZC7SgNBFIbPxltcb1FLm8Ug2Bh2bbQRg1pYRjAXSJYwOzubjJm9MHNWiGHBR7ATfRc70dLaV7FycilM4g8DH/85h3Pm9xLBFdr2t5FbWFxaXsmvmmvrG5tbhe2dmopTSVmVxiKWDY8oJnjEqshRsEYiGQk9wepe73JYr98zqXgc3WI/YW5IOhEPOCWorVrrigkk7ULRLtkjWfPgTKB4/mmePQJApV34afkxTUMWIRVEqaZjJ+gOiEROBcvMVqpYQmiPdFhTY0RCptzB6NrMOtCObwWx1C9Ca+T+nRiQUKl+6OnOkGBXzdaG5n+1ZorBqTvgUZIii+h4UZAKC2Nr+HXL55JRFH0NhEqub7Vol0hCUQdkTq1B3nvI5pwj6memDsuZjWYeasclR/ONUyxfwFh52IN9OAQHTqAM11CBKlC4gyd4gVfj2Xgz3o2PcWvOmMzswpSMr1/rc6Em</latexit><latexit sha1_base64="vL/1evYbFkKd/J9Kti0XlXXO9zc=">AAACFXicbZC7TsMwFIYdriXcCowsFhUSC1XCAguiAgbGItGL1FaV4zitqeNE9glSifIObAhWnoMNwciIeBUm3MtAW37J0qf/nKNz/Hux4Boc59uam19YXFrOrdira+sbm/mt7aqOEkVZhUYiUnWPaCa4ZBXgIFg9VoyEnmA1r3cxqNfumNI8kjfQj1krJB3JA04JGKvavGQCSDtfcIrOUHgW3DEUzj7s0/jlyy638z9NP6JJyCRQQbRuuE4MrZQo4FSwzG4mmsWE9kiHNQxKEjLdSofXZnjfOD4OImWeBDx0/06kJNS6H3qmMyTQ1dO1gflfrZFAcNJKuYwTYJKOFgWJwBDhwdexzxWjIPoGCFXc3IpplyhCwQRkT6wB3rvPZpxD6me2CcudjmYWqkdF1/C1Wyido5FyaBftoQPkomNUQleojCqIolv0gJ7Qs/VovVpv1vuodc4az+ygCVmfvxcxopo=</latexit><latexit sha1_base64="vL/1evYbFkKd/J9Kti0XlXXO9zc=">AAACFXicbZC7TsMwFIYdriXcCowsFhUSC1XCAguiAgbGItGL1FaV4zitqeNE9glSifIObAhWnoMNwciIeBUm3MtAW37J0qf/nKNz/Hux4Boc59uam19YXFrOrdira+sbm/mt7aqOEkVZhUYiUnWPaCa4ZBXgIFg9VoyEnmA1r3cxqNfumNI8kjfQj1krJB3JA04JGKvavGQCSDtfcIrOUHgW3DEUzj7s0/jlyy638z9NP6JJyCRQQbRuuE4MrZQo4FSwzG4mmsWE9kiHNQxKEjLdSofXZnjfOD4OImWeBDx0/06kJNS6H3qmMyTQ1dO1gflfrZFAcNJKuYwTYJKOFgWJwBDhwdexzxWjIPoGCFXc3IpplyhCwQRkT6wB3rvPZpxD6me2CcudjmYWqkdF1/C1Wyido5FyaBftoQPkomNUQleojCqIolv0gJ7Qs/VovVpv1vuodc4az+ygCVmfvxcxopo=</latexit><latexit sha1_base64="Hq9CbR5Rxw/xIoQ9WKo+tNBbteY=">AAACFXicbZC7TsMwFIadcivhVmBksaiQWKgSFhgrYGAsEr1IbVQ5jtOaOk5knyCVKO/AhuBd2BArM6/ChNtmoC2/ZOnTf87ROf79RHANjvNtlVZW19Y3ypv21vbO7l5l/6Cl41RR1qSxiFXHJ5oJLlkTOAjWSRQjkS9Y2x9dT+rtR6Y0j+U9jBPmRWQgecgpAWO1ejdMAOlXqk7NmQovg1tAFRVq9Cs/vSCmacQkUEG07rpOAl5GFHAqWG73Us0SQkdkwLoGJYmY9rLptTk+MU6Aw1iZJwFP3b8TGYm0Hke+6YwIDPVibWL+V+umEF56GZdJCkzS2aIwFRhiPPk6DrhiFMTYAKGKm1sxHRJFKJiA7Lk1wEdP+ZJzRoPcNmG5i9EsQ+u85hq+c6v1qyK2MjpCx+gUuegC1dEtaqAmougBPaNX9Ga9WO/Wh/U5ay1ZxcwhmpP19Qs0M59Z</latexit>

:=

H(M, i,�, ✏, S)
<latexit sha1_base64="sIA8yC2ZcdGqc+icBXGfTI7g49A=">AAACLnicbVBNSwMxEM367fpV9ShCsAgKtexWQY+iHnoRKtpWaEvJplMbms0uyaxQS0/+Gm+i/0XwIF79DZ5M6x7U+mCYx3szTPKCWAqDnvfqTExOTc/Mzs27C4tLyyuZ1bWKiRLNocwjGenrgBmQQkEZBUq4jjWwMJBQDbqnQ796C9qISF1hL4ZGyG6UaAvO0ErNzGZx5zxHRY7Wz0Aisx1iI2SkcvRylzYzWS/vjUDHiZ+SLElRamY+662IJyEo5JIZU/O9GBt9plFwCQO3nhiIGe+yG6hZqlgIptEffWNAt63Sou1I21JIR+rPjT4LjemFgZ0MGXbMX28o/ufVEmwfNfpCxQmC4t+H2omkGNFhJrQlNHCUPUsY18K+lfIO04yjTc79dQZF924wpuzx1sC1Yfl/oxknlULe388XLg6yxydpbHNkg2yRHeKTQ3JMiqREyoSTe/JAnsiz8+i8OG/O+/fohJPurJNfcD6+APvwpr8=</latexit>

H
⇤(�⇤

, ✏
⇤
,M

⇤
, i

⇤
, S

⇤)
<latexit sha1_base64="Y2BqPS/BqwsFHnZNn54y440t3iA="></latexit>

H
op(Mop

, i,�, ✏, S
�1)

<latexit sha1_base64="jbch4sWfVDcHhTx/97a2+Cl8uRY="></latexit>

H
cop(M, i,�cop

, ✏, S
�1)

<latexit sha1_base64="7/CdGyXF2Kfp8D9690Rqldsu+P0="></latexit>

H
op,cop

,
<latexit sha1_base64="/roQeocc/zPvaAYFCn5uNx5mtGQ=">AAACKnicbZDLSsNAFIYn9VbjLepK3ASL4KKWpAq6LLrpsoK9QBvLZDJph04uzJyINQSfxp3ou7grbn0KV04vC9v6w8DHf87hnPndmDMJljXSciura+sb+U19a3tnd8/YP2jIKBGE1knEI9FysaSchbQODDhtxYLiwOW06Q5ux/XmIxWSReE9DGPqBLgXMp8RDMrqGkfVh7QD9AnSKM6KUyIKs2LXKFglayJzGewZFNBMta7x0/EikgQ0BMKxlG3bisFJsQBGOM30TiJpjMkA92hbYYgDKp108oXMPFWOZ/qRUC8Ec+L+nUhxIOUwcFVngKEvF2tj879aOwH/2klZGCdAQzJd5CfchMgc52F6TFACfKgAE8HUrSbpY4EJqNT0uTXABs/ZknNOvExXYdmL0SxDo1yyL0rlu8tC5WYWWx4doxN0hmx0hSqoimqojgh6Qa/oHX1ob9qnNtK+pq05bTZziOakff8CUdyoUg==</latexit>

H
⇤,cop = H

op,⇤
,

<latexit sha1_base64="nUFXviMj196XUFCeSCx55ex1HMs="></latexit>
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The Drinfeld double of     : H<latexit sha1_base64="Uxg4hnrkuS4gXZkqZfYY4uEnuic=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuiDSVGQRK4kL1lDjbs7V1290zIhZ9gY6Extv4iO/+NC1yh4Jts8uSdmezMGySCa+O6305hY3Nre6e4W9rbPzg8Kh+fdHScKoZtFotYdQOqUXCJbcONwG6ikEaBwMdgcjuvPz6h0jyWD2aaoB/RkeQhZ9RY677arA7KFbfmLkTWwcuhArlag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHsWJY1Q+9li1Rm5sM6QhLGyTxqycH9PZDTSehoFtjOiZqxXa3Pzv1ovNeG1n3GZpAYlW34UpoKYmMzvJkOukBkxtUCZ4nZXwsZUUWZsOiUbgrd68jp06jXP8l290rjJ4yjCGZzDJXhwBQ1oQgvawGAEz/AKb45wXpx352PZWnDymVP4I+fzB1RkjSY=</latexit><latexit sha1_base64="Uxg4hnrkuS4gXZkqZfYY4uEnuic=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuiDSVGQRK4kL1lDjbs7V1290zIhZ9gY6Extv4iO/+NC1yh4Jts8uSdmezMGySCa+O6305hY3Nre6e4W9rbPzg8Kh+fdHScKoZtFotYdQOqUXCJbcONwG6ikEaBwMdgcjuvPz6h0jyWD2aaoB/RkeQhZ9RY677arA7KFbfmLkTWwcuhArlag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHsWJY1Q+9li1Rm5sM6QhLGyTxqycH9PZDTSehoFtjOiZqxXa3Pzv1ovNeG1n3GZpAYlW34UpoKYmMzvJkOukBkxtUCZ4nZXwsZUUWZsOiUbgrd68jp06jXP8l290rjJ4yjCGZzDJXhwBQ1oQgvawGAEz/AKb45wXpx352PZWnDymVP4I+fzB1RkjSY=</latexit><latexit sha1_base64="Uxg4hnrkuS4gXZkqZfYY4uEnuic=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuiDSVGQRK4kL1lDjbs7V1290zIhZ9gY6Extv4iO/+NC1yh4Jts8uSdmezMGySCa+O6305hY3Nre6e4W9rbPzg8Kh+fdHScKoZtFotYdQOqUXCJbcONwG6ikEaBwMdgcjuvPz6h0jyWD2aaoB/RkeQhZ9RY677arA7KFbfmLkTWwcuhArlag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHsWJY1Q+9li1Rm5sM6QhLGyTxqycH9PZDTSehoFtjOiZqxXa3Pzv1ovNeG1n3GZpAYlW34UpoKYmMzvJkOukBkxtUCZ4nZXwsZUUWZsOiUbgrd68jp06jXP8l290rjJ4yjCGZzDJXhwBQ1oQgvawGAEz/AKb45wXpx352PZWnDymVP4I+fzB1RkjSY=</latexit><latexit sha1_base64="Uxg4hnrkuS4gXZkqZfYY4uEnuic=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuiDSVGQRK4kL1lDjbs7V1290zIhZ9gY6Extv4iO/+NC1yh4Jts8uSdmezMGySCa+O6305hY3Nre6e4W9rbPzg8Kh+fdHScKoZtFotYdQOqUXCJbcONwG6ikEaBwMdgcjuvPz6h0jyWD2aaoB/RkeQhZ9RY677arA7KFbfmLkTWwcuhArlag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHsWJY1Q+9li1Rm5sM6QhLGyTxqycH9PZDTSehoFtjOiZqxXa3Pzv1ovNeG1n3GZpAYlW34UpoKYmMzvJkOukBkxtUCZ4nZXwsZUUWZsOiUbgrd68jp06jXP8l290rjJ4yjCGZzDJXhwBQ1oQgvawGAEz/AKb45wXpx352PZWnDymVP4I+fzB1RkjSY=</latexit>

D(H) = H
⇤,cop ⌦H

<latexit sha1_base64="SuStlRuyagG25wmdLfyaOaRta14=">AAACCnicbZC7SgNBFIbPeo3xFrW0GRMEb4RdG22EoBYpI5gYyMYwO5nokNmdZeasGJbUNj6EL2BjoYitT2Dn2zi5FN5+GPj4zzmcOX8QS2HQdT+dicmp6ZnZzFx2fmFxaTm3slozKtGMV5mSStcDargUEa+iQMnrseY0DCS/CLong/rFDddGqOgcezFvhvQqEh3BKFqrlds43SpvkyNSvkx39nzkt5gyFff7xFcoQm5IuZUruEV3KPIXvDEUSnl/9wEAKq3ch99WLAl5hExSYxqeG2MzpRoFk7yf9RPDY8q69Io3LEbUrmmmw1P6ZNM6bdJR2r4IydD9PpHS0JheGNjOkOK1+V0bmP/VGgl2DpupiOIEecRGizqJJKjIIBfSFpozlD0LlGlh/0rYNdWUoU0va0Pwfp/8F2r7Rc/ymVcoHcNIGViHPGyBBwdQgjJUoAoM7uARnuHFuXeenFfnbdQ64Yxn1uCHnPcv2ECamQ==</latexit><latexit sha1_base64="ZFq63ynwmcLy9HMWRhfxiScvNEU=">AAACCnicbZC7SgNBFIZn4y3GW9TSZkwQ4oWwa6ONENQiZQRzgWwMs5NJMmR2Z5k5K4YltY2lr2FjoYitT2CXt3FyKTTxh4GP/5zDmfN7oeAabHtoJRYWl5ZXkquptfWNza309k5Fy0hRVqZSSFXziGaCB6wMHASrhYoR3xOs6vWuRvXqPVOay+AW+iFr+KQT8DanBIzVTO9f54qH+AIX7+KjExfYA8RUhoMBdiVwn2lcbKazdt4eC8+DM4VsIeMePw8L/VIz/e22JI18FgAVROu6Y4fQiIkCTgUbpNxIs5DQHumwusGAmDWNeHzKAB8Yp4XbUpkXAB67vydi4mvd9z3T6RPo6tnayPyvVo+gfd6IeRBGwAI6WdSOBAaJR7ngFleMgugbIFRx81dMu0QRCia9lAnBmT15HiqnecfwjZMtXKKJkmgPZVAOOegMFVARlVAZUfSIXtAbereerFfrw/qctCas6cwu+iPr6wfhqpwf</latexit><latexit sha1_base64="ZFq63ynwmcLy9HMWRhfxiScvNEU=">AAACCnicbZC7SgNBFIZn4y3GW9TSZkwQ4oWwa6ONENQiZQRzgWwMs5NJMmR2Z5k5K4YltY2lr2FjoYitT2CXt3FyKTTxh4GP/5zDmfN7oeAabHtoJRYWl5ZXkquptfWNza309k5Fy0hRVqZSSFXziGaCB6wMHASrhYoR3xOs6vWuRvXqPVOay+AW+iFr+KQT8DanBIzVTO9f54qH+AIX7+KjExfYA8RUhoMBdiVwn2lcbKazdt4eC8+DM4VsIeMePw8L/VIz/e22JI18FgAVROu6Y4fQiIkCTgUbpNxIs5DQHumwusGAmDWNeHzKAB8Yp4XbUpkXAB67vydi4mvd9z3T6RPo6tnayPyvVo+gfd6IeRBGwAI6WdSOBAaJR7ngFleMgugbIFRx81dMu0QRCia9lAnBmT15HiqnecfwjZMtXKKJkmgPZVAOOegMFVARlVAZUfSIXtAbereerFfrw/qctCas6cwu+iPr6wfhqpwf</latexit><latexit sha1_base64="zRV2eVPLsJAH71T3XCOKDvvYkUw=">AAACCnicbZC7SgNBFIZn4y3GW9TSZjQIUSTs2mgjBLVIGcFcIBvD7GSSDJndWWbOimHZ2sZXsbFQxNYnsPNtnCRbaOIPAx//OYcz5/dCwTXY9reVWVhcWl7JrubW1jc2t/LbO3UtI0VZjUohVdMjmgkesBpwEKwZKkZ8T7CGN7wa1xv3TGkug1sYhaztk37Ae5wSMFYnv39drBzhC1y5i49PXGAPEFMZJgl2JXCfaVzp5At2yZ4Iz4OTQgGlqnbyX25X0shnAVBBtG45dgjtmCjgVLAk50aahYQOSZ+1DAbErGnHk1MSfGicLu5JZV4AeOL+noiJr/XI90ynT2CgZ2tj879aK4LeeTvmQRgBC+h0US8SGCQe54K7XDEKYmSAUMXNXzEdEEUomPRyJgRn9uR5qJ+WHMM3TqF8mcaRRXvoABWRg85QGVVQFdUQRY/oGb2iN+vJerHerY9pa8ZKZ3bRH1mfP8XBmRA=</latexit>

(MD, iD,�D, ✏D, SD)
<latexit sha1_base64="NjcAhwxpLNYXC5tUPUI6fuQjNBk=">AAACNnicbZDLSgMxFIYz3q23qks3wVKooGWmCroU7cKNoGhboTcy6akNzWSG5IxQS5/Ap3En+iRu3Ilb167M1C6s9UDCx/+fw0l+P5LCoOu+OlPTM7Nz8wuLqaXlldW19PpG2YSx5lDioQz1jc8MSKGghAIl3EQaWOBLqPjd08Sv3IE2IlTX2IugHrBbJdqCM7RSM53NnTeKu1QkV60IEtmQIDJChirhq0Zxp5nOuHl3WHQSvBFkyKgumumvWivkcQAKuWTGVD03wnqfaRRcwiBViw1EjHfZLVQtKhaAqfeH3xnQrFVatB1qexTSofp7os8CY3qBbzsDhh3z10vE/7xqjO2jel+oKEZQ/GdRO5YUQ5pkQ1tCA0fZs8C4FvatlHeYZhxtgqmxNSi694MJZY+3Bikblvc3mkkoF/Lefr5weZA5PhnFtkC2yDbJEY8ckmNyRi5IiXDyQB7JM3lxnpw35935+GmdckYzm2SsnM9vFamp0Q==</latexit>
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Ideas of Proof

Want to show:

There exist a framing b and a 2-framing ↵ on M such that

ZKup(M, b;H) = ZHenn(M,↵; DH).

Construct an appropriate framing and 2-framing on M;

Represent tensor diagrams in DH with tensors in H;

Use special Heegaard diagrams.

Drinfeld Double DH = H
⇤cop ⌦ H

v

v 2 H

f

f 2 H
⇤

v

f

f ⌦ v 2 DH

f

v

v ⌦ f 2 (DH)⇤

12

The Drinfeld double of     : H<latexit sha1_base64="Uxg4hnrkuS4gXZkqZfYY4uEnuic=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuiDSVGQRK4kL1lDjbs7V1290zIhZ9gY6Extv4iO/+NC1yh4Jts8uSdmezMGySCa+O6305hY3Nre6e4W9rbPzg8Kh+fdHScKoZtFotYdQOqUXCJbcONwG6ikEaBwMdgcjuvPz6h0jyWD2aaoB/RkeQhZ9RY677arA7KFbfmLkTWwcuhArlag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHsWJY1Q+9li1Rm5sM6QhLGyTxqycH9PZDTSehoFtjOiZqxXa3Pzv1ovNeG1n3GZpAYlW34UpoKYmMzvJkOukBkxtUCZ4nZXwsZUUWZsOiUbgrd68jp06jXP8l290rjJ4yjCGZzDJXhwBQ1oQgvawGAEz/AKb45wXpx352PZWnDymVP4I+fzB1RkjSY=</latexit><latexit sha1_base64="Uxg4hnrkuS4gXZkqZfYY4uEnuic=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuiDSVGQRK4kL1lDjbs7V1290zIhZ9gY6Extv4iO/+NC1yh4Jts8uSdmezMGySCa+O6305hY3Nre6e4W9rbPzg8Kh+fdHScKoZtFotYdQOqUXCJbcONwG6ikEaBwMdgcjuvPz6h0jyWD2aaoB/RkeQhZ9RY677arA7KFbfmLkTWwcuhArlag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHsWJY1Q+9li1Rm5sM6QhLGyTxqycH9PZDTSehoFtjOiZqxXa3Pzv1ovNeG1n3GZpAYlW34UpoKYmMzvJkOukBkxtUCZ4nZXwsZUUWZsOiUbgrd68jp06jXP8l290rjJ4yjCGZzDJXhwBQ1oQgvawGAEz/AKb45wXpx352PZWnDymVP4I+fzB1RkjSY=</latexit><latexit sha1_base64="Uxg4hnrkuS4gXZkqZfYY4uEnuic=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuiDSVGQRK4kL1lDjbs7V1290zIhZ9gY6Extv4iO/+NC1yh4Jts8uSdmezMGySCa+O6305hY3Nre6e4W9rbPzg8Kh+fdHScKoZtFotYdQOqUXCJbcONwG6ikEaBwMdgcjuvPz6h0jyWD2aaoB/RkeQhZ9RY677arA7KFbfmLkTWwcuhArlag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHsWJY1Q+9li1Rm5sM6QhLGyTxqycH9PZDTSehoFtjOiZqxXa3Pzv1ovNeG1n3GZpAYlW34UpoKYmMzvJkOukBkxtUCZ4nZXwsZUUWZsOiUbgrd68jp06jXP8l290rjJ4yjCGZzDJXhwBQ1oQgvawGAEz/AKb45wXpx352PZWnDymVP4I+fzB1RkjSY=</latexit><latexit sha1_base64="Uxg4hnrkuS4gXZkqZfYY4uEnuic=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuiDSVGQRK4kL1lDjbs7V1290zIhZ9gY6Extv4iO/+NC1yh4Jts8uSdmezMGySCa+O6305hY3Nre6e4W9rbPzg8Kh+fdHScKoZtFotYdQOqUXCJbcONwG6ikEaBwMdgcjuvPz6h0jyWD2aaoB/RkeQhZ9RY677arA7KFbfmLkTWwcuhArlag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHsWJY1Q+9li1Rm5sM6QhLGyTxqycH9PZDTSehoFtjOiZqxXa3Pzv1ovNeG1n3GZpAYlW34UpoKYmMzvJkOukBkxtUCZ4nZXwsZUUWZsOiUbgrd68jp06jXP8l290rjJ4yjCGZzDJXhwBQ1oQgvawGAEz/AKb45wXpx352PZWnDymVP4I+fzB1RkjSY=</latexit>

D(H) = H
⇤,cop ⌦H

<latexit sha1_base64="SuStlRuyagG25wmdLfyaOaRta14=">AAACCnicbZC7SgNBFIbPeo3xFrW0GRMEb4RdG22EoBYpI5gYyMYwO5nokNmdZeasGJbUNj6EL2BjoYitT2Dn2zi5FN5+GPj4zzmcOX8QS2HQdT+dicmp6ZnZzFx2fmFxaTm3slozKtGMV5mSStcDargUEa+iQMnrseY0DCS/CLong/rFDddGqOgcezFvhvQqEh3BKFqrlds43SpvkyNSvkx39nzkt5gyFff7xFcoQm5IuZUruEV3KPIXvDEUSnl/9wEAKq3ch99WLAl5hExSYxqeG2MzpRoFk7yf9RPDY8q69Io3LEbUrmmmw1P6ZNM6bdJR2r4IydD9PpHS0JheGNjOkOK1+V0bmP/VGgl2DpupiOIEecRGizqJJKjIIBfSFpozlD0LlGlh/0rYNdWUoU0va0Pwfp/8F2r7Rc/ymVcoHcNIGViHPGyBBwdQgjJUoAoM7uARnuHFuXeenFfnbdQ64Yxn1uCHnPcv2ECamQ==</latexit><latexit sha1_base64="ZFq63ynwmcLy9HMWRhfxiScvNEU=">AAACCnicbZC7SgNBFIZn4y3GW9TSZkwQ4oWwa6ONENQiZQRzgWwMs5NJMmR2Z5k5K4YltY2lr2FjoYitT2CXt3FyKTTxh4GP/5zDmfN7oeAabHtoJRYWl5ZXkquptfWNza309k5Fy0hRVqZSSFXziGaCB6wMHASrhYoR3xOs6vWuRvXqPVOay+AW+iFr+KQT8DanBIzVTO9f54qH+AIX7+KjExfYA8RUhoMBdiVwn2lcbKazdt4eC8+DM4VsIeMePw8L/VIz/e22JI18FgAVROu6Y4fQiIkCTgUbpNxIs5DQHumwusGAmDWNeHzKAB8Yp4XbUpkXAB67vydi4mvd9z3T6RPo6tnayPyvVo+gfd6IeRBGwAI6WdSOBAaJR7ngFleMgugbIFRx81dMu0QRCia9lAnBmT15HiqnecfwjZMtXKKJkmgPZVAOOegMFVARlVAZUfSIXtAbereerFfrw/qctCas6cwu+iPr6wfhqpwf</latexit><latexit sha1_base64="ZFq63ynwmcLy9HMWRhfxiScvNEU=">AAACCnicbZC7SgNBFIZn4y3GW9TSZkwQ4oWwa6ONENQiZQRzgWwMs5NJMmR2Z5k5K4YltY2lr2FjoYitT2CXt3FyKTTxh4GP/5zDmfN7oeAabHtoJRYWl5ZXkquptfWNza309k5Fy0hRVqZSSFXziGaCB6wMHASrhYoR3xOs6vWuRvXqPVOay+AW+iFr+KQT8DanBIzVTO9f54qH+AIX7+KjExfYA8RUhoMBdiVwn2lcbKazdt4eC8+DM4VsIeMePw8L/VIz/e22JI18FgAVROu6Y4fQiIkCTgUbpNxIs5DQHumwusGAmDWNeHzKAB8Yp4XbUpkXAB67vydi4mvd9z3T6RPo6tnayPyvVo+gfd6IeRBGwAI6WdSOBAaJR7ngFleMgugbIFRx81dMu0QRCia9lAnBmT15HiqnecfwjZMtXKKJkmgPZVAOOegMFVARlVAZUfSIXtAbereerFfrw/qctCas6cwu+iPr6wfhqpwf</latexit><latexit sha1_base64="zRV2eVPLsJAH71T3XCOKDvvYkUw=">AAACCnicbZC7SgNBFIZn4y3GW9TSZjQIUSTs2mgjBLVIGcFcIBvD7GSSDJndWWbOimHZ2sZXsbFQxNYnsPNtnCRbaOIPAx//OYcz5/dCwTXY9reVWVhcWl7JrubW1jc2t/LbO3UtI0VZjUohVdMjmgkesBpwEKwZKkZ8T7CGN7wa1xv3TGkug1sYhaztk37Ae5wSMFYnv39drBzhC1y5i49PXGAPEFMZJgl2JXCfaVzp5At2yZ4Iz4OTQgGlqnbyX25X0shnAVBBtG45dgjtmCjgVLAk50aahYQOSZ+1DAbErGnHk1MSfGicLu5JZV4AeOL+noiJr/XI90ynT2CgZ2tj879aK4LeeTvmQRgBC+h0US8SGCQe54K7XDEKYmSAUMXNXzEdEEUomPRyJgRn9uR5qJ+WHMM3TqF8mcaRRXvoABWRg85QGVVQFdUQRY/oGb2iN+vJerHerY9pa8ZKZ3bRH1mfP8XBmRA=</latexit>

(MD, iD,�D, ✏D, SD)
<latexit sha1_base64="NjcAhwxpLNYXC5tUPUI6fuQjNBk=">AAACNnicbZDLSgMxFIYz3q23qks3wVKooGWmCroU7cKNoGhboTcy6akNzWSG5IxQS5/Ap3En+iRu3Ilb167M1C6s9UDCx/+fw0l+P5LCoOu+OlPTM7Nz8wuLqaXlldW19PpG2YSx5lDioQz1jc8MSKGghAIl3EQaWOBLqPjd08Sv3IE2IlTX2IugHrBbJdqCM7RSM53NnTeKu1QkV60IEtmQIDJChirhq0Zxp5nOuHl3WHQSvBFkyKgumumvWivkcQAKuWTGVD03wnqfaRRcwiBViw1EjHfZLVQtKhaAqfeH3xnQrFVatB1qexTSofp7os8CY3qBbzsDhh3z10vE/7xqjO2jel+oKEZQ/GdRO5YUQ5pkQ1tCA0fZs8C4FvatlHeYZhxtgqmxNSi694MJZY+3Bikblvc3mkkoF/Lefr5weZA5PhnFtkC2yDbJEY8ckmNyRi5IiXDyQB7JM3lxnpw35935+GmdckYzm2SsnM9vFamp0Q==</latexit>
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Ideas of Proof

Want to show:

There exist a framing b and a 2-framing ↵ on M such that

ZKup(M, b;H) = ZHenn(M,↵; DH).

Construct an appropriate framing and 2-framing on M;

Represent tensor diagrams in DH with tensors in H;

Use special Heegaard diagrams.

Drinfeld Double DH = H
⇤cop ⌦ H

v

v 2 H

f

f 2 H
⇤

v

f

f ⌦ v 2 DH

f

v

v ⌦ f 2 (DH)⇤

12

The Drinfeld double of     : H<latexit sha1_base64="Uxg4hnrkuS4gXZkqZfYY4uEnuic=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuiDSVGQRK4kL1lDjbs7V1290zIhZ9gY6Extv4iO/+NC1yh4Jts8uSdmezMGySCa+O6305hY3Nre6e4W9rbPzg8Kh+fdHScKoZtFotYdQOqUXCJbcONwG6ikEaBwMdgcjuvPz6h0jyWD2aaoB/RkeQhZ9RY677arA7KFbfmLkTWwcuhArlag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHsWJY1Q+9li1Rm5sM6QhLGyTxqycH9PZDTSehoFtjOiZqxXa3Pzv1ovNeG1n3GZpAYlW34UpoKYmMzvJkOukBkxtUCZ4nZXwsZUUWZsOiUbgrd68jp06jXP8l290rjJ4yjCGZzDJXhwBQ1oQgvawGAEz/AKb45wXpx352PZWnDymVP4I+fzB1RkjSY=</latexit><latexit sha1_base64="Uxg4hnrkuS4gXZkqZfYY4uEnuic=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuiDSVGQRK4kL1lDjbs7V1290zIhZ9gY6Extv4iO/+NC1yh4Jts8uSdmezMGySCa+O6305hY3Nre6e4W9rbPzg8Kh+fdHScKoZtFotYdQOqUXCJbcONwG6ikEaBwMdgcjuvPz6h0jyWD2aaoB/RkeQhZ9RY677arA7KFbfmLkTWwcuhArlag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHsWJY1Q+9li1Rm5sM6QhLGyTxqycH9PZDTSehoFtjOiZqxXa3Pzv1ovNeG1n3GZpAYlW34UpoKYmMzvJkOukBkxtUCZ4nZXwsZUUWZsOiUbgrd68jp06jXP8l290rjJ4yjCGZzDJXhwBQ1oQgvawGAEz/AKb45wXpx352PZWnDymVP4I+fzB1RkjSY=</latexit><latexit sha1_base64="Uxg4hnrkuS4gXZkqZfYY4uEnuic=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuiDSVGQRK4kL1lDjbs7V1290zIhZ9gY6Extv4iO/+NC1yh4Jts8uSdmezMGySCa+O6305hY3Nre6e4W9rbPzg8Kh+fdHScKoZtFotYdQOqUXCJbcONwG6ikEaBwMdgcjuvPz6h0jyWD2aaoB/RkeQhZ9RY677arA7KFbfmLkTWwcuhArlag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHsWJY1Q+9li1Rm5sM6QhLGyTxqycH9PZDTSehoFtjOiZqxXa3Pzv1ovNeG1n3GZpAYlW34UpoKYmMzvJkOukBkxtUCZ4nZXwsZUUWZsOiUbgrd68jp06jXP8l290rjJ4yjCGZzDJXhwBQ1oQgvawGAEz/AKb45wXpx352PZWnDymVP4I+fzB1RkjSY=</latexit><latexit sha1_base64="Uxg4hnrkuS4gXZkqZfYY4uEnuic=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuiDSVGQRK4kL1lDjbs7V1290zIhZ9gY6Extv4iO/+NC1yh4Jts8uSdmezMGySCa+O6305hY3Nre6e4W9rbPzg8Kh+fdHScKoZtFotYdQOqUXCJbcONwG6ikEaBwMdgcjuvPz6h0jyWD2aaoB/RkeQhZ9RY677arA7KFbfmLkTWwcuhArlag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHsWJY1Q+9li1Rm5sM6QhLGyTxqycH9PZDTSehoFtjOiZqxXa3Pzv1ovNeG1n3GZpAYlW34UpoKYmMzvJkOukBkxtUCZ4nZXwsZUUWZsOiUbgrd68jp06jXP8l290rjJ4yjCGZzDJXhwBQ1oQgvawGAEz/AKb45wXpx352PZWnDymVP4I+fzB1RkjSY=</latexit>

D(H) = H
⇤,cop ⌦H

<latexit sha1_base64="SuStlRuyagG25wmdLfyaOaRta14=">AAACCnicbZC7SgNBFIbPeo3xFrW0GRMEb4RdG22EoBYpI5gYyMYwO5nokNmdZeasGJbUNj6EL2BjoYitT2Dn2zi5FN5+GPj4zzmcOX8QS2HQdT+dicmp6ZnZzFx2fmFxaTm3slozKtGMV5mSStcDargUEa+iQMnrseY0DCS/CLong/rFDddGqOgcezFvhvQqEh3BKFqrlds43SpvkyNSvkx39nzkt5gyFff7xFcoQm5IuZUruEV3KPIXvDEUSnl/9wEAKq3ch99WLAl5hExSYxqeG2MzpRoFk7yf9RPDY8q69Io3LEbUrmmmw1P6ZNM6bdJR2r4IydD9PpHS0JheGNjOkOK1+V0bmP/VGgl2DpupiOIEecRGizqJJKjIIBfSFpozlD0LlGlh/0rYNdWUoU0va0Pwfp/8F2r7Rc/ymVcoHcNIGViHPGyBBwdQgjJUoAoM7uARnuHFuXeenFfnbdQ64Yxn1uCHnPcv2ECamQ==</latexit><latexit sha1_base64="ZFq63ynwmcLy9HMWRhfxiScvNEU=">AAACCnicbZC7SgNBFIZn4y3GW9TSZkwQ4oWwa6ONENQiZQRzgWwMs5NJMmR2Z5k5K4YltY2lr2FjoYitT2CXt3FyKTTxh4GP/5zDmfN7oeAabHtoJRYWl5ZXkquptfWNza309k5Fy0hRVqZSSFXziGaCB6wMHASrhYoR3xOs6vWuRvXqPVOay+AW+iFr+KQT8DanBIzVTO9f54qH+AIX7+KjExfYA8RUhoMBdiVwn2lcbKazdt4eC8+DM4VsIeMePw8L/VIz/e22JI18FgAVROu6Y4fQiIkCTgUbpNxIs5DQHumwusGAmDWNeHzKAB8Yp4XbUpkXAB67vydi4mvd9z3T6RPo6tnayPyvVo+gfd6IeRBGwAI6WdSOBAaJR7ngFleMgugbIFRx81dMu0QRCia9lAnBmT15HiqnecfwjZMtXKKJkmgPZVAOOegMFVARlVAZUfSIXtAbereerFfrw/qctCas6cwu+iPr6wfhqpwf</latexit><latexit sha1_base64="ZFq63ynwmcLy9HMWRhfxiScvNEU=">AAACCnicbZC7SgNBFIZn4y3GW9TSZkwQ4oWwa6ONENQiZQRzgWwMs5NJMmR2Z5k5K4YltY2lr2FjoYitT2CXt3FyKTTxh4GP/5zDmfN7oeAabHtoJRYWl5ZXkquptfWNza309k5Fy0hRVqZSSFXziGaCB6wMHASrhYoR3xOs6vWuRvXqPVOay+AW+iFr+KQT8DanBIzVTO9f54qH+AIX7+KjExfYA8RUhoMBdiVwn2lcbKazdt4eC8+DM4VsIeMePw8L/VIz/e22JI18FgAVROu6Y4fQiIkCTgUbpNxIs5DQHumwusGAmDWNeHzKAB8Yp4XbUpkXAB67vydi4mvd9z3T6RPo6tnayPyvVo+gfd6IeRBGwAI6WdSOBAaJR7ngFleMgugbIFRx81dMu0QRCia9lAnBmT15HiqnecfwjZMtXKKJkmgPZVAOOegMFVARlVAZUfSIXtAbereerFfrw/qctCas6cwu+iPr6wfhqpwf</latexit><latexit sha1_base64="zRV2eVPLsJAH71T3XCOKDvvYkUw=">AAACCnicbZC7SgNBFIZn4y3GW9TSZjQIUSTs2mgjBLVIGcFcIBvD7GSSDJndWWbOimHZ2sZXsbFQxNYnsPNtnCRbaOIPAx//OYcz5/dCwTXY9reVWVhcWl7JrubW1jc2t/LbO3UtI0VZjUohVdMjmgkesBpwEKwZKkZ8T7CGN7wa1xv3TGkug1sYhaztk37Ae5wSMFYnv39drBzhC1y5i49PXGAPEFMZJgl2JXCfaVzp5At2yZ4Iz4OTQgGlqnbyX25X0shnAVBBtG45dgjtmCjgVLAk50aahYQOSZ+1DAbErGnHk1MSfGicLu5JZV4AeOL+noiJr/XI90ynT2CgZ2tj879aK4LeeTvmQRgBC+h0US8SGCQe54K7XDEKYmSAUMXNXzEdEEUomPRyJgRn9uR5qJ+WHMM3TqF8mcaRRXvoABWRg85QGVVQFdUQRY/oGb2iN+vJerHerY9pa8ZKZ3bRH1mfP8XBmRA=</latexit>

(MD, iD,�D, ✏D, SD)
<latexit sha1_base64="NjcAhwxpLNYXC5tUPUI6fuQjNBk=">AAACNnicbZDLSgMxFIYz3q23qks3wVKooGWmCroU7cKNoGhboTcy6akNzWSG5IxQS5/Ap3En+iRu3Ilb167M1C6s9UDCx/+fw0l+P5LCoOu+OlPTM7Nz8wuLqaXlldW19PpG2YSx5lDioQz1jc8MSKGghAIl3EQaWOBLqPjd08Sv3IE2IlTX2IugHrBbJdqCM7RSM53NnTeKu1QkV60IEtmQIDJChirhq0Zxp5nOuHl3WHQSvBFkyKgumumvWivkcQAKuWTGVD03wnqfaRRcwiBViw1EjHfZLVQtKhaAqfeH3xnQrFVatB1qexTSofp7os8CY3qBbzsDhh3z10vE/7xqjO2jel+oKEZQ/GdRO5YUQ5pkQ1tCA0fZs8C4FvatlHeYZhxtgqmxNSi694MJZY+3Bikblvc3mkkoF/Lefr5weZA5PhnFtkC2yDbJEY8ckmNyRi5IiXDyQB7JM3lxnpw35935+GmdckYzm2SsnM9vFamp0Q==</latexit>



 8

i
D :=

i

✏
✏
D :=

✏

i

�D :=
�
M

S
D :=

S

S
�1

�
M

S
�1

M
D :=

�

M �
M

S
�1

R
D

1

:=

i

✏

RD
1

:=

i

✏

S

13

i
D :=

i

✏
✏
D :=

✏

i

�D :=
�
M

S
D :=

S

S
�1

�
M

S
�1

M
D :=

�

M �
M

S
�1

R
D

1

:=

i

✏

RD
1

:=

i

✏

S

13

i
D :=

i

✏
✏
D :=

✏

i

�D :=
�
M

S
D :=

S

S
�1

�
M

S
�1

M
D :=

�

M �
M

S
�1

R
D

1

:=

i

✏

RD
1

:=

i

✏

S

13

i
D :=

i

✏
✏
D :=

✏

i

�D :=
�
M

S
D :=

S

S
�1

�
M

S
�1

M
D :=

�

M �
M

S
�1

R
D

1

:=

i

✏

RD
1

:=

i

✏

S

13

Ideas of Proof

Want to show:

There exist a framing b and a 2-framing ↵ on M such that

ZKup(M, b;H) = ZHenn(M,↵; DH).

Construct an appropriate framing and 2-framing on M;

Represent tensor diagrams in DH with tensors in H;

Use special Heegaard diagrams.

Drinfeld Double DH = H
⇤cop ⌦ H

v

v 2 H

f

f 2 H
⇤

v

f

f ⌦ v 2 DH

f

v

v ⌦ f 2 (DH)⇤
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Ideas of Proof

Want to show:

There exist a framing b and a 2-framing ↵ on M such that

ZKup(M, b;H) = ZHenn(M,↵; DH).

Construct an appropriate framing and 2-framing on M;

Represent tensor diagrams in DH with tensors in H;

Use special Heegaard diagrams.

Drinfeld Double DH = H
⇤cop ⌦ H

v

v 2 H

f

f 2 H
⇤

v

f

f ⌦ v 2 DH

f

v

v ⌦ f 2 (DH)⇤
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Ideas of Proof

Want to show:

There exist a framing b and a 2-framing ↵ on M such that

ZKup(M, b;H) = ZHenn(M,↵; DH).

Construct an appropriate framing and 2-framing on M;

Represent tensor diagrams in DH with tensors in H;

Use special Heegaard diagrams.

Drinfeld Double DH = H
⇤cop ⌦ H

v

v 2 H

f

f 2 H
⇤

v

f

f ⌦ v 2 DH

f

v

v ⌦ f 2 (DH)⇤

12

The Drinfeld double of     : H<latexit sha1_base64="Uxg4hnrkuS4gXZkqZfYY4uEnuic=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuiDSVGQRK4kL1lDjbs7V1290zIhZ9gY6Extv4iO/+NC1yh4Jts8uSdmezMGySCa+O6305hY3Nre6e4W9rbPzg8Kh+fdHScKoZtFotYdQOqUXCJbcONwG6ikEaBwMdgcjuvPz6h0jyWD2aaoB/RkeQhZ9RY677arA7KFbfmLkTWwcuhArlag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHsWJY1Q+9li1Rm5sM6QhLGyTxqycH9PZDTSehoFtjOiZqxXa3Pzv1ovNeG1n3GZpAYlW34UpoKYmMzvJkOukBkxtUCZ4nZXwsZUUWZsOiUbgrd68jp06jXP8l290rjJ4yjCGZzDJXhwBQ1oQgvawGAEz/AKb45wXpx352PZWnDymVP4I+fzB1RkjSY=</latexit><latexit sha1_base64="Uxg4hnrkuS4gXZkqZfYY4uEnuic=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuiDSVGQRK4kL1lDjbs7V1290zIhZ9gY6Extv4iO/+NC1yh4Jts8uSdmezMGySCa+O6305hY3Nre6e4W9rbPzg8Kh+fdHScKoZtFotYdQOqUXCJbcONwG6ikEaBwMdgcjuvPz6h0jyWD2aaoB/RkeQhZ9RY677arA7KFbfmLkTWwcuhArlag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHsWJY1Q+9li1Rm5sM6QhLGyTxqycH9PZDTSehoFtjOiZqxXa3Pzv1ovNeG1n3GZpAYlW34UpoKYmMzvJkOukBkxtUCZ4nZXwsZUUWZsOiUbgrd68jp06jXP8l290rjJ4yjCGZzDJXhwBQ1oQgvawGAEz/AKb45wXpx352PZWnDymVP4I+fzB1RkjSY=</latexit><latexit sha1_base64="Uxg4hnrkuS4gXZkqZfYY4uEnuic=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuiDSVGQRK4kL1lDjbs7V1290zIhZ9gY6Extv4iO/+NC1yh4Jts8uSdmezMGySCa+O6305hY3Nre6e4W9rbPzg8Kh+fdHScKoZtFotYdQOqUXCJbcONwG6ikEaBwMdgcjuvPz6h0jyWD2aaoB/RkeQhZ9RY677arA7KFbfmLkTWwcuhArlag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHsWJY1Q+9li1Rm5sM6QhLGyTxqycH9PZDTSehoFtjOiZqxXa3Pzv1ovNeG1n3GZpAYlW34UpoKYmMzvJkOukBkxtUCZ4nZXwsZUUWZsOiUbgrd68jp06jXP8l290rjJ4yjCGZzDJXhwBQ1oQgvawGAEz/AKb45wXpx352PZWnDymVP4I+fzB1RkjSY=</latexit><latexit sha1_base64="Uxg4hnrkuS4gXZkqZfYY4uEnuic=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuiDSVGQRK4kL1lDjbs7V1290zIhZ9gY6Extv4iO/+NC1yh4Jts8uSdmezMGySCa+O6305hY3Nre6e4W9rbPzg8Kh+fdHScKoZtFotYdQOqUXCJbcONwG6ikEaBwMdgcjuvPz6h0jyWD2aaoB/RkeQhZ9RY677arA7KFbfmLkTWwcuhArlag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHsWJY1Q+9li1Rm5sM6QhLGyTxqycH9PZDTSehoFtjOiZqxXa3Pzv1ovNeG1n3GZpAYlW34UpoKYmMzvJkOukBkxtUCZ4nZXwsZUUWZsOiUbgrd68jp06jXP8l290rjJ4yjCGZzDJXhwBQ1oQgvawGAEz/AKb45wXpx352PZWnDymVP4I+fzB1RkjSY=</latexit>

D(H) = H
⇤,cop ⌦H

<latexit sha1_base64="SuStlRuyagG25wmdLfyaOaRta14=">AAACCnicbZC7SgNBFIbPeo3xFrW0GRMEb4RdG22EoBYpI5gYyMYwO5nokNmdZeasGJbUNj6EL2BjoYitT2Dn2zi5FN5+GPj4zzmcOX8QS2HQdT+dicmp6ZnZzFx2fmFxaTm3slozKtGMV5mSStcDargUEa+iQMnrseY0DCS/CLong/rFDddGqOgcezFvhvQqEh3BKFqrlds43SpvkyNSvkx39nzkt5gyFff7xFcoQm5IuZUruEV3KPIXvDEUSnl/9wEAKq3ch99WLAl5hExSYxqeG2MzpRoFk7yf9RPDY8q69Io3LEbUrmmmw1P6ZNM6bdJR2r4IydD9PpHS0JheGNjOkOK1+V0bmP/VGgl2DpupiOIEecRGizqJJKjIIBfSFpozlD0LlGlh/0rYNdWUoU0va0Pwfp/8F2r7Rc/ymVcoHcNIGViHPGyBBwdQgjJUoAoM7uARnuHFuXeenFfnbdQ64Yxn1uCHnPcv2ECamQ==</latexit><latexit sha1_base64="ZFq63ynwmcLy9HMWRhfxiScvNEU=">AAACCnicbZC7SgNBFIZn4y3GW9TSZkwQ4oWwa6ONENQiZQRzgWwMs5NJMmR2Z5k5K4YltY2lr2FjoYitT2CXt3FyKTTxh4GP/5zDmfN7oeAabHtoJRYWl5ZXkquptfWNza309k5Fy0hRVqZSSFXziGaCB6wMHASrhYoR3xOs6vWuRvXqPVOay+AW+iFr+KQT8DanBIzVTO9f54qH+AIX7+KjExfYA8RUhoMBdiVwn2lcbKazdt4eC8+DM4VsIeMePw8L/VIz/e22JI18FgAVROu6Y4fQiIkCTgUbpNxIs5DQHumwusGAmDWNeHzKAB8Yp4XbUpkXAB67vydi4mvd9z3T6RPo6tnayPyvVo+gfd6IeRBGwAI6WdSOBAaJR7ngFleMgugbIFRx81dMu0QRCia9lAnBmT15HiqnecfwjZMtXKKJkmgPZVAOOegMFVARlVAZUfSIXtAbereerFfrw/qctCas6cwu+iPr6wfhqpwf</latexit><latexit sha1_base64="ZFq63ynwmcLy9HMWRhfxiScvNEU=">AAACCnicbZC7SgNBFIZn4y3GW9TSZkwQ4oWwa6ONENQiZQRzgWwMs5NJMmR2Z5k5K4YltY2lr2FjoYitT2CXt3FyKTTxh4GP/5zDmfN7oeAabHtoJRYWl5ZXkquptfWNza309k5Fy0hRVqZSSFXziGaCB6wMHASrhYoR3xOs6vWuRvXqPVOay+AW+iFr+KQT8DanBIzVTO9f54qH+AIX7+KjExfYA8RUhoMBdiVwn2lcbKazdt4eC8+DM4VsIeMePw8L/VIz/e22JI18FgAVROu6Y4fQiIkCTgUbpNxIs5DQHumwusGAmDWNeHzKAB8Yp4XbUpkXAB67vydi4mvd9z3T6RPo6tnayPyvVo+gfd6IeRBGwAI6WdSOBAaJR7ngFleMgugbIFRx81dMu0QRCia9lAnBmT15HiqnecfwjZMtXKKJkmgPZVAOOegMFVARlVAZUfSIXtAbereerFfrw/qctCas6cwu+iPr6wfhqpwf</latexit><latexit sha1_base64="zRV2eVPLsJAH71T3XCOKDvvYkUw=">AAACCnicbZC7SgNBFIZn4y3GW9TSZjQIUSTs2mgjBLVIGcFcIBvD7GSSDJndWWbOimHZ2sZXsbFQxNYnsPNtnCRbaOIPAx//OYcz5/dCwTXY9reVWVhcWl7JrubW1jc2t/LbO3UtI0VZjUohVdMjmgkesBpwEKwZKkZ8T7CGN7wa1xv3TGkug1sYhaztk37Ae5wSMFYnv39drBzhC1y5i49PXGAPEFMZJgl2JXCfaVzp5At2yZ4Iz4OTQgGlqnbyX25X0shnAVBBtG45dgjtmCjgVLAk50aahYQOSZ+1DAbErGnHk1MSfGicLu5JZV4AeOL+noiJr/XI90ynT2CgZ2tj879aK4LeeTvmQRgBC+h0US8SGCQe54K7XDEKYmSAUMXNXzEdEEUomPRyJgRn9uR5qJ+WHMM3TqF8mcaRRXvoABWRg85QGVVQFdUQRY/oGb2iN+vJerHerY9pa8ZKZ3bRH1mfP8XBmRA=</latexit>

Generalized Drinfeld double : 
                                              given

D(H1, H2;�) = H1 ⌦H2
<latexit sha1_base64="wzHmiAIm/Bjv6xbH5uFJwkfEvM4=">AAACCnicbZDJSgNBEIZr4hbjNurRS5sgRJQwk4uCCEE95BjBLJAZhp5OJ2nSs9DdI4QhZy8+hC/gxYMiXn0Cb76NneWgiQUNX/1VRXX9fsyZVJb1bWSWlldW17LruY3Nre0dc3evIaNEEFonEY9Ey8eSchbSumKK01YsKA58Tpv+4Hpcb95TIVkU3qlhTN0A90LWZQQrLXnm4U2x6tmnVa984cR9dowukc6REykWUKm57JkFq2RNAi2CPYNCJe+cPAFAzTO/nE5EkoCGinAsZdu2YuWmWChGOB3lnETSGJMB7tG2xhDrRW46OWWEjrTSQd1I6BcqNFF/T6Q4kHIY+LozwKov52tj8b9aO1HdczdlYZwoGpLpom7CkYrQ2BfUYYISxYcaMBFM/xWRPhaYKO1eTptgz5+8CI1yydZ8axcqVzCNLBxAHopgwxlUoAo1qAOBB3iGV3gzHo0X4934mLZmjNnMPvwJ4/MHjlCZIA==</latexit><latexit sha1_base64="Knj4dMhZZFMTr3FY5iUxorsNCIY=">AAACCnicbZBLS8NAEMc39VXrK+rRy9oiVBRJelEQoaiHHivYBzQhbLabdulmE3Y3Qgg9e/Ho1/DiQRGvfgJv/TZuHwdtHVj4zX9mmJ2/HzMqlWWNjNzS8srqWn69sLG5tb1j7u41ZZQITBo4YpFo+0gSRjlpKKoYaceCoNBnpOUPbsb11gMRkkb8XqUxcUPU4zSgGCkteebhbbnm2ac1r3LpxH16DK+gzqETKRoSqbnimSXrzJoEXAR7BqVq0Tl5HlXTumd+O90IJyHhCjMkZce2YuVmSCiKGRkWnESSGOEB6pGORo70IjebnDKER1rpwiAS+nEFJ+rviQyFUqahrztDpPpyvjYW/6t1EhVcuBnlcaIIx9NFQcKgiuDYF9ilgmDFUg0IC6r/CnEfCYSVdq+gTbDnT16EZuXM1nxnl6rXYBp5cACKoAxscA6qoAbqoAEweAQv4A28G0/Gq/FhfE5bc8ZsZh/8CePrB5e6mqY=</latexit><latexit sha1_base64="Knj4dMhZZFMTr3FY5iUxorsNCIY=">AAACCnicbZBLS8NAEMc39VXrK+rRy9oiVBRJelEQoaiHHivYBzQhbLabdulmE3Y3Qgg9e/Ho1/DiQRGvfgJv/TZuHwdtHVj4zX9mmJ2/HzMqlWWNjNzS8srqWn69sLG5tb1j7u41ZZQITBo4YpFo+0gSRjlpKKoYaceCoNBnpOUPbsb11gMRkkb8XqUxcUPU4zSgGCkteebhbbnm2ac1r3LpxH16DK+gzqETKRoSqbnimSXrzJoEXAR7BqVq0Tl5HlXTumd+O90IJyHhCjMkZce2YuVmSCiKGRkWnESSGOEB6pGORo70IjebnDKER1rpwiAS+nEFJ+rviQyFUqahrztDpPpyvjYW/6t1EhVcuBnlcaIIx9NFQcKgiuDYF9ilgmDFUg0IC6r/CnEfCYSVdq+gTbDnT16EZuXM1nxnl6rXYBp5cACKoAxscA6qoAbqoAEweAQv4A28G0/Gq/FhfE5bc8ZsZh/8CePrB5e6mqY=</latexit><latexit sha1_base64="/ZS/hAGwUC4jJzryGMAtcJ+CWzI=">AAACCnicbZBNSwMxEIaz9avWr1WPXqJFqCBltxcFEYp66LGC/YDusmTTbBuaTZYkK5SlZy/+FS8eFPHqL/DmvzFt96DVgcAz78wwmTdMGFXacb6swtLyyupacb20sbm1vWPv7rWVSCUmLSyYkN0QKcIoJy1NNSPdRBIUh4x0wtH1tN65J1JRwe/0OCF+jAacRhQjbaTAPrypNAL3tBHULrxkSE/gJTQ59ISmMVGGa4FddqrOLOBfcHMogzyagf3p9QVOY8I1Zkipnusk2s+Q1BQzMil5qSIJwiM0ID2DHJlFfjY7ZQKPjdKHkZDmcQ1n6s+JDMVKjePQdMZID9VibSr+V+ulOjr3M8qTVBOO54uilEEt4NQX2KeSYM3GBhCW1PwV4iGSCGvjXsmY4C6e/Bfatapr+NYt169yO4rgAByBCnDBGaiDBmiCFsDgATyBF/BqPVrP1pv1Pm8tWPnMPvgV1sc3e9GXlw==</latexit>

� : H1 ! H
⇤,cop
2

<latexit sha1_base64="s2+Ar5ZrdRTVCnXClRy+vknoDo8=">AAACCXicbVC7SgNBFL0bXzG+opY2g0EQkbCbRtEmaJMygnlANsbZySQZMvtg5q4YlrQ2Fv6IjYUitv6BnX/j5FFo4oFhDufcy8w5XiSFRtv+tlILi0vLK+nVzNr6xuZWdnunqsNYMV5hoQxV3aOaSxHwCgqUvB4pTn1P8prXvxz5tTuutAiDaxxEvOnTbiA6glE0UitL3Kgnzkip5RAXQ3MXbpKjYxf5PSYsjIbDVjZn5+0xyDxxpiRXzD2d3wJAuZX9ctshi30eIJNU64ZjR9hMqELBJB9m3FjziLI+7fKGoQH1uW4m4yRDcmCUNumEypwAyVj9vZFQX+uB75lJn2JPz3oj8T+vEWPntJmIIIqRB2zyUCeWxGQe1ULaQnGGcmAIZUqYvxLWo4oyNOVlTAnObOR5Ui3kHcOvnFzxAiZIwx7swyE4cAJFKEEZKsDgAZ7hFd6sR+vFerc+JqMpa7qzC39gff4AzzOaow==</latexit><latexit sha1_base64="17pBgGIIryxgcoqwHTJy51kJuKM=">AAACCXicbVDLSgMxFM3UV62vUZe6CBZBRMpMN4puim66rGAf2BlLJk3b0MyD5I5Yhtm6ceGPdONCEbf+gTv/xvSx0NYDIYdz7iU5x4sEV2BZ30ZmYXFpeSW7mltb39jcMrd3aiqMJWVVGopQNjyimOABqwIHwRqRZMT3BKt7/auRX79nUvEwuIFBxFyfdAPe4ZSAllomdqIeP8fllo0dCPVdvEuOTxxgD5DQMErTlpm3CtYYeJ7YU5Iv5Z8v2rf7w0rL/HLaIY19FgAVRKmmbUXgJkQCp4KlOSdWLCK0T7qsqWlAfKbcZJwkxYdaaeNOKPUJAI/V3xsJ8ZUa+J6e9An01Kw3Ev/zmjF0ztyEB1EMLKCThzqxwDrzqBbc5pJREANNCJVc/xXTHpGEgi4vp0uwZyPPk1qxYGt+bedLl2iCLNpDB+gI2egUlVAZVVAVUfSIhugVvRlPxovxbnxMRjPGdGcX/YHx+QNXy5vJ</latexit><latexit sha1_base64="17pBgGIIryxgcoqwHTJy51kJuKM=">AAACCXicbVDLSgMxFM3UV62vUZe6CBZBRMpMN4puim66rGAf2BlLJk3b0MyD5I5Yhtm6ceGPdONCEbf+gTv/xvSx0NYDIYdz7iU5x4sEV2BZ30ZmYXFpeSW7mltb39jcMrd3aiqMJWVVGopQNjyimOABqwIHwRqRZMT3BKt7/auRX79nUvEwuIFBxFyfdAPe4ZSAllomdqIeP8fllo0dCPVdvEuOTxxgD5DQMErTlpm3CtYYeJ7YU5Iv5Z8v2rf7w0rL/HLaIY19FgAVRKmmbUXgJkQCp4KlOSdWLCK0T7qsqWlAfKbcZJwkxYdaaeNOKPUJAI/V3xsJ8ZUa+J6e9An01Kw3Ev/zmjF0ztyEB1EMLKCThzqxwDrzqBbc5pJREANNCJVc/xXTHpGEgi4vp0uwZyPPk1qxYGt+bedLl2iCLNpDB+gI2egUlVAZVVAVUfSIhugVvRlPxovxbnxMRjPGdGcX/YHx+QNXy5vJ</latexit><latexit sha1_base64="L5SUkGJH4sn0jkFtF5uFHxlBXuM=">AAACCXicbVC7TsMwFHV4lvIKMLJYVEgIoSrpAmKqYOlYJPqQmhA5rtNadR6ybxBVlJWFX2FhACFW/oCNv8FtM0DLkSwfnXOv7HP8RHAFlvVtLC2vrK6tlzbKm1vbO7vm3n5bxamkrEVjEcuuTxQTPGIt4CBYN5GMhL5gHX90PfE790wqHke3ME6YG5JBxANOCWjJM7GTDPklbng2diDWd+0uOz1zgD1ARuMkzz2zYlWtKfAisQtSQQWanvnl9GOahiwCKohSPdtKwM2IBE4Fy8tOqlhC6IgMWE/TiIRMudk0SY6PtdLHQSz1iQBP1d8bGQmVGoe+ngwJDNW8NxH/83opBBduxqMkBRbR2UNBKrDOPKkF97lkFMRYE0Il13/FdEgkoaDLK+sS7PnIi6Rdq9qa39iV+lVRRwkdoiN0gmx0juqogZqohSh6RM/oFb0ZT8aL8W58zEaXjGLnAP2B8fkDttuZFg==</latexit>

(MD, iD,�D, ✏D, SD)
<latexit sha1_base64="NjcAhwxpLNYXC5tUPUI6fuQjNBk=">AAACNnicbZDLSgMxFIYz3q23qks3wVKooGWmCroU7cKNoGhboTcy6akNzWSG5IxQS5/Ap3En+iRu3Ilb167M1C6s9UDCx/+fw0l+P5LCoOu+OlPTM7Nz8wuLqaXlldW19PpG2YSx5lDioQz1jc8MSKGghAIl3EQaWOBLqPjd08Sv3IE2IlTX2IugHrBbJdqCM7RSM53NnTeKu1QkV60IEtmQIDJChirhq0Zxp5nOuHl3WHQSvBFkyKgumumvWivkcQAKuWTGVD03wnqfaRRcwiBViw1EjHfZLVQtKhaAqfeH3xnQrFVatB1qexTSofp7os8CY3qBbzsDhh3z10vE/7xqjO2jel+oKEZQ/GdRO5YUQ5pkQ1tCA0fZs8C4FvatlHeYZhxtgqmxNSi694MJZY+3Bikblvc3mkkoF/Lefr5weZA5PhnFtkC2yDbJEY8ckmNyRi5IiXDyQB7JM3lxnpw35935+GmdckYzm2SsnM9vFamp0Q==</latexit>
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Kuperberg Invariant ZH

Kup
(M3; f)

<latexit sha1_base64="behhiLRNQ1ArsmRuLZfAP6qs7UI="></latexit>
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Kuperberg Invariant 
First assume     semisimple.H<latexit sha1_base64="Uxg4hnrkuS4gXZkqZfYY4uEnuic=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuiDSVGQRK4kL1lDjbs7V1290zIhZ9gY6Extv4iO/+NC1yh4Jts8uSdmezMGySCa+O6305hY3Nre6e4W9rbPzg8Kh+fdHScKoZtFotYdQOqUXCJbcONwG6ikEaBwMdgcjuvPz6h0jyWD2aaoB/RkeQhZ9RY677arA7KFbfmLkTWwcuhArlag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHsWJY1Q+9li1Rm5sM6QhLGyTxqycH9PZDTSehoFtjOiZqxXa3Pzv1ovNeG1n3GZpAYlW34UpoKYmMzvJkOukBkxtUCZ4nZXwsZUUWZsOiUbgrd68jp06jXP8l290rjJ4yjCGZzDJXhwBQ1oQgvawGAEz/AKb45wXpx352PZWnDymVP4I+fzB1RkjSY=</latexit><latexit sha1_base64="Uxg4hnrkuS4gXZkqZfYY4uEnuic=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuiDSVGQRK4kL1lDjbs7V1290zIhZ9gY6Extv4iO/+NC1yh4Jts8uSdmezMGySCa+O6305hY3Nre6e4W9rbPzg8Kh+fdHScKoZtFotYdQOqUXCJbcONwG6ikEaBwMdgcjuvPz6h0jyWD2aaoB/RkeQhZ9RY677arA7KFbfmLkTWwcuhArlag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHsWJY1Q+9li1Rm5sM6QhLGyTxqycH9PZDTSehoFtjOiZqxXa3Pzv1ovNeG1n3GZpAYlW34UpoKYmMzvJkOukBkxtUCZ4nZXwsZUUWZsOiUbgrd68jp06jXP8l290rjJ4yjCGZzDJXhwBQ1oQgvawGAEz/AKb45wXpx352PZWnDymVP4I+fzB1RkjSY=</latexit><latexit sha1_base64="Uxg4hnrkuS4gXZkqZfYY4uEnuic=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuiDSVGQRK4kL1lDjbs7V1290zIhZ9gY6Extv4iO/+NC1yh4Jts8uSdmezMGySCa+O6305hY3Nre6e4W9rbPzg8Kh+fdHScKoZtFotYdQOqUXCJbcONwG6ikEaBwMdgcjuvPz6h0jyWD2aaoB/RkeQhZ9RY677arA7KFbfmLkTWwcuhArlag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHsWJY1Q+9li1Rm5sM6QhLGyTxqycH9PZDTSehoFtjOiZqxXa3Pzv1ovNeG1n3GZpAYlW34UpoKYmMzvJkOukBkxtUCZ4nZXwsZUUWZsOiUbgrd68jp06jXP8l290rjJ4yjCGZzDJXhwBQ1oQgvawGAEz/AKb45wXpx352PZWnDymVP4I+fzB1RkjSY=</latexit><latexit sha1_base64="Uxg4hnrkuS4gXZkqZfYY4uEnuic=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuiDSVGQRK4kL1lDjbs7V1290zIhZ9gY6Extv4iO/+NC1yh4Jts8uSdmezMGySCa+O6305hY3Nre6e4W9rbPzg8Kh+fdHScKoZtFotYdQOqUXCJbcONwG6ikEaBwMdgcjuvPz6h0jyWD2aaoB/RkeQhZ9RY677arA7KFbfmLkTWwcuhArlag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHsWJY1Q+9li1Rm5sM6QhLGyTxqycH9PZDTSehoFtjOiZqxXa3Pzv1ovNeG1n3GZpAYlW34UpoKYmMzvJkOukBkxtUCZ4nZXwsZUUWZsOiUbgrd68jp06jXP8l290rjJ4yjCGZzDJXhwBQ1oQgvawGAEz/AKb45wXpx352PZWnDymVP4I+fzB1RkjSY=</latexit>

Choose two-sided integrals e 2 H,µ 2 H
⇤

<latexit sha1_base64="eUoQIDvaYj31A68hBtJOVtYCCaM=">AAAB/3icbZDLSsNAFIZP6q3WW1Rw42awFUSkJN3osuimywr2Ak0sk+m0HTqZhJmJUGIXvoobF4q49TXc+TZO2yy09YeBj/+cwznzBzFnSjvOt5VbWV1b38hvFra2d3b37P2DpooSSWiDRDyS7QArypmgDc00p+1YUhwGnLaC0c203nqgUrFI3OlxTP0QDwTrM4K1sbr2UYkijwlUu0BemMzx/rzUtYtO2ZkJLYObQREy1bv2l9eLSBJSoQnHSnVcJ9Z+iqVmhNNJwUsUjTEZ4QHtGBQ4pMpPZ/dP0KlxeqgfSfOERjP390SKQ6XGYWA6Q6yHarE2Nf+rdRLdv/JTJuJEU0Hmi/oJRzpC0zBQj0lKNB8bwEQycysiQywx0SayggnBXfzyMjQrZdfwbaVYvc7iyMMxnMAZuHAJVahBHRpA4BGe4RXerCfrxXq3PuatOSubOYQ/sj5/AFt+k7o=</latexit><latexit sha1_base64="eUoQIDvaYj31A68hBtJOVtYCCaM=">AAAB/3icbZDLSsNAFIZP6q3WW1Rw42awFUSkJN3osuimywr2Ak0sk+m0HTqZhJmJUGIXvoobF4q49TXc+TZO2yy09YeBj/+cwznzBzFnSjvOt5VbWV1b38hvFra2d3b37P2DpooSSWiDRDyS7QArypmgDc00p+1YUhwGnLaC0c203nqgUrFI3OlxTP0QDwTrM4K1sbr2UYkijwlUu0BemMzx/rzUtYtO2ZkJLYObQREy1bv2l9eLSBJSoQnHSnVcJ9Z+iqVmhNNJwUsUjTEZ4QHtGBQ4pMpPZ/dP0KlxeqgfSfOERjP390SKQ6XGYWA6Q6yHarE2Nf+rdRLdv/JTJuJEU0Hmi/oJRzpC0zBQj0lKNB8bwEQycysiQywx0SayggnBXfzyMjQrZdfwbaVYvc7iyMMxnMAZuHAJVahBHRpA4BGe4RXerCfrxXq3PuatOSubOYQ/sj5/AFt+k7o=</latexit><latexit sha1_base64="eUoQIDvaYj31A68hBtJOVtYCCaM=">AAAB/3icbZDLSsNAFIZP6q3WW1Rw42awFUSkJN3osuimywr2Ak0sk+m0HTqZhJmJUGIXvoobF4q49TXc+TZO2yy09YeBj/+cwznzBzFnSjvOt5VbWV1b38hvFra2d3b37P2DpooSSWiDRDyS7QArypmgDc00p+1YUhwGnLaC0c203nqgUrFI3OlxTP0QDwTrM4K1sbr2UYkijwlUu0BemMzx/rzUtYtO2ZkJLYObQREy1bv2l9eLSBJSoQnHSnVcJ9Z+iqVmhNNJwUsUjTEZ4QHtGBQ4pMpPZ/dP0KlxeqgfSfOERjP390SKQ6XGYWA6Q6yHarE2Nf+rdRLdv/JTJuJEU0Hmi/oJRzpC0zBQj0lKNB8bwEQycysiQywx0SayggnBXfzyMjQrZdfwbaVYvc7iyMMxnMAZuHAJVahBHRpA4BGe4RXerCfrxXq3PuatOSubOYQ/sj5/AFt+k7o=</latexit><latexit sha1_base64="eUoQIDvaYj31A68hBtJOVtYCCaM=">AAAB/3icbZDLSsNAFIZP6q3WW1Rw42awFUSkJN3osuimywr2Ak0sk+m0HTqZhJmJUGIXvoobF4q49TXc+TZO2yy09YeBj/+cwznzBzFnSjvOt5VbWV1b38hvFra2d3b37P2DpooSSWiDRDyS7QArypmgDc00p+1YUhwGnLaC0c203nqgUrFI3OlxTP0QDwTrM4K1sbr2UYkijwlUu0BemMzx/rzUtYtO2ZkJLYObQREy1bv2l9eLSBJSoQnHSnVcJ9Z+iqVmhNNJwUsUjTEZ4QHtGBQ4pMpPZ/dP0KlxeqgfSfOERjP390SKQ6XGYWA6Q6yHarE2Nf+rdRLdv/JTJuJEU0Hmi/oJRzpC0zBQj0lKNB8bwEQycysiQywx0SayggnBXfzyMjQrZdfwbaVYvc7iyMMxnMAZuHAJVahBHRpA4BGe4RXerCfrxXq3PuatOSubOYQ/sj5/AFt+k7o=</latexit>

ZH

Kup
(M3; f)

<latexit sha1_base64="behhiLRNQ1ArsmRuLZfAP6qs7UI="></latexit>
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Kuperberg Invariant 
First assume     semisimple.H<latexit sha1_base64="Uxg4hnrkuS4gXZkqZfYY4uEnuic=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuiDSVGQRK4kL1lDjbs7V1290zIhZ9gY6Extv4iO/+NC1yh4Jts8uSdmezMGySCa+O6305hY3Nre6e4W9rbPzg8Kh+fdHScKoZtFotYdQOqUXCJbcONwG6ikEaBwMdgcjuvPz6h0jyWD2aaoB/RkeQhZ9RY677arA7KFbfmLkTWwcuhArlag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHsWJY1Q+9li1Rm5sM6QhLGyTxqycH9PZDTSehoFtjOiZqxXa3Pzv1ovNeG1n3GZpAYlW34UpoKYmMzvJkOukBkxtUCZ4nZXwsZUUWZsOiUbgrd68jp06jXP8l290rjJ4yjCGZzDJXhwBQ1oQgvawGAEz/AKb45wXpx352PZWnDymVP4I+fzB1RkjSY=</latexit><latexit sha1_base64="Uxg4hnrkuS4gXZkqZfYY4uEnuic=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuiDSVGQRK4kL1lDjbs7V1290zIhZ9gY6Extv4iO/+NC1yh4Jts8uSdmezMGySCa+O6305hY3Nre6e4W9rbPzg8Kh+fdHScKoZtFotYdQOqUXCJbcONwG6ikEaBwMdgcjuvPz6h0jyWD2aaoB/RkeQhZ9RY677arA7KFbfmLkTWwcuhArlag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHsWJY1Q+9li1Rm5sM6QhLGyTxqycH9PZDTSehoFtjOiZqxXa3Pzv1ovNeG1n3GZpAYlW34UpoKYmMzvJkOukBkxtUCZ4nZXwsZUUWZsOiUbgrd68jp06jXP8l290rjJ4yjCGZzDJXhwBQ1oQgvawGAEz/AKb45wXpx352PZWnDymVP4I+fzB1RkjSY=</latexit><latexit sha1_base64="Uxg4hnrkuS4gXZkqZfYY4uEnuic=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuiDSVGQRK4kL1lDjbs7V1290zIhZ9gY6Extv4iO/+NC1yh4Jts8uSdmezMGySCa+O6305hY3Nre6e4W9rbPzg8Kh+fdHScKoZtFotYdQOqUXCJbcONwG6ikEaBwMdgcjuvPz6h0jyWD2aaoB/RkeQhZ9RY677arA7KFbfmLkTWwcuhArlag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHsWJY1Q+9li1Rm5sM6QhLGyTxqycH9PZDTSehoFtjOiZqxXa3Pzv1ovNeG1n3GZpAYlW34UpoKYmMzvJkOukBkxtUCZ4nZXwsZUUWZsOiUbgrd68jp06jXP8l290rjJ4yjCGZzDJXhwBQ1oQgvawGAEz/AKb45wXpx352PZWnDymVP4I+fzB1RkjSY=</latexit><latexit sha1_base64="Uxg4hnrkuS4gXZkqZfYY4uEnuic=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuiDSVGQRK4kL1lDjbs7V1290zIhZ9gY6Extv4iO/+NC1yh4Jts8uSdmezMGySCa+O6305hY3Nre6e4W9rbPzg8Kh+fdHScKoZtFotYdQOqUXCJbcONwG6ikEaBwMdgcjuvPz6h0jyWD2aaoB/RkeQhZ9RY677arA7KFbfmLkTWwcuhArlag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHsWJY1Q+9li1Rm5sM6QhLGyTxqycH9PZDTSehoFtjOiZqxXa3Pzv1ovNeG1n3GZpAYlW34UpoKYmMzvJkOukBkxtUCZ4nZXwsZUUWZsOiUbgrd68jp06jXP8l290rjJ4yjCGZzDJXhwBQ1oQgvawGAEz/AKb45wXpx352PZWnDymVP4I+fzB1RkjSY=</latexit>

Choose two-sided integrals e 2 H,µ 2 H
⇤

<latexit sha1_base64="eUoQIDvaYj31A68hBtJOVtYCCaM=">AAAB/3icbZDLSsNAFIZP6q3WW1Rw42awFUSkJN3osuimywr2Ak0sk+m0HTqZhJmJUGIXvoobF4q49TXc+TZO2yy09YeBj/+cwznzBzFnSjvOt5VbWV1b38hvFra2d3b37P2DpooSSWiDRDyS7QArypmgDc00p+1YUhwGnLaC0c203nqgUrFI3OlxTP0QDwTrM4K1sbr2UYkijwlUu0BemMzx/rzUtYtO2ZkJLYObQREy1bv2l9eLSBJSoQnHSnVcJ9Z+iqVmhNNJwUsUjTEZ4QHtGBQ4pMpPZ/dP0KlxeqgfSfOERjP390SKQ6XGYWA6Q6yHarE2Nf+rdRLdv/JTJuJEU0Hmi/oJRzpC0zBQj0lKNB8bwEQycysiQywx0SayggnBXfzyMjQrZdfwbaVYvc7iyMMxnMAZuHAJVahBHRpA4BGe4RXerCfrxXq3PuatOSubOYQ/sj5/AFt+k7o=</latexit><latexit sha1_base64="eUoQIDvaYj31A68hBtJOVtYCCaM=">AAAB/3icbZDLSsNAFIZP6q3WW1Rw42awFUSkJN3osuimywr2Ak0sk+m0HTqZhJmJUGIXvoobF4q49TXc+TZO2yy09YeBj/+cwznzBzFnSjvOt5VbWV1b38hvFra2d3b37P2DpooSSWiDRDyS7QArypmgDc00p+1YUhwGnLaC0c203nqgUrFI3OlxTP0QDwTrM4K1sbr2UYkijwlUu0BemMzx/rzUtYtO2ZkJLYObQREy1bv2l9eLSBJSoQnHSnVcJ9Z+iqVmhNNJwUsUjTEZ4QHtGBQ4pMpPZ/dP0KlxeqgfSfOERjP390SKQ6XGYWA6Q6yHarE2Nf+rdRLdv/JTJuJEU0Hmi/oJRzpC0zBQj0lKNB8bwEQycysiQywx0SayggnBXfzyMjQrZdfwbaVYvc7iyMMxnMAZuHAJVahBHRpA4BGe4RXerCfrxXq3PuatOSubOYQ/sj5/AFt+k7o=</latexit><latexit sha1_base64="eUoQIDvaYj31A68hBtJOVtYCCaM=">AAAB/3icbZDLSsNAFIZP6q3WW1Rw42awFUSkJN3osuimywr2Ak0sk+m0HTqZhJmJUGIXvoobF4q49TXc+TZO2yy09YeBj/+cwznzBzFnSjvOt5VbWV1b38hvFra2d3b37P2DpooSSWiDRDyS7QArypmgDc00p+1YUhwGnLaC0c203nqgUrFI3OlxTP0QDwTrM4K1sbr2UYkijwlUu0BemMzx/rzUtYtO2ZkJLYObQREy1bv2l9eLSBJSoQnHSnVcJ9Z+iqVmhNNJwUsUjTEZ4QHtGBQ4pMpPZ/dP0KlxeqgfSfOERjP390SKQ6XGYWA6Q6yHarE2Nf+rdRLdv/JTJuJEU0Hmi/oJRzpC0zBQj0lKNB8bwEQycysiQywx0SayggnBXfzyMjQrZdfwbaVYvc7iyMMxnMAZuHAJVahBHRpA4BGe4RXerCfrxXq3PuatOSubOYQ/sj5/AFt+k7o=</latexit><latexit sha1_base64="eUoQIDvaYj31A68hBtJOVtYCCaM=">AAAB/3icbZDLSsNAFIZP6q3WW1Rw42awFUSkJN3osuimywr2Ak0sk+m0HTqZhJmJUGIXvoobF4q49TXc+TZO2yy09YeBj/+cwznzBzFnSjvOt5VbWV1b38hvFra2d3b37P2DpooSSWiDRDyS7QArypmgDc00p+1YUhwGnLaC0c203nqgUrFI3OlxTP0QDwTrM4K1sbr2UYkijwlUu0BemMzx/rzUtYtO2ZkJLYObQREy1bv2l9eLSBJSoQnHSnVcJ9Z+iqVmhNNJwUsUjTEZ4QHtGBQ4pMpPZ/dP0KlxeqgfSfOERjP390SKQ6XGYWA6Q6yHarE2Nf+rdRLdv/JTJuJEU0Hmi/oJRzpC0zBQj0lKNB8bwEQycysiQywx0SayggnBXfzyMjQrZdfwbaVYvc7iyMMxnMAZuHAJVahBHRpA4BGe4RXerCfrxXq3PuatOSubOYQ/sj5/AFt+k7o=</latexit>

For a 3-manifold      , choose a Heegaard diagram 
(⌃g,↵ = {↵1, · · · ,↵g},� = {�1, · · · ,�g})

<latexit sha1_base64="USzGm2TxYtLSMcEDpU5JiOqll0Q="></latexit><latexit sha1_base64="USzGm2TxYtLSMcEDpU5JiOqll0Q="></latexit><latexit sha1_base64="USzGm2TxYtLSMcEDpU5JiOqll0Q="></latexit><latexit sha1_base64="USzGm2TxYtLSMcEDpU5JiOqll0Q="></latexit>

                                                . The         are disjoint,     
                   is a punctured sphere; so are the         . 

↵i
0s

<latexit sha1_base64="J6Pd+FCnqhHmum5Lmidfgw/D1Is=">AAAB9XicbZA9T8MwEIYvfJbyVWBkiWgRDKhKusBYwcJYJPohNaG6uE5r1XEi2wFVUf8HCwMIsfJf2Pg3uG0GaHklS4/eu9Od3yDhTGnH+bZWVtfWNzYLW8Xtnd29/dLBYUvFqSS0SWIey06AinImaFMzzWknkRSjgNN2MLqZ1tuPVCoWi3s9Tqgf4UCwkBHUxnqoeMiTIfaYd3FWUb1S2ak6M9nL4OZQhlyNXunL68ckjajQhKNSXddJtJ+h1IxwOil6qaIJkhEOaNegwIgqP5tdPbFPjdO3w1iaJ7Q9c39PZBgpNY4C0xmhHqrF2tT8r9ZNdXjlZ0wkqaaCzBeFKbd1bE8jsPtMUqL52AASycytNhmiRKJNUEUTgrv45WVo1aqu4btauX6dx1GAYziBc3DhEupwCw1oAgEJz/AKb9aT9WK9Wx/z1hUrnzmCP7I+fwAfzZGY</latexit><latexit sha1_base64="J6Pd+FCnqhHmum5Lmidfgw/D1Is=">AAAB9XicbZA9T8MwEIYvfJbyVWBkiWgRDKhKusBYwcJYJPohNaG6uE5r1XEi2wFVUf8HCwMIsfJf2Pg3uG0GaHklS4/eu9Od3yDhTGnH+bZWVtfWNzYLW8Xtnd29/dLBYUvFqSS0SWIey06AinImaFMzzWknkRSjgNN2MLqZ1tuPVCoWi3s9Tqgf4UCwkBHUxnqoeMiTIfaYd3FWUb1S2ak6M9nL4OZQhlyNXunL68ckjajQhKNSXddJtJ+h1IxwOil6qaIJkhEOaNegwIgqP5tdPbFPjdO3w1iaJ7Q9c39PZBgpNY4C0xmhHqrF2tT8r9ZNdXjlZ0wkqaaCzBeFKbd1bE8jsPtMUqL52AASycytNhmiRKJNUEUTgrv45WVo1aqu4btauX6dx1GAYziBc3DhEupwCw1oAgEJz/AKb9aT9WK9Wx/z1hUrnzmCP7I+fwAfzZGY</latexit><latexit sha1_base64="J6Pd+FCnqhHmum5Lmidfgw/D1Is=">AAAB9XicbZA9T8MwEIYvfJbyVWBkiWgRDKhKusBYwcJYJPohNaG6uE5r1XEi2wFVUf8HCwMIsfJf2Pg3uG0GaHklS4/eu9Od3yDhTGnH+bZWVtfWNzYLW8Xtnd29/dLBYUvFqSS0SWIey06AinImaFMzzWknkRSjgNN2MLqZ1tuPVCoWi3s9Tqgf4UCwkBHUxnqoeMiTIfaYd3FWUb1S2ak6M9nL4OZQhlyNXunL68ckjajQhKNSXddJtJ+h1IxwOil6qaIJkhEOaNegwIgqP5tdPbFPjdO3w1iaJ7Q9c39PZBgpNY4C0xmhHqrF2tT8r9ZNdXjlZ0wkqaaCzBeFKbd1bE8jsPtMUqL52AASycytNhmiRKJNUEUTgrv45WVo1aqu4btauX6dx1GAYziBc3DhEupwCw1oAgEJz/AKb9aT9WK9Wx/z1hUrnzmCP7I+fwAfzZGY</latexit><latexit sha1_base64="J6Pd+FCnqhHmum5Lmidfgw/D1Is=">AAAB9XicbZA9T8MwEIYvfJbyVWBkiWgRDKhKusBYwcJYJPohNaG6uE5r1XEi2wFVUf8HCwMIsfJf2Pg3uG0GaHklS4/eu9Od3yDhTGnH+bZWVtfWNzYLW8Xtnd29/dLBYUvFqSS0SWIey06AinImaFMzzWknkRSjgNN2MLqZ1tuPVCoWi3s9Tqgf4UCwkBHUxnqoeMiTIfaYd3FWUb1S2ak6M9nL4OZQhlyNXunL68ckjajQhKNSXddJtJ+h1IxwOil6qaIJkhEOaNegwIgqP5tdPbFPjdO3w1iaJ7Q9c39PZBgpNY4C0xmhHqrF2tT8r9ZNdXjlZ0wkqaaCzBeFKbd1bE8jsPtMUqL52AASycytNhmiRKJNUEUTgrv45WVo1aqu4btauX6dx1GAYziBc3DhEupwCw1oAgEJz/AKb9aT9WK9Wx/z1hUrnzmCP7I+fwAfzZGY</latexit>

⌃g \ ([↵i)
<latexit sha1_base64="befyC9dlt13obOT6lUiMV+mBpnQ=">AAACDXicbZC7TsMwFIadcivlVmBksWiRylIlXWCsYGEsgl6kJopOXLe1ajuR7SBVUV+AhVdhYQAhVnY23gb3MkDLL1n69J9zdHz+KOFMG9f9dnJr6xubW/ntws7u3v5B8fCopeNUEdokMY9VJwJNOZO0aZjhtJMoCiLitB2Nrqf19gNVmsXy3owTGggYSNZnBIy1wmK57N+xgYBwgH1NjWAy1bjikzTBPvBkCCE7L4fFklt1Z8Kr4C2ghBZqhMUvvxeTVFBpCAetu56bmCADZRjhdFLwU00TICMY0K5FCYLqIJtdM8Fn1unhfqzskwbP3N8TGQitxyKynQLMUC/XpuZ/tW5q+pdBxmSSGirJfFE/5djEeBoN7jFFieFjC0AUs3/FZAgKiLEBFmwI3vLJq9CqVT3Lt7VS/WoRRx6doFNUQR66QHV0gxqoiQh6RM/oFb05T86L8+58zFtzzmLmGP2R8/kD1Bqavw==</latexit><latexit sha1_base64="befyC9dlt13obOT6lUiMV+mBpnQ=">AAACDXicbZC7TsMwFIadcivlVmBksWiRylIlXWCsYGEsgl6kJopOXLe1ajuR7SBVUV+AhVdhYQAhVnY23gb3MkDLL1n69J9zdHz+KOFMG9f9dnJr6xubW/ntws7u3v5B8fCopeNUEdokMY9VJwJNOZO0aZjhtJMoCiLitB2Nrqf19gNVmsXy3owTGggYSNZnBIy1wmK57N+xgYBwgH1NjWAy1bjikzTBPvBkCCE7L4fFklt1Z8Kr4C2ghBZqhMUvvxeTVFBpCAetu56bmCADZRjhdFLwU00TICMY0K5FCYLqIJtdM8Fn1unhfqzskwbP3N8TGQitxyKynQLMUC/XpuZ/tW5q+pdBxmSSGirJfFE/5djEeBoN7jFFieFjC0AUs3/FZAgKiLEBFmwI3vLJq9CqVT3Lt7VS/WoRRx6doFNUQR66QHV0gxqoiQh6RM/oFb05T86L8+58zFtzzmLmGP2R8/kD1Bqavw==</latexit><latexit sha1_base64="befyC9dlt13obOT6lUiMV+mBpnQ=">AAACDXicbZC7TsMwFIadcivlVmBksWiRylIlXWCsYGEsgl6kJopOXLe1ajuR7SBVUV+AhVdhYQAhVnY23gb3MkDLL1n69J9zdHz+KOFMG9f9dnJr6xubW/ntws7u3v5B8fCopeNUEdokMY9VJwJNOZO0aZjhtJMoCiLitB2Nrqf19gNVmsXy3owTGggYSNZnBIy1wmK57N+xgYBwgH1NjWAy1bjikzTBPvBkCCE7L4fFklt1Z8Kr4C2ghBZqhMUvvxeTVFBpCAetu56bmCADZRjhdFLwU00TICMY0K5FCYLqIJtdM8Fn1unhfqzskwbP3N8TGQitxyKynQLMUC/XpuZ/tW5q+pdBxmSSGirJfFE/5djEeBoN7jFFieFjC0AUs3/FZAgKiLEBFmwI3vLJq9CqVT3Lt7VS/WoRRx6doFNUQR66QHV0gxqoiQh6RM/oFb05T86L8+58zFtzzmLmGP2R8/kD1Bqavw==</latexit><latexit sha1_base64="befyC9dlt13obOT6lUiMV+mBpnQ=">AAACDXicbZC7TsMwFIadcivlVmBksWiRylIlXWCsYGEsgl6kJopOXLe1ajuR7SBVUV+AhVdhYQAhVnY23gb3MkDLL1n69J9zdHz+KOFMG9f9dnJr6xubW/ntws7u3v5B8fCopeNUEdokMY9VJwJNOZO0aZjhtJMoCiLitB2Nrqf19gNVmsXy3owTGggYSNZnBIy1wmK57N+xgYBwgH1NjWAy1bjikzTBPvBkCCE7L4fFklt1Z8Kr4C2ghBZqhMUvvxeTVFBpCAetu56bmCADZRjhdFLwU00TICMY0K5FCYLqIJtdM8Fn1unhfqzskwbP3N8TGQitxyKynQLMUC/XpuZ/tW5q+pdBxmSSGirJfFE/5djEeBoN7jFFieFjC0AUs3/FZAgKiLEBFmwI3vLJq9CqVT3Lt7VS/WoRRx6doFNUQR66QHV0gxqoiQh6RM/oFb05T86L8+58zFtzzmLmGP2R8/kD1Bqavw==</latexit>

�j
0s

<latexit sha1_base64="YPunIGO+hyZlKMYtekpl+wxlNp0=">AAAB9HicbZC7TgJBFIbP4g3xhlraTASjhSG7NFoSbSwxkUvCbsjscBZGZi/OzJIQwnPYWGiMrQ9j59s4wBYK/skkX/5zTs6Z308EV9q2v63c2vrG5lZ+u7Czu7d/UDw8aqo4lQwbLBaxbPtUoeARNjTXAtuJRBr6Alv+8HZWb41QKh5HD3qcoBfSfsQDzqg2lld2fdS0++henpdVt1iyK/ZcZBWcDEqQqd4tfrm9mKUhRpoJqlTHsRPtTajUnAmcFtxUYULZkPaxYzCiISpvMj96Ss6M0yNBLM2LNJm7vycmNFRqHPqmM6R6oJZrM/O/WifVwbU34VGSaozYYlGQCqJjMkuA9LhEpsXYAGWSm1sJG1BJmTY5FUwIzvKXV6FZrTiG76ul2k0WRx5O4BQuwIErqMEd1KEBDJ7gGV7hzRpZL9a79bFozVnZzDH8kfX5A1aRkSU=</latexit><latexit sha1_base64="YPunIGO+hyZlKMYtekpl+wxlNp0=">AAAB9HicbZC7TgJBFIbP4g3xhlraTASjhSG7NFoSbSwxkUvCbsjscBZGZi/OzJIQwnPYWGiMrQ9j59s4wBYK/skkX/5zTs6Z308EV9q2v63c2vrG5lZ+u7Czu7d/UDw8aqo4lQwbLBaxbPtUoeARNjTXAtuJRBr6Alv+8HZWb41QKh5HD3qcoBfSfsQDzqg2lld2fdS0++henpdVt1iyK/ZcZBWcDEqQqd4tfrm9mKUhRpoJqlTHsRPtTajUnAmcFtxUYULZkPaxYzCiISpvMj96Ss6M0yNBLM2LNJm7vycmNFRqHPqmM6R6oJZrM/O/WifVwbU34VGSaozYYlGQCqJjMkuA9LhEpsXYAGWSm1sJG1BJmTY5FUwIzvKXV6FZrTiG76ul2k0WRx5O4BQuwIErqMEd1KEBDJ7gGV7hzRpZL9a79bFozVnZzDH8kfX5A1aRkSU=</latexit><latexit sha1_base64="YPunIGO+hyZlKMYtekpl+wxlNp0=">AAAB9HicbZC7TgJBFIbP4g3xhlraTASjhSG7NFoSbSwxkUvCbsjscBZGZi/OzJIQwnPYWGiMrQ9j59s4wBYK/skkX/5zTs6Z308EV9q2v63c2vrG5lZ+u7Czu7d/UDw8aqo4lQwbLBaxbPtUoeARNjTXAtuJRBr6Alv+8HZWb41QKh5HD3qcoBfSfsQDzqg2lld2fdS0++henpdVt1iyK/ZcZBWcDEqQqd4tfrm9mKUhRpoJqlTHsRPtTajUnAmcFtxUYULZkPaxYzCiISpvMj96Ss6M0yNBLM2LNJm7vycmNFRqHPqmM6R6oJZrM/O/WifVwbU34VGSaozYYlGQCqJjMkuA9LhEpsXYAGWSm1sJG1BJmTY5FUwIzvKXV6FZrTiG76ul2k0WRx5O4BQuwIErqMEd1KEBDJ7gGV7hzRpZL9a79bFozVnZzDH8kfX5A1aRkSU=</latexit><latexit sha1_base64="YPunIGO+hyZlKMYtekpl+wxlNp0=">AAAB9HicbZC7TgJBFIbP4g3xhlraTASjhSG7NFoSbSwxkUvCbsjscBZGZi/OzJIQwnPYWGiMrQ9j59s4wBYK/skkX/5zTs6Z308EV9q2v63c2vrG5lZ+u7Czu7d/UDw8aqo4lQwbLBaxbPtUoeARNjTXAtuJRBr6Alv+8HZWb41QKh5HD3qcoBfSfsQDzqg2lld2fdS0++henpdVt1iyK/ZcZBWcDEqQqd4tfrm9mKUhRpoJqlTHsRPtTajUnAmcFtxUYULZkPaxYzCiISpvMj96Ss6M0yNBLM2LNJm7vycmNFRqHPqmM6R6oJZrM/O/WifVwbU34VGSaozYYlGQCqJjMkuA9LhEpsXYAGWSm1sJG1BJmTY5FUwIzvKXV6FZrTiG76ul2k0WRx5O4BQuwIErqMEd1KEBDJ7gGV7hzRpZL9a79bFozVnZzDH8kfX5A1aRkSU=</latexit>

↵1
<latexit sha1_base64="ZrOATfT+3cQH4nO6u0LyAa6fZNM=">AAACAXicbZC7TsMwFIadcivlFmBBYolokZiqpAuMFSyMRaIXqYmiE9dprTpOZDtIVRQWXoWFAYRYeQs23gY3zQAtR7L06f/P8bH/IGFUKtv+Nipr6xubW9Xt2s7u3v6BeXjUk3EqMOnimMViEIAkjHLSVVQxMkgEgShgpB9Mb+Z+/4EISWN+r2YJ8SIYcxpSDEpLvnnSyNzilixgKcldYMkEfCdv+GbdbtpFWavglFBHZXV888sdxTiNCFeYgZRDx06Ul4FQFDOS19xUkgTwFMZkqJFDRKSXFbtz61wrIyuMhT5cWYX6eyKDSMpZFOjOCNRELntz8T9vmKrwyssoT1JFOF4sClNmqdiax2GNqCBYsZkGwILqt1p4AgKw0qHVdAjO8pdXoddqOprvWvX2dRlHFZ2iM3SBHHSJ2ugWdVAXYfSIntErejOejBfj3fhYtFaMcuYY/Snj8weCS5bm</latexit><latexit sha1_base64="ZrOATfT+3cQH4nO6u0LyAa6fZNM=">AAACAXicbZC7TsMwFIadcivlFmBBYolokZiqpAuMFSyMRaIXqYmiE9dprTpOZDtIVRQWXoWFAYRYeQs23gY3zQAtR7L06f/P8bH/IGFUKtv+Nipr6xubW9Xt2s7u3v6BeXjUk3EqMOnimMViEIAkjHLSVVQxMkgEgShgpB9Mb+Z+/4EISWN+r2YJ8SIYcxpSDEpLvnnSyNzilixgKcldYMkEfCdv+GbdbtpFWavglFBHZXV888sdxTiNCFeYgZRDx06Ul4FQFDOS19xUkgTwFMZkqJFDRKSXFbtz61wrIyuMhT5cWYX6eyKDSMpZFOjOCNRELntz8T9vmKrwyssoT1JFOF4sClNmqdiax2GNqCBYsZkGwILqt1p4AgKw0qHVdAjO8pdXoddqOprvWvX2dRlHFZ2iM3SBHHSJ2ugWdVAXYfSIntErejOejBfj3fhYtFaMcuYY/Snj8weCS5bm</latexit><latexit sha1_base64="ZrOATfT+3cQH4nO6u0LyAa6fZNM=">AAACAXicbZC7TsMwFIadcivlFmBBYolokZiqpAuMFSyMRaIXqYmiE9dprTpOZDtIVRQWXoWFAYRYeQs23gY3zQAtR7L06f/P8bH/IGFUKtv+Nipr6xubW9Xt2s7u3v6BeXjUk3EqMOnimMViEIAkjHLSVVQxMkgEgShgpB9Mb+Z+/4EISWN+r2YJ8SIYcxpSDEpLvnnSyNzilixgKcldYMkEfCdv+GbdbtpFWavglFBHZXV888sdxTiNCFeYgZRDx06Ul4FQFDOS19xUkgTwFMZkqJFDRKSXFbtz61wrIyuMhT5cWYX6eyKDSMpZFOjOCNRELntz8T9vmKrwyssoT1JFOF4sClNmqdiax2GNqCBYsZkGwILqt1p4AgKw0qHVdAjO8pdXoddqOprvWvX2dRlHFZ2iM3SBHHSJ2ugWdVAXYfSIntErejOejBfj3fhYtFaMcuYY/Snj8weCS5bm</latexit><latexit sha1_base64="ZrOATfT+3cQH4nO6u0LyAa6fZNM=">AAACAXicbZC7TsMwFIadcivlFmBBYolokZiqpAuMFSyMRaIXqYmiE9dprTpOZDtIVRQWXoWFAYRYeQs23gY3zQAtR7L06f/P8bH/IGFUKtv+Nipr6xubW9Xt2s7u3v6BeXjUk3EqMOnimMViEIAkjHLSVVQxMkgEgShgpB9Mb+Z+/4EISWN+r2YJ8SIYcxpSDEpLvnnSyNzilixgKcldYMkEfCdv+GbdbtpFWavglFBHZXV888sdxTiNCFeYgZRDx06Ul4FQFDOS19xUkgTwFMZkqJFDRKSXFbtz61wrIyuMhT5cWYX6eyKDSMpZFOjOCNRELntz8T9vmKrwyssoT1JFOF4sClNmqdiax2GNqCBYsZkGwILqt1p4AgKw0qHVdAjO8pdXoddqOprvWvX2dRlHFZ2iM3SBHHSJ2ugWdVAXYfSIntErejOejBfj3fhYtFaMcuYY/Snj8weCS5bm</latexit>

↵2
<latexit sha1_base64="zcjgh9svLU2Byl6Kwar0OoQ5fK4=">AAACAXicbZC7TsMwFIadcivlFmBBYrFokZiqpAuMFSyMRaIXqYmiE9dprToX2Q5SFYWFV2FhACFW3oKNt8FNM0DLkSx9+v9zfOzfTziTyrK+jcra+sbmVnW7trO7t39gHh71ZJwKQrsk5rEY+CApZxHtKqY4HSSCQuhz2venN3O//0CFZHF0r2YJdUMYRyxgBJSWPPOkkTnFLZnPU5o7wJMJeK284Zl1q2kVhVfBLqGOyup45pczikka0kgRDlIObStRbgZCMcJpXnNSSRMgUxjTocYIQirdrNid43OtjHAQC30ihQv190QGoZSz0NedIaiJXPbm4n/eMFXBlZuxKEkVjchiUZByrGI8jwOPmKBE8ZkGIILpt2IyAQFE6dBqOgR7+cur0Gs1bc13rXr7uoyjik7RGbpANrpEbXSLOqiLCHpEz+gVvRlPxovxbnwsWitGOXOM/pTx+QOD0Zbn</latexit><latexit sha1_base64="zcjgh9svLU2Byl6Kwar0OoQ5fK4=">AAACAXicbZC7TsMwFIadcivlFmBBYrFokZiqpAuMFSyMRaIXqYmiE9dprToX2Q5SFYWFV2FhACFW3oKNt8FNM0DLkSx9+v9zfOzfTziTyrK+jcra+sbmVnW7trO7t39gHh71ZJwKQrsk5rEY+CApZxHtKqY4HSSCQuhz2venN3O//0CFZHF0r2YJdUMYRyxgBJSWPPOkkTnFLZnPU5o7wJMJeK284Zl1q2kVhVfBLqGOyup45pczikka0kgRDlIObStRbgZCMcJpXnNSSRMgUxjTocYIQirdrNid43OtjHAQC30ihQv190QGoZSz0NedIaiJXPbm4n/eMFXBlZuxKEkVjchiUZByrGI8jwOPmKBE8ZkGIILpt2IyAQFE6dBqOgR7+cur0Gs1bc13rXr7uoyjik7RGbpANrpEbXSLOqiLCHpEz+gVvRlPxovxbnwsWitGOXOM/pTx+QOD0Zbn</latexit><latexit sha1_base64="zcjgh9svLU2Byl6Kwar0OoQ5fK4=">AAACAXicbZC7TsMwFIadcivlFmBBYrFokZiqpAuMFSyMRaIXqYmiE9dprToX2Q5SFYWFV2FhACFW3oKNt8FNM0DLkSx9+v9zfOzfTziTyrK+jcra+sbmVnW7trO7t39gHh71ZJwKQrsk5rEY+CApZxHtKqY4HSSCQuhz2venN3O//0CFZHF0r2YJdUMYRyxgBJSWPPOkkTnFLZnPU5o7wJMJeK284Zl1q2kVhVfBLqGOyup45pczikka0kgRDlIObStRbgZCMcJpXnNSSRMgUxjTocYIQirdrNid43OtjHAQC30ihQv190QGoZSz0NedIaiJXPbm4n/eMFXBlZuxKEkVjchiUZByrGI8jwOPmKBE8ZkGIILpt2IyAQFE6dBqOgR7+cur0Gs1bc13rXr7uoyjik7RGbpANrpEbXSLOqiLCHpEz+gVvRlPxovxbnwsWitGOXOM/pTx+QOD0Zbn</latexit><latexit sha1_base64="zcjgh9svLU2Byl6Kwar0OoQ5fK4=">AAACAXicbZC7TsMwFIadcivlFmBBYrFokZiqpAuMFSyMRaIXqYmiE9dprToX2Q5SFYWFV2FhACFW3oKNt8FNM0DLkSx9+v9zfOzfTziTyrK+jcra+sbmVnW7trO7t39gHh71ZJwKQrsk5rEY+CApZxHtKqY4HSSCQuhz2venN3O//0CFZHF0r2YJdUMYRyxgBJSWPPOkkTnFLZnPU5o7wJMJeK284Zl1q2kVhVfBLqGOyup45pczikka0kgRDlIObStRbgZCMcJpXnNSSRMgUxjTocYIQirdrNid43OtjHAQC30ihQv190QGoZSz0NedIaiJXPbm4n/eMFXBlZuxKEkVjchiUZByrGI8jwOPmKBE8ZkGIILpt2IyAQFE6dBqOgR7+cur0Gs1bc13rXr7uoyjik7RGbpANrpEbXSLOqiLCHpEz+gVvRlPxovxbnwsWitGOXOM/pTx+QOD0Zbn</latexit>

�2
<latexit sha1_base64="0XPl8pQzdFnFK9biw51ilCYlFIA=">AAAB/3icbZC7TsMwFIadcivlFkBiYYlokZiqpAuMFSyMRaIXqYkixzlprTpOZDtIVejAq7AwgBArr8HG2+CmGaDlSJY+/f85PvYfpIxKZdvfRmVtfWNzq7pd29nd2z8wD496MskEgS5JWCIGAZbAKIeuoorBIBWA44BBP5jczP3+AwhJE36vpil4MR5xGlGClZZ886SRu8UtuYBw5gagsN+aNXyzbjftoqxVcEqoo7I6vvnlhgnJYuCKMCzl0LFT5eVYKEoYzGpuJiHFZIJHMNTIcQzSy4vNM+tcK6EVJUIfrqxC/T2R41jKaRzozhirsVz25uJ/3jBT0ZWXU55mCjhZLIoyZqnEmodhhVQAUWyqARNB9VstMsYCE6Ujq+kQnOUvr0Kv1XQ037Xq7esyjio6RWfoAjnoErXRLeqgLiLoET2jV/RmPBkvxrvxsWitGOXMMfpTxucP4RCV/A==</latexit><latexit sha1_base64="0XPl8pQzdFnFK9biw51ilCYlFIA=">AAAB/3icbZC7TsMwFIadcivlFkBiYYlokZiqpAuMFSyMRaIXqYkixzlprTpOZDtIVejAq7AwgBArr8HG2+CmGaDlSJY+/f85PvYfpIxKZdvfRmVtfWNzq7pd29nd2z8wD496MskEgS5JWCIGAZbAKIeuoorBIBWA44BBP5jczP3+AwhJE36vpil4MR5xGlGClZZ886SRu8UtuYBw5gagsN+aNXyzbjftoqxVcEqoo7I6vvnlhgnJYuCKMCzl0LFT5eVYKEoYzGpuJiHFZIJHMNTIcQzSy4vNM+tcK6EVJUIfrqxC/T2R41jKaRzozhirsVz25uJ/3jBT0ZWXU55mCjhZLIoyZqnEmodhhVQAUWyqARNB9VstMsYCE6Ujq+kQnOUvr0Kv1XQ037Xq7esyjio6RWfoAjnoErXRLeqgLiLoET2jV/RmPBkvxrvxsWitGOXMMfpTxucP4RCV/A==</latexit><latexit sha1_base64="0XPl8pQzdFnFK9biw51ilCYlFIA=">AAAB/3icbZC7TsMwFIadcivlFkBiYYlokZiqpAuMFSyMRaIXqYkixzlprTpOZDtIVejAq7AwgBArr8HG2+CmGaDlSJY+/f85PvYfpIxKZdvfRmVtfWNzq7pd29nd2z8wD496MskEgS5JWCIGAZbAKIeuoorBIBWA44BBP5jczP3+AwhJE36vpil4MR5xGlGClZZ886SRu8UtuYBw5gagsN+aNXyzbjftoqxVcEqoo7I6vvnlhgnJYuCKMCzl0LFT5eVYKEoYzGpuJiHFZIJHMNTIcQzSy4vNM+tcK6EVJUIfrqxC/T2R41jKaRzozhirsVz25uJ/3jBT0ZWXU55mCjhZLIoyZqnEmodhhVQAUWyqARNB9VstMsYCE6Ujq+kQnOUvr0Kv1XQ037Xq7esyjio6RWfoAjnoErXRLeqgLiLoET2jV/RmPBkvxrvxsWitGOXMMfpTxucP4RCV/A==</latexit><latexit sha1_base64="0XPl8pQzdFnFK9biw51ilCYlFIA=">AAAB/3icbZC7TsMwFIadcivlFkBiYYlokZiqpAuMFSyMRaIXqYkixzlprTpOZDtIVejAq7AwgBArr8HG2+CmGaDlSJY+/f85PvYfpIxKZdvfRmVtfWNzq7pd29nd2z8wD496MskEgS5JWCIGAZbAKIeuoorBIBWA44BBP5jczP3+AwhJE36vpil4MR5xGlGClZZ886SRu8UtuYBw5gagsN+aNXyzbjftoqxVcEqoo7I6vvnlhgnJYuCKMCzl0LFT5eVYKEoYzGpuJiHFZIJHMNTIcQzSy4vNM+tcK6EVJUIfrqxC/T2R41jKaRzozhirsVz25uJ/3jBT0ZWXU55mCjhZLIoyZqnEmodhhVQAUWyqARNB9VstMsYCE6Ujq+kQnOUvr0Kv1XQ037Xq7esyjio6RWfoAjnoErXRLeqgLiLoET2jV/RmPBkvxrvxsWitGOXMMfpTxucP4RCV/A==</latexit>

�1
<latexit sha1_base64="+4efC42LXOU/0gt/d/Pm6AUIOoo=">AAAB/3icbZC7TsMwFIadcivlFkBiYbFokZiqpAuMFSyMRaIXqYkixzlprToX2Q5SFTrwKiwMIMTKa7DxNrhpBmg5kqVP/3+Oj/37KWdSWda3UVlb39jcqm7Xdnb39g/Mw6OeTDJBoUsTnoiBTyRwFkNXMcVhkAogkc+h709u5n7/AYRkSXyvpim4ERnFLGSUKC155kkjd4pbcgHBzPFBEc+eNTyzbjWtovAq2CXUUVkdz/xygoRmEcSKciLl0LZS5eZEKEY5zGpOJiEldEJGMNQYkwikmxebZ/hcKwEOE6FPrHCh/p7ISSTlNPJ1Z0TUWC57c/E/b5ip8MrNWZxmCmK6WBRmHKsEz8PAARNAFZ9qIFQw/VZMx0QQqnRkNR2CvfzlVei1mrbmu1a9fV3GUUWn6AxdIBtdoja6RR3URRQ9omf0it6MJ+PFeDc+Fq0Vo5w5Rn/K+PwB34qV+w==</latexit><latexit sha1_base64="+4efC42LXOU/0gt/d/Pm6AUIOoo=">AAAB/3icbZC7TsMwFIadcivlFkBiYbFokZiqpAuMFSyMRaIXqYkixzlprToX2Q5SFTrwKiwMIMTKa7DxNrhpBmg5kqVP/3+Oj/37KWdSWda3UVlb39jcqm7Xdnb39g/Mw6OeTDJBoUsTnoiBTyRwFkNXMcVhkAogkc+h709u5n7/AYRkSXyvpim4ERnFLGSUKC155kkjd4pbcgHBzPFBEc+eNTyzbjWtovAq2CXUUVkdz/xygoRmEcSKciLl0LZS5eZEKEY5zGpOJiEldEJGMNQYkwikmxebZ/hcKwEOE6FPrHCh/p7ISSTlNPJ1Z0TUWC57c/E/b5ip8MrNWZxmCmK6WBRmHKsEz8PAARNAFZ9qIFQw/VZMx0QQqnRkNR2CvfzlVei1mrbmu1a9fV3GUUWn6AxdIBtdoja6RR3URRQ9omf0it6MJ+PFeDc+Fq0Vo5w5Rn/K+PwB34qV+w==</latexit><latexit sha1_base64="+4efC42LXOU/0gt/d/Pm6AUIOoo=">AAAB/3icbZC7TsMwFIadcivlFkBiYbFokZiqpAuMFSyMRaIXqYkixzlprToX2Q5SFTrwKiwMIMTKa7DxNrhpBmg5kqVP/3+Oj/37KWdSWda3UVlb39jcqm7Xdnb39g/Mw6OeTDJBoUsTnoiBTyRwFkNXMcVhkAogkc+h709u5n7/AYRkSXyvpim4ERnFLGSUKC155kkjd4pbcgHBzPFBEc+eNTyzbjWtovAq2CXUUVkdz/xygoRmEcSKciLl0LZS5eZEKEY5zGpOJiEldEJGMNQYkwikmxebZ/hcKwEOE6FPrHCh/p7ISSTlNPJ1Z0TUWC57c/E/b5ip8MrNWZxmCmK6WBRmHKsEz8PAARNAFZ9qIFQw/VZMx0QQqnRkNR2CvfzlVei1mrbmu1a9fV3GUUWn6AxdIBtdoja6RR3URRQ9omf0it6MJ+PFeDc+Fq0Vo5w5Rn/K+PwB34qV+w==</latexit><latexit sha1_base64="+4efC42LXOU/0gt/d/Pm6AUIOoo=">AAAB/3icbZC7TsMwFIadcivlFkBiYbFokZiqpAuMFSyMRaIXqYkixzlprToX2Q5SFTrwKiwMIMTKa7DxNrhpBmg5kqVP/3+Oj/37KWdSWda3UVlb39jcqm7Xdnb39g/Mw6OeTDJBoUsTnoiBTyRwFkNXMcVhkAogkc+h709u5n7/AYRkSXyvpim4ERnFLGSUKC155kkjd4pbcgHBzPFBEc+eNTyzbjWtovAq2CXUUVkdz/xygoRmEcSKciLl0LZS5eZEKEY5zGpOJiEldEJGMNQYkwikmxebZ/hcKwEOE6FPrHCh/p7ISSTlNPJ1Z0TUWC57c/E/b5ip8MrNWZxmCmK6WBRmHKsEz8PAARNAFZ9qIFQw/VZMx0QQqnRkNR2CvfzlVei1mrbmu1a9fV3GUUWn6AxdIBtdoja6RR3URRQ9omf0it6MJ+PFeDc+Fq0Vo5w5Rn/K+PwB34qV+w==</latexit>

M3
<latexit sha1_base64="rGsLgEHmxP10DEEvjnJVMH/dzW0=">AAAB6nicbZDLSgMxFIbP1Fsdb1WXboJFcFVmdKEbsejGjVDRXqAdSybNtKGZZEgyQhkKvoAbF4q49V3cu/NtTC8Lbf0h8PH/55BzTphwpo3nfTu5hcWl5ZX8qru2vrG5VdjeqWmZKkKrRHKpGiHWlDNBq4YZThuJojgOOa2H/ctRXn+gSjMp7swgoUGMu4JFjGBjrdvr++N2oeiVvLHQPPhTKJ5/umePAFBpF75aHUnSmApDONa66XuJCTKsDCOcDt1WqmmCSR93adOiwDHVQTYedYgOrNNBkVT2CYPG7u+ODMdaD+LQVsbY9PRsNjL/y5qpiU6DjIkkNVSQyUdRypGRaLQ36jBFieEDC5goZmdFpIcVJsZex7VH8GdXnofaUcm3fOMXyxcwUR72YB8OwYcTKMMVVKAKBLrwBC/w6nDn2Xlz3ielOWfaswt/5Hz8ADn7j0A=</latexit><latexit sha1_base64="t5/RsKHxAWDQWtU0sl3tBLYWkcU=">AAAB6nicbZDLSgMxFIbPeK3jrerSTbAIrsqMLnQjFt24ESraC7RjyaSZNjSTCUlGKEMfwY0LRVzqu7h3I76N6WWhrT8EPv7/HHLOCSVn2njetzM3v7C4tJxbcVfX1jc281vbVZ2kitAKSXii6iHWlDNBK4YZTutSURyHnNbC3sUwr91TpVkibk1f0iDGHcEiRrCx1s3V3VErX/CK3khoFvwJFM4+3FP59uWWW/nPZjshaUyFIRxr3fA9aYIMK8MIpwO3mWoqMenhDm1YFDimOshGow7QvnXaKEqUfcKgkfu7I8Ox1v04tJUxNl09nQ3N/7JGaqKTIGNCpoYKMv4oSjkyCRrujdpMUWJ43wImitlZEelihYmx13HtEfzplWehelj0LV/7hdI5jJWDXdiDA/DhGEpwCWWoAIEOPMATPDvceXRenNdx6Zwz6dmBP3LefwAripC0</latexit><latexit sha1_base64="t5/RsKHxAWDQWtU0sl3tBLYWkcU=">AAAB6nicbZDLSgMxFIbPeK3jrerSTbAIrsqMLnQjFt24ESraC7RjyaSZNjSTCUlGKEMfwY0LRVzqu7h3I76N6WWhrT8EPv7/HHLOCSVn2njetzM3v7C4tJxbcVfX1jc281vbVZ2kitAKSXii6iHWlDNBK4YZTutSURyHnNbC3sUwr91TpVkibk1f0iDGHcEiRrCx1s3V3VErX/CK3khoFvwJFM4+3FP59uWWW/nPZjshaUyFIRxr3fA9aYIMK8MIpwO3mWoqMenhDm1YFDimOshGow7QvnXaKEqUfcKgkfu7I8Ox1v04tJUxNl09nQ3N/7JGaqKTIGNCpoYKMv4oSjkyCRrujdpMUWJ43wImitlZEelihYmx13HtEfzplWehelj0LV/7hdI5jJWDXdiDA/DhGEpwCWWoAIEOPMATPDvceXRenNdx6Zwz6dmBP3LefwAripC0</latexit><latexit sha1_base64="aqb2cU6GVDuDSR4xzIDDqMs5Eqc=">AAAB6nicbZA9SwNBEIbn4leMX1FLm8UgWIU7LbQM2tgIEc0HJGfY2+wlS/b2jt05IRz5CTYWitj6i+z8N26SKzTxhYWHd2bYmTdIpDDout9OYWV1bX2juFna2t7Z3SvvHzRNnGrGGyyWsW4H1HApFG+gQMnbieY0CiRvBaPrab31xLURsXrAccL9iA6UCAWjaK3728fzXrniVt2ZyDJ4OVQgV71X/ur2Y5ZGXCGT1JiO5yboZ1SjYJJPSt3U8ISyER3wjkVFI278bLbqhJxYp0/CWNunkMzc3xMZjYwZR4HtjCgOzWJtav5X66QYXvqZUEmKXLH5R2EqCcZkejfpC80ZyrEFyrSwuxI2pJoytOmUbAje4snL0DyrepbvvErtKo+jCEdwDKfgwQXU4Abq0AAGA3iGV3hzpPPivDsf89aCk88cwh85nz/KtI1z</latexit>

ZH

Kup
(M3; f)

<latexit sha1_base64="behhiLRNQ1ArsmRuLZfAP6qs7UI="></latexit>
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Kuperberg Invariant 
First assume     semisimple.H<latexit sha1_base64="Uxg4hnrkuS4gXZkqZfYY4uEnuic=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuiDSVGQRK4kL1lDjbs7V1290zIhZ9gY6Extv4iO/+NC1yh4Jts8uSdmezMGySCa+O6305hY3Nre6e4W9rbPzg8Kh+fdHScKoZtFotYdQOqUXCJbcONwG6ikEaBwMdgcjuvPz6h0jyWD2aaoB/RkeQhZ9RY677arA7KFbfmLkTWwcuhArlag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHsWJY1Q+9li1Rm5sM6QhLGyTxqycH9PZDTSehoFtjOiZqxXa3Pzv1ovNeG1n3GZpAYlW34UpoKYmMzvJkOukBkxtUCZ4nZXwsZUUWZsOiUbgrd68jp06jXP8l290rjJ4yjCGZzDJXhwBQ1oQgvawGAEz/AKb45wXpx352PZWnDymVP4I+fzB1RkjSY=</latexit><latexit sha1_base64="Uxg4hnrkuS4gXZkqZfYY4uEnuic=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuiDSVGQRK4kL1lDjbs7V1290zIhZ9gY6Extv4iO/+NC1yh4Jts8uSdmezMGySCa+O6305hY3Nre6e4W9rbPzg8Kh+fdHScKoZtFotYdQOqUXCJbcONwG6ikEaBwMdgcjuvPz6h0jyWD2aaoB/RkeQhZ9RY677arA7KFbfmLkTWwcuhArlag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHsWJY1Q+9li1Rm5sM6QhLGyTxqycH9PZDTSehoFtjOiZqxXa3Pzv1ovNeG1n3GZpAYlW34UpoKYmMzvJkOukBkxtUCZ4nZXwsZUUWZsOiUbgrd68jp06jXP8l290rjJ4yjCGZzDJXhwBQ1oQgvawGAEz/AKb45wXpx352PZWnDymVP4I+fzB1RkjSY=</latexit><latexit sha1_base64="Uxg4hnrkuS4gXZkqZfYY4uEnuic=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuiDSVGQRK4kL1lDjbs7V1290zIhZ9gY6Extv4iO/+NC1yh4Jts8uSdmezMGySCa+O6305hY3Nre6e4W9rbPzg8Kh+fdHScKoZtFotYdQOqUXCJbcONwG6ikEaBwMdgcjuvPz6h0jyWD2aaoB/RkeQhZ9RY677arA7KFbfmLkTWwcuhArlag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHsWJY1Q+9li1Rm5sM6QhLGyTxqycH9PZDTSehoFtjOiZqxXa3Pzv1ovNeG1n3GZpAYlW34UpoKYmMzvJkOukBkxtUCZ4nZXwsZUUWZsOiUbgrd68jp06jXP8l290rjJ4yjCGZzDJXhwBQ1oQgvawGAEz/AKb45wXpx352PZWnDymVP4I+fzB1RkjSY=</latexit><latexit sha1_base64="Uxg4hnrkuS4gXZkqZfYY4uEnuic=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuiDSVGQRK4kL1lDjbs7V1290zIhZ9gY6Extv4iO/+NC1yh4Jts8uSdmezMGySCa+O6305hY3Nre6e4W9rbPzg8Kh+fdHScKoZtFotYdQOqUXCJbcONwG6ikEaBwMdgcjuvPz6h0jyWD2aaoB/RkeQhZ9RY677arA7KFbfmLkTWwcuhArlag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHsWJY1Q+9li1Rm5sM6QhLGyTxqycH9PZDTSehoFtjOiZqxXa3Pzv1ovNeG1n3GZpAYlW34UpoKYmMzvJkOukBkxtUCZ4nZXwsZUUWZsOiUbgrd68jp06jXP8l290rjJ4yjCGZzDJXhwBQ1oQgvawGAEz/AKb45wXpx352PZWnDymVP4I+fzB1RkjSY=</latexit>

Choose two-sided integrals e 2 H,µ 2 H
⇤

<latexit sha1_base64="eUoQIDvaYj31A68hBtJOVtYCCaM=">AAAB/3icbZDLSsNAFIZP6q3WW1Rw42awFUSkJN3osuimywr2Ak0sk+m0HTqZhJmJUGIXvoobF4q49TXc+TZO2yy09YeBj/+cwznzBzFnSjvOt5VbWV1b38hvFra2d3b37P2DpooSSWiDRDyS7QArypmgDc00p+1YUhwGnLaC0c203nqgUrFI3OlxTP0QDwTrM4K1sbr2UYkijwlUu0BemMzx/rzUtYtO2ZkJLYObQREy1bv2l9eLSBJSoQnHSnVcJ9Z+iqVmhNNJwUsUjTEZ4QHtGBQ4pMpPZ/dP0KlxeqgfSfOERjP390SKQ6XGYWA6Q6yHarE2Nf+rdRLdv/JTJuJEU0Hmi/oJRzpC0zBQj0lKNB8bwEQycysiQywx0SayggnBXfzyMjQrZdfwbaVYvc7iyMMxnMAZuHAJVahBHRpA4BGe4RXerCfrxXq3PuatOSubOYQ/sj5/AFt+k7o=</latexit><latexit sha1_base64="eUoQIDvaYj31A68hBtJOVtYCCaM=">AAAB/3icbZDLSsNAFIZP6q3WW1Rw42awFUSkJN3osuimywr2Ak0sk+m0HTqZhJmJUGIXvoobF4q49TXc+TZO2yy09YeBj/+cwznzBzFnSjvOt5VbWV1b38hvFra2d3b37P2DpooSSWiDRDyS7QArypmgDc00p+1YUhwGnLaC0c203nqgUrFI3OlxTP0QDwTrM4K1sbr2UYkijwlUu0BemMzx/rzUtYtO2ZkJLYObQREy1bv2l9eLSBJSoQnHSnVcJ9Z+iqVmhNNJwUsUjTEZ4QHtGBQ4pMpPZ/dP0KlxeqgfSfOERjP390SKQ6XGYWA6Q6yHarE2Nf+rdRLdv/JTJuJEU0Hmi/oJRzpC0zBQj0lKNB8bwEQycysiQywx0SayggnBXfzyMjQrZdfwbaVYvc7iyMMxnMAZuHAJVahBHRpA4BGe4RXerCfrxXq3PuatOSubOYQ/sj5/AFt+k7o=</latexit><latexit sha1_base64="eUoQIDvaYj31A68hBtJOVtYCCaM=">AAAB/3icbZDLSsNAFIZP6q3WW1Rw42awFUSkJN3osuimywr2Ak0sk+m0HTqZhJmJUGIXvoobF4q49TXc+TZO2yy09YeBj/+cwznzBzFnSjvOt5VbWV1b38hvFra2d3b37P2DpooSSWiDRDyS7QArypmgDc00p+1YUhwGnLaC0c203nqgUrFI3OlxTP0QDwTrM4K1sbr2UYkijwlUu0BemMzx/rzUtYtO2ZkJLYObQREy1bv2l9eLSBJSoQnHSnVcJ9Z+iqVmhNNJwUsUjTEZ4QHtGBQ4pMpPZ/dP0KlxeqgfSfOERjP390SKQ6XGYWA6Q6yHarE2Nf+rdRLdv/JTJuJEU0Hmi/oJRzpC0zBQj0lKNB8bwEQycysiQywx0SayggnBXfzyMjQrZdfwbaVYvc7iyMMxnMAZuHAJVahBHRpA4BGe4RXerCfrxXq3PuatOSubOYQ/sj5/AFt+k7o=</latexit><latexit sha1_base64="eUoQIDvaYj31A68hBtJOVtYCCaM=">AAAB/3icbZDLSsNAFIZP6q3WW1Rw42awFUSkJN3osuimywr2Ak0sk+m0HTqZhJmJUGIXvoobF4q49TXc+TZO2yy09YeBj/+cwznzBzFnSjvOt5VbWV1b38hvFra2d3b37P2DpooSSWiDRDyS7QArypmgDc00p+1YUhwGnLaC0c203nqgUrFI3OlxTP0QDwTrM4K1sbr2UYkijwlUu0BemMzx/rzUtYtO2ZkJLYObQREy1bv2l9eLSBJSoQnHSnVcJ9Z+iqVmhNNJwUsUjTEZ4QHtGBQ4pMpPZ/dP0KlxeqgfSfOERjP390SKQ6XGYWA6Q6yHarE2Nf+rdRLdv/JTJuJEU0Hmi/oJRzpC0zBQj0lKNB8bwEQycysiQywx0SayggnBXfzyMjQrZdfwbaVYvc7iyMMxnMAZuHAJVahBHRpA4BGe4RXerCfrxXq3PuatOSubOYQ/sj5/AFt+k7o=</latexit>

For a 3-manifold      , choose a Heegaard diagram 
(⌃g,↵ = {↵1, · · · ,↵g},� = {�1, · · · ,�g})

<latexit sha1_base64="USzGm2TxYtLSMcEDpU5JiOqll0Q="></latexit><latexit sha1_base64="USzGm2TxYtLSMcEDpU5JiOqll0Q="></latexit><latexit sha1_base64="USzGm2TxYtLSMcEDpU5JiOqll0Q="></latexit><latexit sha1_base64="USzGm2TxYtLSMcEDpU5JiOqll0Q="></latexit>

                                                . The         are disjoint,     
                   is a punctured sphere; so are the         . 

↵i
0s

<latexit sha1_base64="J6Pd+FCnqhHmum5Lmidfgw/D1Is=">AAAB9XicbZA9T8MwEIYvfJbyVWBkiWgRDKhKusBYwcJYJPohNaG6uE5r1XEi2wFVUf8HCwMIsfJf2Pg3uG0GaHklS4/eu9Od3yDhTGnH+bZWVtfWNzYLW8Xtnd29/dLBYUvFqSS0SWIey06AinImaFMzzWknkRSjgNN2MLqZ1tuPVCoWi3s9Tqgf4UCwkBHUxnqoeMiTIfaYd3FWUb1S2ak6M9nL4OZQhlyNXunL68ckjajQhKNSXddJtJ+h1IxwOil6qaIJkhEOaNegwIgqP5tdPbFPjdO3w1iaJ7Q9c39PZBgpNY4C0xmhHqrF2tT8r9ZNdXjlZ0wkqaaCzBeFKbd1bE8jsPtMUqL52AASycytNhmiRKJNUEUTgrv45WVo1aqu4btauX6dx1GAYziBc3DhEupwCw1oAgEJz/AKb9aT9WK9Wx/z1hUrnzmCP7I+fwAfzZGY</latexit><latexit sha1_base64="J6Pd+FCnqhHmum5Lmidfgw/D1Is=">AAAB9XicbZA9T8MwEIYvfJbyVWBkiWgRDKhKusBYwcJYJPohNaG6uE5r1XEi2wFVUf8HCwMIsfJf2Pg3uG0GaHklS4/eu9Od3yDhTGnH+bZWVtfWNzYLW8Xtnd29/dLBYUvFqSS0SWIey06AinImaFMzzWknkRSjgNN2MLqZ1tuPVCoWi3s9Tqgf4UCwkBHUxnqoeMiTIfaYd3FWUb1S2ak6M9nL4OZQhlyNXunL68ckjajQhKNSXddJtJ+h1IxwOil6qaIJkhEOaNegwIgqP5tdPbFPjdO3w1iaJ7Q9c39PZBgpNY4C0xmhHqrF2tT8r9ZNdXjlZ0wkqaaCzBeFKbd1bE8jsPtMUqL52AASycytNhmiRKJNUEUTgrv45WVo1aqu4btauX6dx1GAYziBc3DhEupwCw1oAgEJz/AKb9aT9WK9Wx/z1hUrnzmCP7I+fwAfzZGY</latexit><latexit sha1_base64="J6Pd+FCnqhHmum5Lmidfgw/D1Is=">AAAB9XicbZA9T8MwEIYvfJbyVWBkiWgRDKhKusBYwcJYJPohNaG6uE5r1XEi2wFVUf8HCwMIsfJf2Pg3uG0GaHklS4/eu9Od3yDhTGnH+bZWVtfWNzYLW8Xtnd29/dLBYUvFqSS0SWIey06AinImaFMzzWknkRSjgNN2MLqZ1tuPVCoWi3s9Tqgf4UCwkBHUxnqoeMiTIfaYd3FWUb1S2ak6M9nL4OZQhlyNXunL68ckjajQhKNSXddJtJ+h1IxwOil6qaIJkhEOaNegwIgqP5tdPbFPjdO3w1iaJ7Q9c39PZBgpNY4C0xmhHqrF2tT8r9ZNdXjlZ0wkqaaCzBeFKbd1bE8jsPtMUqL52AASycytNhmiRKJNUEUTgrv45WVo1aqu4btauX6dx1GAYziBc3DhEupwCw1oAgEJz/AKb9aT9WK9Wx/z1hUrnzmCP7I+fwAfzZGY</latexit><latexit sha1_base64="J6Pd+FCnqhHmum5Lmidfgw/D1Is=">AAAB9XicbZA9T8MwEIYvfJbyVWBkiWgRDKhKusBYwcJYJPohNaG6uE5r1XEi2wFVUf8HCwMIsfJf2Pg3uG0GaHklS4/eu9Od3yDhTGnH+bZWVtfWNzYLW8Xtnd29/dLBYUvFqSS0SWIey06AinImaFMzzWknkRSjgNN2MLqZ1tuPVCoWi3s9Tqgf4UCwkBHUxnqoeMiTIfaYd3FWUb1S2ak6M9nL4OZQhlyNXunL68ckjajQhKNSXddJtJ+h1IxwOil6qaIJkhEOaNegwIgqP5tdPbFPjdO3w1iaJ7Q9c39PZBgpNY4C0xmhHqrF2tT8r9ZNdXjlZ0wkqaaCzBeFKbd1bE8jsPtMUqL52AASycytNhmiRKJNUEUTgrv45WVo1aqu4btauX6dx1GAYziBc3DhEupwCw1oAgEJz/AKb9aT9WK9Wx/z1hUrnzmCP7I+fwAfzZGY</latexit>

⌃g \ ([↵i)
<latexit sha1_base64="befyC9dlt13obOT6lUiMV+mBpnQ=">AAACDXicbZC7TsMwFIadcivlVmBksWiRylIlXWCsYGEsgl6kJopOXLe1ajuR7SBVUV+AhVdhYQAhVnY23gb3MkDLL1n69J9zdHz+KOFMG9f9dnJr6xubW/ntws7u3v5B8fCopeNUEdokMY9VJwJNOZO0aZjhtJMoCiLitB2Nrqf19gNVmsXy3owTGggYSNZnBIy1wmK57N+xgYBwgH1NjWAy1bjikzTBPvBkCCE7L4fFklt1Z8Kr4C2ghBZqhMUvvxeTVFBpCAetu56bmCADZRjhdFLwU00TICMY0K5FCYLqIJtdM8Fn1unhfqzskwbP3N8TGQitxyKynQLMUC/XpuZ/tW5q+pdBxmSSGirJfFE/5djEeBoN7jFFieFjC0AUs3/FZAgKiLEBFmwI3vLJq9CqVT3Lt7VS/WoRRx6doFNUQR66QHV0gxqoiQh6RM/oFb05T86L8+58zFtzzmLmGP2R8/kD1Bqavw==</latexit><latexit sha1_base64="befyC9dlt13obOT6lUiMV+mBpnQ=">AAACDXicbZC7TsMwFIadcivlVmBksWiRylIlXWCsYGEsgl6kJopOXLe1ajuR7SBVUV+AhVdhYQAhVnY23gb3MkDLL1n69J9zdHz+KOFMG9f9dnJr6xubW/ntws7u3v5B8fCopeNUEdokMY9VJwJNOZO0aZjhtJMoCiLitB2Nrqf19gNVmsXy3owTGggYSNZnBIy1wmK57N+xgYBwgH1NjWAy1bjikzTBPvBkCCE7L4fFklt1Z8Kr4C2ghBZqhMUvvxeTVFBpCAetu56bmCADZRjhdFLwU00TICMY0K5FCYLqIJtdM8Fn1unhfqzskwbP3N8TGQitxyKynQLMUC/XpuZ/tW5q+pdBxmSSGirJfFE/5djEeBoN7jFFieFjC0AUs3/FZAgKiLEBFmwI3vLJq9CqVT3Lt7VS/WoRRx6doFNUQR66QHV0gxqoiQh6RM/oFb05T86L8+58zFtzzmLmGP2R8/kD1Bqavw==</latexit><latexit sha1_base64="befyC9dlt13obOT6lUiMV+mBpnQ=">AAACDXicbZC7TsMwFIadcivlVmBksWiRylIlXWCsYGEsgl6kJopOXLe1ajuR7SBVUV+AhVdhYQAhVnY23gb3MkDLL1n69J9zdHz+KOFMG9f9dnJr6xubW/ntws7u3v5B8fCopeNUEdokMY9VJwJNOZO0aZjhtJMoCiLitB2Nrqf19gNVmsXy3owTGggYSNZnBIy1wmK57N+xgYBwgH1NjWAy1bjikzTBPvBkCCE7L4fFklt1Z8Kr4C2ghBZqhMUvvxeTVFBpCAetu56bmCADZRjhdFLwU00TICMY0K5FCYLqIJtdM8Fn1unhfqzskwbP3N8TGQitxyKynQLMUC/XpuZ/tW5q+pdBxmSSGirJfFE/5djEeBoN7jFFieFjC0AUs3/FZAgKiLEBFmwI3vLJq9CqVT3Lt7VS/WoRRx6doFNUQR66QHV0gxqoiQh6RM/oFb05T86L8+58zFtzzmLmGP2R8/kD1Bqavw==</latexit><latexit sha1_base64="befyC9dlt13obOT6lUiMV+mBpnQ=">AAACDXicbZC7TsMwFIadcivlVmBksWiRylIlXWCsYGEsgl6kJopOXLe1ajuR7SBVUV+AhVdhYQAhVnY23gb3MkDLL1n69J9zdHz+KOFMG9f9dnJr6xubW/ntws7u3v5B8fCopeNUEdokMY9VJwJNOZO0aZjhtJMoCiLitB2Nrqf19gNVmsXy3owTGggYSNZnBIy1wmK57N+xgYBwgH1NjWAy1bjikzTBPvBkCCE7L4fFklt1Z8Kr4C2ghBZqhMUvvxeTVFBpCAetu56bmCADZRjhdFLwU00TICMY0K5FCYLqIJtdM8Fn1unhfqzskwbP3N8TGQitxyKynQLMUC/XpuZ/tW5q+pdBxmSSGirJfFE/5djEeBoN7jFFieFjC0AUs3/FZAgKiLEBFmwI3vLJq9CqVT3Lt7VS/WoRRx6doFNUQR66QHV0gxqoiQh6RM/oFb05T86L8+58zFtzzmLmGP2R8/kD1Bqavw==</latexit>

�j
0s

<latexit sha1_base64="YPunIGO+hyZlKMYtekpl+wxlNp0=">AAAB9HicbZC7TgJBFIbP4g3xhlraTASjhSG7NFoSbSwxkUvCbsjscBZGZi/OzJIQwnPYWGiMrQ9j59s4wBYK/skkX/5zTs6Z308EV9q2v63c2vrG5lZ+u7Czu7d/UDw8aqo4lQwbLBaxbPtUoeARNjTXAtuJRBr6Alv+8HZWb41QKh5HD3qcoBfSfsQDzqg2lld2fdS0++henpdVt1iyK/ZcZBWcDEqQqd4tfrm9mKUhRpoJqlTHsRPtTajUnAmcFtxUYULZkPaxYzCiISpvMj96Ss6M0yNBLM2LNJm7vycmNFRqHPqmM6R6oJZrM/O/WifVwbU34VGSaozYYlGQCqJjMkuA9LhEpsXYAGWSm1sJG1BJmTY5FUwIzvKXV6FZrTiG76ul2k0WRx5O4BQuwIErqMEd1KEBDJ7gGV7hzRpZL9a79bFozVnZzDH8kfX5A1aRkSU=</latexit><latexit sha1_base64="YPunIGO+hyZlKMYtekpl+wxlNp0=">AAAB9HicbZC7TgJBFIbP4g3xhlraTASjhSG7NFoSbSwxkUvCbsjscBZGZi/OzJIQwnPYWGiMrQ9j59s4wBYK/skkX/5zTs6Z308EV9q2v63c2vrG5lZ+u7Czu7d/UDw8aqo4lQwbLBaxbPtUoeARNjTXAtuJRBr6Alv+8HZWb41QKh5HD3qcoBfSfsQDzqg2lld2fdS0++henpdVt1iyK/ZcZBWcDEqQqd4tfrm9mKUhRpoJqlTHsRPtTajUnAmcFtxUYULZkPaxYzCiISpvMj96Ss6M0yNBLM2LNJm7vycmNFRqHPqmM6R6oJZrM/O/WifVwbU34VGSaozYYlGQCqJjMkuA9LhEpsXYAGWSm1sJG1BJmTY5FUwIzvKXV6FZrTiG76ul2k0WRx5O4BQuwIErqMEd1KEBDJ7gGV7hzRpZL9a79bFozVnZzDH8kfX5A1aRkSU=</latexit><latexit sha1_base64="YPunIGO+hyZlKMYtekpl+wxlNp0=">AAAB9HicbZC7TgJBFIbP4g3xhlraTASjhSG7NFoSbSwxkUvCbsjscBZGZi/OzJIQwnPYWGiMrQ9j59s4wBYK/skkX/5zTs6Z308EV9q2v63c2vrG5lZ+u7Czu7d/UDw8aqo4lQwbLBaxbPtUoeARNjTXAtuJRBr6Alv+8HZWb41QKh5HD3qcoBfSfsQDzqg2lld2fdS0++henpdVt1iyK/ZcZBWcDEqQqd4tfrm9mKUhRpoJqlTHsRPtTajUnAmcFtxUYULZkPaxYzCiISpvMj96Ss6M0yNBLM2LNJm7vycmNFRqHPqmM6R6oJZrM/O/WifVwbU34VGSaozYYlGQCqJjMkuA9LhEpsXYAGWSm1sJG1BJmTY5FUwIzvKXV6FZrTiG76ul2k0WRx5O4BQuwIErqMEd1KEBDJ7gGV7hzRpZL9a79bFozVnZzDH8kfX5A1aRkSU=</latexit><latexit sha1_base64="YPunIGO+hyZlKMYtekpl+wxlNp0=">AAAB9HicbZC7TgJBFIbP4g3xhlraTASjhSG7NFoSbSwxkUvCbsjscBZGZi/OzJIQwnPYWGiMrQ9j59s4wBYK/skkX/5zTs6Z308EV9q2v63c2vrG5lZ+u7Czu7d/UDw8aqo4lQwbLBaxbPtUoeARNjTXAtuJRBr6Alv+8HZWb41QKh5HD3qcoBfSfsQDzqg2lld2fdS0++henpdVt1iyK/ZcZBWcDEqQqd4tfrm9mKUhRpoJqlTHsRPtTajUnAmcFtxUYULZkPaxYzCiISpvMj96Ss6M0yNBLM2LNJm7vycmNFRqHPqmM6R6oJZrM/O/WifVwbU34VGSaozYYlGQCqJjMkuA9LhEpsXYAGWSm1sJG1BJmTY5FUwIzvKXV6FZrTiG76ul2k0WRx5O4BQuwIErqMEd1KEBDJ7gGV7hzRpZL9a79bFozVnZzDH8kfX5A1aRkSU=</latexit>

Glue a disk along each      on 
one side of       and glue a disk 
along each      on the other side, 
and fill the rest with balls.

�j
<latexit sha1_base64="8ZMiEsyQ7+F+fqXLjsFGrFT8M6U=">AAAB8HicbZA9T8MwEIYvfJbyVWBkiWiRmKqkC4wVLIxFoh+ojSrHvbSmthPZDlIV9VewMIAQKz+HjX+D22aAlley9Oi9O/nuDRPOtPG8b2dtfWNza7uwU9zd2z84LB0dt3ScKopNGvNYdUKikTOJTcMMx06ikIiQYzsc38zq7SdUmsXy3kwSDAQZShYxSoy1Hiq9EA3pP1b6pbJX9eZyV8HPoQy5Gv3SV28Q01SgNJQTrbu+l5ggI8owynFa7KUaE0LHZIhdi5II1EE2X3jqnltn4Eaxsk8ad+7+nsiI0HoiQtspiBnp5drM/K/WTU10FWRMJqlBSRcfRSl3TezOrncHTCE1fGKBUMXsri4dEUWosRkVbQj+8smr0KpVfct3tXL9Oo+jAKdwBhfgwyXU4RYa0AQKAp7hFd4c5bw4787HonXNyWdO4I+czx/9Bo/b</latexit><latexit sha1_base64="8ZMiEsyQ7+F+fqXLjsFGrFT8M6U=">AAAB8HicbZA9T8MwEIYvfJbyVWBkiWiRmKqkC4wVLIxFoh+ojSrHvbSmthPZDlIV9VewMIAQKz+HjX+D22aAlley9Oi9O/nuDRPOtPG8b2dtfWNza7uwU9zd2z84LB0dt3ScKopNGvNYdUKikTOJTcMMx06ikIiQYzsc38zq7SdUmsXy3kwSDAQZShYxSoy1Hiq9EA3pP1b6pbJX9eZyV8HPoQy5Gv3SV28Q01SgNJQTrbu+l5ggI8owynFa7KUaE0LHZIhdi5II1EE2X3jqnltn4Eaxsk8ad+7+nsiI0HoiQtspiBnp5drM/K/WTU10FWRMJqlBSRcfRSl3TezOrncHTCE1fGKBUMXsri4dEUWosRkVbQj+8smr0KpVfct3tXL9Oo+jAKdwBhfgwyXU4RYa0AQKAp7hFd4c5bw4787HonXNyWdO4I+czx/9Bo/b</latexit><latexit sha1_base64="8ZMiEsyQ7+F+fqXLjsFGrFT8M6U=">AAAB8HicbZA9T8MwEIYvfJbyVWBkiWiRmKqkC4wVLIxFoh+ojSrHvbSmthPZDlIV9VewMIAQKz+HjX+D22aAlley9Oi9O/nuDRPOtPG8b2dtfWNza7uwU9zd2z84LB0dt3ScKopNGvNYdUKikTOJTcMMx06ikIiQYzsc38zq7SdUmsXy3kwSDAQZShYxSoy1Hiq9EA3pP1b6pbJX9eZyV8HPoQy5Gv3SV28Q01SgNJQTrbu+l5ggI8owynFa7KUaE0LHZIhdi5II1EE2X3jqnltn4Eaxsk8ad+7+nsiI0HoiQtspiBnp5drM/K/WTU10FWRMJqlBSRcfRSl3TezOrncHTCE1fGKBUMXsri4dEUWosRkVbQj+8smr0KpVfct3tXL9Oo+jAKdwBhfgwyXU4RYa0AQKAp7hFd4c5bw4787HonXNyWdO4I+czx/9Bo/b</latexit><latexit sha1_base64="8ZMiEsyQ7+F+fqXLjsFGrFT8M6U=">AAAB8HicbZA9T8MwEIYvfJbyVWBkiWiRmKqkC4wVLIxFoh+ojSrHvbSmthPZDlIV9VewMIAQKz+HjX+D22aAlley9Oi9O/nuDRPOtPG8b2dtfWNza7uwU9zd2z84LB0dt3ScKopNGvNYdUKikTOJTcMMx06ikIiQYzsc38zq7SdUmsXy3kwSDAQZShYxSoy1Hiq9EA3pP1b6pbJX9eZyV8HPoQy5Gv3SV28Q01SgNJQTrbu+l5ggI8owynFa7KUaE0LHZIhdi5II1EE2X3jqnltn4Eaxsk8ad+7+nsiI0HoiQtspiBnp5drM/K/WTU10FWRMJqlBSRcfRSl3TezOrncHTCE1fGKBUMXsri4dEUWosRkVbQj+8smr0KpVfct3tXL9Oo+jAKdwBhfgwyXU4RYa0AQKAp7hFd4c5bw4787HonXNyWdO4I+czx/9Bo/b</latexit>

↵i
<latexit sha1_base64="CCtKTthbNbDiSu3UlIzgR5YbVho=">AAAB8XicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijSUm8hHhQuaWPdiwt3fZ3TMhF/6FjYXG2Ppv7Pw3LnCFgm+yyZN3ZrIzb5AIro3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqihr0VjEqhugZoJL1jLcCNZNFMMoEKwTTG7n9c4TU5rH8sFME+ZHOJI85BSNtR6rfRTJGAe8OihX3Jq7EFkHL4cK5GoOyl/9YUzTiElDBWrd89zE+Bkqw6lgs1I/1SxBOsER61mUGDHtZ4uNZ+TCOkMSxso+acjC/T2RYaT1NApsZ4RmrFdrc/O/Wi814bWfcZmkhkm6/ChMBTExmZ9PhlwxasTUAlLF7a6EjlEhNTakkg3BWz15Hdr1mmf5vl5p3ORxFOEMzuESPLiCBtxBE1pAQcIzvMKbo50X5935WLYWnHzmFP7I+fwBxJaQTg==</latexit><latexit sha1_base64="CCtKTthbNbDiSu3UlIzgR5YbVho=">AAAB8XicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijSUm8hHhQuaWPdiwt3fZ3TMhF/6FjYXG2Ppv7Pw3LnCFgm+yyZN3ZrIzb5AIro3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqihr0VjEqhugZoJL1jLcCNZNFMMoEKwTTG7n9c4TU5rH8sFME+ZHOJI85BSNtR6rfRTJGAe8OihX3Jq7EFkHL4cK5GoOyl/9YUzTiElDBWrd89zE+Bkqw6lgs1I/1SxBOsER61mUGDHtZ4uNZ+TCOkMSxso+acjC/T2RYaT1NApsZ4RmrFdrc/O/Wi814bWfcZmkhkm6/ChMBTExmZ9PhlwxasTUAlLF7a6EjlEhNTakkg3BWz15Hdr1mmf5vl5p3ORxFOEMzuESPLiCBtxBE1pAQcIzvMKbo50X5935WLYWnHzmFP7I+fwBxJaQTg==</latexit><latexit sha1_base64="CCtKTthbNbDiSu3UlIzgR5YbVho=">AAAB8XicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijSUm8hHhQuaWPdiwt3fZ3TMhF/6FjYXG2Ppv7Pw3LnCFgm+yyZN3ZrIzb5AIro3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqihr0VjEqhugZoJL1jLcCNZNFMMoEKwTTG7n9c4TU5rH8sFME+ZHOJI85BSNtR6rfRTJGAe8OihX3Jq7EFkHL4cK5GoOyl/9YUzTiElDBWrd89zE+Bkqw6lgs1I/1SxBOsER61mUGDHtZ4uNZ+TCOkMSxso+acjC/T2RYaT1NApsZ4RmrFdrc/O/Wi814bWfcZmkhkm6/ChMBTExmZ9PhlwxasTUAlLF7a6EjlEhNTakkg3BWz15Hdr1mmf5vl5p3ORxFOEMzuESPLiCBtxBE1pAQcIzvMKbo50X5935WLYWnHzmFP7I+fwBxJaQTg==</latexit><latexit sha1_base64="CCtKTthbNbDiSu3UlIzgR5YbVho=">AAAB8XicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijSUm8hHhQuaWPdiwt3fZ3TMhF/6FjYXG2Ppv7Pw3LnCFgm+yyZN3ZrIzb5AIro3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqihr0VjEqhugZoJL1jLcCNZNFMMoEKwTTG7n9c4TU5rH8sFME+ZHOJI85BSNtR6rfRTJGAe8OihX3Jq7EFkHL4cK5GoOyl/9YUzTiElDBWrd89zE+Bkqw6lgs1I/1SxBOsER61mUGDHtZ4uNZ+TCOkMSxso+acjC/T2RYaT1NApsZ4RmrFdrc/O/Wi814bWfcZmkhkm6/ChMBTExmZ9PhlwxasTUAlLF7a6EjlEhNTakkg3BWz15Hdr1mmf5vl5p3ORxFOEMzuESPLiCBtxBE1pAQcIzvMKbo50X5935WLYWnHzmFP7I+fwBxJaQTg==</latexit>

⌃g
<latexit sha1_base64="C/m/xPhPiC9EMlPrhgq2NuBckvo=">AAAB8XicbZDLTgIxFIbP4A3xhrp00wgmrsgMG1wS3bjEKJcIE9IpnaGh7UzajgmZ8BZuXGiMW9/GnW9jgVko+CdNvvznnPScP0g408Z1v53CxubW9k5xt7S3f3B4VD4+6eg4VYS2Scxj1QuwppxJ2jbMcNpLFMUi4LQbTG7m9e4TVZrF8sFME+oLHEkWMoKNtR6rg3sWCTyMqsNyxa25C6F18HKoQK7WsPw1GMUkFVQawrHWfc9NjJ9hZRjhdFYapJommExwRPsWJRZU+9li4xm6sM4IhbGyTxq0cH9PZFhoPRWB7RTYjPVqbW7+V+unJrzyMyaT1FBJlh+FKUcmRvPz0YgpSgyfWsBEMbsrImOsMDE2pJINwVs9eR069Zpn+a5eaV7ncRThDM7hEjxoQBNuoQVtICDhGV7hzdHOi/PufCxbC04+cwp/5Hz+AKErkDc=</latexit><latexit sha1_base64="C/m/xPhPiC9EMlPrhgq2NuBckvo=">AAAB8XicbZDLTgIxFIbP4A3xhrp00wgmrsgMG1wS3bjEKJcIE9IpnaGh7UzajgmZ8BZuXGiMW9/GnW9jgVko+CdNvvznnPScP0g408Z1v53CxubW9k5xt7S3f3B4VD4+6eg4VYS2Scxj1QuwppxJ2jbMcNpLFMUi4LQbTG7m9e4TVZrF8sFME+oLHEkWMoKNtR6rg3sWCTyMqsNyxa25C6F18HKoQK7WsPw1GMUkFVQawrHWfc9NjJ9hZRjhdFYapJommExwRPsWJRZU+9li4xm6sM4IhbGyTxq0cH9PZFhoPRWB7RTYjPVqbW7+V+unJrzyMyaT1FBJlh+FKUcmRvPz0YgpSgyfWsBEMbsrImOsMDE2pJINwVs9eR069Zpn+a5eaV7ncRThDM7hEjxoQBNuoQVtICDhGV7hzdHOi/PufCxbC04+cwp/5Hz+AKErkDc=</latexit><latexit sha1_base64="C/m/xPhPiC9EMlPrhgq2NuBckvo=">AAAB8XicbZDLTgIxFIbP4A3xhrp00wgmrsgMG1wS3bjEKJcIE9IpnaGh7UzajgmZ8BZuXGiMW9/GnW9jgVko+CdNvvznnPScP0g408Z1v53CxubW9k5xt7S3f3B4VD4+6eg4VYS2Scxj1QuwppxJ2jbMcNpLFMUi4LQbTG7m9e4TVZrF8sFME+oLHEkWMoKNtR6rg3sWCTyMqsNyxa25C6F18HKoQK7WsPw1GMUkFVQawrHWfc9NjJ9hZRjhdFYapJommExwRPsWJRZU+9li4xm6sM4IhbGyTxq0cH9PZFhoPRWB7RTYjPVqbW7+V+unJrzyMyaT1FBJlh+FKUcmRvPz0YgpSgyfWsBEMbsrImOsMDE2pJINwVs9eR069Zpn+a5eaV7ncRThDM7hEjxoQBNuoQVtICDhGV7hzdHOi/PufCxbC04+cwp/5Hz+AKErkDc=</latexit><latexit sha1_base64="C/m/xPhPiC9EMlPrhgq2NuBckvo=">AAAB8XicbZDLTgIxFIbP4A3xhrp00wgmrsgMG1wS3bjEKJcIE9IpnaGh7UzajgmZ8BZuXGiMW9/GnW9jgVko+CdNvvznnPScP0g408Z1v53CxubW9k5xt7S3f3B4VD4+6eg4VYS2Scxj1QuwppxJ2jbMcNpLFMUi4LQbTG7m9e4TVZrF8sFME+oLHEkWMoKNtR6rg3sWCTyMqsNyxa25C6F18HKoQK7WsPw1GMUkFVQawrHWfc9NjJ9hZRjhdFYapJommExwRPsWJRZU+9li4xm6sM4IhbGyTxq0cH9PZFhoPRWB7RTYjPVqbW7+V+unJrzyMyaT1FBJlh+FKUcmRvPz0YgpSgyfWsBEMbsrImOsMDE2pJINwVs9eR069Zpn+a5eaV7ncRThDM7hEjxoQBNuoQVtICDhGV7hzdHOi/PufCxbC04+cwp/5Hz+AKErkDc=</latexit>

↵1
<latexit sha1_base64="ZrOATfT+3cQH4nO6u0LyAa6fZNM=">AAACAXicbZC7TsMwFIadcivlFmBBYolokZiqpAuMFSyMRaIXqYmiE9dprTpOZDtIVRQWXoWFAYRYeQs23gY3zQAtR7L06f/P8bH/IGFUKtv+Nipr6xubW9Xt2s7u3v6BeXjUk3EqMOnimMViEIAkjHLSVVQxMkgEgShgpB9Mb+Z+/4EISWN+r2YJ8SIYcxpSDEpLvnnSyNzilixgKcldYMkEfCdv+GbdbtpFWavglFBHZXV888sdxTiNCFeYgZRDx06Ul4FQFDOS19xUkgTwFMZkqJFDRKSXFbtz61wrIyuMhT5cWYX6eyKDSMpZFOjOCNRELntz8T9vmKrwyssoT1JFOF4sClNmqdiax2GNqCBYsZkGwILqt1p4AgKw0qHVdAjO8pdXoddqOprvWvX2dRlHFZ2iM3SBHHSJ2ugWdVAXYfSIntErejOejBfj3fhYtFaMcuYY/Snj8weCS5bm</latexit><latexit sha1_base64="ZrOATfT+3cQH4nO6u0LyAa6fZNM=">AAACAXicbZC7TsMwFIadcivlFmBBYolokZiqpAuMFSyMRaIXqYmiE9dprTpOZDtIVRQWXoWFAYRYeQs23gY3zQAtR7L06f/P8bH/IGFUKtv+Nipr6xubW9Xt2s7u3v6BeXjUk3EqMOnimMViEIAkjHLSVVQxMkgEgShgpB9Mb+Z+/4EISWN+r2YJ8SIYcxpSDEpLvnnSyNzilixgKcldYMkEfCdv+GbdbtpFWavglFBHZXV888sdxTiNCFeYgZRDx06Ul4FQFDOS19xUkgTwFMZkqJFDRKSXFbtz61wrIyuMhT5cWYX6eyKDSMpZFOjOCNRELntz8T9vmKrwyssoT1JFOF4sClNmqdiax2GNqCBYsZkGwILqt1p4AgKw0qHVdAjO8pdXoddqOprvWvX2dRlHFZ2iM3SBHHSJ2ugWdVAXYfSIntErejOejBfj3fhYtFaMcuYY/Snj8weCS5bm</latexit><latexit sha1_base64="ZrOATfT+3cQH4nO6u0LyAa6fZNM=">AAACAXicbZC7TsMwFIadcivlFmBBYolokZiqpAuMFSyMRaIXqYmiE9dprTpOZDtIVRQWXoWFAYRYeQs23gY3zQAtR7L06f/P8bH/IGFUKtv+Nipr6xubW9Xt2s7u3v6BeXjUk3EqMOnimMViEIAkjHLSVVQxMkgEgShgpB9Mb+Z+/4EISWN+r2YJ8SIYcxpSDEpLvnnSyNzilixgKcldYMkEfCdv+GbdbtpFWavglFBHZXV888sdxTiNCFeYgZRDx06Ul4FQFDOS19xUkgTwFMZkqJFDRKSXFbtz61wrIyuMhT5cWYX6eyKDSMpZFOjOCNRELntz8T9vmKrwyssoT1JFOF4sClNmqdiax2GNqCBYsZkGwILqt1p4AgKw0qHVdAjO8pdXoddqOprvWvX2dRlHFZ2iM3SBHHSJ2ugWdVAXYfSIntErejOejBfj3fhYtFaMcuYY/Snj8weCS5bm</latexit><latexit sha1_base64="ZrOATfT+3cQH4nO6u0LyAa6fZNM=">AAACAXicbZC7TsMwFIadcivlFmBBYolokZiqpAuMFSyMRaIXqYmiE9dprTpOZDtIVRQWXoWFAYRYeQs23gY3zQAtR7L06f/P8bH/IGFUKtv+Nipr6xubW9Xt2s7u3v6BeXjUk3EqMOnimMViEIAkjHLSVVQxMkgEgShgpB9Mb+Z+/4EISWN+r2YJ8SIYcxpSDEpLvnnSyNzilixgKcldYMkEfCdv+GbdbtpFWavglFBHZXV888sdxTiNCFeYgZRDx06Ul4FQFDOS19xUkgTwFMZkqJFDRKSXFbtz61wrIyuMhT5cWYX6eyKDSMpZFOjOCNRELntz8T9vmKrwyssoT1JFOF4sClNmqdiax2GNqCBYsZkGwILqt1p4AgKw0qHVdAjO8pdXoddqOprvWvX2dRlHFZ2iM3SBHHSJ2ugWdVAXYfSIntErejOejBfj3fhYtFaMcuYY/Snj8weCS5bm</latexit>

↵2
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Kuperberg Invariant ZKup(M ;H)

Choose a Heegaard diagram for M:

(⌃g ,↵ = {↵1, · · · ,↵g},� = {�1, · · · ,�g}). The ↵i
0s are disjoint,

⌃g \ ([↵i ) is a punctured sphere. The same requirement for �j 0s.

↵2

↵1

�2

�1

D
1
1 D

2
1

D
1
2 D

2
2

glue a disk along each ↵i on one

side of ⌃g and glue a disk along

each �j on the other side, and fill

the boundary with balls.

�e
···

1

2

n

⇤

↵i

H semisimple.

Choose integrals

e 2 H, µ 2 H
⇤,

µ(e) = 1.
M µ

···

1

2

n

⇤

�j

7
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<latexit sha1_base64="jkA3/BrRMTnQgBhzMS6euihNaPE=">AAACGXicbZC7TsMwFIadcivhVmBkiWiRWKiSLjBWsDAWQS+iDZXjOK1Vx4nsE6QS5S3YELwLG2Jl4lWYcNsMtOWXLH36zzk6x78Xc6bAtr+Nwsrq2vpGcdPc2t7Z3SvtH7RUlEhCmyTikex4WFHOBG0CA047saQ49Dhte6OrSb39SKVikbiDcUzdEA8ECxjBoK37yu1DD4YUcKVfKttVeyprGZwcyihXo1/66fkRSUIqgHCsVNexY3BTLIERTjOzlygaYzLCA9rVKHBIlZtOL86sE+34VhBJ/QRYU/fvRIpDpcahpztDDEO1WJuY/9W6CQQXbspEnAAVZLYoSLgFkTX5vuUzSQnwsQZMJNO3WmSIJSagQzLn1gAbPWVLzhnxM1OH5SxGswytWtXRfFMr1y/z2IroCB2jU+Sgc1RH16iBmogggZ7RK3ozXox348P4nLUWjHzmEM3J+PoFvHygpw==</latexit><latexit sha1_base64="jkA3/BrRMTnQgBhzMS6euihNaPE=">AAACGXicbZC7TsMwFIadcivhVmBkiWiRWKiSLjBWsDAWQS+iDZXjOK1Vx4nsE6QS5S3YELwLG2Jl4lWYcNsMtOWXLH36zzk6x78Xc6bAtr+Nwsrq2vpGcdPc2t7Z3SvtH7RUlEhCmyTikex4WFHOBG0CA047saQ49Dhte6OrSb39SKVikbiDcUzdEA8ECxjBoK37yu1DD4YUcKVfKttVeyprGZwcyihXo1/66fkRSUIqgHCsVNexY3BTLIERTjOzlygaYzLCA9rVKHBIlZtOL86sE+34VhBJ/QRYU/fvRIpDpcahpztDDEO1WJuY/9W6CQQXbspEnAAVZLYoSLgFkTX5vuUzSQnwsQZMJNO3WmSIJSagQzLn1gAbPWVLzhnxM1OH5SxGswytWtXRfFMr1y/z2IroCB2jU+Sgc1RH16iBmogggZ7RK3ozXox348P4nLUWjHzmEM3J+PoFvHygpw==</latexit><latexit sha1_base64="jkA3/BrRMTnQgBhzMS6euihNaPE=">AAACGXicbZC7TsMwFIadcivhVmBkiWiRWKiSLjBWsDAWQS+iDZXjOK1Vx4nsE6QS5S3YELwLG2Jl4lWYcNsMtOWXLH36zzk6x78Xc6bAtr+Nwsrq2vpGcdPc2t7Z3SvtH7RUlEhCmyTikex4WFHOBG0CA047saQ49Dhte6OrSb39SKVikbiDcUzdEA8ECxjBoK37yu1DD4YUcKVfKttVeyprGZwcyihXo1/66fkRSUIqgHCsVNexY3BTLIERTjOzlygaYzLCA9rVKHBIlZtOL86sE+34VhBJ/QRYU/fvRIpDpcahpztDDEO1WJuY/9W6CQQXbspEnAAVZLYoSLgFkTX5vuUzSQnwsQZMJNO3WmSIJSagQzLn1gAbPWVLzhnxM1OH5SxGswytWtXRfFMr1y/z2IroCB2jU+Sgc1RH16iBmogggZ7RK3ozXox348P4nLUWjHzmEM3J+PoFvHygpw==</latexit><latexit sha1_base64="jkA3/BrRMTnQgBhzMS6euihNaPE=">AAACGXicbZC7TsMwFIadcivhVmBkiWiRWKiSLjBWsDAWQS+iDZXjOK1Vx4nsE6QS5S3YELwLG2Jl4lWYcNsMtOWXLH36zzk6x78Xc6bAtr+Nwsrq2vpGcdPc2t7Z3SvtH7RUlEhCmyTikex4WFHOBG0CA047saQ49Dhte6OrSb39SKVikbiDcUzdEA8ECxjBoK37yu1DD4YUcKVfKttVeyprGZwcyihXo1/66fkRSUIqgHCsVNexY3BTLIERTjOzlygaYzLCA9rVKHBIlZtOL86sE+34VhBJ/QRYU/fvRIpDpcahpztDDEO1WJuY/9W6CQQXbspEnAAVZLYoSLgFkTX5vuUzSQnwsQZMJNO3WmSIJSagQzLn1gAbPWVLzhnxM1OH5SxGswytWtXRfFMr1y/z2IroCB2jU+Sgc1RH16iBmogggZ7RK3ozXox348P4nLUWjHzmEM3J+PoFvHygpw==</latexit>

ZH

Kup(M
3)

<latexit sha1_base64="/ztUWXNEYg21jLOh8bmsWoJ7vyo=">AAACKHicbZC7SgNBFIbPene9rVpY2CwGIRYJu1poGbQRRFAwGkw2YXYySYbMXpg5K8Zln8ZO9A0sfAQ7sfUxBMHJpVDjDwMf/zmHc+b3Y8EVOs67MTE5NT0zOzdvLiwuLa9Yq2uXKkokZWUaiUhWfKKY4CErI0fBKrFkJPAFu/K7R/361Q2TikfhBfZi5gWkHfIWpwS11bA2rhtpDdktpidJnGX19DjLn9b3dhpWzik6A9nj4I4gVyp8Pb8AwFnD+qw1I5oELEQqiFJV14nRS4lETgXLzFqiWExol7RZVWNIAqa8dPCBzN7WTtNuRVK/EO2B+3MiJYFSvcDXnQHBjvpb65v/1aoJtg68lIdxgiykw0WtRNgY2f007CaXjKLoaSBUcn2rTTtEEoo6M/PXGuTdu2zMKdBmZuqw3L/RjMPlbtHVfO7mSocw1BxswhbkwYV9KMExnEEZKGRwD4/wZDwYr8ab8T5snTBGM+vwS8bHN8n+qZs=</latexit><latexit sha1_base64="orcMnpTYC5E0mjiWDY2uttrTB2Q="></latexit><latexit sha1_base64="orcMnpTYC5E0mjiWDY2uttrTB2Q="></latexit><latexit sha1_base64="E66SbnoTDqHJcWXUIVthGCrHmjU=">AAACKHicbZDLSsNAFIYnXmu8RV24cBMsQl1YEl3osuimIEIFe8E2LZPJpB06uTBzItaQp3En+i7upFsfw5XTy8K2/jDw8Z9zOGd+N+ZMgmUNtaXlldW19dyGvrm1vbNr7O3XZJQIQqsk4pFouFhSzkJaBQacNmJBceByWnf7N6N6/YkKyaLwAQYxdQLcDZnPCAZldYzDx07aAvoM6W0SZ1k7LWeFu/bFacfIW0VrLHMR7Cnk0VSVjvHT8iKSBDQEwrGUTduKwUmxAEY4zfRWImmMSR93aVNhiAMqnXT8gcw8UY5n+pFQLwRz7P6dSHEg5SBwVWeAoSfnayPzv1ozAf/KSVkYJ0BDMlnkJ9yEyBylYXpMUAJ8oAATwdStJulhgQmozPSZNcD6L9mCc0a8TFdh2fPRLELtvGgrvrfzpetpbDl0hI5RAdnoEpVQGVVQFRGUoVf0jj60N+1T+9KGk9YlbTpzgGakff8CbIWmtQ==</latexit>

ZH

Kup(M
3; f)

<latexit sha1_base64="HGkaERfkZrYBTBDqjysLkmRp30Y="></latexit><latexit sha1_base64="ymQygnnuoEXQA4tCY5AsS+cadAw="></latexit><latexit sha1_base64="ymQygnnuoEXQA4tCY5AsS+cadAw="></latexit><latexit sha1_base64="ZLmX8K2lz/hao/Qu/XDPSpVXan8=">AAACKnicbZDLSsNAFIYnXmu8RV2Jm2AR6sKS6ELBTdFNQYQK9oJtWibTSTt0cmHmRKwh+DTuRN/FXXHrU7hyelnY1h8GPv5zDufM70acSbCsgbawuLS8sppZ09c3Nre2jZ3digxjQWiZhDwUNRdLyllAy8CA01okKPZdTqtu73pYrz5SIVkY3EM/oo6POwHzGMGgrJax/9BKGkCfILmJozRtJsU0d9s8u/SOW0bWylsjmfNgTyCLJiq1jJ9GOySxTwMgHEtZt60InAQLYITTVG/EkkaY9HCH1hUG2KfSSUZfSM0j5bRNLxTqBWCO3L8TCfal7Puu6vQxdOVsbWj+V6vH4F04CQuiGGhAxou8mJsQmsM8zDYTlADvK8BEMHWrSbpYYAIqNX1qDbDeczrnnJB2qquw7Nlo5qFymrcV39nZwtUktgw6QIcoh2x0jgqoiEqojAh6Qa/oHX1ob9qnNtC+xq0L2mRmD01J+/4F1oinag==</latexit>

H
<latexit sha1_base64="po3VJNWvGoKgt9i6HWi66aCGRr0=">AAACEHicbZC7SgNBFIbPxltcb1FLm8Eg2Bh2bbQRgzYpEzAXSJYwOzubDJmdXWZmhRgW7O1E38VOrATfwFexcnIpTOIPAx//OYdz5vcTzpR2nG8rt7K6tr6R37S3tnd29wr7Bw0Vp5LQOol5LFs+VpQzQeuaaU5biaQ48jlt+oPbcb15T6VisbjTw4R6Ee4JFjKCtbFqlW6h6JScidAyuDMoXn/aV48AUO0WfjpBTNKICk04VqrtOon2RlhqRjjN7E6qaILJAPdo26DAEVXeaHJohk6ME6AwluYJjSbu34kRjpQaRr7pjLDuq8Xa2Pyv1k51eOmNmEhSTQWZLgpTjnSMxr9GAZOUaD40gIlk5lZE+lhiok029twazQYP2ZJzRoLMNmG5i9EsQ+O85BquucXyDUyVhyM4hlNw4QLKUIEq1IEAhSd4gVfr2Xqz3q2PaWvOms0cwpysr1/X6J72</latexit><latexit sha1_base64="OPTtJP8MUKStVI7SoM4s8hSbnrQ=">AAACEHicbZDLSsNAFIYnXmu8VV26GSyCG0viRjdi0U2XLdgLtKVMJift0MkkzEyEGvIE7kSfwJdwJ64EX0B8FVdOLwvb+sPAx3/O4Zz5vZgzpR3n21paXlldW89t2Jtb2zu7+b39uooSSaFGIx7JpkcUcCagppnm0IwlkNDj0PAGN6N64w6kYpG41cMYOiHpCRYwSrSxquVuvuAUnbHwIrhTKFx92Jfxy5dd6eZ/2n5EkxCEppwo1XKdWHdSIjWjHDK7nSiICR2QHrQMChKC6qTjQzN8bBwfB5E0T2g8dv9OpCRUahh6pjMkuq/mayPzv1or0cFFJ2UiTjQIOlkUJBzrCI9+jX0mgWo+NECoZOZWTPtEEqpNNvbMGs0G99mCc0r9zDZhufPRLEL9rOgarrqF0jWaKIcO0RE6QS46RyVURhVUQxQBekBP6Nl6tF6tN+t90rpkTWcO0Iysz18DpqBq</latexit><latexit sha1_base64="OPTtJP8MUKStVI7SoM4s8hSbnrQ=">AAACEHicbZDLSsNAFIYnXmu8VV26GSyCG0viRjdi0U2XLdgLtKVMJift0MkkzEyEGvIE7kSfwJdwJ64EX0B8FVdOLwvb+sPAx3/O4Zz5vZgzpR3n21paXlldW89t2Jtb2zu7+b39uooSSaFGIx7JpkcUcCagppnm0IwlkNDj0PAGN6N64w6kYpG41cMYOiHpCRYwSrSxquVuvuAUnbHwIrhTKFx92Jfxy5dd6eZ/2n5EkxCEppwo1XKdWHdSIjWjHDK7nSiICR2QHrQMChKC6qTjQzN8bBwfB5E0T2g8dv9OpCRUahh6pjMkuq/mayPzv1or0cFFJ2UiTjQIOlkUJBzrCI9+jX0mgWo+NECoZOZWTPtEEqpNNvbMGs0G99mCc0r9zDZhufPRLEL9rOgarrqF0jWaKIcO0RE6QS46RyVURhVUQxQBekBP6Nl6tF6tN+t90rpkTWcO0Iysz18DpqBq</latexit><latexit sha1_base64="8g57HaonRgztDaKedM4By8vf4aU=">AAACEHicbZC7TsMwFIadcivhVmBksaiQWKgSFhgrWDq2Er1IbVQ5zklr1XEi20EqUZ6ADcG7sCFW3oBXYcJtM9CWX7L06T/n6Bz/fsKZ0o7zbZU2Nre2d8q79t7+weFR5fiko+JUUmjTmMey5xMFnAloa6Y59BIJJPI5dP3J/azefQSpWCwe9DQBLyIjwUJGiTZWqzGsVJ2aMxdeB7eAKirUHFZ+BkFM0wiEppwo1XedRHsZkZpRDrk9SBUkhE7ICPoGBYlAedn80BxfGCfAYSzNExrP3b8TGYmUmka+6YyIHqvV2sz8r9ZPdXjrZUwkqQZBF4vClGMd49mvccAkUM2nBgiVzNyK6ZhIQrXJxl5ao9nkKV9zrmiQ2yYsdzWadehc11zDLbdavytiK6MzdI4ukYtuUB01UBO1EUWAntErerNerHfrw/pctJasYuYULcn6+gUgqJ0p</latexit>
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Kuperberg Invariant ZKup(M ;H)

Choose a Heegaard diagram for M:

(⌃g ,↵ = {↵1, · · · ,↵g},� = {�1, · · · ,�g}). The ↵i
0s are disjoint,

⌃g \ ([↵i ) is a punctured sphere. The same requirement for �j 0s.

↵2

↵1

�2

�1

D
1
1 D

2
1

D
1
2 D

2
2

glue a disk along each ↵i on one

side of ⌃g and glue a disk along

each �j on the other side, and fill

the boundary with balls.

�e
···

1

2

n

⇤

↵i

H semisimple.

Choose integrals

e 2 H, µ 2 H
⇤,

µ(e) = 1.
M µ

···

1

2

n

⇤

�j

7

Kuperberg Invariant ZKup(M ;H)

Choose a Heegaard diagram for M:

(⌃g ,↵ = {↵1, · · · ,↵g},� = {�1, · · · ,�g}). The ↵i
0s are disjoint,

⌃g \ ([↵i ) is a punctured sphere. The same requirement for �j 0s.

↵2

↵1

�2

�1

D
1
1 D

2
1

D
1
2 D

2
2

glue a disk along each ↵i on one

side of ⌃g and glue a disk along

each �j on the other side, and fill

the boundary with balls.

�e
···

1

2

n

⇤

↵i

H semisimple.

Choose integrals

e 2 H, µ 2 H
⇤,

µ(e) = 1.
M µ

···

1

2

n

⇤

�j

7

�

�

M

M

e

e

µ

µ

S

S

                  is the contraction 
of the tensor diagrams

    non-semisimple,                       is an invariant of 
framed manifolds.
H<latexit sha1_base64="Uxg4hnrkuS4gXZkqZfYY4uEnuic=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuiDSVGQRK4kL1lDjbs7V1290zIhZ9gY6Extv4iO/+NC1yh4Jts8uSdmezMGySCa+O6305hY3Nre6e4W9rbPzg8Kh+fdHScKoZtFotYdQOqUXCJbcONwG6ikEaBwMdgcjuvPz6h0jyWD2aaoB/RkeQhZ9RY677arA7KFbfmLkTWwcuhArlag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHsWJY1Q+9li1Rm5sM6QhLGyTxqycH9PZDTSehoFtjOiZqxXa3Pzv1ovNeG1n3GZpAYlW34UpoKYmMzvJkOukBkxtUCZ4nZXwsZUUWZsOiUbgrd68jp06jXP8l290rjJ4yjCGZzDJXhwBQ1oQgvawGAEz/AKb45wXpx352PZWnDymVP4I+fzB1RkjSY=</latexit><latexit sha1_base64="Uxg4hnrkuS4gXZkqZfYY4uEnuic=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuiDSVGQRK4kL1lDjbs7V1290zIhZ9gY6Extv4iO/+NC1yh4Jts8uSdmezMGySCa+O6305hY3Nre6e4W9rbPzg8Kh+fdHScKoZtFotYdQOqUXCJbcONwG6ikEaBwMdgcjuvPz6h0jyWD2aaoB/RkeQhZ9RY677arA7KFbfmLkTWwcuhArlag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHsWJY1Q+9li1Rm5sM6QhLGyTxqycH9PZDTSehoFtjOiZqxXa3Pzv1ovNeG1n3GZpAYlW34UpoKYmMzvJkOukBkxtUCZ4nZXwsZUUWZsOiUbgrd68jp06jXP8l290rjJ4yjCGZzDJXhwBQ1oQgvawGAEz/AKb45wXpx352PZWnDymVP4I+fzB1RkjSY=</latexit><latexit sha1_base64="Uxg4hnrkuS4gXZkqZfYY4uEnuic=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuiDSVGQRK4kL1lDjbs7V1290zIhZ9gY6Extv4iO/+NC1yh4Jts8uSdmezMGySCa+O6305hY3Nre6e4W9rbPzg8Kh+fdHScKoZtFotYdQOqUXCJbcONwG6ikEaBwMdgcjuvPz6h0jyWD2aaoB/RkeQhZ9RY677arA7KFbfmLkTWwcuhArlag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHsWJY1Q+9li1Rm5sM6QhLGyTxqycH9PZDTSehoFtjOiZqxXa3Pzv1ovNeG1n3GZpAYlW34UpoKYmMzvJkOukBkxtUCZ4nZXwsZUUWZsOiUbgrd68jp06jXP8l290rjJ4yjCGZzDJXhwBQ1oQgvawGAEz/AKb45wXpx352PZWnDymVP4I+fzB1RkjSY=</latexit><latexit sha1_base64="Uxg4hnrkuS4gXZkqZfYY4uEnuic=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuiDSVGQRK4kL1lDjbs7V1290zIhZ9gY6Extv4iO/+NC1yh4Jts8uSdmezMGySCa+O6305hY3Nre6e4W9rbPzg8Kh+fdHScKoZtFotYdQOqUXCJbcONwG6ikEaBwMdgcjuvPz6h0jyWD2aaoB/RkeQhZ9RY677arA7KFbfmLkTWwcuhArlag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHsWJY1Q+9li1Rm5sM6QhLGyTxqycH9PZDTSehoFtjOiZqxXa3Pzv1ovNeG1n3GZpAYlW34UpoKYmMzvJkOukBkxtUCZ4nZXwsZUUWZsOiUbgrd68jp06jXP8l290rjJ4yjCGZzDJXhwBQ1oQgvawGAEz/AKb45wXpx352PZWnDymVP4I+fzB1RkjSY=</latexit>

↵i

�j

M

µ

�

e

S✓
<latexit sha1_base64="jkA3/BrRMTnQgBhzMS6euihNaPE=">AAACGXicbZC7TsMwFIadcivhVmBkiWiRWKiSLjBWsDAWQS+iDZXjOK1Vx4nsE6QS5S3YELwLG2Jl4lWYcNsMtOWXLH36zzk6x78Xc6bAtr+Nwsrq2vpGcdPc2t7Z3SvtH7RUlEhCmyTikex4WFHOBG0CA047saQ49Dhte6OrSb39SKVikbiDcUzdEA8ECxjBoK37yu1DD4YUcKVfKttVeyprGZwcyihXo1/66fkRSUIqgHCsVNexY3BTLIERTjOzlygaYzLCA9rVKHBIlZtOL86sE+34VhBJ/QRYU/fvRIpDpcahpztDDEO1WJuY/9W6CQQXbspEnAAVZLYoSLgFkTX5vuUzSQnwsQZMJNO3WmSIJSagQzLn1gAbPWVLzhnxM1OH5SxGswytWtXRfFMr1y/z2IroCB2jU+Sgc1RH16iBmogggZ7RK3ozXox348P4nLUWjHzmEM3J+PoFvHygpw==</latexit><latexit sha1_base64="jkA3/BrRMTnQgBhzMS6euihNaPE=">AAACGXicbZC7TsMwFIadcivhVmBkiWiRWKiSLjBWsDAWQS+iDZXjOK1Vx4nsE6QS5S3YELwLG2Jl4lWYcNsMtOWXLH36zzk6x78Xc6bAtr+Nwsrq2vpGcdPc2t7Z3SvtH7RUlEhCmyTikex4WFHOBG0CA047saQ49Dhte6OrSb39SKVikbiDcUzdEA8ECxjBoK37yu1DD4YUcKVfKttVeyprGZwcyihXo1/66fkRSUIqgHCsVNexY3BTLIERTjOzlygaYzLCA9rVKHBIlZtOL86sE+34VhBJ/QRYU/fvRIpDpcahpztDDEO1WJuY/9W6CQQXbspEnAAVZLYoSLgFkTX5vuUzSQnwsQZMJNO3WmSIJSagQzLn1gAbPWVLzhnxM1OH5SxGswytWtXRfFMr1y/z2IroCB2jU+Sgc1RH16iBmogggZ7RK3ozXox348P4nLUWjHzmEM3J+PoFvHygpw==</latexit><latexit sha1_base64="jkA3/BrRMTnQgBhzMS6euihNaPE=">AAACGXicbZC7TsMwFIadcivhVmBkiWiRWKiSLjBWsDAWQS+iDZXjOK1Vx4nsE6QS5S3YELwLG2Jl4lWYcNsMtOWXLH36zzk6x78Xc6bAtr+Nwsrq2vpGcdPc2t7Z3SvtH7RUlEhCmyTikex4WFHOBG0CA047saQ49Dhte6OrSb39SKVikbiDcUzdEA8ECxjBoK37yu1DD4YUcKVfKttVeyprGZwcyihXo1/66fkRSUIqgHCsVNexY3BTLIERTjOzlygaYzLCA9rVKHBIlZtOL86sE+34VhBJ/QRYU/fvRIpDpcahpztDDEO1WJuY/9W6CQQXbspEnAAVZLYoSLgFkTX5vuUzSQnwsQZMJNO3WmSIJSagQzLn1gAbPWVLzhnxM1OH5SxGswytWtXRfFMr1y/z2IroCB2jU+Sgc1RH16iBmogggZ7RK3ozXox348P4nLUWjHzmEM3J+PoFvHygpw==</latexit><latexit sha1_base64="jkA3/BrRMTnQgBhzMS6euihNaPE=">AAACGXicbZC7TsMwFIadcivhVmBkiWiRWKiSLjBWsDAWQS+iDZXjOK1Vx4nsE6QS5S3YELwLG2Jl4lWYcNsMtOWXLH36zzk6x78Xc6bAtr+Nwsrq2vpGcdPc2t7Z3SvtH7RUlEhCmyTikex4WFHOBG0CA047saQ49Dhte6OrSb39SKVikbiDcUzdEA8ECxjBoK37yu1DD4YUcKVfKttVeyprGZwcyihXo1/66fkRSUIqgHCsVNexY3BTLIERTjOzlygaYzLCA9rVKHBIlZtOL86sE+34VhBJ/QRYU/fvRIpDpcahpztDDEO1WJuY/9W6CQQXbspEnAAVZLYoSLgFkTX5vuUzSQnwsQZMJNO3WmSIJSagQzLn1gAbPWVLzhnxM1OH5SxGswytWtXRfFMr1y/z2IroCB2jU+Sgc1RH16iBmogggZ7RK3ozXox348P4nLUWjHzmEM3J+PoFvHygpw==</latexit>

ZH

Kup(M
3)

<latexit sha1_base64="/ztUWXNEYg21jLOh8bmsWoJ7vyo=">AAACKHicbZC7SgNBFIbPene9rVpY2CwGIRYJu1poGbQRRFAwGkw2YXYySYbMXpg5K8Zln8ZO9A0sfAQ7sfUxBMHJpVDjDwMf/zmHc+b3Y8EVOs67MTE5NT0zOzdvLiwuLa9Yq2uXKkokZWUaiUhWfKKY4CErI0fBKrFkJPAFu/K7R/361Q2TikfhBfZi5gWkHfIWpwS11bA2rhtpDdktpidJnGX19DjLn9b3dhpWzik6A9nj4I4gVyp8Pb8AwFnD+qw1I5oELEQqiFJV14nRS4lETgXLzFqiWExol7RZVWNIAqa8dPCBzN7WTtNuRVK/EO2B+3MiJYFSvcDXnQHBjvpb65v/1aoJtg68lIdxgiykw0WtRNgY2f007CaXjKLoaSBUcn2rTTtEEoo6M/PXGuTdu2zMKdBmZuqw3L/RjMPlbtHVfO7mSocw1BxswhbkwYV9KMExnEEZKGRwD4/wZDwYr8ab8T5snTBGM+vwS8bHN8n+qZs=</latexit><latexit sha1_base64="orcMnpTYC5E0mjiWDY2uttrTB2Q="></latexit><latexit sha1_base64="orcMnpTYC5E0mjiWDY2uttrTB2Q="></latexit><latexit sha1_base64="E66SbnoTDqHJcWXUIVthGCrHmjU=">AAACKHicbZDLSsNAFIYnXmu8RV24cBMsQl1YEl3osuimIEIFe8E2LZPJpB06uTBzItaQp3En+i7upFsfw5XTy8K2/jDw8Z9zOGd+N+ZMgmUNtaXlldW19dyGvrm1vbNr7O3XZJQIQqsk4pFouFhSzkJaBQacNmJBceByWnf7N6N6/YkKyaLwAQYxdQLcDZnPCAZldYzDx07aAvoM6W0SZ1k7LWeFu/bFacfIW0VrLHMR7Cnk0VSVjvHT8iKSBDQEwrGUTduKwUmxAEY4zfRWImmMSR93aVNhiAMqnXT8gcw8UY5n+pFQLwRz7P6dSHEg5SBwVWeAoSfnayPzv1ozAf/KSVkYJ0BDMlnkJ9yEyBylYXpMUAJ8oAATwdStJulhgQmozPSZNcD6L9mCc0a8TFdh2fPRLELtvGgrvrfzpetpbDl0hI5RAdnoEpVQGVVQFRGUoVf0jj60N+1T+9KGk9YlbTpzgGakff8CbIWmtQ==</latexit>

ZH

Kup(M
3; f)

<latexit sha1_base64="HGkaERfkZrYBTBDqjysLkmRp30Y="></latexit><latexit sha1_base64="ymQygnnuoEXQA4tCY5AsS+cadAw="></latexit><latexit sha1_base64="ymQygnnuoEXQA4tCY5AsS+cadAw="></latexit><latexit sha1_base64="ZLmX8K2lz/hao/Qu/XDPSpVXan8=">AAACKnicbZDLSsNAFIYnXmu8RV2Jm2AR6sKS6ELBTdFNQYQK9oJtWibTSTt0cmHmRKwh+DTuRN/FXXHrU7hyelnY1h8GPv5zDufM70acSbCsgbawuLS8sppZ09c3Nre2jZ3digxjQWiZhDwUNRdLyllAy8CA01okKPZdTqtu73pYrz5SIVkY3EM/oo6POwHzGMGgrJax/9BKGkCfILmJozRtJsU0d9s8u/SOW0bWylsjmfNgTyCLJiq1jJ9GOySxTwMgHEtZt60InAQLYITTVG/EkkaY9HCH1hUG2KfSSUZfSM0j5bRNLxTqBWCO3L8TCfal7Puu6vQxdOVsbWj+V6vH4F04CQuiGGhAxou8mJsQmsM8zDYTlADvK8BEMHWrSbpYYAIqNX1qDbDeczrnnJB2qquw7Nlo5qFymrcV39nZwtUktgw6QIcoh2x0jgqoiEqojAh6Qa/oHX1ob9qnNtC+xq0L2mRmD01J+/4F1oinag==</latexit>

•     can be taken to be a Hopf object in any symmetric 
tensor category                                [Kashaev, Virelizier, ’18]

H
<latexit sha1_base64="po3VJNWvGoKgt9i6HWi66aCGRr0=">AAACEHicbZC7SgNBFIbPxltcb1FLm8Eg2Bh2bbQRgzYpEzAXSJYwOzubDJmdXWZmhRgW7O1E38VOrATfwFexcnIpTOIPAx//OYdz5vcTzpR2nG8rt7K6tr6R37S3tnd29wr7Bw0Vp5LQOol5LFs+VpQzQeuaaU5biaQ48jlt+oPbcb15T6VisbjTw4R6Ee4JFjKCtbFqlW6h6JScidAyuDMoXn/aV48AUO0WfjpBTNKICk04VqrtOon2RlhqRjjN7E6qaILJAPdo26DAEVXeaHJohk6ME6AwluYJjSbu34kRjpQaRr7pjLDuq8Xa2Pyv1k51eOmNmEhSTQWZLgpTjnSMxr9GAZOUaD40gIlk5lZE+lhiok029twazQYP2ZJzRoLMNmG5i9EsQ+O85BquucXyDUyVhyM4hlNw4QLKUIEq1IEAhSd4gVfr2Xqz3q2PaWvOms0cwpysr1/X6J72</latexit><latexit sha1_base64="OPTtJP8MUKStVI7SoM4s8hSbnrQ=">AAACEHicbZDLSsNAFIYnXmu8VV26GSyCG0viRjdi0U2XLdgLtKVMJift0MkkzEyEGvIE7kSfwJdwJ64EX0B8FVdOLwvb+sPAx3/O4Zz5vZgzpR3n21paXlldW89t2Jtb2zu7+b39uooSSaFGIx7JpkcUcCagppnm0IwlkNDj0PAGN6N64w6kYpG41cMYOiHpCRYwSrSxquVuvuAUnbHwIrhTKFx92Jfxy5dd6eZ/2n5EkxCEppwo1XKdWHdSIjWjHDK7nSiICR2QHrQMChKC6qTjQzN8bBwfB5E0T2g8dv9OpCRUahh6pjMkuq/mayPzv1or0cFFJ2UiTjQIOlkUJBzrCI9+jX0mgWo+NECoZOZWTPtEEqpNNvbMGs0G99mCc0r9zDZhufPRLEL9rOgarrqF0jWaKIcO0RE6QS46RyVURhVUQxQBekBP6Nl6tF6tN+t90rpkTWcO0Iysz18DpqBq</latexit><latexit sha1_base64="OPTtJP8MUKStVI7SoM4s8hSbnrQ=">AAACEHicbZDLSsNAFIYnXmu8VV26GSyCG0viRjdi0U2XLdgLtKVMJift0MkkzEyEGvIE7kSfwJdwJ64EX0B8FVdOLwvb+sPAx3/O4Zz5vZgzpR3n21paXlldW89t2Jtb2zu7+b39uooSSaFGIx7JpkcUcCagppnm0IwlkNDj0PAGN6N64w6kYpG41cMYOiHpCRYwSrSxquVuvuAUnbHwIrhTKFx92Jfxy5dd6eZ/2n5EkxCEppwo1XKdWHdSIjWjHDK7nSiICR2QHrQMChKC6qTjQzN8bBwfB5E0T2g8dv9OpCRUahh6pjMkuq/mayPzv1or0cFFJ2UiTjQIOlkUJBzrCI9+jX0mgWo+NECoZOZWTPtEEqpNNvbMGs0G99mCc0r9zDZhufPRLEL9rOgarrqF0jWaKIcO0RE6QS46RyVURhVUQxQBekBP6Nl6tF6tN+t90rpkTWcO0Iysz18DpqBq</latexit><latexit sha1_base64="8g57HaonRgztDaKedM4By8vf4aU=">AAACEHicbZC7TsMwFIadcivhVmBksaiQWKgSFhgrWDq2Er1IbVQ5zklr1XEi20EqUZ6ADcG7sCFW3oBXYcJtM9CWX7L06T/n6Bz/fsKZ0o7zbZU2Nre2d8q79t7+weFR5fiko+JUUmjTmMey5xMFnAloa6Y59BIJJPI5dP3J/azefQSpWCwe9DQBLyIjwUJGiTZWqzGsVJ2aMxdeB7eAKirUHFZ+BkFM0wiEppwo1XedRHsZkZpRDrk9SBUkhE7ICPoGBYlAedn80BxfGCfAYSzNExrP3b8TGYmUmka+6YyIHqvV2sz8r9ZPdXjrZUwkqQZBF4vClGMd49mvccAkUM2nBgiVzNyK6ZhIQrXJxl5ao9nkKV9zrmiQ2yYsdzWadehc11zDLbdavytiK6MzdI4ukYtuUB01UBO1EUWAntErerNerHfrw/pctJasYuYULcn6+gUgqJ0p</latexit>
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Kuperberg Invariant ZKup(M ;H)

Choose a Heegaard diagram for M:

(⌃g ,↵ = {↵1, · · · ,↵g},� = {�1, · · · ,�g}). The ↵i
0s are disjoint,

⌃g \ ([↵i ) is a punctured sphere. The same requirement for �j 0s.

↵2

↵1

�2

�1

D
1
1 D

2
1

D
1
2 D

2
2

glue a disk along each ↵i on one

side of ⌃g and glue a disk along

each �j on the other side, and fill

the boundary with balls.

�e
···

1

2

n

⇤

↵i

H semisimple.

Choose integrals

e 2 H, µ 2 H
⇤,

µ(e) = 1.
M µ

···

1

2

n

⇤

�j

7

Kuperberg Invariant ZKup(M ;H)

Choose a Heegaard diagram for M:

(⌃g ,↵ = {↵1, · · · ,↵g},� = {�1, · · · ,�g}). The ↵i
0s are disjoint,

⌃g \ ([↵i ) is a punctured sphere. The same requirement for �j 0s.

↵2

↵1

�2

�1

D
1
1 D

2
1

D
1
2 D

2
2

glue a disk along each ↵i on one

side of ⌃g and glue a disk along

each �j on the other side, and fill

the boundary with balls.

�e
···

1

2

n

⇤

↵i

H semisimple.

Choose integrals

e 2 H, µ 2 H
⇤,

µ(e) = 1.
M µ

···

1

2

n

⇤

�j

7

�

�

M

M

e

e

µ

µ

S

S

                  is the contraction 
of the tensor diagrams

    non-semisimple,                       is an invariant of 
framed manifolds.
H<latexit sha1_base64="Uxg4hnrkuS4gXZkqZfYY4uEnuic=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuiDSVGQRK4kL1lDjbs7V1290zIhZ9gY6Extv4iO/+NC1yh4Jts8uSdmezMGySCa+O6305hY3Nre6e4W9rbPzg8Kh+fdHScKoZtFotYdQOqUXCJbcONwG6ikEaBwMdgcjuvPz6h0jyWD2aaoB/RkeQhZ9RY677arA7KFbfmLkTWwcuhArlag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHsWJY1Q+9li1Rm5sM6QhLGyTxqycH9PZDTSehoFtjOiZqxXa3Pzv1ovNeG1n3GZpAYlW34UpoKYmMzvJkOukBkxtUCZ4nZXwsZUUWZsOiUbgrd68jp06jXP8l290rjJ4yjCGZzDJXhwBQ1oQgvawGAEz/AKb45wXpx352PZWnDymVP4I+fzB1RkjSY=</latexit><latexit sha1_base64="Uxg4hnrkuS4gXZkqZfYY4uEnuic=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuiDSVGQRK4kL1lDjbs7V1290zIhZ9gY6Extv4iO/+NC1yh4Jts8uSdmezMGySCa+O6305hY3Nre6e4W9rbPzg8Kh+fdHScKoZtFotYdQOqUXCJbcONwG6ikEaBwMdgcjuvPz6h0jyWD2aaoB/RkeQhZ9RY677arA7KFbfmLkTWwcuhArlag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHsWJY1Q+9li1Rm5sM6QhLGyTxqycH9PZDTSehoFtjOiZqxXa3Pzv1ovNeG1n3GZpAYlW34UpoKYmMzvJkOukBkxtUCZ4nZXwsZUUWZsOiUbgrd68jp06jXP8l290rjJ4yjCGZzDJXhwBQ1oQgvawGAEz/AKb45wXpx352PZWnDymVP4I+fzB1RkjSY=</latexit><latexit sha1_base64="Uxg4hnrkuS4gXZkqZfYY4uEnuic=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuiDSVGQRK4kL1lDjbs7V1290zIhZ9gY6Extv4iO/+NC1yh4Jts8uSdmezMGySCa+O6305hY3Nre6e4W9rbPzg8Kh+fdHScKoZtFotYdQOqUXCJbcONwG6ikEaBwMdgcjuvPz6h0jyWD2aaoB/RkeQhZ9RY677arA7KFbfmLkTWwcuhArlag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHsWJY1Q+9li1Rm5sM6QhLGyTxqycH9PZDTSehoFtjOiZqxXa3Pzv1ovNeG1n3GZpAYlW34UpoKYmMzvJkOukBkxtUCZ4nZXwsZUUWZsOiUbgrd68jp06jXP8l290rjJ4yjCGZzDJXhwBQ1oQgvawGAEz/AKb45wXpx352PZWnDymVP4I+fzB1RkjSY=</latexit><latexit sha1_base64="Uxg4hnrkuS4gXZkqZfYY4uEnuic=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuiDSVGQRK4kL1lDjbs7V1290zIhZ9gY6Extv4iO/+NC1yh4Jts8uSdmezMGySCa+O6305hY3Nre6e4W9rbPzg8Kh+fdHScKoZtFotYdQOqUXCJbcONwG6ikEaBwMdgcjuvPz6h0jyWD2aaoB/RkeQhZ9RY677arA7KFbfmLkTWwcuhArlag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHsWJY1Q+9li1Rm5sM6QhLGyTxqycH9PZDTSehoFtjOiZqxXa3Pzv1ovNeG1n3GZpAYlW34UpoKYmMzvJkOukBkxtUCZ4nZXwsZUUWZsOiUbgrd68jp06jXP8l290rjJ4yjCGZzDJXhwBQ1oQgvawGAEz/AKb45wXpx352PZWnDymVP4I+fzB1RkjSY=</latexit>

↵i

�j

M

µ

�

e

S✓
<latexit sha1_base64="jkA3/BrRMTnQgBhzMS6euihNaPE=">AAACGXicbZC7TsMwFIadcivhVmBkiWiRWKiSLjBWsDAWQS+iDZXjOK1Vx4nsE6QS5S3YELwLG2Jl4lWYcNsMtOWXLH36zzk6x78Xc6bAtr+Nwsrq2vpGcdPc2t7Z3SvtH7RUlEhCmyTikex4WFHOBG0CA047saQ49Dhte6OrSb39SKVikbiDcUzdEA8ECxjBoK37yu1DD4YUcKVfKttVeyprGZwcyihXo1/66fkRSUIqgHCsVNexY3BTLIERTjOzlygaYzLCA9rVKHBIlZtOL86sE+34VhBJ/QRYU/fvRIpDpcahpztDDEO1WJuY/9W6CQQXbspEnAAVZLYoSLgFkTX5vuUzSQnwsQZMJNO3WmSIJSagQzLn1gAbPWVLzhnxM1OH5SxGswytWtXRfFMr1y/z2IroCB2jU+Sgc1RH16iBmogggZ7RK3ozXox348P4nLUWjHzmEM3J+PoFvHygpw==</latexit><latexit sha1_base64="jkA3/BrRMTnQgBhzMS6euihNaPE=">AAACGXicbZC7TsMwFIadcivhVmBkiWiRWKiSLjBWsDAWQS+iDZXjOK1Vx4nsE6QS5S3YELwLG2Jl4lWYcNsMtOWXLH36zzk6x78Xc6bAtr+Nwsrq2vpGcdPc2t7Z3SvtH7RUlEhCmyTikex4WFHOBG0CA047saQ49Dhte6OrSb39SKVikbiDcUzdEA8ECxjBoK37yu1DD4YUcKVfKttVeyprGZwcyihXo1/66fkRSUIqgHCsVNexY3BTLIERTjOzlygaYzLCA9rVKHBIlZtOL86sE+34VhBJ/QRYU/fvRIpDpcahpztDDEO1WJuY/9W6CQQXbspEnAAVZLYoSLgFkTX5vuUzSQnwsQZMJNO3WmSIJSagQzLn1gAbPWVLzhnxM1OH5SxGswytWtXRfFMr1y/z2IroCB2jU+Sgc1RH16iBmogggZ7RK3ozXox348P4nLUWjHzmEM3J+PoFvHygpw==</latexit><latexit sha1_base64="jkA3/BrRMTnQgBhzMS6euihNaPE=">AAACGXicbZC7TsMwFIadcivhVmBkiWiRWKiSLjBWsDAWQS+iDZXjOK1Vx4nsE6QS5S3YELwLG2Jl4lWYcNsMtOWXLH36zzk6x78Xc6bAtr+Nwsrq2vpGcdPc2t7Z3SvtH7RUlEhCmyTikex4WFHOBG0CA047saQ49Dhte6OrSb39SKVikbiDcUzdEA8ECxjBoK37yu1DD4YUcKVfKttVeyprGZwcyihXo1/66fkRSUIqgHCsVNexY3BTLIERTjOzlygaYzLCA9rVKHBIlZtOL86sE+34VhBJ/QRYU/fvRIpDpcahpztDDEO1WJuY/9W6CQQXbspEnAAVZLYoSLgFkTX5vuUzSQnwsQZMJNO3WmSIJSagQzLn1gAbPWVLzhnxM1OH5SxGswytWtXRfFMr1y/z2IroCB2jU+Sgc1RH16iBmogggZ7RK3ozXox348P4nLUWjHzmEM3J+PoFvHygpw==</latexit><latexit sha1_base64="jkA3/BrRMTnQgBhzMS6euihNaPE=">AAACGXicbZC7TsMwFIadcivhVmBkiWiRWKiSLjBWsDAWQS+iDZXjOK1Vx4nsE6QS5S3YELwLG2Jl4lWYcNsMtOWXLH36zzk6x78Xc6bAtr+Nwsrq2vpGcdPc2t7Z3SvtH7RUlEhCmyTikex4WFHOBG0CA047saQ49Dhte6OrSb39SKVikbiDcUzdEA8ECxjBoK37yu1DD4YUcKVfKttVeyprGZwcyihXo1/66fkRSUIqgHCsVNexY3BTLIERTjOzlygaYzLCA9rVKHBIlZtOL86sE+34VhBJ/QRYU/fvRIpDpcahpztDDEO1WJuY/9W6CQQXbspEnAAVZLYoSLgFkTX5vuUzSQnwsQZMJNO3WmSIJSagQzLn1gAbPWVLzhnxM1OH5SxGswytWtXRfFMr1y/z2IroCB2jU+Sgc1RH16iBmogggZ7RK3ozXox348P4nLUWjHzmEM3J+PoFvHygpw==</latexit>

ZH

Kup(M
3)

<latexit sha1_base64="/ztUWXNEYg21jLOh8bmsWoJ7vyo=">AAACKHicbZC7SgNBFIbPene9rVpY2CwGIRYJu1poGbQRRFAwGkw2YXYySYbMXpg5K8Zln8ZO9A0sfAQ7sfUxBMHJpVDjDwMf/zmHc+b3Y8EVOs67MTE5NT0zOzdvLiwuLa9Yq2uXKkokZWUaiUhWfKKY4CErI0fBKrFkJPAFu/K7R/361Q2TikfhBfZi5gWkHfIWpwS11bA2rhtpDdktpidJnGX19DjLn9b3dhpWzik6A9nj4I4gVyp8Pb8AwFnD+qw1I5oELEQqiFJV14nRS4lETgXLzFqiWExol7RZVWNIAqa8dPCBzN7WTtNuRVK/EO2B+3MiJYFSvcDXnQHBjvpb65v/1aoJtg68lIdxgiykw0WtRNgY2f007CaXjKLoaSBUcn2rTTtEEoo6M/PXGuTdu2zMKdBmZuqw3L/RjMPlbtHVfO7mSocw1BxswhbkwYV9KMExnEEZKGRwD4/wZDwYr8ab8T5snTBGM+vwS8bHN8n+qZs=</latexit><latexit sha1_base64="orcMnpTYC5E0mjiWDY2uttrTB2Q="></latexit><latexit sha1_base64="orcMnpTYC5E0mjiWDY2uttrTB2Q="></latexit><latexit sha1_base64="E66SbnoTDqHJcWXUIVthGCrHmjU=">AAACKHicbZDLSsNAFIYnXmu8RV24cBMsQl1YEl3osuimIEIFe8E2LZPJpB06uTBzItaQp3En+i7upFsfw5XTy8K2/jDw8Z9zOGd+N+ZMgmUNtaXlldW19dyGvrm1vbNr7O3XZJQIQqsk4pFouFhSzkJaBQacNmJBceByWnf7N6N6/YkKyaLwAQYxdQLcDZnPCAZldYzDx07aAvoM6W0SZ1k7LWeFu/bFacfIW0VrLHMR7Cnk0VSVjvHT8iKSBDQEwrGUTduKwUmxAEY4zfRWImmMSR93aVNhiAMqnXT8gcw8UY5n+pFQLwRz7P6dSHEg5SBwVWeAoSfnayPzv1ozAf/KSVkYJ0BDMlnkJ9yEyBylYXpMUAJ8oAATwdStJulhgQmozPSZNcD6L9mCc0a8TFdh2fPRLELtvGgrvrfzpetpbDl0hI5RAdnoEpVQGVVQFRGUoVf0jj60N+1T+9KGk9YlbTpzgGakff8CbIWmtQ==</latexit>

ZH

Kup(M
3; f)

<latexit sha1_base64="HGkaERfkZrYBTBDqjysLkmRp30Y="></latexit><latexit sha1_base64="ymQygnnuoEXQA4tCY5AsS+cadAw="></latexit><latexit sha1_base64="ymQygnnuoEXQA4tCY5AsS+cadAw="></latexit><latexit sha1_base64="ZLmX8K2lz/hao/Qu/XDPSpVXan8=">AAACKnicbZDLSsNAFIYnXmu8RV2Jm2AR6sKS6ELBTdFNQYQK9oJtWibTSTt0cmHmRKwh+DTuRN/FXXHrU7hyelnY1h8GPv5zDufM70acSbCsgbawuLS8sppZ09c3Nre2jZ3digxjQWiZhDwUNRdLyllAy8CA01okKPZdTqtu73pYrz5SIVkY3EM/oo6POwHzGMGgrJax/9BKGkCfILmJozRtJsU0d9s8u/SOW0bWylsjmfNgTyCLJiq1jJ9GOySxTwMgHEtZt60InAQLYITTVG/EkkaY9HCH1hUG2KfSSUZfSM0j5bRNLxTqBWCO3L8TCfal7Puu6vQxdOVsbWj+V6vH4F04CQuiGGhAxou8mJsQmsM8zDYTlADvK8BEMHWrSbpYYAIqNX1qDbDeczrnnJB2qquw7Nlo5qFymrcV39nZwtUktgw6QIcoh2x0jgqoiEqojAh6Qa/oHX1ob9qnNtC+xq0L2mRmD01J+/4F1oinag==</latexit>

•     can be taken to be a Hopf object in any symmetric 
tensor category                                [Kashaev, Virelizier, ’18]

•          recovers Seiberg-Witten invariant for certain   
in                                                       [Lopez-Neumann, ‘19]
ZH

Kup
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Figure 3: Stabilizing a trisection diagram means connected summing with this
diagram. By itself, this describes the simplest nontrivial trisection of S4 , of
genus 3. The red curves are the α curves, the blues are the β ’s and the greens
are the γ ’s.

Definition 9 Given a trisection diagram (Fg,α,β, γ), the trisection diagram
(F ′

g′ = Fg+3,α′,β′, γ′) obtained by connected summing (Fg,α,β, γ) with the
diagram in Figure 3 is called the stabilization of (Fg,α,β, γ).

We prove the following fact at the beginning of Section 5:

Lemma 10 If (X1,X2,X3) is a trisection of X4 , with genus g and dia-
gram (Fg,α,β, γ′), and (X ′

1,X
′

2,X
′

3) is a stabilization of (X1,X2,X3), then
(X ′

1,X
′

2,X
′

3) is also a trisection of X , with genus g′ = g + 3 and diagram
(Fg′ ,α′,β′, γ′), the stabilization of (Fg,α,β, γ).

The reader may find Figure 2 useful in proving this lemma before reading our
proof.

Theorem 11 (Uniqueness) Given two trisections of X , (X1,X2,X3) and
(X ′

1,X
′

2,X
′

3), then after stabilizing each trisection some number of times, there
is a diffeomorphism h : X → X isotopic to the identity with the property that
h(Xi) = X ′

i for each i. In particular, h(Xi ∩ Xj) = X ′

i ∩ X ′

j, for i ≠ j in
{1, 2, 3}, and h(X1 ∩X2 ∩X3) = h(X ′

1 ∩X ′

2 ∩X ′

3).

Corollary 12 Given trisection diagrams (Fg,α,β, γ) and (Fg′ ,α′,β′, γ′), the
corresponding 4–manifolds X(Fg,α,β, γ) and X(Fg′ ,α′,β′, γ′) are diffeomor-
phic if and only if (Fg,α,β, γ) and (Fg′ ,α′,β′, γ′) are related by stabilization,
handle slides, and diffeomorphism. “Handle slides” are slides of α’s over α’s,
β ’s over β ’s and γ ’s over γ ’s.

Proof Any two handle decompositions of a fixed genus g handlebody, each
with one 0–handle and g 1–handles, are related by handle slides; this is proved
in [5].

5

                    such that                ,                      
                ,                 are Heegaard 
diagrams for

(⌃g,↵,�, �)
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(⌃g,↵,�)
<latexit sha1_base64="5jtazjNQQ4cw5bD1MmH7NmAYXZU=">AAACLHicbZDLTgIxFIY7eMPxhrpk0wgmmKiZYaNLohuXGOWSACFnSoGGziXtGRMks/Bp3Bl9FzfGuPUhXFkuCwFP0vTL/5+T0/5eJIVGx/mwUiura+sb6U17a3tndy+zf1DVYawYr7BQhqrugeZSBLyCAiWvR4qD70le8wbXY7/2wJUWYXCPw4i3fOgFoisYoJHamWy+0LwTPR/avVPaBBn1wdweRzjJtzM559yZFF0GdwY5MqtyO/PT7IQs9nmATILWDdeJsDUChYJJntjNWPMI2AB6vGEwAJ/r1mjyiYQeG6VDu6EyJ0A6Uf9OjMDXeuh7ptMH7OtFbyz+5zVi7F62RiKIYuQBmy7qxpJiSMeJ0I5QnKEcGgCmhHkrZX1QwNDkZs+tQTF4TJaUM9ZJbBOWuxjNMlSL567h22KudDWLLU2y5IgUiEsuSInckDKpEEaeyDN5JW/Wi/VufVpf09aUNZs5JHNlff8CxgamtQ==</latexit><latexit sha1_base64="5jtazjNQQ4cw5bD1MmH7NmAYXZU=">AAACLHicbZDLTgIxFIY7eMPxhrpk0wgmmKiZYaNLohuXGOWSACFnSoGGziXtGRMks/Bp3Bl9FzfGuPUhXFkuCwFP0vTL/5+T0/5eJIVGx/mwUiura+sb6U17a3tndy+zf1DVYawYr7BQhqrugeZSBLyCAiWvR4qD70le8wbXY7/2wJUWYXCPw4i3fOgFoisYoJHamWy+0LwTPR/avVPaBBn1wdweRzjJtzM559yZFF0GdwY5MqtyO/PT7IQs9nmATILWDdeJsDUChYJJntjNWPMI2AB6vGEwAJ/r1mjyiYQeG6VDu6EyJ0A6Uf9OjMDXeuh7ptMH7OtFbyz+5zVi7F62RiKIYuQBmy7qxpJiSMeJ0I5QnKEcGgCmhHkrZX1QwNDkZs+tQTF4TJaUM9ZJbBOWuxjNMlSL567h22KudDWLLU2y5IgUiEsuSInckDKpEEaeyDN5JW/Wi/VufVpf09aUNZs5JHNlff8CxgamtQ==</latexit><latexit sha1_base64="5jtazjNQQ4cw5bD1MmH7NmAYXZU=">AAACLHicbZDLTgIxFIY7eMPxhrpk0wgmmKiZYaNLohuXGOWSACFnSoGGziXtGRMks/Bp3Bl9FzfGuPUhXFkuCwFP0vTL/5+T0/5eJIVGx/mwUiura+sb6U17a3tndy+zf1DVYawYr7BQhqrugeZSBLyCAiWvR4qD70le8wbXY7/2wJUWYXCPw4i3fOgFoisYoJHamWy+0LwTPR/avVPaBBn1wdweRzjJtzM559yZFF0GdwY5MqtyO/PT7IQs9nmATILWDdeJsDUChYJJntjNWPMI2AB6vGEwAJ/r1mjyiYQeG6VDu6EyJ0A6Uf9OjMDXeuh7ptMH7OtFbyz+5zVi7F62RiKIYuQBmy7qxpJiSMeJ0I5QnKEcGgCmhHkrZX1QwNDkZs+tQTF4TJaUM9ZJbBOWuxjNMlSL567h22KudDWLLU2y5IgUiEsuSInckDKpEEaeyDN5JW/Wi/VufVpf09aUNZs5JHNlff8CxgamtQ==</latexit><latexit sha1_base64="5jtazjNQQ4cw5bD1MmH7NmAYXZU=">AAACLHicbZDLTgIxFIY7eMPxhrpk0wgmmKiZYaNLohuXGOWSACFnSoGGziXtGRMks/Bp3Bl9FzfGuPUhXFkuCwFP0vTL/5+T0/5eJIVGx/mwUiura+sb6U17a3tndy+zf1DVYawYr7BQhqrugeZSBLyCAiWvR4qD70le8wbXY7/2wJUWYXCPw4i3fOgFoisYoJHamWy+0LwTPR/avVPaBBn1wdweRzjJtzM559yZFF0GdwY5MqtyO/PT7IQs9nmATILWDdeJsDUChYJJntjNWPMI2AB6vGEwAJ/r1mjyiYQeG6VDu6EyJ0A6Uf9OjMDXeuh7ptMH7OtFbyz+5zVi7F62RiKIYuQBmy7qxpJiSMeJ0I5QnKEcGgCmhHkrZX1QwNDkZs+tQTF4TJaUM9ZJbBOWuxjNMlSL567h22KudDWLLU2y5IgUiEsuSInckDKpEEaeyDN5JW/Wi/VufVpf09aUNZs5JHNlff8CxgamtQ==</latexit>

(⌃g,↵, �)
<latexit sha1_base64="h7NS7uQeRkOqtL3y9UZdMKcMNhc=">AAACLXicbZDLSgMxFIYz9VbH26hLXQRboYKWmW50WXTjsqJthU4pZ9J0GprMDElGqKUbn8ad6Lu4EMSt7+DK9LKwrQdCPv7/HE7yBwlnSrvuh5VZWl5ZXcuu2xubW9s7zu5eTcWpJLRKYh7L+wAU5SyiVc00p/eJpCACTutB72rk1x+oVCyO7nQ/oU0BYcQ6jIA2Uss5zBf8WxYKaIWn2AeedMHcIQgBJ/mWk3OL7rjwInhTyKFpVVrOj9+OSSpopAkHpRqem+jmAKRmhNOh7aeKJkB6ENKGwQgEVc3B+BdDfGyUNu7E0pxI47H6d2IAQqm+CEynAN1V895I/M9rpLpz0RywKEk1jchkUSflWMd4FAluM0mJ5n0DQCQzb8WkCxKINsHZM2s06z0OF5Qz0h7aJixvPppFqJWKnuGbUq58OY0tiw7QESogD52jMrpGFVRFBD2hZ/SK3qwX6936tL4mrRlrOrOPZsr6/gWgzacm</latexit><latexit sha1_base64="h7NS7uQeRkOqtL3y9UZdMKcMNhc=">AAACLXicbZDLSgMxFIYz9VbH26hLXQRboYKWmW50WXTjsqJthU4pZ9J0GprMDElGqKUbn8ad6Lu4EMSt7+DK9LKwrQdCPv7/HE7yBwlnSrvuh5VZWl5ZXcuu2xubW9s7zu5eTcWpJLRKYh7L+wAU5SyiVc00p/eJpCACTutB72rk1x+oVCyO7nQ/oU0BYcQ6jIA2Uss5zBf8WxYKaIWn2AeedMHcIQgBJ/mWk3OL7rjwInhTyKFpVVrOj9+OSSpopAkHpRqem+jmAKRmhNOh7aeKJkB6ENKGwQgEVc3B+BdDfGyUNu7E0pxI47H6d2IAQqm+CEynAN1V895I/M9rpLpz0RywKEk1jchkUSflWMd4FAluM0mJ5n0DQCQzb8WkCxKINsHZM2s06z0OF5Qz0h7aJixvPppFqJWKnuGbUq58OY0tiw7QESogD52jMrpGFVRFBD2hZ/SK3qwX6936tL4mrRlrOrOPZsr6/gWgzacm</latexit><latexit sha1_base64="h7NS7uQeRkOqtL3y9UZdMKcMNhc=">AAACLXicbZDLSgMxFIYz9VbH26hLXQRboYKWmW50WXTjsqJthU4pZ9J0GprMDElGqKUbn8ad6Lu4EMSt7+DK9LKwrQdCPv7/HE7yBwlnSrvuh5VZWl5ZXcuu2xubW9s7zu5eTcWpJLRKYh7L+wAU5SyiVc00p/eJpCACTutB72rk1x+oVCyO7nQ/oU0BYcQ6jIA2Uss5zBf8WxYKaIWn2AeedMHcIQgBJ/mWk3OL7rjwInhTyKFpVVrOj9+OSSpopAkHpRqem+jmAKRmhNOh7aeKJkB6ENKGwQgEVc3B+BdDfGyUNu7E0pxI47H6d2IAQqm+CEynAN1V895I/M9rpLpz0RywKEk1jchkUSflWMd4FAluM0mJ5n0DQCQzb8WkCxKINsHZM2s06z0OF5Qz0h7aJixvPppFqJWKnuGbUq58OY0tiw7QESogD52jMrpGFVRFBD2hZ/SK3qwX6936tL4mrRlrOrOPZsr6/gWgzacm</latexit><latexit sha1_base64="h7NS7uQeRkOqtL3y9UZdMKcMNhc=">AAACLXicbZDLSgMxFIYz9VbH26hLXQRboYKWmW50WXTjsqJthU4pZ9J0GprMDElGqKUbn8ad6Lu4EMSt7+DK9LKwrQdCPv7/HE7yBwlnSrvuh5VZWl5ZXcuu2xubW9s7zu5eTcWpJLRKYh7L+wAU5SyiVc00p/eJpCACTutB72rk1x+oVCyO7nQ/oU0BYcQ6jIA2Uss5zBf8WxYKaIWn2AeedMHcIQgBJ/mWk3OL7rjwInhTyKFpVVrOj9+OSSpopAkHpRqem+jmAKRmhNOh7aeKJkB6ENKGwQgEVc3B+BdDfGyUNu7E0pxI47H6d2IAQqm+CEynAN1V895I/M9rpLpz0RywKEk1jchkUSflWMd4FAluM0mJ5n0DQCQzb8WkCxKINsHZM2s06z0OF5Qz0h7aJixvPppFqJWKnuGbUq58OY0tiw7QESogD52jMrpGFVRFBD2hZ/SK3qwX6936tL4mrRlrOrOPZsr6/gWgzacm</latexit>

(⌃g,�, �)
<latexit sha1_base64="RLY9Z0wzor+xRmv4kFnGta5/Nwg=">AAACLHicbZDNTgIxFIU7/uL4h7pk04gmmqiZYaNLohuXGAVMgJA7pYwN7cykvWOChIVP487ou7gxxq0P4coCsxDxJk2/nHNvbnuCRAqDnvfuzM0vLC4t51bc1bX1jc381nbNxKlmvMpiGevbAAyXIuJVFCj5baI5qEDyetC7GPn1e66NiKMb7Ce8pSCMRFcwQCu184W9g+a1CBW0wyPaDDiCvUJQCg732vmid+KNi86Cn0GRZFVp57+bnZilikfIJBjT8L0EWwPQKJjkQ7eZGp4A60HIGxYjUNy0BuNPDOm+VTq0G2t7IqRj9ffEAJQxfRXYTgV4Z/56I/E/r5Fi96w1EFGSIo/YZFE3lRRjOkqEdoTmDGXfAjAt7FspuwMNDG1u7tQaFL2H4YxyzDpD14bl/41mFmqlE9/yValYPs9iy5EC2SUHxCenpEwuSYVUCSOP5Im8kFfn2XlzPpzPSeuck83skKlyvn4AwFCmsg==</latexit><latexit sha1_base64="RLY9Z0wzor+xRmv4kFnGta5/Nwg=">AAACLHicbZDNTgIxFIU7/uL4h7pk04gmmqiZYaNLohuXGAVMgJA7pYwN7cykvWOChIVP487ou7gxxq0P4coCsxDxJk2/nHNvbnuCRAqDnvfuzM0vLC4t51bc1bX1jc381nbNxKlmvMpiGevbAAyXIuJVFCj5baI5qEDyetC7GPn1e66NiKMb7Ce8pSCMRFcwQCu184W9g+a1CBW0wyPaDDiCvUJQCg732vmid+KNi86Cn0GRZFVp57+bnZilikfIJBjT8L0EWwPQKJjkQ7eZGp4A60HIGxYjUNy0BuNPDOm+VTq0G2t7IqRj9ffEAJQxfRXYTgV4Z/56I/E/r5Fi96w1EFGSIo/YZFE3lRRjOkqEdoTmDGXfAjAt7FspuwMNDG1u7tQaFL2H4YxyzDpD14bl/41mFmqlE9/yValYPs9iy5EC2SUHxCenpEwuSYVUCSOP5Im8kFfn2XlzPpzPSeuck83skKlyvn4AwFCmsg==</latexit><latexit sha1_base64="RLY9Z0wzor+xRmv4kFnGta5/Nwg=">AAACLHicbZDNTgIxFIU7/uL4h7pk04gmmqiZYaNLohuXGAVMgJA7pYwN7cykvWOChIVP487ou7gxxq0P4coCsxDxJk2/nHNvbnuCRAqDnvfuzM0vLC4t51bc1bX1jc381nbNxKlmvMpiGevbAAyXIuJVFCj5baI5qEDyetC7GPn1e66NiKMb7Ce8pSCMRFcwQCu184W9g+a1CBW0wyPaDDiCvUJQCg732vmid+KNi86Cn0GRZFVp57+bnZilikfIJBjT8L0EWwPQKJjkQ7eZGp4A60HIGxYjUNy0BuNPDOm+VTq0G2t7IqRj9ffEAJQxfRXYTgV4Z/56I/E/r5Fi96w1EFGSIo/YZFE3lRRjOkqEdoTmDGXfAjAt7FspuwMNDG1u7tQaFL2H4YxyzDpD14bl/41mFmqlE9/yValYPs9iy5EC2SUHxCenpEwuSYVUCSOP5Im8kFfn2XlzPpzPSeuck83skKlyvn4AwFCmsg==</latexit><latexit sha1_base64="RLY9Z0wzor+xRmv4kFnGta5/Nwg=">AAACLHicbZDNTgIxFIU7/uL4h7pk04gmmqiZYaNLohuXGAVMgJA7pYwN7cykvWOChIVP487ou7gxxq0P4coCsxDxJk2/nHNvbnuCRAqDnvfuzM0vLC4t51bc1bX1jc381nbNxKlmvMpiGevbAAyXIuJVFCj5baI5qEDyetC7GPn1e66NiKMb7Ce8pSCMRFcwQCu184W9g+a1CBW0wyPaDDiCvUJQCg732vmid+KNi86Cn0GRZFVp57+bnZilikfIJBjT8L0EWwPQKJjkQ7eZGp4A60HIGxYjUNy0BuNPDOm+VTq0G2t7IqRj9ffEAJQxfRXYTgV4Z/56I/E/r5Fi96w1EFGSIo/YZFE3lRRjOkqEdoTmDGXfAjAt7FspuwMNDG1u7tQaFL2H4YxyzDpD14bl/41mFmqlE9/yValYPs9iy5EC2SUHxCenpEwuSYVUCSOP5Im8kFfn2XlzPpzPSeuck83skKlyvn4AwFCmsg==</latexit>

#k(S1 ⇥ S2)
<latexit sha1_base64="1yhwcS4cdoUOPZGS2nPz1HUSxNc=">AAACOnicbVC5TgMxFPRyhnAFKGksEqSkINpNA2UEDWUQ5JCySeT1ehMr3kP2W6Sw2m/ga+gQfActHaKlosI5ihyMZGk0857meZxIcAWm+WGsrW9sbm1ndrK7e/sHh7mj44YKY0lZnYYilC2HKCZ4wOrAQbBWJBnxHcGazvBm7DcfmVQ8DB5gFLGOT/oB9zgloKVerlSw890hLto+gYHjJPdp18I2cJ8pPKdVSoVeLm+WzQnwKrFmJI9mqPVyv7Yb0thnAVBBlGpbZgSdhEjgVLA0a8eKRYQOSZ+1NQ2Izuwkky+l+FwrLvZCqV8AeKLObyTEV2rkO3pyfKVa9sbif147Bu+qk/AgioEFdBrkxQJDiMf9YJdLRkGMNCFUcn0rpgMiCQXdYnYhBvjwKV1RLqibZnVZ1nI1q6RRKVua31Xy1etZbRl0is5QEVnoElXRLaqhOqLoGb2gN/RuvBqfxpfxPR1dM2Y7J2gBxs8fgwSsqw==</latexit><latexit sha1_base64="1yhwcS4cdoUOPZGS2nPz1HUSxNc=">AAACOnicbVC5TgMxFPRyhnAFKGksEqSkINpNA2UEDWUQ5JCySeT1ehMr3kP2W6Sw2m/ga+gQfActHaKlosI5ihyMZGk0857meZxIcAWm+WGsrW9sbm1ndrK7e/sHh7mj44YKY0lZnYYilC2HKCZ4wOrAQbBWJBnxHcGazvBm7DcfmVQ8DB5gFLGOT/oB9zgloKVerlSw890hLto+gYHjJPdp18I2cJ8pPKdVSoVeLm+WzQnwKrFmJI9mqPVyv7Yb0thnAVBBlGpbZgSdhEjgVLA0a8eKRYQOSZ+1NQ2Izuwkky+l+FwrLvZCqV8AeKLObyTEV2rkO3pyfKVa9sbif147Bu+qk/AgioEFdBrkxQJDiMf9YJdLRkGMNCFUcn0rpgMiCQXdYnYhBvjwKV1RLqibZnVZ1nI1q6RRKVua31Xy1etZbRl0is5QEVnoElXRLaqhOqLoGb2gN/RuvBqfxpfxPR1dM2Y7J2gBxs8fgwSsqw==</latexit><latexit sha1_base64="1yhwcS4cdoUOPZGS2nPz1HUSxNc=">AAACOnicbVC5TgMxFPRyhnAFKGksEqSkINpNA2UEDWUQ5JCySeT1ehMr3kP2W6Sw2m/ga+gQfActHaKlosI5ihyMZGk0857meZxIcAWm+WGsrW9sbm1ndrK7e/sHh7mj44YKY0lZnYYilC2HKCZ4wOrAQbBWJBnxHcGazvBm7DcfmVQ8DB5gFLGOT/oB9zgloKVerlSw890hLto+gYHjJPdp18I2cJ8pPKdVSoVeLm+WzQnwKrFmJI9mqPVyv7Yb0thnAVBBlGpbZgSdhEjgVLA0a8eKRYQOSZ+1NQ2Izuwkky+l+FwrLvZCqV8AeKLObyTEV2rkO3pyfKVa9sbif147Bu+qk/AgioEFdBrkxQJDiMf9YJdLRkGMNCFUcn0rpgMiCQXdYnYhBvjwKV1RLqibZnVZ1nI1q6RRKVua31Xy1etZbRl0is5QEVnoElXRLaqhOqLoGb2gN/RuvBqfxpfxPR1dM2Y7J2gBxs8fgwSsqw==</latexit><latexit sha1_base64="1yhwcS4cdoUOPZGS2nPz1HUSxNc=">AAACOnicbVC5TgMxFPRyhnAFKGksEqSkINpNA2UEDWUQ5JCySeT1ehMr3kP2W6Sw2m/ga+gQfActHaKlosI5ihyMZGk0857meZxIcAWm+WGsrW9sbm1ndrK7e/sHh7mj44YKY0lZnYYilC2HKCZ4wOrAQbBWJBnxHcGazvBm7DcfmVQ8DB5gFLGOT/oB9zgloKVerlSw890hLto+gYHjJPdp18I2cJ8pPKdVSoVeLm+WzQnwKrFmJI9mqPVyv7Yb0thnAVBBlGpbZgSdhEjgVLA0a8eKRYQOSZ+1NQ2Izuwkky+l+FwrLvZCqV8AeKLObyTEV2rkO3pyfKVa9sbif147Bu+qk/AgioEFdBrkxQJDiMf9YJdLRkGMNCFUcn0rpgMiCQXdYnYhBvjwKV1RLqibZnVZ1nI1q6RRKVua31Xy1etZbRl0is5QEVnoElXRLaqhOqLoGb2gN/RuvBqfxpfxPR1dM2Y7J2gBxs8fgwSsqw==</latexit>
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‘Heegaard diagram’ for 4-manifolds: trisection diagrams
Trisection Invariant of 4-Manifolds

[D. Gay, R. Kirby, ‘12]

Figure 3: Stabilizing a trisection diagram means connected summing with this
diagram. By itself, this describes the simplest nontrivial trisection of S4 , of
genus 3. The red curves are the α curves, the blues are the β ’s and the greens
are the γ ’s.

Definition 9 Given a trisection diagram (Fg,α,β, γ), the trisection diagram
(F ′

g′ = Fg+3,α′,β′, γ′) obtained by connected summing (Fg,α,β, γ) with the
diagram in Figure 3 is called the stabilization of (Fg,α,β, γ).

We prove the following fact at the beginning of Section 5:

Lemma 10 If (X1,X2,X3) is a trisection of X4 , with genus g and dia-
gram (Fg,α,β, γ′), and (X ′

1,X
′

2,X
′

3) is a stabilization of (X1,X2,X3), then
(X ′

1,X
′

2,X
′

3) is also a trisection of X , with genus g′ = g + 3 and diagram
(Fg′ ,α′,β′, γ′), the stabilization of (Fg,α,β, γ).

The reader may find Figure 2 useful in proving this lemma before reading our
proof.

Theorem 11 (Uniqueness) Given two trisections of X , (X1,X2,X3) and
(X ′

1,X
′

2,X
′

3), then after stabilizing each trisection some number of times, there
is a diffeomorphism h : X → X isotopic to the identity with the property that
h(Xi) = X ′

i for each i. In particular, h(Xi ∩ Xj) = X ′

i ∩ X ′

j, for i ≠ j in
{1, 2, 3}, and h(X1 ∩X2 ∩X3) = h(X ′

1 ∩X ′

2 ∩X ′

3).

Corollary 12 Given trisection diagrams (Fg,α,β, γ) and (Fg′ ,α′,β′, γ′), the
corresponding 4–manifolds X(Fg,α,β, γ) and X(Fg′ ,α′,β′, γ′) are diffeomor-
phic if and only if (Fg,α,β, γ) and (Fg′ ,α′,β′, γ′) are related by stabilization,
handle slides, and diffeomorphism. “Handle slides” are slides of α’s over α’s,
β ’s over β ’s and γ ’s over γ ’s.

Proof Any two handle decompositions of a fixed genus g handlebody, each
with one 0–handle and g 1–handles, are related by handle slides; this is proved
in [5].

5

                    such that                ,                      
                ,                 are Heegaard 
diagrams for

(⌃g,↵,�, �)
<latexit sha1_base64="2hRgYzi8H/A6GGLh8cYP+R/59N0=">AAACNHicbVBNTwIxEO3iN36hHr00ggkmSna56JHoxaNGURIgZLaUpaHd3bSzJkj4Af4ab0Z/iok349Uf4MkCexDwJc28vDeTmT4/lsKg6747mYXFpeWV1bXs+sbm1nZuZ/fORIlmvMoiGemaD4ZLEfIqCpS8FmsOypf83u9djPz7B66NiMJb7Me8qSAIRUcwQCu1cvlCsXEjAgWt4Jg2QMZdsNXnOCoBKAVHBdvlltwx6DzxUpInKa5auZ9GO2KJ4iEyCcbUPTfG5gA0Cib5MNtIDI+B9SDgdUtDUNw0B+PPDOmhVdq0E2n7QqRj9e/EAJQxfeXbTgXYNbPeSPzPqyfYOWsORBgnyEM2WdRJJMWIjpKhbaE5Q9m3BJgW9lbKuqCBoc0vO7UGRe9xOKecsPYwa8PyZqOZJ3flkmf5dTlfOU9jWyX75IAUiUdOSYVckitSJYw8kWfySt6cF+fD+XS+Jq0ZJ53ZI1Nwvn8BtxipsA==</latexit><latexit sha1_base64="2hRgYzi8H/A6GGLh8cYP+R/59N0=">AAACNHicbVBNTwIxEO3iN36hHr00ggkmSna56JHoxaNGURIgZLaUpaHd3bSzJkj4Af4ab0Z/iok349Uf4MkCexDwJc28vDeTmT4/lsKg6747mYXFpeWV1bXs+sbm1nZuZ/fORIlmvMoiGemaD4ZLEfIqCpS8FmsOypf83u9djPz7B66NiMJb7Me8qSAIRUcwQCu1cvlCsXEjAgWt4Jg2QMZdsNXnOCoBKAVHBdvlltwx6DzxUpInKa5auZ9GO2KJ4iEyCcbUPTfG5gA0Cib5MNtIDI+B9SDgdUtDUNw0B+PPDOmhVdq0E2n7QqRj9e/EAJQxfeXbTgXYNbPeSPzPqyfYOWsORBgnyEM2WdRJJMWIjpKhbaE5Q9m3BJgW9lbKuqCBoc0vO7UGRe9xOKecsPYwa8PyZqOZJ3flkmf5dTlfOU9jWyX75IAUiUdOSYVckitSJYw8kWfySt6cF+fD+XS+Jq0ZJ53ZI1Nwvn8BtxipsA==</latexit><latexit sha1_base64="2hRgYzi8H/A6GGLh8cYP+R/59N0=">AAACNHicbVBNTwIxEO3iN36hHr00ggkmSna56JHoxaNGURIgZLaUpaHd3bSzJkj4Af4ab0Z/iok349Uf4MkCexDwJc28vDeTmT4/lsKg6747mYXFpeWV1bXs+sbm1nZuZ/fORIlmvMoiGemaD4ZLEfIqCpS8FmsOypf83u9djPz7B66NiMJb7Me8qSAIRUcwQCu1cvlCsXEjAgWt4Jg2QMZdsNXnOCoBKAVHBdvlltwx6DzxUpInKa5auZ9GO2KJ4iEyCcbUPTfG5gA0Cib5MNtIDI+B9SDgdUtDUNw0B+PPDOmhVdq0E2n7QqRj9e/EAJQxfeXbTgXYNbPeSPzPqyfYOWsORBgnyEM2WdRJJMWIjpKhbaE5Q9m3BJgW9lbKuqCBoc0vO7UGRe9xOKecsPYwa8PyZqOZJ3flkmf5dTlfOU9jWyX75IAUiUdOSYVckitSJYw8kWfySt6cF+fD+XS+Jq0ZJ53ZI1Nwvn8BtxipsA==</latexit><latexit sha1_base64="2hRgYzi8H/A6GGLh8cYP+R/59N0=">AAACNHicbVBNTwIxEO3iN36hHr00ggkmSna56JHoxaNGURIgZLaUpaHd3bSzJkj4Af4ab0Z/iok349Uf4MkCexDwJc28vDeTmT4/lsKg6747mYXFpeWV1bXs+sbm1nZuZ/fORIlmvMoiGemaD4ZLEfIqCpS8FmsOypf83u9djPz7B66NiMJb7Me8qSAIRUcwQCu1cvlCsXEjAgWt4Jg2QMZdsNXnOCoBKAVHBdvlltwx6DzxUpInKa5auZ9GO2KJ4iEyCcbUPTfG5gA0Cib5MNtIDI+B9SDgdUtDUNw0B+PPDOmhVdq0E2n7QqRj9e/EAJQxfeXbTgXYNbPeSPzPqyfYOWsORBgnyEM2WdRJJMWIjpKhbaE5Q9m3BJgW9lbKuqCBoc0vO7UGRe9xOKecsPYwa8PyZqOZJ3flkmf5dTlfOU9jWyX75IAUiUdOSYVckitSJYw8kWfySt6cF+fD+XS+Jq0ZJ53ZI1Nwvn8BtxipsA==</latexit>

(⌃g,↵,�)
<latexit sha1_base64="5jtazjNQQ4cw5bD1MmH7NmAYXZU=">AAACLHicbZDLTgIxFIY7eMPxhrpk0wgmmKiZYaNLohuXGOWSACFnSoGGziXtGRMks/Bp3Bl9FzfGuPUhXFkuCwFP0vTL/5+T0/5eJIVGx/mwUiura+sb6U17a3tndy+zf1DVYawYr7BQhqrugeZSBLyCAiWvR4qD70le8wbXY7/2wJUWYXCPw4i3fOgFoisYoJHamWy+0LwTPR/avVPaBBn1wdweRzjJtzM559yZFF0GdwY5MqtyO/PT7IQs9nmATILWDdeJsDUChYJJntjNWPMI2AB6vGEwAJ/r1mjyiYQeG6VDu6EyJ0A6Uf9OjMDXeuh7ptMH7OtFbyz+5zVi7F62RiKIYuQBmy7qxpJiSMeJ0I5QnKEcGgCmhHkrZX1QwNDkZs+tQTF4TJaUM9ZJbBOWuxjNMlSL567h22KudDWLLU2y5IgUiEsuSInckDKpEEaeyDN5JW/Wi/VufVpf09aUNZs5JHNlff8CxgamtQ==</latexit><latexit sha1_base64="5jtazjNQQ4cw5bD1MmH7NmAYXZU=">AAACLHicbZDLTgIxFIY7eMPxhrpk0wgmmKiZYaNLohuXGOWSACFnSoGGziXtGRMks/Bp3Bl9FzfGuPUhXFkuCwFP0vTL/5+T0/5eJIVGx/mwUiura+sb6U17a3tndy+zf1DVYawYr7BQhqrugeZSBLyCAiWvR4qD70le8wbXY7/2wJUWYXCPw4i3fOgFoisYoJHamWy+0LwTPR/avVPaBBn1wdweRzjJtzM559yZFF0GdwY5MqtyO/PT7IQs9nmATILWDdeJsDUChYJJntjNWPMI2AB6vGEwAJ/r1mjyiYQeG6VDu6EyJ0A6Uf9OjMDXeuh7ptMH7OtFbyz+5zVi7F62RiKIYuQBmy7qxpJiSMeJ0I5QnKEcGgCmhHkrZX1QwNDkZs+tQTF4TJaUM9ZJbBOWuxjNMlSL567h22KudDWLLU2y5IgUiEsuSInckDKpEEaeyDN5JW/Wi/VufVpf09aUNZs5JHNlff8CxgamtQ==</latexit><latexit sha1_base64="5jtazjNQQ4cw5bD1MmH7NmAYXZU=">AAACLHicbZDLTgIxFIY7eMPxhrpk0wgmmKiZYaNLohuXGOWSACFnSoGGziXtGRMks/Bp3Bl9FzfGuPUhXFkuCwFP0vTL/5+T0/5eJIVGx/mwUiura+sb6U17a3tndy+zf1DVYawYr7BQhqrugeZSBLyCAiWvR4qD70le8wbXY7/2wJUWYXCPw4i3fOgFoisYoJHamWy+0LwTPR/avVPaBBn1wdweRzjJtzM559yZFF0GdwY5MqtyO/PT7IQs9nmATILWDdeJsDUChYJJntjNWPMI2AB6vGEwAJ/r1mjyiYQeG6VDu6EyJ0A6Uf9OjMDXeuh7ptMH7OtFbyz+5zVi7F62RiKIYuQBmy7qxpJiSMeJ0I5QnKEcGgCmhHkrZX1QwNDkZs+tQTF4TJaUM9ZJbBOWuxjNMlSL567h22KudDWLLU2y5IgUiEsuSInckDKpEEaeyDN5JW/Wi/VufVpf09aUNZs5JHNlff8CxgamtQ==</latexit><latexit sha1_base64="5jtazjNQQ4cw5bD1MmH7NmAYXZU=">AAACLHicbZDLTgIxFIY7eMPxhrpk0wgmmKiZYaNLohuXGOWSACFnSoGGziXtGRMks/Bp3Bl9FzfGuPUhXFkuCwFP0vTL/5+T0/5eJIVGx/mwUiura+sb6U17a3tndy+zf1DVYawYr7BQhqrugeZSBLyCAiWvR4qD70le8wbXY7/2wJUWYXCPw4i3fOgFoisYoJHamWy+0LwTPR/avVPaBBn1wdweRzjJtzM559yZFF0GdwY5MqtyO/PT7IQs9nmATILWDdeJsDUChYJJntjNWPMI2AB6vGEwAJ/r1mjyiYQeG6VDu6EyJ0A6Uf9OjMDXeuh7ptMH7OtFbyz+5zVi7F62RiKIYuQBmy7qxpJiSMeJ0I5QnKEcGgCmhHkrZX1QwNDkZs+tQTF4TJaUM9ZJbBOWuxjNMlSL567h22KudDWLLU2y5IgUiEsuSInckDKpEEaeyDN5JW/Wi/VufVpf09aUNZs5JHNlff8CxgamtQ==</latexit>

(⌃g,↵, �)
<latexit sha1_base64="h7NS7uQeRkOqtL3y9UZdMKcMNhc=">AAACLXicbZDLSgMxFIYz9VbH26hLXQRboYKWmW50WXTjsqJthU4pZ9J0GprMDElGqKUbn8ad6Lu4EMSt7+DK9LKwrQdCPv7/HE7yBwlnSrvuh5VZWl5ZXcuu2xubW9s7zu5eTcWpJLRKYh7L+wAU5SyiVc00p/eJpCACTutB72rk1x+oVCyO7nQ/oU0BYcQ6jIA2Uss5zBf8WxYKaIWn2AeedMHcIQgBJ/mWk3OL7rjwInhTyKFpVVrOj9+OSSpopAkHpRqem+jmAKRmhNOh7aeKJkB6ENKGwQgEVc3B+BdDfGyUNu7E0pxI47H6d2IAQqm+CEynAN1V895I/M9rpLpz0RywKEk1jchkUSflWMd4FAluM0mJ5n0DQCQzb8WkCxKINsHZM2s06z0OF5Qz0h7aJixvPppFqJWKnuGbUq58OY0tiw7QESogD52jMrpGFVRFBD2hZ/SK3qwX6936tL4mrRlrOrOPZsr6/gWgzacm</latexit><latexit sha1_base64="h7NS7uQeRkOqtL3y9UZdMKcMNhc=">AAACLXicbZDLSgMxFIYz9VbH26hLXQRboYKWmW50WXTjsqJthU4pZ9J0GprMDElGqKUbn8ad6Lu4EMSt7+DK9LKwrQdCPv7/HE7yBwlnSrvuh5VZWl5ZXcuu2xubW9s7zu5eTcWpJLRKYh7L+wAU5SyiVc00p/eJpCACTutB72rk1x+oVCyO7nQ/oU0BYcQ6jIA2Uss5zBf8WxYKaIWn2AeedMHcIQgBJ/mWk3OL7rjwInhTyKFpVVrOj9+OSSpopAkHpRqem+jmAKRmhNOh7aeKJkB6ENKGwQgEVc3B+BdDfGyUNu7E0pxI47H6d2IAQqm+CEynAN1V895I/M9rpLpz0RywKEk1jchkUSflWMd4FAluM0mJ5n0DQCQzb8WkCxKINsHZM2s06z0OF5Qz0h7aJixvPppFqJWKnuGbUq58OY0tiw7QESogD52jMrpGFVRFBD2hZ/SK3qwX6936tL4mrRlrOrOPZsr6/gWgzacm</latexit><latexit sha1_base64="h7NS7uQeRkOqtL3y9UZdMKcMNhc=">AAACLXicbZDLSgMxFIYz9VbH26hLXQRboYKWmW50WXTjsqJthU4pZ9J0GprMDElGqKUbn8ad6Lu4EMSt7+DK9LKwrQdCPv7/HE7yBwlnSrvuh5VZWl5ZXcuu2xubW9s7zu5eTcWpJLRKYh7L+wAU5SyiVc00p/eJpCACTutB72rk1x+oVCyO7nQ/oU0BYcQ6jIA2Uss5zBf8WxYKaIWn2AeedMHcIQgBJ/mWk3OL7rjwInhTyKFpVVrOj9+OSSpopAkHpRqem+jmAKRmhNOh7aeKJkB6ENKGwQgEVc3B+BdDfGyUNu7E0pxI47H6d2IAQqm+CEynAN1V895I/M9rpLpz0RywKEk1jchkUSflWMd4FAluM0mJ5n0DQCQzb8WkCxKINsHZM2s06z0OF5Qz0h7aJixvPppFqJWKnuGbUq58OY0tiw7QESogD52jMrpGFVRFBD2hZ/SK3qwX6936tL4mrRlrOrOPZsr6/gWgzacm</latexit><latexit sha1_base64="h7NS7uQeRkOqtL3y9UZdMKcMNhc=">AAACLXicbZDLSgMxFIYz9VbH26hLXQRboYKWmW50WXTjsqJthU4pZ9J0GprMDElGqKUbn8ad6Lu4EMSt7+DK9LKwrQdCPv7/HE7yBwlnSrvuh5VZWl5ZXcuu2xubW9s7zu5eTcWpJLRKYh7L+wAU5SyiVc00p/eJpCACTutB72rk1x+oVCyO7nQ/oU0BYcQ6jIA2Uss5zBf8WxYKaIWn2AeedMHcIQgBJ/mWk3OL7rjwInhTyKFpVVrOj9+OSSpopAkHpRqem+jmAKRmhNOh7aeKJkB6ENKGwQgEVc3B+BdDfGyUNu7E0pxI47H6d2IAQqm+CEynAN1V895I/M9rpLpz0RywKEk1jchkUSflWMd4FAluM0mJ5n0DQCQzb8WkCxKINsHZM2s06z0OF5Qz0h7aJixvPppFqJWKnuGbUq58OY0tiw7QESogD52jMrpGFVRFBD2hZ/SK3qwX6936tL4mrRlrOrOPZsr6/gWgzacm</latexit>

(⌃g,�, �)
<latexit sha1_base64="RLY9Z0wzor+xRmv4kFnGta5/Nwg=">AAACLHicbZDNTgIxFIU7/uL4h7pk04gmmqiZYaNLohuXGAVMgJA7pYwN7cykvWOChIVP487ou7gxxq0P4coCsxDxJk2/nHNvbnuCRAqDnvfuzM0vLC4t51bc1bX1jc381nbNxKlmvMpiGevbAAyXIuJVFCj5baI5qEDyetC7GPn1e66NiKMb7Ce8pSCMRFcwQCu184W9g+a1CBW0wyPaDDiCvUJQCg732vmid+KNi86Cn0GRZFVp57+bnZilikfIJBjT8L0EWwPQKJjkQ7eZGp4A60HIGxYjUNy0BuNPDOm+VTq0G2t7IqRj9ffEAJQxfRXYTgV4Z/56I/E/r5Fi96w1EFGSIo/YZFE3lRRjOkqEdoTmDGXfAjAt7FspuwMNDG1u7tQaFL2H4YxyzDpD14bl/41mFmqlE9/yValYPs9iy5EC2SUHxCenpEwuSYVUCSOP5Im8kFfn2XlzPpzPSeuck83skKlyvn4AwFCmsg==</latexit><latexit sha1_base64="RLY9Z0wzor+xRmv4kFnGta5/Nwg=">AAACLHicbZDNTgIxFIU7/uL4h7pk04gmmqiZYaNLohuXGAVMgJA7pYwN7cykvWOChIVP487ou7gxxq0P4coCsxDxJk2/nHNvbnuCRAqDnvfuzM0vLC4t51bc1bX1jc381nbNxKlmvMpiGevbAAyXIuJVFCj5baI5qEDyetC7GPn1e66NiKMb7Ce8pSCMRFcwQCu184W9g+a1CBW0wyPaDDiCvUJQCg732vmid+KNi86Cn0GRZFVp57+bnZilikfIJBjT8L0EWwPQKJjkQ7eZGp4A60HIGxYjUNy0BuNPDOm+VTq0G2t7IqRj9ffEAJQxfRXYTgV4Z/56I/E/r5Fi96w1EFGSIo/YZFE3lRRjOkqEdoTmDGXfAjAt7FspuwMNDG1u7tQaFL2H4YxyzDpD14bl/41mFmqlE9/yValYPs9iy5EC2SUHxCenpEwuSYVUCSOP5Im8kFfn2XlzPpzPSeuck83skKlyvn4AwFCmsg==</latexit><latexit sha1_base64="RLY9Z0wzor+xRmv4kFnGta5/Nwg=">AAACLHicbZDNTgIxFIU7/uL4h7pk04gmmqiZYaNLohuXGAVMgJA7pYwN7cykvWOChIVP487ou7gxxq0P4coCsxDxJk2/nHNvbnuCRAqDnvfuzM0vLC4t51bc1bX1jc381nbNxKlmvMpiGevbAAyXIuJVFCj5baI5qEDyetC7GPn1e66NiKMb7Ce8pSCMRFcwQCu184W9g+a1CBW0wyPaDDiCvUJQCg732vmid+KNi86Cn0GRZFVp57+bnZilikfIJBjT8L0EWwPQKJjkQ7eZGp4A60HIGxYjUNy0BuNPDOm+VTq0G2t7IqRj9ffEAJQxfRXYTgV4Z/56I/E/r5Fi96w1EFGSIo/YZFE3lRRjOkqEdoTmDGXfAjAt7FspuwMNDG1u7tQaFL2H4YxyzDpD14bl/41mFmqlE9/yValYPs9iy5EC2SUHxCenpEwuSYVUCSOP5Im8kFfn2XlzPpzPSeuck83skKlyvn4AwFCmsg==</latexit><latexit sha1_base64="RLY9Z0wzor+xRmv4kFnGta5/Nwg=">AAACLHicbZDNTgIxFIU7/uL4h7pk04gmmqiZYaNLohuXGAVMgJA7pYwN7cykvWOChIVP487ou7gxxq0P4coCsxDxJk2/nHNvbnuCRAqDnvfuzM0vLC4t51bc1bX1jc381nbNxKlmvMpiGevbAAyXIuJVFCj5baI5qEDyetC7GPn1e66NiKMb7Ce8pSCMRFcwQCu184W9g+a1CBW0wyPaDDiCvUJQCg732vmid+KNi86Cn0GRZFVp57+bnZilikfIJBjT8L0EWwPQKJjkQ7eZGp4A60HIGxYjUNy0BuNPDOm+VTq0G2t7IqRj9ffEAJQxfRXYTgV4Z/56I/E/r5Fi96w1EFGSIo/YZFE3lRRjOkqEdoTmDGXfAjAt7FspuwMNDG1u7tQaFL2H4YxyzDpD14bl/41mFmqlE9/yValYPs9iy5EC2SUHxCenpEwuSYVUCSOP5Im8kFfn2XlzPpzPSeuck83skKlyvn4AwFCmsg==</latexit>

#k(S1 ⇥ S2)
<latexit sha1_base64="1yhwcS4cdoUOPZGS2nPz1HUSxNc=">AAACOnicbVC5TgMxFPRyhnAFKGksEqSkINpNA2UEDWUQ5JCySeT1ehMr3kP2W6Sw2m/ga+gQfActHaKlosI5ihyMZGk0857meZxIcAWm+WGsrW9sbm1ndrK7e/sHh7mj44YKY0lZnYYilC2HKCZ4wOrAQbBWJBnxHcGazvBm7DcfmVQ8DB5gFLGOT/oB9zgloKVerlSw890hLto+gYHjJPdp18I2cJ8pPKdVSoVeLm+WzQnwKrFmJI9mqPVyv7Yb0thnAVBBlGpbZgSdhEjgVLA0a8eKRYQOSZ+1NQ2Izuwkky+l+FwrLvZCqV8AeKLObyTEV2rkO3pyfKVa9sbif147Bu+qk/AgioEFdBrkxQJDiMf9YJdLRkGMNCFUcn0rpgMiCQXdYnYhBvjwKV1RLqibZnVZ1nI1q6RRKVua31Xy1etZbRl0is5QEVnoElXRLaqhOqLoGb2gN/RuvBqfxpfxPR1dM2Y7J2gBxs8fgwSsqw==</latexit><latexit sha1_base64="1yhwcS4cdoUOPZGS2nPz1HUSxNc=">AAACOnicbVC5TgMxFPRyhnAFKGksEqSkINpNA2UEDWUQ5JCySeT1ehMr3kP2W6Sw2m/ga+gQfActHaKlosI5ihyMZGk0857meZxIcAWm+WGsrW9sbm1ndrK7e/sHh7mj44YKY0lZnYYilC2HKCZ4wOrAQbBWJBnxHcGazvBm7DcfmVQ8DB5gFLGOT/oB9zgloKVerlSw890hLto+gYHjJPdp18I2cJ8pPKdVSoVeLm+WzQnwKrFmJI9mqPVyv7Yb0thnAVBBlGpbZgSdhEjgVLA0a8eKRYQOSZ+1NQ2Izuwkky+l+FwrLvZCqV8AeKLObyTEV2rkO3pyfKVa9sbif147Bu+qk/AgioEFdBrkxQJDiMf9YJdLRkGMNCFUcn0rpgMiCQXdYnYhBvjwKV1RLqibZnVZ1nI1q6RRKVua31Xy1etZbRl0is5QEVnoElXRLaqhOqLoGb2gN/RuvBqfxpfxPR1dM2Y7J2gBxs8fgwSsqw==</latexit><latexit sha1_base64="1yhwcS4cdoUOPZGS2nPz1HUSxNc=">AAACOnicbVC5TgMxFPRyhnAFKGksEqSkINpNA2UEDWUQ5JCySeT1ehMr3kP2W6Sw2m/ga+gQfActHaKlosI5ihyMZGk0857meZxIcAWm+WGsrW9sbm1ndrK7e/sHh7mj44YKY0lZnYYilC2HKCZ4wOrAQbBWJBnxHcGazvBm7DcfmVQ8DB5gFLGOT/oB9zgloKVerlSw890hLto+gYHjJPdp18I2cJ8pPKdVSoVeLm+WzQnwKrFmJI9mqPVyv7Yb0thnAVBBlGpbZgSdhEjgVLA0a8eKRYQOSZ+1NQ2Izuwkky+l+FwrLvZCqV8AeKLObyTEV2rkO3pyfKVa9sbif147Bu+qk/AgioEFdBrkxQJDiMf9YJdLRkGMNCFUcn0rpgMiCQXdYnYhBvjwKV1RLqibZnVZ1nI1q6RRKVua31Xy1etZbRl0is5QEVnoElXRLaqhOqLoGb2gN/RuvBqfxpfxPR1dM2Y7J2gBxs8fgwSsqw==</latexit><latexit sha1_base64="1yhwcS4cdoUOPZGS2nPz1HUSxNc=">AAACOnicbVC5TgMxFPRyhnAFKGksEqSkINpNA2UEDWUQ5JCySeT1ehMr3kP2W6Sw2m/ga+gQfActHaKlosI5ihyMZGk0857meZxIcAWm+WGsrW9sbm1ndrK7e/sHh7mj44YKY0lZnYYilC2HKCZ4wOrAQbBWJBnxHcGazvBm7DcfmVQ8DB5gFLGOT/oB9zgloKVerlSw890hLto+gYHjJPdp18I2cJ8pPKdVSoVeLm+WzQnwKrFmJI9mqPVyv7Yb0thnAVBBlGpbZgSdhEjgVLA0a8eKRYQOSZ+1NQ2Izuwkky+l+FwrLvZCqV8AeKLObyTEV2rkO3pyfKVa9sbif147Bu+qk/AgioEFdBrkxQJDiMf9YJdLRkGMNCFUcn0rpgMiCQXdYnYhBvjwKV1RLqibZnVZ1nI1q6RRKVua31Xy1etZbRl0is5QEVnoElXRLaqhOqLoGb2gN/RuvBqfxpfxPR1dM2Y7J2gBxs8fgwSsqw==</latexit>

⌃g
<latexit sha1_base64="0kpScPQxLrylyTiT3J4FbcP1Gjc=">AAACF3icbZC7TsMwFIZPuJZwKzCyRBQkFqqEBcYKFsYi6EVqo8px3NSq7US2g1SivAQbgudghQmxMvIgLEy4l4G2/JKlT/85R+f4DxJGlXbdL2thcWl5ZbWwZq9vbG5tF3d26ypOJSY1HLNYNgOkCKOC1DTVjDQTSRAPGGkE/cthvXFHpKKxuNWDhPgcRYJ2KUbaWM32DY046kSdYsktuyM58+BNoFQ5/H55A4Bqp/jTDmOcciI0Zkiplucm2s+Q1BQzktvtVJEE4T6KSMugQJwoPxvdmztHxgmdbizNE9oZuX8nMsSVGvDAdHKke2q2NjT/q7VS3T33MyqSVBOBx4u6KXN07Aw/74RUEqzZwADCkppbHdxDEmFtIrKn1mjav8/nnBMc5rYJy5uNZh7qp2XP8LVXqlzAWAXYhwM4Bg/OoAJXUIUaYGDwAE/wbD1ar9a79TFuXbAmM3swJevzFxUzowk=</latexit><latexit sha1_base64="ZORffvGFsuNKyfsX128Z9CKuC2s=">AAACF3icbZC7TsMwFIadcistlwIji0VBYqFKWGCsYGEsgl6kNqocx0mt2k5kO5VKlJdgQ/AcrAxIiJWRB4GBCfcy0JZfsvTpP+foHP9ezKjStv1p5ZaWV1bX8uuF4sbm1nZpZ7ehokRiUscRi2TLQ4owKkhdU81IK5YEcY+Rpte/HNWbAyIVjcStHsbE5SgUNKAYaWO1Ojc05Kgbdktlu2KPBRfBmUK5evj1/Doofte6pZ+OH+GEE6ExQ0q1HTvWboqkppiRrNBJFIkR7qOQtA0KxIly0/G9GTwyjg+DSJonNBy7fydSxJUacs90cqR7ar42Mv+rtRMdnLspFXGiicCTRUHCoI7g6PPQp5JgzYYGEJbU3ApxD0mEtYmoMLNG0/5dtuCcYD8rmLCc+WgWoXFacQxfO+XqBZgoD/bBATgGDjgDVXAFaqAOMGDgHjyCJ+vBerHerPdJa86azuyBGVkfv0jjpIM=</latexit><latexit sha1_base64="ZORffvGFsuNKyfsX128Z9CKuC2s=">AAACF3icbZC7TsMwFIadcistlwIji0VBYqFKWGCsYGEsgl6kNqocx0mt2k5kO5VKlJdgQ/AcrAxIiJWRB4GBCfcy0JZfsvTpP+foHP9ezKjStv1p5ZaWV1bX8uuF4sbm1nZpZ7ehokRiUscRi2TLQ4owKkhdU81IK5YEcY+Rpte/HNWbAyIVjcStHsbE5SgUNKAYaWO1Ojc05Kgbdktlu2KPBRfBmUK5evj1/Doofte6pZ+OH+GEE6ExQ0q1HTvWboqkppiRrNBJFIkR7qOQtA0KxIly0/G9GTwyjg+DSJonNBy7fydSxJUacs90cqR7ar42Mv+rtRMdnLspFXGiicCTRUHCoI7g6PPQp5JgzYYGEJbU3ApxD0mEtYmoMLNG0/5dtuCcYD8rmLCc+WgWoXFacQxfO+XqBZgoD/bBATgGDjgDVXAFaqAOMGDgHjyCJ+vBerHerPdJa86azuyBGVkfv0jjpIM=</latexit><latexit sha1_base64="tiFTwNxEtMnLa01gQuoeUS1+Oso=">AAACF3icbZC7TsMwFIZPuJZwKzCyRFRILFQJC4wVLIxF0IvURpXjOKlV24lsB6lEeQk2BO/ChlgZeRUm3DYDbfklS5/+c47O8R+kjCrtut/Wyura+sZmZcve3tnd268eHLZVkklMWjhhiewGSBFGBWlpqhnpppIgHjDSCUY3k3rnkUhFE/GgxynxOYoFjShG2ljd/j2NORrEg2rNrbtTOcvglVCDUs1B9acfJjjjRGjMkFI9z021nyOpKWaksPuZIinCIxSTnkGBOFF+Pr23cE6NEzpRIs0T2pm6fydyxJUa88B0cqSHarE2Mf+r9TIdXfk5FWmmicCzRVHGHJ04k887IZUEazY2gLCk5lYHD5FEWJuI7Lk1mo6eiiXnHIeFbcLyFqNZhvZF3TN859Ua12VsFTiGEzgDDy6hAbfQhBZgYPAMr/BmvVjv1of1OWtdscqZI5iT9fUL2lygOg==</latexit>
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‘Heegaard diagram’ for 4-manifolds: trisection diagrams
Trisection Invariant of 4-Manifolds

[D. Gay, R. Kirby, ‘12]

Figure 3: Stabilizing a trisection diagram means connected summing with this
diagram. By itself, this describes the simplest nontrivial trisection of S4 , of
genus 3. The red curves are the α curves, the blues are the β ’s and the greens
are the γ ’s.

Definition 9 Given a trisection diagram (Fg,α,β, γ), the trisection diagram
(F ′

g′ = Fg+3,α′,β′, γ′) obtained by connected summing (Fg,α,β, γ) with the
diagram in Figure 3 is called the stabilization of (Fg,α,β, γ).

We prove the following fact at the beginning of Section 5:

Lemma 10 If (X1,X2,X3) is a trisection of X4 , with genus g and dia-
gram (Fg,α,β, γ′), and (X ′

1,X
′

2,X
′

3) is a stabilization of (X1,X2,X3), then
(X ′

1,X
′

2,X
′

3) is also a trisection of X , with genus g′ = g + 3 and diagram
(Fg′ ,α′,β′, γ′), the stabilization of (Fg,α,β, γ).

The reader may find Figure 2 useful in proving this lemma before reading our
proof.

Theorem 11 (Uniqueness) Given two trisections of X , (X1,X2,X3) and
(X ′

1,X
′

2,X
′

3), then after stabilizing each trisection some number of times, there
is a diffeomorphism h : X → X isotopic to the identity with the property that
h(Xi) = X ′

i for each i. In particular, h(Xi ∩ Xj) = X ′

i ∩ X ′

j, for i ≠ j in
{1, 2, 3}, and h(X1 ∩X2 ∩X3) = h(X ′

1 ∩X ′

2 ∩X ′

3).

Corollary 12 Given trisection diagrams (Fg,α,β, γ) and (Fg′ ,α′,β′, γ′), the
corresponding 4–manifolds X(Fg,α,β, γ) and X(Fg′ ,α′,β′, γ′) are diffeomor-
phic if and only if (Fg,α,β, γ) and (Fg′ ,α′,β′, γ′) are related by stabilization,
handle slides, and diffeomorphism. “Handle slides” are slides of α’s over α’s,
β ’s over β ’s and γ ’s over γ ’s.

Proof Any two handle decompositions of a fixed genus g handlebody, each
with one 0–handle and g 1–handles, are related by handle slides; this is proved
in [5].

5

                    such that                ,                      
                ,                 are Heegaard 
diagrams for

(⌃g,↵,�, �)
<latexit sha1_base64="2hRgYzi8H/A6GGLh8cYP+R/59N0=">AAACNHicbVBNTwIxEO3iN36hHr00ggkmSna56JHoxaNGURIgZLaUpaHd3bSzJkj4Af4ab0Z/iok349Uf4MkCexDwJc28vDeTmT4/lsKg6747mYXFpeWV1bXs+sbm1nZuZ/fORIlmvMoiGemaD4ZLEfIqCpS8FmsOypf83u9djPz7B66NiMJb7Me8qSAIRUcwQCu1cvlCsXEjAgWt4Jg2QMZdsNXnOCoBKAVHBdvlltwx6DzxUpInKa5auZ9GO2KJ4iEyCcbUPTfG5gA0Cib5MNtIDI+B9SDgdUtDUNw0B+PPDOmhVdq0E2n7QqRj9e/EAJQxfeXbTgXYNbPeSPzPqyfYOWsORBgnyEM2WdRJJMWIjpKhbaE5Q9m3BJgW9lbKuqCBoc0vO7UGRe9xOKecsPYwa8PyZqOZJ3flkmf5dTlfOU9jWyX75IAUiUdOSYVckitSJYw8kWfySt6cF+fD+XS+Jq0ZJ53ZI1Nwvn8BtxipsA==</latexit><latexit sha1_base64="2hRgYzi8H/A6GGLh8cYP+R/59N0=">AAACNHicbVBNTwIxEO3iN36hHr00ggkmSna56JHoxaNGURIgZLaUpaHd3bSzJkj4Af4ab0Z/iok349Uf4MkCexDwJc28vDeTmT4/lsKg6747mYXFpeWV1bXs+sbm1nZuZ/fORIlmvMoiGemaD4ZLEfIqCpS8FmsOypf83u9djPz7B66NiMJb7Me8qSAIRUcwQCu1cvlCsXEjAgWt4Jg2QMZdsNXnOCoBKAVHBdvlltwx6DzxUpInKa5auZ9GO2KJ4iEyCcbUPTfG5gA0Cib5MNtIDI+B9SDgdUtDUNw0B+PPDOmhVdq0E2n7QqRj9e/EAJQxfeXbTgXYNbPeSPzPqyfYOWsORBgnyEM2WdRJJMWIjpKhbaE5Q9m3BJgW9lbKuqCBoc0vO7UGRe9xOKecsPYwa8PyZqOZJ3flkmf5dTlfOU9jWyX75IAUiUdOSYVckitSJYw8kWfySt6cF+fD+XS+Jq0ZJ53ZI1Nwvn8BtxipsA==</latexit><latexit sha1_base64="2hRgYzi8H/A6GGLh8cYP+R/59N0=">AAACNHicbVBNTwIxEO3iN36hHr00ggkmSna56JHoxaNGURIgZLaUpaHd3bSzJkj4Af4ab0Z/iok349Uf4MkCexDwJc28vDeTmT4/lsKg6747mYXFpeWV1bXs+sbm1nZuZ/fORIlmvMoiGemaD4ZLEfIqCpS8FmsOypf83u9djPz7B66NiMJb7Me8qSAIRUcwQCu1cvlCsXEjAgWt4Jg2QMZdsNXnOCoBKAVHBdvlltwx6DzxUpInKa5auZ9GO2KJ4iEyCcbUPTfG5gA0Cib5MNtIDI+B9SDgdUtDUNw0B+PPDOmhVdq0E2n7QqRj9e/EAJQxfeXbTgXYNbPeSPzPqyfYOWsORBgnyEM2WdRJJMWIjpKhbaE5Q9m3BJgW9lbKuqCBoc0vO7UGRe9xOKecsPYwa8PyZqOZJ3flkmf5dTlfOU9jWyX75IAUiUdOSYVckitSJYw8kWfySt6cF+fD+XS+Jq0ZJ53ZI1Nwvn8BtxipsA==</latexit><latexit sha1_base64="2hRgYzi8H/A6GGLh8cYP+R/59N0=">AAACNHicbVBNTwIxEO3iN36hHr00ggkmSna56JHoxaNGURIgZLaUpaHd3bSzJkj4Af4ab0Z/iok349Uf4MkCexDwJc28vDeTmT4/lsKg6747mYXFpeWV1bXs+sbm1nZuZ/fORIlmvMoiGemaD4ZLEfIqCpS8FmsOypf83u9djPz7B66NiMJb7Me8qSAIRUcwQCu1cvlCsXEjAgWt4Jg2QMZdsNXnOCoBKAVHBdvlltwx6DzxUpInKa5auZ9GO2KJ4iEyCcbUPTfG5gA0Cib5MNtIDI+B9SDgdUtDUNw0B+PPDOmhVdq0E2n7QqRj9e/EAJQxfeXbTgXYNbPeSPzPqyfYOWsORBgnyEM2WdRJJMWIjpKhbaE5Q9m3BJgW9lbKuqCBoc0vO7UGRe9xOKecsPYwa8PyZqOZJ3flkmf5dTlfOU9jWyX75IAUiUdOSYVckitSJYw8kWfySt6cF+fD+XS+Jq0ZJ53ZI1Nwvn8BtxipsA==</latexit>

(⌃g,↵,�)
<latexit sha1_base64="5jtazjNQQ4cw5bD1MmH7NmAYXZU=">AAACLHicbZDLTgIxFIY7eMPxhrpk0wgmmKiZYaNLohuXGOWSACFnSoGGziXtGRMks/Bp3Bl9FzfGuPUhXFkuCwFP0vTL/5+T0/5eJIVGx/mwUiura+sb6U17a3tndy+zf1DVYawYr7BQhqrugeZSBLyCAiWvR4qD70le8wbXY7/2wJUWYXCPw4i3fOgFoisYoJHamWy+0LwTPR/avVPaBBn1wdweRzjJtzM559yZFF0GdwY5MqtyO/PT7IQs9nmATILWDdeJsDUChYJJntjNWPMI2AB6vGEwAJ/r1mjyiYQeG6VDu6EyJ0A6Uf9OjMDXeuh7ptMH7OtFbyz+5zVi7F62RiKIYuQBmy7qxpJiSMeJ0I5QnKEcGgCmhHkrZX1QwNDkZs+tQTF4TJaUM9ZJbBOWuxjNMlSL567h22KudDWLLU2y5IgUiEsuSInckDKpEEaeyDN5JW/Wi/VufVpf09aUNZs5JHNlff8CxgamtQ==</latexit><latexit sha1_base64="5jtazjNQQ4cw5bD1MmH7NmAYXZU=">AAACLHicbZDLTgIxFIY7eMPxhrpk0wgmmKiZYaNLohuXGOWSACFnSoGGziXtGRMks/Bp3Bl9FzfGuPUhXFkuCwFP0vTL/5+T0/5eJIVGx/mwUiura+sb6U17a3tndy+zf1DVYawYr7BQhqrugeZSBLyCAiWvR4qD70le8wbXY7/2wJUWYXCPw4i3fOgFoisYoJHamWy+0LwTPR/avVPaBBn1wdweRzjJtzM559yZFF0GdwY5MqtyO/PT7IQs9nmATILWDdeJsDUChYJJntjNWPMI2AB6vGEwAJ/r1mjyiYQeG6VDu6EyJ0A6Uf9OjMDXeuh7ptMH7OtFbyz+5zVi7F62RiKIYuQBmy7qxpJiSMeJ0I5QnKEcGgCmhHkrZX1QwNDkZs+tQTF4TJaUM9ZJbBOWuxjNMlSL567h22KudDWLLU2y5IgUiEsuSInckDKpEEaeyDN5JW/Wi/VufVpf09aUNZs5JHNlff8CxgamtQ==</latexit><latexit sha1_base64="5jtazjNQQ4cw5bD1MmH7NmAYXZU=">AAACLHicbZDLTgIxFIY7eMPxhrpk0wgmmKiZYaNLohuXGOWSACFnSoGGziXtGRMks/Bp3Bl9FzfGuPUhXFkuCwFP0vTL/5+T0/5eJIVGx/mwUiura+sb6U17a3tndy+zf1DVYawYr7BQhqrugeZSBLyCAiWvR4qD70le8wbXY7/2wJUWYXCPw4i3fOgFoisYoJHamWy+0LwTPR/avVPaBBn1wdweRzjJtzM559yZFF0GdwY5MqtyO/PT7IQs9nmATILWDdeJsDUChYJJntjNWPMI2AB6vGEwAJ/r1mjyiYQeG6VDu6EyJ0A6Uf9OjMDXeuh7ptMH7OtFbyz+5zVi7F62RiKIYuQBmy7qxpJiSMeJ0I5QnKEcGgCmhHkrZX1QwNDkZs+tQTF4TJaUM9ZJbBOWuxjNMlSL567h22KudDWLLU2y5IgUiEsuSInckDKpEEaeyDN5JW/Wi/VufVpf09aUNZs5JHNlff8CxgamtQ==</latexit><latexit sha1_base64="5jtazjNQQ4cw5bD1MmH7NmAYXZU=">AAACLHicbZDLTgIxFIY7eMPxhrpk0wgmmKiZYaNLohuXGOWSACFnSoGGziXtGRMks/Bp3Bl9FzfGuPUhXFkuCwFP0vTL/5+T0/5eJIVGx/mwUiura+sb6U17a3tndy+zf1DVYawYr7BQhqrugeZSBLyCAiWvR4qD70le8wbXY7/2wJUWYXCPw4i3fOgFoisYoJHamWy+0LwTPR/avVPaBBn1wdweRzjJtzM559yZFF0GdwY5MqtyO/PT7IQs9nmATILWDdeJsDUChYJJntjNWPMI2AB6vGEwAJ/r1mjyiYQeG6VDu6EyJ0A6Uf9OjMDXeuh7ptMH7OtFbyz+5zVi7F62RiKIYuQBmy7qxpJiSMeJ0I5QnKEcGgCmhHkrZX1QwNDkZs+tQTF4TJaUM9ZJbBOWuxjNMlSL567h22KudDWLLU2y5IgUiEsuSInckDKpEEaeyDN5JW/Wi/VufVpf09aUNZs5JHNlff8CxgamtQ==</latexit>

(⌃g,↵, �)
<latexit sha1_base64="h7NS7uQeRkOqtL3y9UZdMKcMNhc=">AAACLXicbZDLSgMxFIYz9VbH26hLXQRboYKWmW50WXTjsqJthU4pZ9J0GprMDElGqKUbn8ad6Lu4EMSt7+DK9LKwrQdCPv7/HE7yBwlnSrvuh5VZWl5ZXcuu2xubW9s7zu5eTcWpJLRKYh7L+wAU5SyiVc00p/eJpCACTutB72rk1x+oVCyO7nQ/oU0BYcQ6jIA2Uss5zBf8WxYKaIWn2AeedMHcIQgBJ/mWk3OL7rjwInhTyKFpVVrOj9+OSSpopAkHpRqem+jmAKRmhNOh7aeKJkB6ENKGwQgEVc3B+BdDfGyUNu7E0pxI47H6d2IAQqm+CEynAN1V895I/M9rpLpz0RywKEk1jchkUSflWMd4FAluM0mJ5n0DQCQzb8WkCxKINsHZM2s06z0OF5Qz0h7aJixvPppFqJWKnuGbUq58OY0tiw7QESogD52jMrpGFVRFBD2hZ/SK3qwX6936tL4mrRlrOrOPZsr6/gWgzacm</latexit><latexit sha1_base64="h7NS7uQeRkOqtL3y9UZdMKcMNhc=">AAACLXicbZDLSgMxFIYz9VbH26hLXQRboYKWmW50WXTjsqJthU4pZ9J0GprMDElGqKUbn8ad6Lu4EMSt7+DK9LKwrQdCPv7/HE7yBwlnSrvuh5VZWl5ZXcuu2xubW9s7zu5eTcWpJLRKYh7L+wAU5SyiVc00p/eJpCACTutB72rk1x+oVCyO7nQ/oU0BYcQ6jIA2Uss5zBf8WxYKaIWn2AeedMHcIQgBJ/mWk3OL7rjwInhTyKFpVVrOj9+OSSpopAkHpRqem+jmAKRmhNOh7aeKJkB6ENKGwQgEVc3B+BdDfGyUNu7E0pxI47H6d2IAQqm+CEynAN1V895I/M9rpLpz0RywKEk1jchkUSflWMd4FAluM0mJ5n0DQCQzb8WkCxKINsHZM2s06z0OF5Qz0h7aJixvPppFqJWKnuGbUq58OY0tiw7QESogD52jMrpGFVRFBD2hZ/SK3qwX6936tL4mrRlrOrOPZsr6/gWgzacm</latexit><latexit sha1_base64="h7NS7uQeRkOqtL3y9UZdMKcMNhc=">AAACLXicbZDLSgMxFIYz9VbH26hLXQRboYKWmW50WXTjsqJthU4pZ9J0GprMDElGqKUbn8ad6Lu4EMSt7+DK9LKwrQdCPv7/HE7yBwlnSrvuh5VZWl5ZXcuu2xubW9s7zu5eTcWpJLRKYh7L+wAU5SyiVc00p/eJpCACTutB72rk1x+oVCyO7nQ/oU0BYcQ6jIA2Uss5zBf8WxYKaIWn2AeedMHcIQgBJ/mWk3OL7rjwInhTyKFpVVrOj9+OSSpopAkHpRqem+jmAKRmhNOh7aeKJkB6ENKGwQgEVc3B+BdDfGyUNu7E0pxI47H6d2IAQqm+CEynAN1V895I/M9rpLpz0RywKEk1jchkUSflWMd4FAluM0mJ5n0DQCQzb8WkCxKINsHZM2s06z0OF5Qz0h7aJixvPppFqJWKnuGbUq58OY0tiw7QESogD52jMrpGFVRFBD2hZ/SK3qwX6936tL4mrRlrOrOPZsr6/gWgzacm</latexit><latexit sha1_base64="h7NS7uQeRkOqtL3y9UZdMKcMNhc=">AAACLXicbZDLSgMxFIYz9VbH26hLXQRboYKWmW50WXTjsqJthU4pZ9J0GprMDElGqKUbn8ad6Lu4EMSt7+DK9LKwrQdCPv7/HE7yBwlnSrvuh5VZWl5ZXcuu2xubW9s7zu5eTcWpJLRKYh7L+wAU5SyiVc00p/eJpCACTutB72rk1x+oVCyO7nQ/oU0BYcQ6jIA2Uss5zBf8WxYKaIWn2AeedMHcIQgBJ/mWk3OL7rjwInhTyKFpVVrOj9+OSSpopAkHpRqem+jmAKRmhNOh7aeKJkB6ENKGwQgEVc3B+BdDfGyUNu7E0pxI47H6d2IAQqm+CEynAN1V895I/M9rpLpz0RywKEk1jchkUSflWMd4FAluM0mJ5n0DQCQzb8WkCxKINsHZM2s06z0OF5Qz0h7aJixvPppFqJWKnuGbUq58OY0tiw7QESogD52jMrpGFVRFBD2hZ/SK3qwX6936tL4mrRlrOrOPZsr6/gWgzacm</latexit>

(⌃g,�, �)
<latexit sha1_base64="RLY9Z0wzor+xRmv4kFnGta5/Nwg=">AAACLHicbZDNTgIxFIU7/uL4h7pk04gmmqiZYaNLohuXGAVMgJA7pYwN7cykvWOChIVP487ou7gxxq0P4coCsxDxJk2/nHNvbnuCRAqDnvfuzM0vLC4t51bc1bX1jc381nbNxKlmvMpiGevbAAyXIuJVFCj5baI5qEDyetC7GPn1e66NiKMb7Ce8pSCMRFcwQCu184W9g+a1CBW0wyPaDDiCvUJQCg732vmid+KNi86Cn0GRZFVp57+bnZilikfIJBjT8L0EWwPQKJjkQ7eZGp4A60HIGxYjUNy0BuNPDOm+VTq0G2t7IqRj9ffEAJQxfRXYTgV4Z/56I/E/r5Fi96w1EFGSIo/YZFE3lRRjOkqEdoTmDGXfAjAt7FspuwMNDG1u7tQaFL2H4YxyzDpD14bl/41mFmqlE9/yValYPs9iy5EC2SUHxCenpEwuSYVUCSOP5Im8kFfn2XlzPpzPSeuck83skKlyvn4AwFCmsg==</latexit><latexit sha1_base64="RLY9Z0wzor+xRmv4kFnGta5/Nwg=">AAACLHicbZDNTgIxFIU7/uL4h7pk04gmmqiZYaNLohuXGAVMgJA7pYwN7cykvWOChIVP487ou7gxxq0P4coCsxDxJk2/nHNvbnuCRAqDnvfuzM0vLC4t51bc1bX1jc381nbNxKlmvMpiGevbAAyXIuJVFCj5baI5qEDyetC7GPn1e66NiKMb7Ce8pSCMRFcwQCu184W9g+a1CBW0wyPaDDiCvUJQCg732vmid+KNi86Cn0GRZFVp57+bnZilikfIJBjT8L0EWwPQKJjkQ7eZGp4A60HIGxYjUNy0BuNPDOm+VTq0G2t7IqRj9ffEAJQxfRXYTgV4Z/56I/E/r5Fi96w1EFGSIo/YZFE3lRRjOkqEdoTmDGXfAjAt7FspuwMNDG1u7tQaFL2H4YxyzDpD14bl/41mFmqlE9/yValYPs9iy5EC2SUHxCenpEwuSYVUCSOP5Im8kFfn2XlzPpzPSeuck83skKlyvn4AwFCmsg==</latexit><latexit sha1_base64="RLY9Z0wzor+xRmv4kFnGta5/Nwg=">AAACLHicbZDNTgIxFIU7/uL4h7pk04gmmqiZYaNLohuXGAVMgJA7pYwN7cykvWOChIVP487ou7gxxq0P4coCsxDxJk2/nHNvbnuCRAqDnvfuzM0vLC4t51bc1bX1jc381nbNxKlmvMpiGevbAAyXIuJVFCj5baI5qEDyetC7GPn1e66NiKMb7Ce8pSCMRFcwQCu184W9g+a1CBW0wyPaDDiCvUJQCg732vmid+KNi86Cn0GRZFVp57+bnZilikfIJBjT8L0EWwPQKJjkQ7eZGp4A60HIGxYjUNy0BuNPDOm+VTq0G2t7IqRj9ffEAJQxfRXYTgV4Z/56I/E/r5Fi96w1EFGSIo/YZFE3lRRjOkqEdoTmDGXfAjAt7FspuwMNDG1u7tQaFL2H4YxyzDpD14bl/41mFmqlE9/yValYPs9iy5EC2SUHxCenpEwuSYVUCSOP5Im8kFfn2XlzPpzPSeuck83skKlyvn4AwFCmsg==</latexit><latexit sha1_base64="RLY9Z0wzor+xRmv4kFnGta5/Nwg=">AAACLHicbZDNTgIxFIU7/uL4h7pk04gmmqiZYaNLohuXGAVMgJA7pYwN7cykvWOChIVP487ou7gxxq0P4coCsxDxJk2/nHNvbnuCRAqDnvfuzM0vLC4t51bc1bX1jc381nbNxKlmvMpiGevbAAyXIuJVFCj5baI5qEDyetC7GPn1e66NiKMb7Ce8pSCMRFcwQCu184W9g+a1CBW0wyPaDDiCvUJQCg732vmid+KNi86Cn0GRZFVp57+bnZilikfIJBjT8L0EWwPQKJjkQ7eZGp4A60HIGxYjUNy0BuNPDOm+VTq0G2t7IqRj9ffEAJQxfRXYTgV4Z/56I/E/r5Fi96w1EFGSIo/YZFE3lRRjOkqEdoTmDGXfAjAt7FspuwMNDG1u7tQaFL2H4YxyzDpD14bl/41mFmqlE9/yValYPs9iy5EC2SUHxCenpEwuSYVUCSOP5Im8kFfn2XlzPpzPSeuck83skKlyvn4AwFCmsg==</latexit>

#k(S1 ⇥ S2)
<latexit sha1_base64="1yhwcS4cdoUOPZGS2nPz1HUSxNc=">AAACOnicbVC5TgMxFPRyhnAFKGksEqSkINpNA2UEDWUQ5JCySeT1ehMr3kP2W6Sw2m/ga+gQfActHaKlosI5ihyMZGk0857meZxIcAWm+WGsrW9sbm1ndrK7e/sHh7mj44YKY0lZnYYilC2HKCZ4wOrAQbBWJBnxHcGazvBm7DcfmVQ8DB5gFLGOT/oB9zgloKVerlSw890hLto+gYHjJPdp18I2cJ8pPKdVSoVeLm+WzQnwKrFmJI9mqPVyv7Yb0thnAVBBlGpbZgSdhEjgVLA0a8eKRYQOSZ+1NQ2Izuwkky+l+FwrLvZCqV8AeKLObyTEV2rkO3pyfKVa9sbif147Bu+qk/AgioEFdBrkxQJDiMf9YJdLRkGMNCFUcn0rpgMiCQXdYnYhBvjwKV1RLqibZnVZ1nI1q6RRKVua31Xy1etZbRl0is5QEVnoElXRLaqhOqLoGb2gN/RuvBqfxpfxPR1dM2Y7J2gBxs8fgwSsqw==</latexit><latexit sha1_base64="1yhwcS4cdoUOPZGS2nPz1HUSxNc=">AAACOnicbVC5TgMxFPRyhnAFKGksEqSkINpNA2UEDWUQ5JCySeT1ehMr3kP2W6Sw2m/ga+gQfActHaKlosI5ihyMZGk0857meZxIcAWm+WGsrW9sbm1ndrK7e/sHh7mj44YKY0lZnYYilC2HKCZ4wOrAQbBWJBnxHcGazvBm7DcfmVQ8DB5gFLGOT/oB9zgloKVerlSw890hLto+gYHjJPdp18I2cJ8pPKdVSoVeLm+WzQnwKrFmJI9mqPVyv7Yb0thnAVBBlGpbZgSdhEjgVLA0a8eKRYQOSZ+1NQ2Izuwkky+l+FwrLvZCqV8AeKLObyTEV2rkO3pyfKVa9sbif147Bu+qk/AgioEFdBrkxQJDiMf9YJdLRkGMNCFUcn0rpgMiCQXdYnYhBvjwKV1RLqibZnVZ1nI1q6RRKVua31Xy1etZbRl0is5QEVnoElXRLaqhOqLoGb2gN/RuvBqfxpfxPR1dM2Y7J2gBxs8fgwSsqw==</latexit><latexit sha1_base64="1yhwcS4cdoUOPZGS2nPz1HUSxNc=">AAACOnicbVC5TgMxFPRyhnAFKGksEqSkINpNA2UEDWUQ5JCySeT1ehMr3kP2W6Sw2m/ga+gQfActHaKlosI5ihyMZGk0857meZxIcAWm+WGsrW9sbm1ndrK7e/sHh7mj44YKY0lZnYYilC2HKCZ4wOrAQbBWJBnxHcGazvBm7DcfmVQ8DB5gFLGOT/oB9zgloKVerlSw890hLto+gYHjJPdp18I2cJ8pPKdVSoVeLm+WzQnwKrFmJI9mqPVyv7Yb0thnAVBBlGpbZgSdhEjgVLA0a8eKRYQOSZ+1NQ2Izuwkky+l+FwrLvZCqV8AeKLObyTEV2rkO3pyfKVa9sbif147Bu+qk/AgioEFdBrkxQJDiMf9YJdLRkGMNCFUcn0rpgMiCQXdYnYhBvjwKV1RLqibZnVZ1nI1q6RRKVua31Xy1etZbRl0is5QEVnoElXRLaqhOqLoGb2gN/RuvBqfxpfxPR1dM2Y7J2gBxs8fgwSsqw==</latexit><latexit sha1_base64="1yhwcS4cdoUOPZGS2nPz1HUSxNc=">AAACOnicbVC5TgMxFPRyhnAFKGksEqSkINpNA2UEDWUQ5JCySeT1ehMr3kP2W6Sw2m/ga+gQfActHaKlosI5ihyMZGk0857meZxIcAWm+WGsrW9sbm1ndrK7e/sHh7mj44YKY0lZnYYilC2HKCZ4wOrAQbBWJBnxHcGazvBm7DcfmVQ8DB5gFLGOT/oB9zgloKVerlSw890hLto+gYHjJPdp18I2cJ8pPKdVSoVeLm+WzQnwKrFmJI9mqPVyv7Yb0thnAVBBlGpbZgSdhEjgVLA0a8eKRYQOSZ+1NQ2Izuwkky+l+FwrLvZCqV8AeKLObyTEV2rkO3pyfKVa9sbif147Bu+qk/AgioEFdBrkxQJDiMf9YJdLRkGMNCFUcn0rpgMiCQXdYnYhBvjwKV1RLqibZnVZ1nI1q6RRKVua31Xy1etZbRl0is5QEVnoElXRLaqhOqLoGb2gN/RuvBqfxpfxPR1dM2Y7J2gBxs8fgwSsqw==</latexit>

#k(S1⇥D3)
<latexit sha1_base64="TvM5okKf0IBa8dzCTSE3AGK+bTk="></latexit><latexit sha1_base64="d+Uz/85IKdWHEf0ltqQNo74LPRQ="></latexit><latexit sha1_base64="d+Uz/85IKdWHEf0ltqQNo74LPRQ="></latexit><latexit sha1_base64="lYoVC0hkJTj8j64loy9ZBKRZDF4="></latexit>

#k(S1⇥D3)
<latexit sha1_base64="EPWJNktpwSXFDnyRtSYKdAgLoIA="></latexit><latexit sha1_base64="tpWXOolXFNRn2Ylk3LmpgBquw04="></latexit><latexit sha1_base64="tpWXOolXFNRn2Ylk3LmpgBquw04="></latexit><latexit sha1_base64="7Hl1zT1HANAeSzsJE9Da5i8FvNo="></latexit>

#k(S1⇥D3)
<latexit sha1_base64="b5eVoAUt6hNSh4c8C2Si0vXRPI8="></latexit><latexit sha1_base64="XywRjwFh9+Rq8+TALJ93l/TXHtc="></latexit><latexit sha1_base64="XywRjwFh9+Rq8+TALJ93l/TXHtc="></latexit><latexit sha1_base64="i8xRNJy+lIIpRzm6yWjaxEimtMA="></latexit>

⌃g
<latexit sha1_base64="0kpScPQxLrylyTiT3J4FbcP1Gjc=">AAACF3icbZC7TsMwFIZPuJZwKzCyRBQkFqqEBcYKFsYi6EVqo8px3NSq7US2g1SivAQbgudghQmxMvIgLEy4l4G2/JKlT/85R+f4DxJGlXbdL2thcWl5ZbWwZq9vbG5tF3d26ypOJSY1HLNYNgOkCKOC1DTVjDQTSRAPGGkE/cthvXFHpKKxuNWDhPgcRYJ2KUbaWM32DY046kSdYsktuyM58+BNoFQ5/H55A4Bqp/jTDmOcciI0Zkiplucm2s+Q1BQzktvtVJEE4T6KSMugQJwoPxvdmztHxgmdbizNE9oZuX8nMsSVGvDAdHKke2q2NjT/q7VS3T33MyqSVBOBx4u6KXN07Aw/74RUEqzZwADCkppbHdxDEmFtIrKn1mjav8/nnBMc5rYJy5uNZh7qp2XP8LVXqlzAWAXYhwM4Bg/OoAJXUIUaYGDwAE/wbD1ar9a79TFuXbAmM3swJevzFxUzowk=</latexit><latexit sha1_base64="ZORffvGFsuNKyfsX128Z9CKuC2s=">AAACF3icbZC7TsMwFIadcistlwIji0VBYqFKWGCsYGEsgl6kNqocx0mt2k5kO5VKlJdgQ/AcrAxIiJWRB4GBCfcy0JZfsvTpP+foHP9ezKjStv1p5ZaWV1bX8uuF4sbm1nZpZ7ehokRiUscRi2TLQ4owKkhdU81IK5YEcY+Rpte/HNWbAyIVjcStHsbE5SgUNKAYaWO1Ojc05Kgbdktlu2KPBRfBmUK5evj1/Doofte6pZ+OH+GEE6ExQ0q1HTvWboqkppiRrNBJFIkR7qOQtA0KxIly0/G9GTwyjg+DSJonNBy7fydSxJUacs90cqR7ar42Mv+rtRMdnLspFXGiicCTRUHCoI7g6PPQp5JgzYYGEJbU3ApxD0mEtYmoMLNG0/5dtuCcYD8rmLCc+WgWoXFacQxfO+XqBZgoD/bBATgGDjgDVXAFaqAOMGDgHjyCJ+vBerHerPdJa86azuyBGVkfv0jjpIM=</latexit><latexit sha1_base64="ZORffvGFsuNKyfsX128Z9CKuC2s=">AAACF3icbZC7TsMwFIadcistlwIji0VBYqFKWGCsYGEsgl6kNqocx0mt2k5kO5VKlJdgQ/AcrAxIiJWRB4GBCfcy0JZfsvTpP+foHP9ezKjStv1p5ZaWV1bX8uuF4sbm1nZpZ7ehokRiUscRi2TLQ4owKkhdU81IK5YEcY+Rpte/HNWbAyIVjcStHsbE5SgUNKAYaWO1Ojc05Kgbdktlu2KPBRfBmUK5evj1/Doofte6pZ+OH+GEE6ExQ0q1HTvWboqkppiRrNBJFIkR7qOQtA0KxIly0/G9GTwyjg+DSJonNBy7fydSxJUacs90cqR7ar42Mv+rtRMdnLspFXGiicCTRUHCoI7g6PPQp5JgzYYGEJbU3ApxD0mEtYmoMLNG0/5dtuCcYD8rmLCc+WgWoXFacQxfO+XqBZgoD/bBATgGDjgDVXAFaqAOMGDgHjyCJ+vBerHerPdJa86azuyBGVkfv0jjpIM=</latexit><latexit sha1_base64="tiFTwNxEtMnLa01gQuoeUS1+Oso=">AAACF3icbZC7TsMwFIZPuJZwKzCyRFRILFQJC4wVLIxF0IvURpXjOKlV24lsB6lEeQk2BO/ChlgZeRUm3DYDbfklS5/+c47O8R+kjCrtut/Wyura+sZmZcve3tnd268eHLZVkklMWjhhiewGSBFGBWlpqhnpppIgHjDSCUY3k3rnkUhFE/GgxynxOYoFjShG2ljd/j2NORrEg2rNrbtTOcvglVCDUs1B9acfJjjjRGjMkFI9z021nyOpKWaksPuZIinCIxSTnkGBOFF+Pr23cE6NEzpRIs0T2pm6fydyxJUa88B0cqSHarE2Mf+r9TIdXfk5FWmmicCzRVHGHJ04k887IZUEazY2gLCk5lYHD5FEWJuI7Lk1mo6eiiXnHIeFbcLyFqNZhvZF3TN859Ua12VsFTiGEzgDDy6hAbfQhBZgYPAMr/BmvVjv1of1OWtdscqZI5iT9fUL2lygOg==</latexit>
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‘Heegaard diagram’ for 4-manifolds: trisection diagrams
Trisection Invariant of 4-Manifolds

[D. Gay, R. Kirby, ‘12]

Figure 3: Stabilizing a trisection diagram means connected summing with this
diagram. By itself, this describes the simplest nontrivial trisection of S4 , of
genus 3. The red curves are the α curves, the blues are the β ’s and the greens
are the γ ’s.

Definition 9 Given a trisection diagram (Fg,α,β, γ), the trisection diagram
(F ′

g′ = Fg+3,α′,β′, γ′) obtained by connected summing (Fg,α,β, γ) with the
diagram in Figure 3 is called the stabilization of (Fg,α,β, γ).

We prove the following fact at the beginning of Section 5:

Lemma 10 If (X1,X2,X3) is a trisection of X4 , with genus g and dia-
gram (Fg,α,β, γ′), and (X ′

1,X
′

2,X
′

3) is a stabilization of (X1,X2,X3), then
(X ′

1,X
′

2,X
′

3) is also a trisection of X , with genus g′ = g + 3 and diagram
(Fg′ ,α′,β′, γ′), the stabilization of (Fg,α,β, γ).

The reader may find Figure 2 useful in proving this lemma before reading our
proof.

Theorem 11 (Uniqueness) Given two trisections of X , (X1,X2,X3) and
(X ′

1,X
′

2,X
′

3), then after stabilizing each trisection some number of times, there
is a diffeomorphism h : X → X isotopic to the identity with the property that
h(Xi) = X ′

i for each i. In particular, h(Xi ∩ Xj) = X ′

i ∩ X ′

j, for i ≠ j in
{1, 2, 3}, and h(X1 ∩X2 ∩X3) = h(X ′

1 ∩X ′

2 ∩X ′

3).

Corollary 12 Given trisection diagrams (Fg,α,β, γ) and (Fg′ ,α′,β′, γ′), the
corresponding 4–manifolds X(Fg,α,β, γ) and X(Fg′ ,α′,β′, γ′) are diffeomor-
phic if and only if (Fg,α,β, γ) and (Fg′ ,α′,β′, γ′) are related by stabilization,
handle slides, and diffeomorphism. “Handle slides” are slides of α’s over α’s,
β ’s over β ’s and γ ’s over γ ’s.

Proof Any two handle decompositions of a fixed genus g handlebody, each
with one 0–handle and g 1–handles, are related by handle slides; this is proved
in [5].

5

                    such that                ,                      
                ,                 are Heegaard 
diagrams for

(⌃g,↵,�, �)
<latexit sha1_base64="2hRgYzi8H/A6GGLh8cYP+R/59N0=">AAACNHicbVBNTwIxEO3iN36hHr00ggkmSna56JHoxaNGURIgZLaUpaHd3bSzJkj4Af4ab0Z/iok349Uf4MkCexDwJc28vDeTmT4/lsKg6747mYXFpeWV1bXs+sbm1nZuZ/fORIlmvMoiGemaD4ZLEfIqCpS8FmsOypf83u9djPz7B66NiMJb7Me8qSAIRUcwQCu1cvlCsXEjAgWt4Jg2QMZdsNXnOCoBKAVHBdvlltwx6DzxUpInKa5auZ9GO2KJ4iEyCcbUPTfG5gA0Cib5MNtIDI+B9SDgdUtDUNw0B+PPDOmhVdq0E2n7QqRj9e/EAJQxfeXbTgXYNbPeSPzPqyfYOWsORBgnyEM2WdRJJMWIjpKhbaE5Q9m3BJgW9lbKuqCBoc0vO7UGRe9xOKecsPYwa8PyZqOZJ3flkmf5dTlfOU9jWyX75IAUiUdOSYVckitSJYw8kWfySt6cF+fD+XS+Jq0ZJ53ZI1Nwvn8BtxipsA==</latexit><latexit sha1_base64="2hRgYzi8H/A6GGLh8cYP+R/59N0=">AAACNHicbVBNTwIxEO3iN36hHr00ggkmSna56JHoxaNGURIgZLaUpaHd3bSzJkj4Af4ab0Z/iok349Uf4MkCexDwJc28vDeTmT4/lsKg6747mYXFpeWV1bXs+sbm1nZuZ/fORIlmvMoiGemaD4ZLEfIqCpS8FmsOypf83u9djPz7B66NiMJb7Me8qSAIRUcwQCu1cvlCsXEjAgWt4Jg2QMZdsNXnOCoBKAVHBdvlltwx6DzxUpInKa5auZ9GO2KJ4iEyCcbUPTfG5gA0Cib5MNtIDI+B9SDgdUtDUNw0B+PPDOmhVdq0E2n7QqRj9e/EAJQxfeXbTgXYNbPeSPzPqyfYOWsORBgnyEM2WdRJJMWIjpKhbaE5Q9m3BJgW9lbKuqCBoc0vO7UGRe9xOKecsPYwa8PyZqOZJ3flkmf5dTlfOU9jWyX75IAUiUdOSYVckitSJYw8kWfySt6cF+fD+XS+Jq0ZJ53ZI1Nwvn8BtxipsA==</latexit><latexit sha1_base64="2hRgYzi8H/A6GGLh8cYP+R/59N0=">AAACNHicbVBNTwIxEO3iN36hHr00ggkmSna56JHoxaNGURIgZLaUpaHd3bSzJkj4Af4ab0Z/iok349Uf4MkCexDwJc28vDeTmT4/lsKg6747mYXFpeWV1bXs+sbm1nZuZ/fORIlmvMoiGemaD4ZLEfIqCpS8FmsOypf83u9djPz7B66NiMJb7Me8qSAIRUcwQCu1cvlCsXEjAgWt4Jg2QMZdsNXnOCoBKAVHBdvlltwx6DzxUpInKa5auZ9GO2KJ4iEyCcbUPTfG5gA0Cib5MNtIDI+B9SDgdUtDUNw0B+PPDOmhVdq0E2n7QqRj9e/EAJQxfeXbTgXYNbPeSPzPqyfYOWsORBgnyEM2WdRJJMWIjpKhbaE5Q9m3BJgW9lbKuqCBoc0vO7UGRe9xOKecsPYwa8PyZqOZJ3flkmf5dTlfOU9jWyX75IAUiUdOSYVckitSJYw8kWfySt6cF+fD+XS+Jq0ZJ53ZI1Nwvn8BtxipsA==</latexit><latexit sha1_base64="2hRgYzi8H/A6GGLh8cYP+R/59N0=">AAACNHicbVBNTwIxEO3iN36hHr00ggkmSna56JHoxaNGURIgZLaUpaHd3bSzJkj4Af4ab0Z/iok349Uf4MkCexDwJc28vDeTmT4/lsKg6747mYXFpeWV1bXs+sbm1nZuZ/fORIlmvMoiGemaD4ZLEfIqCpS8FmsOypf83u9djPz7B66NiMJb7Me8qSAIRUcwQCu1cvlCsXEjAgWt4Jg2QMZdsNXnOCoBKAVHBdvlltwx6DzxUpInKa5auZ9GO2KJ4iEyCcbUPTfG5gA0Cib5MNtIDI+B9SDgdUtDUNw0B+PPDOmhVdq0E2n7QqRj9e/EAJQxfeXbTgXYNbPeSPzPqyfYOWsORBgnyEM2WdRJJMWIjpKhbaE5Q9m3BJgW9lbKuqCBoc0vO7UGRe9xOKecsPYwa8PyZqOZJ3flkmf5dTlfOU9jWyX75IAUiUdOSYVckitSJYw8kWfySt6cF+fD+XS+Jq0ZJ53ZI1Nwvn8BtxipsA==</latexit>

(⌃g,↵,�)
<latexit sha1_base64="5jtazjNQQ4cw5bD1MmH7NmAYXZU=">AAACLHicbZDLTgIxFIY7eMPxhrpk0wgmmKiZYaNLohuXGOWSACFnSoGGziXtGRMks/Bp3Bl9FzfGuPUhXFkuCwFP0vTL/5+T0/5eJIVGx/mwUiura+sb6U17a3tndy+zf1DVYawYr7BQhqrugeZSBLyCAiWvR4qD70le8wbXY7/2wJUWYXCPw4i3fOgFoisYoJHamWy+0LwTPR/avVPaBBn1wdweRzjJtzM559yZFF0GdwY5MqtyO/PT7IQs9nmATILWDdeJsDUChYJJntjNWPMI2AB6vGEwAJ/r1mjyiYQeG6VDu6EyJ0A6Uf9OjMDXeuh7ptMH7OtFbyz+5zVi7F62RiKIYuQBmy7qxpJiSMeJ0I5QnKEcGgCmhHkrZX1QwNDkZs+tQTF4TJaUM9ZJbBOWuxjNMlSL567h22KudDWLLU2y5IgUiEsuSInckDKpEEaeyDN5JW/Wi/VufVpf09aUNZs5JHNlff8CxgamtQ==</latexit><latexit sha1_base64="5jtazjNQQ4cw5bD1MmH7NmAYXZU=">AAACLHicbZDLTgIxFIY7eMPxhrpk0wgmmKiZYaNLohuXGOWSACFnSoGGziXtGRMks/Bp3Bl9FzfGuPUhXFkuCwFP0vTL/5+T0/5eJIVGx/mwUiura+sb6U17a3tndy+zf1DVYawYr7BQhqrugeZSBLyCAiWvR4qD70le8wbXY7/2wJUWYXCPw4i3fOgFoisYoJHamWy+0LwTPR/avVPaBBn1wdweRzjJtzM559yZFF0GdwY5MqtyO/PT7IQs9nmATILWDdeJsDUChYJJntjNWPMI2AB6vGEwAJ/r1mjyiYQeG6VDu6EyJ0A6Uf9OjMDXeuh7ptMH7OtFbyz+5zVi7F62RiKIYuQBmy7qxpJiSMeJ0I5QnKEcGgCmhHkrZX1QwNDkZs+tQTF4TJaUM9ZJbBOWuxjNMlSL567h22KudDWLLU2y5IgUiEsuSInckDKpEEaeyDN5JW/Wi/VufVpf09aUNZs5JHNlff8CxgamtQ==</latexit><latexit sha1_base64="5jtazjNQQ4cw5bD1MmH7NmAYXZU=">AAACLHicbZDLTgIxFIY7eMPxhrpk0wgmmKiZYaNLohuXGOWSACFnSoGGziXtGRMks/Bp3Bl9FzfGuPUhXFkuCwFP0vTL/5+T0/5eJIVGx/mwUiura+sb6U17a3tndy+zf1DVYawYr7BQhqrugeZSBLyCAiWvR4qD70le8wbXY7/2wJUWYXCPw4i3fOgFoisYoJHamWy+0LwTPR/avVPaBBn1wdweRzjJtzM559yZFF0GdwY5MqtyO/PT7IQs9nmATILWDdeJsDUChYJJntjNWPMI2AB6vGEwAJ/r1mjyiYQeG6VDu6EyJ0A6Uf9OjMDXeuh7ptMH7OtFbyz+5zVi7F62RiKIYuQBmy7qxpJiSMeJ0I5QnKEcGgCmhHkrZX1QwNDkZs+tQTF4TJaUM9ZJbBOWuxjNMlSL567h22KudDWLLU2y5IgUiEsuSInckDKpEEaeyDN5JW/Wi/VufVpf09aUNZs5JHNlff8CxgamtQ==</latexit><latexit sha1_base64="5jtazjNQQ4cw5bD1MmH7NmAYXZU=">AAACLHicbZDLTgIxFIY7eMPxhrpk0wgmmKiZYaNLohuXGOWSACFnSoGGziXtGRMks/Bp3Bl9FzfGuPUhXFkuCwFP0vTL/5+T0/5eJIVGx/mwUiura+sb6U17a3tndy+zf1DVYawYr7BQhqrugeZSBLyCAiWvR4qD70le8wbXY7/2wJUWYXCPw4i3fOgFoisYoJHamWy+0LwTPR/avVPaBBn1wdweRzjJtzM559yZFF0GdwY5MqtyO/PT7IQs9nmATILWDdeJsDUChYJJntjNWPMI2AB6vGEwAJ/r1mjyiYQeG6VDu6EyJ0A6Uf9OjMDXeuh7ptMH7OtFbyz+5zVi7F62RiKIYuQBmy7qxpJiSMeJ0I5QnKEcGgCmhHkrZX1QwNDkZs+tQTF4TJaUM9ZJbBOWuxjNMlSL567h22KudDWLLU2y5IgUiEsuSInckDKpEEaeyDN5JW/Wi/VufVpf09aUNZs5JHNlff8CxgamtQ==</latexit>

(⌃g,↵, �)
<latexit sha1_base64="h7NS7uQeRkOqtL3y9UZdMKcMNhc=">AAACLXicbZDLSgMxFIYz9VbH26hLXQRboYKWmW50WXTjsqJthU4pZ9J0GprMDElGqKUbn8ad6Lu4EMSt7+DK9LKwrQdCPv7/HE7yBwlnSrvuh5VZWl5ZXcuu2xubW9s7zu5eTcWpJLRKYh7L+wAU5SyiVc00p/eJpCACTutB72rk1x+oVCyO7nQ/oU0BYcQ6jIA2Uss5zBf8WxYKaIWn2AeedMHcIQgBJ/mWk3OL7rjwInhTyKFpVVrOj9+OSSpopAkHpRqem+jmAKRmhNOh7aeKJkB6ENKGwQgEVc3B+BdDfGyUNu7E0pxI47H6d2IAQqm+CEynAN1V895I/M9rpLpz0RywKEk1jchkUSflWMd4FAluM0mJ5n0DQCQzb8WkCxKINsHZM2s06z0OF5Qz0h7aJixvPppFqJWKnuGbUq58OY0tiw7QESogD52jMrpGFVRFBD2hZ/SK3qwX6936tL4mrRlrOrOPZsr6/gWgzacm</latexit><latexit sha1_base64="h7NS7uQeRkOqtL3y9UZdMKcMNhc=">AAACLXicbZDLSgMxFIYz9VbH26hLXQRboYKWmW50WXTjsqJthU4pZ9J0GprMDElGqKUbn8ad6Lu4EMSt7+DK9LKwrQdCPv7/HE7yBwlnSrvuh5VZWl5ZXcuu2xubW9s7zu5eTcWpJLRKYh7L+wAU5SyiVc00p/eJpCACTutB72rk1x+oVCyO7nQ/oU0BYcQ6jIA2Uss5zBf8WxYKaIWn2AeedMHcIQgBJ/mWk3OL7rjwInhTyKFpVVrOj9+OSSpopAkHpRqem+jmAKRmhNOh7aeKJkB6ENKGwQgEVc3B+BdDfGyUNu7E0pxI47H6d2IAQqm+CEynAN1V895I/M9rpLpz0RywKEk1jchkUSflWMd4FAluM0mJ5n0DQCQzb8WkCxKINsHZM2s06z0OF5Qz0h7aJixvPppFqJWKnuGbUq58OY0tiw7QESogD52jMrpGFVRFBD2hZ/SK3qwX6936tL4mrRlrOrOPZsr6/gWgzacm</latexit><latexit sha1_base64="h7NS7uQeRkOqtL3y9UZdMKcMNhc=">AAACLXicbZDLSgMxFIYz9VbH26hLXQRboYKWmW50WXTjsqJthU4pZ9J0GprMDElGqKUbn8ad6Lu4EMSt7+DK9LKwrQdCPv7/HE7yBwlnSrvuh5VZWl5ZXcuu2xubW9s7zu5eTcWpJLRKYh7L+wAU5SyiVc00p/eJpCACTutB72rk1x+oVCyO7nQ/oU0BYcQ6jIA2Uss5zBf8WxYKaIWn2AeedMHcIQgBJ/mWk3OL7rjwInhTyKFpVVrOj9+OSSpopAkHpRqem+jmAKRmhNOh7aeKJkB6ENKGwQgEVc3B+BdDfGyUNu7E0pxI47H6d2IAQqm+CEynAN1V895I/M9rpLpz0RywKEk1jchkUSflWMd4FAluM0mJ5n0DQCQzb8WkCxKINsHZM2s06z0OF5Qz0h7aJixvPppFqJWKnuGbUq58OY0tiw7QESogD52jMrpGFVRFBD2hZ/SK3qwX6936tL4mrRlrOrOPZsr6/gWgzacm</latexit><latexit sha1_base64="h7NS7uQeRkOqtL3y9UZdMKcMNhc=">AAACLXicbZDLSgMxFIYz9VbH26hLXQRboYKWmW50WXTjsqJthU4pZ9J0GprMDElGqKUbn8ad6Lu4EMSt7+DK9LKwrQdCPv7/HE7yBwlnSrvuh5VZWl5ZXcuu2xubW9s7zu5eTcWpJLRKYh7L+wAU5SyiVc00p/eJpCACTutB72rk1x+oVCyO7nQ/oU0BYcQ6jIA2Uss5zBf8WxYKaIWn2AeedMHcIQgBJ/mWk3OL7rjwInhTyKFpVVrOj9+OSSpopAkHpRqem+jmAKRmhNOh7aeKJkB6ENKGwQgEVc3B+BdDfGyUNu7E0pxI47H6d2IAQqm+CEynAN1V895I/M9rpLpz0RywKEk1jchkUSflWMd4FAluM0mJ5n0DQCQzb8WkCxKINsHZM2s06z0OF5Qz0h7aJixvPppFqJWKnuGbUq58OY0tiw7QESogD52jMrpGFVRFBD2hZ/SK3qwX6936tL4mrRlrOrOPZsr6/gWgzacm</latexit>

(⌃g,�, �)
<latexit sha1_base64="RLY9Z0wzor+xRmv4kFnGta5/Nwg=">AAACLHicbZDNTgIxFIU7/uL4h7pk04gmmqiZYaNLohuXGAVMgJA7pYwN7cykvWOChIVP487ou7gxxq0P4coCsxDxJk2/nHNvbnuCRAqDnvfuzM0vLC4t51bc1bX1jc381nbNxKlmvMpiGevbAAyXIuJVFCj5baI5qEDyetC7GPn1e66NiKMb7Ce8pSCMRFcwQCu184W9g+a1CBW0wyPaDDiCvUJQCg732vmid+KNi86Cn0GRZFVp57+bnZilikfIJBjT8L0EWwPQKJjkQ7eZGp4A60HIGxYjUNy0BuNPDOm+VTq0G2t7IqRj9ffEAJQxfRXYTgV4Z/56I/E/r5Fi96w1EFGSIo/YZFE3lRRjOkqEdoTmDGXfAjAt7FspuwMNDG1u7tQaFL2H4YxyzDpD14bl/41mFmqlE9/yValYPs9iy5EC2SUHxCenpEwuSYVUCSOP5Im8kFfn2XlzPpzPSeuck83skKlyvn4AwFCmsg==</latexit><latexit sha1_base64="RLY9Z0wzor+xRmv4kFnGta5/Nwg=">AAACLHicbZDNTgIxFIU7/uL4h7pk04gmmqiZYaNLohuXGAVMgJA7pYwN7cykvWOChIVP487ou7gxxq0P4coCsxDxJk2/nHNvbnuCRAqDnvfuzM0vLC4t51bc1bX1jc381nbNxKlmvMpiGevbAAyXIuJVFCj5baI5qEDyetC7GPn1e66NiKMb7Ce8pSCMRFcwQCu184W9g+a1CBW0wyPaDDiCvUJQCg732vmid+KNi86Cn0GRZFVp57+bnZilikfIJBjT8L0EWwPQKJjkQ7eZGp4A60HIGxYjUNy0BuNPDOm+VTq0G2t7IqRj9ffEAJQxfRXYTgV4Z/56I/E/r5Fi96w1EFGSIo/YZFE3lRRjOkqEdoTmDGXfAjAt7FspuwMNDG1u7tQaFL2H4YxyzDpD14bl/41mFmqlE9/yValYPs9iy5EC2SUHxCenpEwuSYVUCSOP5Im8kFfn2XlzPpzPSeuck83skKlyvn4AwFCmsg==</latexit><latexit sha1_base64="RLY9Z0wzor+xRmv4kFnGta5/Nwg=">AAACLHicbZDNTgIxFIU7/uL4h7pk04gmmqiZYaNLohuXGAVMgJA7pYwN7cykvWOChIVP487ou7gxxq0P4coCsxDxJk2/nHNvbnuCRAqDnvfuzM0vLC4t51bc1bX1jc381nbNxKlmvMpiGevbAAyXIuJVFCj5baI5qEDyetC7GPn1e66NiKMb7Ce8pSCMRFcwQCu184W9g+a1CBW0wyPaDDiCvUJQCg732vmid+KNi86Cn0GRZFVp57+bnZilikfIJBjT8L0EWwPQKJjkQ7eZGp4A60HIGxYjUNy0BuNPDOm+VTq0G2t7IqRj9ffEAJQxfRXYTgV4Z/56I/E/r5Fi96w1EFGSIo/YZFE3lRRjOkqEdoTmDGXfAjAt7FspuwMNDG1u7tQaFL2H4YxyzDpD14bl/41mFmqlE9/yValYPs9iy5EC2SUHxCenpEwuSYVUCSOP5Im8kFfn2XlzPpzPSeuck83skKlyvn4AwFCmsg==</latexit><latexit sha1_base64="RLY9Z0wzor+xRmv4kFnGta5/Nwg=">AAACLHicbZDNTgIxFIU7/uL4h7pk04gmmqiZYaNLohuXGAVMgJA7pYwN7cykvWOChIVP487ou7gxxq0P4coCsxDxJk2/nHNvbnuCRAqDnvfuzM0vLC4t51bc1bX1jc381nbNxKlmvMpiGevbAAyXIuJVFCj5baI5qEDyetC7GPn1e66NiKMb7Ce8pSCMRFcwQCu184W9g+a1CBW0wyPaDDiCvUJQCg732vmid+KNi86Cn0GRZFVp57+bnZilikfIJBjT8L0EWwPQKJjkQ7eZGp4A60HIGxYjUNy0BuNPDOm+VTq0G2t7IqRj9ffEAJQxfRXYTgV4Z/56I/E/r5Fi96w1EFGSIo/YZFE3lRRjOkqEdoTmDGXfAjAt7FspuwMNDG1u7tQaFL2H4YxyzDpD14bl/41mFmqlE9/yValYPs9iy5EC2SUHxCenpEwuSYVUCSOP5Im8kFfn2XlzPpzPSeuck83skKlyvn4AwFCmsg==</latexit>

#k(S1 ⇥ S2)
<latexit sha1_base64="1yhwcS4cdoUOPZGS2nPz1HUSxNc=">AAACOnicbVC5TgMxFPRyhnAFKGksEqSkINpNA2UEDWUQ5JCySeT1ehMr3kP2W6Sw2m/ga+gQfActHaKlosI5ihyMZGk0857meZxIcAWm+WGsrW9sbm1ndrK7e/sHh7mj44YKY0lZnYYilC2HKCZ4wOrAQbBWJBnxHcGazvBm7DcfmVQ8DB5gFLGOT/oB9zgloKVerlSw890hLto+gYHjJPdp18I2cJ8pPKdVSoVeLm+WzQnwKrFmJI9mqPVyv7Yb0thnAVBBlGpbZgSdhEjgVLA0a8eKRYQOSZ+1NQ2Izuwkky+l+FwrLvZCqV8AeKLObyTEV2rkO3pyfKVa9sbif147Bu+qk/AgioEFdBrkxQJDiMf9YJdLRkGMNCFUcn0rpgMiCQXdYnYhBvjwKV1RLqibZnVZ1nI1q6RRKVua31Xy1etZbRl0is5QEVnoElXRLaqhOqLoGb2gN/RuvBqfxpfxPR1dM2Y7J2gBxs8fgwSsqw==</latexit><latexit sha1_base64="1yhwcS4cdoUOPZGS2nPz1HUSxNc=">AAACOnicbVC5TgMxFPRyhnAFKGksEqSkINpNA2UEDWUQ5JCySeT1ehMr3kP2W6Sw2m/ga+gQfActHaKlosI5ihyMZGk0857meZxIcAWm+WGsrW9sbm1ndrK7e/sHh7mj44YKY0lZnYYilC2HKCZ4wOrAQbBWJBnxHcGazvBm7DcfmVQ8DB5gFLGOT/oB9zgloKVerlSw890hLto+gYHjJPdp18I2cJ8pPKdVSoVeLm+WzQnwKrFmJI9mqPVyv7Yb0thnAVBBlGpbZgSdhEjgVLA0a8eKRYQOSZ+1NQ2Izuwkky+l+FwrLvZCqV8AeKLObyTEV2rkO3pyfKVa9sbif147Bu+qk/AgioEFdBrkxQJDiMf9YJdLRkGMNCFUcn0rpgMiCQXdYnYhBvjwKV1RLqibZnVZ1nI1q6RRKVua31Xy1etZbRl0is5QEVnoElXRLaqhOqLoGb2gN/RuvBqfxpfxPR1dM2Y7J2gBxs8fgwSsqw==</latexit><latexit sha1_base64="1yhwcS4cdoUOPZGS2nPz1HUSxNc=">AAACOnicbVC5TgMxFPRyhnAFKGksEqSkINpNA2UEDWUQ5JCySeT1ehMr3kP2W6Sw2m/ga+gQfActHaKlosI5ihyMZGk0857meZxIcAWm+WGsrW9sbm1ndrK7e/sHh7mj44YKY0lZnYYilC2HKCZ4wOrAQbBWJBnxHcGazvBm7DcfmVQ8DB5gFLGOT/oB9zgloKVerlSw890hLto+gYHjJPdp18I2cJ8pPKdVSoVeLm+WzQnwKrFmJI9mqPVyv7Yb0thnAVBBlGpbZgSdhEjgVLA0a8eKRYQOSZ+1NQ2Izuwkky+l+FwrLvZCqV8AeKLObyTEV2rkO3pyfKVa9sbif147Bu+qk/AgioEFdBrkxQJDiMf9YJdLRkGMNCFUcn0rpgMiCQXdYnYhBvjwKV1RLqibZnVZ1nI1q6RRKVua31Xy1etZbRl0is5QEVnoElXRLaqhOqLoGb2gN/RuvBqfxpfxPR1dM2Y7J2gBxs8fgwSsqw==</latexit><latexit sha1_base64="1yhwcS4cdoUOPZGS2nPz1HUSxNc=">AAACOnicbVC5TgMxFPRyhnAFKGksEqSkINpNA2UEDWUQ5JCySeT1ehMr3kP2W6Sw2m/ga+gQfActHaKlosI5ihyMZGk0857meZxIcAWm+WGsrW9sbm1ndrK7e/sHh7mj44YKY0lZnYYilC2HKCZ4wOrAQbBWJBnxHcGazvBm7DcfmVQ8DB5gFLGOT/oB9zgloKVerlSw890hLto+gYHjJPdp18I2cJ8pPKdVSoVeLm+WzQnwKrFmJI9mqPVyv7Yb0thnAVBBlGpbZgSdhEjgVLA0a8eKRYQOSZ+1NQ2Izuwkky+l+FwrLvZCqV8AeKLObyTEV2rkO3pyfKVa9sbif147Bu+qk/AgioEFdBrkxQJDiMf9YJdLRkGMNCFUcn0rpgMiCQXdYnYhBvjwKV1RLqibZnVZ1nI1q6RRKVua31Xy1etZbRl0is5QEVnoElXRLaqhOqLoGb2gN/RuvBqfxpfxPR1dM2Y7J2gBxs8fgwSsqw==</latexit>

#k(S1⇥D3)
<latexit sha1_base64="TvM5okKf0IBa8dzCTSE3AGK+bTk="></latexit><latexit sha1_base64="d+Uz/85IKdWHEf0ltqQNo74LPRQ="></latexit><latexit sha1_base64="d+Uz/85IKdWHEf0ltqQNo74LPRQ="></latexit><latexit sha1_base64="lYoVC0hkJTj8j64loy9ZBKRZDF4="></latexit>

#k(S1⇥D3)
<latexit sha1_base64="EPWJNktpwSXFDnyRtSYKdAgLoIA="></latexit><latexit sha1_base64="tpWXOolXFNRn2Ylk3LmpgBquw04="></latexit><latexit sha1_base64="tpWXOolXFNRn2Ylk3LmpgBquw04="></latexit><latexit sha1_base64="7Hl1zT1HANAeSzsJE9Da5i8FvNo="></latexit>

#k(S1⇥D3)
<latexit sha1_base64="b5eVoAUt6hNSh4c8C2Si0vXRPI8="></latexit><latexit sha1_base64="XywRjwFh9+Rq8+TALJ93l/TXHtc="></latexit><latexit sha1_base64="XywRjwFh9+Rq8+TALJ93l/TXHtc="></latexit><latexit sha1_base64="i8xRNJy+lIIpRzm6yWjaxEimtMA="></latexit>

⌃g
<latexit sha1_base64="0kpScPQxLrylyTiT3J4FbcP1Gjc=">AAACF3icbZC7TsMwFIZPuJZwKzCyRBQkFqqEBcYKFsYi6EVqo8px3NSq7US2g1SivAQbgudghQmxMvIgLEy4l4G2/JKlT/85R+f4DxJGlXbdL2thcWl5ZbWwZq9vbG5tF3d26ypOJSY1HLNYNgOkCKOC1DTVjDQTSRAPGGkE/cthvXFHpKKxuNWDhPgcRYJ2KUbaWM32DY046kSdYsktuyM58+BNoFQ5/H55A4Bqp/jTDmOcciI0Zkiplucm2s+Q1BQzktvtVJEE4T6KSMugQJwoPxvdmztHxgmdbizNE9oZuX8nMsSVGvDAdHKke2q2NjT/q7VS3T33MyqSVBOBx4u6KXN07Aw/74RUEqzZwADCkppbHdxDEmFtIrKn1mjav8/nnBMc5rYJy5uNZh7qp2XP8LVXqlzAWAXYhwM4Bg/OoAJXUIUaYGDwAE/wbD1ar9a79TFuXbAmM3swJevzFxUzowk=</latexit><latexit sha1_base64="ZORffvGFsuNKyfsX128Z9CKuC2s=">AAACF3icbZC7TsMwFIadcistlwIji0VBYqFKWGCsYGEsgl6kNqocx0mt2k5kO5VKlJdgQ/AcrAxIiJWRB4GBCfcy0JZfsvTpP+foHP9ezKjStv1p5ZaWV1bX8uuF4sbm1nZpZ7ehokRiUscRi2TLQ4owKkhdU81IK5YEcY+Rpte/HNWbAyIVjcStHsbE5SgUNKAYaWO1Ojc05Kgbdktlu2KPBRfBmUK5evj1/Doofte6pZ+OH+GEE6ExQ0q1HTvWboqkppiRrNBJFIkR7qOQtA0KxIly0/G9GTwyjg+DSJonNBy7fydSxJUacs90cqR7ar42Mv+rtRMdnLspFXGiicCTRUHCoI7g6PPQp5JgzYYGEJbU3ApxD0mEtYmoMLNG0/5dtuCcYD8rmLCc+WgWoXFacQxfO+XqBZgoD/bBATgGDjgDVXAFaqAOMGDgHjyCJ+vBerHerPdJa86azuyBGVkfv0jjpIM=</latexit><latexit sha1_base64="ZORffvGFsuNKyfsX128Z9CKuC2s=">AAACF3icbZC7TsMwFIadcistlwIji0VBYqFKWGCsYGEsgl6kNqocx0mt2k5kO5VKlJdgQ/AcrAxIiJWRB4GBCfcy0JZfsvTpP+foHP9ezKjStv1p5ZaWV1bX8uuF4sbm1nZpZ7ehokRiUscRi2TLQ4owKkhdU81IK5YEcY+Rpte/HNWbAyIVjcStHsbE5SgUNKAYaWO1Ojc05Kgbdktlu2KPBRfBmUK5evj1/Doofte6pZ+OH+GEE6ExQ0q1HTvWboqkppiRrNBJFIkR7qOQtA0KxIly0/G9GTwyjg+DSJonNBy7fydSxJUacs90cqR7ar42Mv+rtRMdnLspFXGiicCTRUHCoI7g6PPQp5JgzYYGEJbU3ApxD0mEtYmoMLNG0/5dtuCcYD8rmLCc+WgWoXFacQxfO+XqBZgoD/bBATgGDjgDVXAFaqAOMGDgHjyCJ+vBerHerPdJa86azuyBGVkfv0jjpIM=</latexit><latexit sha1_base64="tiFTwNxEtMnLa01gQuoeUS1+Oso=">AAACF3icbZC7TsMwFIZPuJZwKzCyRFRILFQJC4wVLIxF0IvURpXjOKlV24lsB6lEeQk2BO/ChlgZeRUm3DYDbfklS5/+c47O8R+kjCrtut/Wyura+sZmZcve3tnd268eHLZVkklMWjhhiewGSBFGBWlpqhnpppIgHjDSCUY3k3rnkUhFE/GgxynxOYoFjShG2ljd/j2NORrEg2rNrbtTOcvglVCDUs1B9acfJjjjRGjMkFI9z021nyOpKWaksPuZIinCIxSTnkGBOFF+Pr23cE6NEzpRIs0T2pm6fydyxJUa88B0cqSHarE2Mf+r9TIdXfk5FWmmicCzRVHGHJ04k887IZUEazY2gLCk5lYHD5FEWJuI7Lk1mo6eiiXnHIeFbcLyFqNZhvZF3TN859Ua12VsFTiGEzgDDy6hAbfQhBZgYPAMr/BmvVjv1of1OWtdscqZI5iT9fUL2lygOg==</latexit>

• Every closed oriented 4-manifold 
has trisection diagrams.

• Equivalent diagrams are related by 
isotopy, handle slides, stabilization
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‘Heegaard diagram’ for 4-manifolds: trisection diagrams
Trisection Invariant of 4-Manifolds

[D. Gay, R. Kirby, ‘12]

Figure 3: Stabilizing a trisection diagram means connected summing with this
diagram. By itself, this describes the simplest nontrivial trisection of S4 , of
genus 3. The red curves are the α curves, the blues are the β ’s and the greens
are the γ ’s.

Definition 9 Given a trisection diagram (Fg,α,β, γ), the trisection diagram
(F ′

g′ = Fg+3,α′,β′, γ′) obtained by connected summing (Fg,α,β, γ) with the
diagram in Figure 3 is called the stabilization of (Fg,α,β, γ).

We prove the following fact at the beginning of Section 5:

Lemma 10 If (X1,X2,X3) is a trisection of X4 , with genus g and dia-
gram (Fg,α,β, γ′), and (X ′

1,X
′

2,X
′

3) is a stabilization of (X1,X2,X3), then
(X ′

1,X
′

2,X
′

3) is also a trisection of X , with genus g′ = g + 3 and diagram
(Fg′ ,α′,β′, γ′), the stabilization of (Fg,α,β, γ).

The reader may find Figure 2 useful in proving this lemma before reading our
proof.

Theorem 11 (Uniqueness) Given two trisections of X , (X1,X2,X3) and
(X ′

1,X
′

2,X
′

3), then after stabilizing each trisection some number of times, there
is a diffeomorphism h : X → X isotopic to the identity with the property that
h(Xi) = X ′

i for each i. In particular, h(Xi ∩ Xj) = X ′

i ∩ X ′

j, for i ≠ j in
{1, 2, 3}, and h(X1 ∩X2 ∩X3) = h(X ′

1 ∩X ′

2 ∩X ′

3).

Corollary 12 Given trisection diagrams (Fg,α,β, γ) and (Fg′ ,α′,β′, γ′), the
corresponding 4–manifolds X(Fg,α,β, γ) and X(Fg′ ,α′,β′, γ′) are diffeomor-
phic if and only if (Fg,α,β, γ) and (Fg′ ,α′,β′, γ′) are related by stabilization,
handle slides, and diffeomorphism. “Handle slides” are slides of α’s over α’s,
β ’s over β ’s and γ ’s over γ ’s.

Proof Any two handle decompositions of a fixed genus g handlebody, each
with one 0–handle and g 1–handles, are related by handle slides; this is proved
in [5].

5

                    such that                ,                      
                ,                 are Heegaard 
diagrams for

(⌃g,↵,�, �)
<latexit sha1_base64="2hRgYzi8H/A6GGLh8cYP+R/59N0=">AAACNHicbVBNTwIxEO3iN36hHr00ggkmSna56JHoxaNGURIgZLaUpaHd3bSzJkj4Af4ab0Z/iok349Uf4MkCexDwJc28vDeTmT4/lsKg6747mYXFpeWV1bXs+sbm1nZuZ/fORIlmvMoiGemaD4ZLEfIqCpS8FmsOypf83u9djPz7B66NiMJb7Me8qSAIRUcwQCu1cvlCsXEjAgWt4Jg2QMZdsNXnOCoBKAVHBdvlltwx6DzxUpInKa5auZ9GO2KJ4iEyCcbUPTfG5gA0Cib5MNtIDI+B9SDgdUtDUNw0B+PPDOmhVdq0E2n7QqRj9e/EAJQxfeXbTgXYNbPeSPzPqyfYOWsORBgnyEM2WdRJJMWIjpKhbaE5Q9m3BJgW9lbKuqCBoc0vO7UGRe9xOKecsPYwa8PyZqOZJ3flkmf5dTlfOU9jWyX75IAUiUdOSYVckitSJYw8kWfySt6cF+fD+XS+Jq0ZJ53ZI1Nwvn8BtxipsA==</latexit><latexit sha1_base64="2hRgYzi8H/A6GGLh8cYP+R/59N0=">AAACNHicbVBNTwIxEO3iN36hHr00ggkmSna56JHoxaNGURIgZLaUpaHd3bSzJkj4Af4ab0Z/iok349Uf4MkCexDwJc28vDeTmT4/lsKg6747mYXFpeWV1bXs+sbm1nZuZ/fORIlmvMoiGemaD4ZLEfIqCpS8FmsOypf83u9djPz7B66NiMJb7Me8qSAIRUcwQCu1cvlCsXEjAgWt4Jg2QMZdsNXnOCoBKAVHBdvlltwx6DzxUpInKa5auZ9GO2KJ4iEyCcbUPTfG5gA0Cib5MNtIDI+B9SDgdUtDUNw0B+PPDOmhVdq0E2n7QqRj9e/EAJQxfeXbTgXYNbPeSPzPqyfYOWsORBgnyEM2WdRJJMWIjpKhbaE5Q9m3BJgW9lbKuqCBoc0vO7UGRe9xOKecsPYwa8PyZqOZJ3flkmf5dTlfOU9jWyX75IAUiUdOSYVckitSJYw8kWfySt6cF+fD+XS+Jq0ZJ53ZI1Nwvn8BtxipsA==</latexit><latexit sha1_base64="2hRgYzi8H/A6GGLh8cYP+R/59N0=">AAACNHicbVBNTwIxEO3iN36hHr00ggkmSna56JHoxaNGURIgZLaUpaHd3bSzJkj4Af4ab0Z/iok349Uf4MkCexDwJc28vDeTmT4/lsKg6747mYXFpeWV1bXs+sbm1nZuZ/fORIlmvMoiGemaD4ZLEfIqCpS8FmsOypf83u9djPz7B66NiMJb7Me8qSAIRUcwQCu1cvlCsXEjAgWt4Jg2QMZdsNXnOCoBKAVHBdvlltwx6DzxUpInKa5auZ9GO2KJ4iEyCcbUPTfG5gA0Cib5MNtIDI+B9SDgdUtDUNw0B+PPDOmhVdq0E2n7QqRj9e/EAJQxfeXbTgXYNbPeSPzPqyfYOWsORBgnyEM2WdRJJMWIjpKhbaE5Q9m3BJgW9lbKuqCBoc0vO7UGRe9xOKecsPYwa8PyZqOZJ3flkmf5dTlfOU9jWyX75IAUiUdOSYVckitSJYw8kWfySt6cF+fD+XS+Jq0ZJ53ZI1Nwvn8BtxipsA==</latexit><latexit sha1_base64="2hRgYzi8H/A6GGLh8cYP+R/59N0=">AAACNHicbVBNTwIxEO3iN36hHr00ggkmSna56JHoxaNGURIgZLaUpaHd3bSzJkj4Af4ab0Z/iok349Uf4MkCexDwJc28vDeTmT4/lsKg6747mYXFpeWV1bXs+sbm1nZuZ/fORIlmvMoiGemaD4ZLEfIqCpS8FmsOypf83u9djPz7B66NiMJb7Me8qSAIRUcwQCu1cvlCsXEjAgWt4Jg2QMZdsNXnOCoBKAVHBdvlltwx6DzxUpInKa5auZ9GO2KJ4iEyCcbUPTfG5gA0Cib5MNtIDI+B9SDgdUtDUNw0B+PPDOmhVdq0E2n7QqRj9e/EAJQxfeXbTgXYNbPeSPzPqyfYOWsORBgnyEM2WdRJJMWIjpKhbaE5Q9m3BJgW9lbKuqCBoc0vO7UGRe9xOKecsPYwa8PyZqOZJ3flkmf5dTlfOU9jWyX75IAUiUdOSYVckitSJYw8kWfySt6cF+fD+XS+Jq0ZJ53ZI1Nwvn8BtxipsA==</latexit>

(⌃g,↵,�)
<latexit sha1_base64="5jtazjNQQ4cw5bD1MmH7NmAYXZU=">AAACLHicbZDLTgIxFIY7eMPxhrpk0wgmmKiZYaNLohuXGOWSACFnSoGGziXtGRMks/Bp3Bl9FzfGuPUhXFkuCwFP0vTL/5+T0/5eJIVGx/mwUiura+sb6U17a3tndy+zf1DVYawYr7BQhqrugeZSBLyCAiWvR4qD70le8wbXY7/2wJUWYXCPw4i3fOgFoisYoJHamWy+0LwTPR/avVPaBBn1wdweRzjJtzM559yZFF0GdwY5MqtyO/PT7IQs9nmATILWDdeJsDUChYJJntjNWPMI2AB6vGEwAJ/r1mjyiYQeG6VDu6EyJ0A6Uf9OjMDXeuh7ptMH7OtFbyz+5zVi7F62RiKIYuQBmy7qxpJiSMeJ0I5QnKEcGgCmhHkrZX1QwNDkZs+tQTF4TJaUM9ZJbBOWuxjNMlSL567h22KudDWLLU2y5IgUiEsuSInckDKpEEaeyDN5JW/Wi/VufVpf09aUNZs5JHNlff8CxgamtQ==</latexit><latexit sha1_base64="5jtazjNQQ4cw5bD1MmH7NmAYXZU=">AAACLHicbZDLTgIxFIY7eMPxhrpk0wgmmKiZYaNLohuXGOWSACFnSoGGziXtGRMks/Bp3Bl9FzfGuPUhXFkuCwFP0vTL/5+T0/5eJIVGx/mwUiura+sb6U17a3tndy+zf1DVYawYr7BQhqrugeZSBLyCAiWvR4qD70le8wbXY7/2wJUWYXCPw4i3fOgFoisYoJHamWy+0LwTPR/avVPaBBn1wdweRzjJtzM559yZFF0GdwY5MqtyO/PT7IQs9nmATILWDdeJsDUChYJJntjNWPMI2AB6vGEwAJ/r1mjyiYQeG6VDu6EyJ0A6Uf9OjMDXeuh7ptMH7OtFbyz+5zVi7F62RiKIYuQBmy7qxpJiSMeJ0I5QnKEcGgCmhHkrZX1QwNDkZs+tQTF4TJaUM9ZJbBOWuxjNMlSL567h22KudDWLLU2y5IgUiEsuSInckDKpEEaeyDN5JW/Wi/VufVpf09aUNZs5JHNlff8CxgamtQ==</latexit><latexit sha1_base64="5jtazjNQQ4cw5bD1MmH7NmAYXZU=">AAACLHicbZDLTgIxFIY7eMPxhrpk0wgmmKiZYaNLohuXGOWSACFnSoGGziXtGRMks/Bp3Bl9FzfGuPUhXFkuCwFP0vTL/5+T0/5eJIVGx/mwUiura+sb6U17a3tndy+zf1DVYawYr7BQhqrugeZSBLyCAiWvR4qD70le8wbXY7/2wJUWYXCPw4i3fOgFoisYoJHamWy+0LwTPR/avVPaBBn1wdweRzjJtzM559yZFF0GdwY5MqtyO/PT7IQs9nmATILWDdeJsDUChYJJntjNWPMI2AB6vGEwAJ/r1mjyiYQeG6VDu6EyJ0A6Uf9OjMDXeuh7ptMH7OtFbyz+5zVi7F62RiKIYuQBmy7qxpJiSMeJ0I5QnKEcGgCmhHkrZX1QwNDkZs+tQTF4TJaUM9ZJbBOWuxjNMlSL567h22KudDWLLU2y5IgUiEsuSInckDKpEEaeyDN5JW/Wi/VufVpf09aUNZs5JHNlff8CxgamtQ==</latexit><latexit sha1_base64="5jtazjNQQ4cw5bD1MmH7NmAYXZU=">AAACLHicbZDLTgIxFIY7eMPxhrpk0wgmmKiZYaNLohuXGOWSACFnSoGGziXtGRMks/Bp3Bl9FzfGuPUhXFkuCwFP0vTL/5+T0/5eJIVGx/mwUiura+sb6U17a3tndy+zf1DVYawYr7BQhqrugeZSBLyCAiWvR4qD70le8wbXY7/2wJUWYXCPw4i3fOgFoisYoJHamWy+0LwTPR/avVPaBBn1wdweRzjJtzM559yZFF0GdwY5MqtyO/PT7IQs9nmATILWDdeJsDUChYJJntjNWPMI2AB6vGEwAJ/r1mjyiYQeG6VDu6EyJ0A6Uf9OjMDXeuh7ptMH7OtFbyz+5zVi7F62RiKIYuQBmy7qxpJiSMeJ0I5QnKEcGgCmhHkrZX1QwNDkZs+tQTF4TJaUM9ZJbBOWuxjNMlSL567h22KudDWLLU2y5IgUiEsuSInckDKpEEaeyDN5JW/Wi/VufVpf09aUNZs5JHNlff8CxgamtQ==</latexit>

(⌃g,↵, �)
<latexit sha1_base64="h7NS7uQeRkOqtL3y9UZdMKcMNhc=">AAACLXicbZDLSgMxFIYz9VbH26hLXQRboYKWmW50WXTjsqJthU4pZ9J0GprMDElGqKUbn8ad6Lu4EMSt7+DK9LKwrQdCPv7/HE7yBwlnSrvuh5VZWl5ZXcuu2xubW9s7zu5eTcWpJLRKYh7L+wAU5SyiVc00p/eJpCACTutB72rk1x+oVCyO7nQ/oU0BYcQ6jIA2Uss5zBf8WxYKaIWn2AeedMHcIQgBJ/mWk3OL7rjwInhTyKFpVVrOj9+OSSpopAkHpRqem+jmAKRmhNOh7aeKJkB6ENKGwQgEVc3B+BdDfGyUNu7E0pxI47H6d2IAQqm+CEynAN1V895I/M9rpLpz0RywKEk1jchkUSflWMd4FAluM0mJ5n0DQCQzb8WkCxKINsHZM2s06z0OF5Qz0h7aJixvPppFqJWKnuGbUq58OY0tiw7QESogD52jMrpGFVRFBD2hZ/SK3qwX6936tL4mrRlrOrOPZsr6/gWgzacm</latexit><latexit sha1_base64="h7NS7uQeRkOqtL3y9UZdMKcMNhc=">AAACLXicbZDLSgMxFIYz9VbH26hLXQRboYKWmW50WXTjsqJthU4pZ9J0GprMDElGqKUbn8ad6Lu4EMSt7+DK9LKwrQdCPv7/HE7yBwlnSrvuh5VZWl5ZXcuu2xubW9s7zu5eTcWpJLRKYh7L+wAU5SyiVc00p/eJpCACTutB72rk1x+oVCyO7nQ/oU0BYcQ6jIA2Uss5zBf8WxYKaIWn2AeedMHcIQgBJ/mWk3OL7rjwInhTyKFpVVrOj9+OSSpopAkHpRqem+jmAKRmhNOh7aeKJkB6ENKGwQgEVc3B+BdDfGyUNu7E0pxI47H6d2IAQqm+CEynAN1V895I/M9rpLpz0RywKEk1jchkUSflWMd4FAluM0mJ5n0DQCQzb8WkCxKINsHZM2s06z0OF5Qz0h7aJixvPppFqJWKnuGbUq58OY0tiw7QESogD52jMrpGFVRFBD2hZ/SK3qwX6936tL4mrRlrOrOPZsr6/gWgzacm</latexit><latexit sha1_base64="h7NS7uQeRkOqtL3y9UZdMKcMNhc=">AAACLXicbZDLSgMxFIYz9VbH26hLXQRboYKWmW50WXTjsqJthU4pZ9J0GprMDElGqKUbn8ad6Lu4EMSt7+DK9LKwrQdCPv7/HE7yBwlnSrvuh5VZWl5ZXcuu2xubW9s7zu5eTcWpJLRKYh7L+wAU5SyiVc00p/eJpCACTutB72rk1x+oVCyO7nQ/oU0BYcQ6jIA2Uss5zBf8WxYKaIWn2AeedMHcIQgBJ/mWk3OL7rjwInhTyKFpVVrOj9+OSSpopAkHpRqem+jmAKRmhNOh7aeKJkB6ENKGwQgEVc3B+BdDfGyUNu7E0pxI47H6d2IAQqm+CEynAN1V895I/M9rpLpz0RywKEk1jchkUSflWMd4FAluM0mJ5n0DQCQzb8WkCxKINsHZM2s06z0OF5Qz0h7aJixvPppFqJWKnuGbUq58OY0tiw7QESogD52jMrpGFVRFBD2hZ/SK3qwX6936tL4mrRlrOrOPZsr6/gWgzacm</latexit><latexit sha1_base64="h7NS7uQeRkOqtL3y9UZdMKcMNhc=">AAACLXicbZDLSgMxFIYz9VbH26hLXQRboYKWmW50WXTjsqJthU4pZ9J0GprMDElGqKUbn8ad6Lu4EMSt7+DK9LKwrQdCPv7/HE7yBwlnSrvuh5VZWl5ZXcuu2xubW9s7zu5eTcWpJLRKYh7L+wAU5SyiVc00p/eJpCACTutB72rk1x+oVCyO7nQ/oU0BYcQ6jIA2Uss5zBf8WxYKaIWn2AeedMHcIQgBJ/mWk3OL7rjwInhTyKFpVVrOj9+OSSpopAkHpRqem+jmAKRmhNOh7aeKJkB6ENKGwQgEVc3B+BdDfGyUNu7E0pxI47H6d2IAQqm+CEynAN1V895I/M9rpLpz0RywKEk1jchkUSflWMd4FAluM0mJ5n0DQCQzb8WkCxKINsHZM2s06z0OF5Qz0h7aJixvPppFqJWKnuGbUq58OY0tiw7QESogD52jMrpGFVRFBD2hZ/SK3qwX6936tL4mrRlrOrOPZsr6/gWgzacm</latexit>

(⌃g,�, �)
<latexit sha1_base64="RLY9Z0wzor+xRmv4kFnGta5/Nwg=">AAACLHicbZDNTgIxFIU7/uL4h7pk04gmmqiZYaNLohuXGAVMgJA7pYwN7cykvWOChIVP487ou7gxxq0P4coCsxDxJk2/nHNvbnuCRAqDnvfuzM0vLC4t51bc1bX1jc381nbNxKlmvMpiGevbAAyXIuJVFCj5baI5qEDyetC7GPn1e66NiKMb7Ce8pSCMRFcwQCu184W9g+a1CBW0wyPaDDiCvUJQCg732vmid+KNi86Cn0GRZFVp57+bnZilikfIJBjT8L0EWwPQKJjkQ7eZGp4A60HIGxYjUNy0BuNPDOm+VTq0G2t7IqRj9ffEAJQxfRXYTgV4Z/56I/E/r5Fi96w1EFGSIo/YZFE3lRRjOkqEdoTmDGXfAjAt7FspuwMNDG1u7tQaFL2H4YxyzDpD14bl/41mFmqlE9/yValYPs9iy5EC2SUHxCenpEwuSYVUCSOP5Im8kFfn2XlzPpzPSeuck83skKlyvn4AwFCmsg==</latexit><latexit sha1_base64="RLY9Z0wzor+xRmv4kFnGta5/Nwg=">AAACLHicbZDNTgIxFIU7/uL4h7pk04gmmqiZYaNLohuXGAVMgJA7pYwN7cykvWOChIVP487ou7gxxq0P4coCsxDxJk2/nHNvbnuCRAqDnvfuzM0vLC4t51bc1bX1jc381nbNxKlmvMpiGevbAAyXIuJVFCj5baI5qEDyetC7GPn1e66NiKMb7Ce8pSCMRFcwQCu184W9g+a1CBW0wyPaDDiCvUJQCg732vmid+KNi86Cn0GRZFVp57+bnZilikfIJBjT8L0EWwPQKJjkQ7eZGp4A60HIGxYjUNy0BuNPDOm+VTq0G2t7IqRj9ffEAJQxfRXYTgV4Z/56I/E/r5Fi96w1EFGSIo/YZFE3lRRjOkqEdoTmDGXfAjAt7FspuwMNDG1u7tQaFL2H4YxyzDpD14bl/41mFmqlE9/yValYPs9iy5EC2SUHxCenpEwuSYVUCSOP5Im8kFfn2XlzPpzPSeuck83skKlyvn4AwFCmsg==</latexit><latexit sha1_base64="RLY9Z0wzor+xRmv4kFnGta5/Nwg=">AAACLHicbZDNTgIxFIU7/uL4h7pk04gmmqiZYaNLohuXGAVMgJA7pYwN7cykvWOChIVP487ou7gxxq0P4coCsxDxJk2/nHNvbnuCRAqDnvfuzM0vLC4t51bc1bX1jc381nbNxKlmvMpiGevbAAyXIuJVFCj5baI5qEDyetC7GPn1e66NiKMb7Ce8pSCMRFcwQCu184W9g+a1CBW0wyPaDDiCvUJQCg732vmid+KNi86Cn0GRZFVp57+bnZilikfIJBjT8L0EWwPQKJjkQ7eZGp4A60HIGxYjUNy0BuNPDOm+VTq0G2t7IqRj9ffEAJQxfRXYTgV4Z/56I/E/r5Fi96w1EFGSIo/YZFE3lRRjOkqEdoTmDGXfAjAt7FspuwMNDG1u7tQaFL2H4YxyzDpD14bl/41mFmqlE9/yValYPs9iy5EC2SUHxCenpEwuSYVUCSOP5Im8kFfn2XlzPpzPSeuck83skKlyvn4AwFCmsg==</latexit><latexit sha1_base64="RLY9Z0wzor+xRmv4kFnGta5/Nwg=">AAACLHicbZDNTgIxFIU7/uL4h7pk04gmmqiZYaNLohuXGAVMgJA7pYwN7cykvWOChIVP487ou7gxxq0P4coCsxDxJk2/nHNvbnuCRAqDnvfuzM0vLC4t51bc1bX1jc381nbNxKlmvMpiGevbAAyXIuJVFCj5baI5qEDyetC7GPn1e66NiKMb7Ce8pSCMRFcwQCu184W9g+a1CBW0wyPaDDiCvUJQCg732vmid+KNi86Cn0GRZFVp57+bnZilikfIJBjT8L0EWwPQKJjkQ7eZGp4A60HIGxYjUNy0BuNPDOm+VTq0G2t7IqRj9ffEAJQxfRXYTgV4Z/56I/E/r5Fi96w1EFGSIo/YZFE3lRRjOkqEdoTmDGXfAjAt7FspuwMNDG1u7tQaFL2H4YxyzDpD14bl/41mFmqlE9/yValYPs9iy5EC2SUHxCenpEwuSYVUCSOP5Im8kFfn2XlzPpzPSeuck83skKlyvn4AwFCmsg==</latexit>

#k(S1 ⇥ S2)
<latexit sha1_base64="1yhwcS4cdoUOPZGS2nPz1HUSxNc=">AAACOnicbVC5TgMxFPRyhnAFKGksEqSkINpNA2UEDWUQ5JCySeT1ehMr3kP2W6Sw2m/ga+gQfActHaKlosI5ihyMZGk0857meZxIcAWm+WGsrW9sbm1ndrK7e/sHh7mj44YKY0lZnYYilC2HKCZ4wOrAQbBWJBnxHcGazvBm7DcfmVQ8DB5gFLGOT/oB9zgloKVerlSw890hLto+gYHjJPdp18I2cJ8pPKdVSoVeLm+WzQnwKrFmJI9mqPVyv7Yb0thnAVBBlGpbZgSdhEjgVLA0a8eKRYQOSZ+1NQ2Izuwkky+l+FwrLvZCqV8AeKLObyTEV2rkO3pyfKVa9sbif147Bu+qk/AgioEFdBrkxQJDiMf9YJdLRkGMNCFUcn0rpgMiCQXdYnYhBvjwKV1RLqibZnVZ1nI1q6RRKVua31Xy1etZbRl0is5QEVnoElXRLaqhOqLoGb2gN/RuvBqfxpfxPR1dM2Y7J2gBxs8fgwSsqw==</latexit><latexit sha1_base64="1yhwcS4cdoUOPZGS2nPz1HUSxNc=">AAACOnicbVC5TgMxFPRyhnAFKGksEqSkINpNA2UEDWUQ5JCySeT1ehMr3kP2W6Sw2m/ga+gQfActHaKlosI5ihyMZGk0857meZxIcAWm+WGsrW9sbm1ndrK7e/sHh7mj44YKY0lZnYYilC2HKCZ4wOrAQbBWJBnxHcGazvBm7DcfmVQ8DB5gFLGOT/oB9zgloKVerlSw890hLto+gYHjJPdp18I2cJ8pPKdVSoVeLm+WzQnwKrFmJI9mqPVyv7Yb0thnAVBBlGpbZgSdhEjgVLA0a8eKRYQOSZ+1NQ2Izuwkky+l+FwrLvZCqV8AeKLObyTEV2rkO3pyfKVa9sbif147Bu+qk/AgioEFdBrkxQJDiMf9YJdLRkGMNCFUcn0rpgMiCQXdYnYhBvjwKV1RLqibZnVZ1nI1q6RRKVua31Xy1etZbRl0is5QEVnoElXRLaqhOqLoGb2gN/RuvBqfxpfxPR1dM2Y7J2gBxs8fgwSsqw==</latexit><latexit sha1_base64="1yhwcS4cdoUOPZGS2nPz1HUSxNc=">AAACOnicbVC5TgMxFPRyhnAFKGksEqSkINpNA2UEDWUQ5JCySeT1ehMr3kP2W6Sw2m/ga+gQfActHaKlosI5ihyMZGk0857meZxIcAWm+WGsrW9sbm1ndrK7e/sHh7mj44YKY0lZnYYilC2HKCZ4wOrAQbBWJBnxHcGazvBm7DcfmVQ8DB5gFLGOT/oB9zgloKVerlSw890hLto+gYHjJPdp18I2cJ8pPKdVSoVeLm+WzQnwKrFmJI9mqPVyv7Yb0thnAVBBlGpbZgSdhEjgVLA0a8eKRYQOSZ+1NQ2Izuwkky+l+FwrLvZCqV8AeKLObyTEV2rkO3pyfKVa9sbif147Bu+qk/AgioEFdBrkxQJDiMf9YJdLRkGMNCFUcn0rpgMiCQXdYnYhBvjwKV1RLqibZnVZ1nI1q6RRKVua31Xy1etZbRl0is5QEVnoElXRLaqhOqLoGb2gN/RuvBqfxpfxPR1dM2Y7J2gBxs8fgwSsqw==</latexit><latexit sha1_base64="1yhwcS4cdoUOPZGS2nPz1HUSxNc=">AAACOnicbVC5TgMxFPRyhnAFKGksEqSkINpNA2UEDWUQ5JCySeT1ehMr3kP2W6Sw2m/ga+gQfActHaKlosI5ihyMZGk0857meZxIcAWm+WGsrW9sbm1ndrK7e/sHh7mj44YKY0lZnYYilC2HKCZ4wOrAQbBWJBnxHcGazvBm7DcfmVQ8DB5gFLGOT/oB9zgloKVerlSw890hLto+gYHjJPdp18I2cJ8pPKdVSoVeLm+WzQnwKrFmJI9mqPVyv7Yb0thnAVBBlGpbZgSdhEjgVLA0a8eKRYQOSZ+1NQ2Izuwkky+l+FwrLvZCqV8AeKLObyTEV2rkO3pyfKVa9sbif147Bu+qk/AgioEFdBrkxQJDiMf9YJdLRkGMNCFUcn0rpgMiCQXdYnYhBvjwKV1RLqibZnVZ1nI1q6RRKVua31Xy1etZbRl0is5QEVnoElXRLaqhOqLoGb2gN/RuvBqfxpfxPR1dM2Y7J2gBxs8fgwSsqw==</latexit>

#k(S1⇥D3)
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S3 . We leave it to the reader to see how to relate these diagrams to the
standard handle diagrams for these 4–manifolds. It is also an illuminating
exercise, knowing that S2×̃S2 ∼= CP 2♯CP 2 , to verify Corollary 12 in this
case. The earlier discussion of connected sums and of ±CP 2 gives a
trisection diagram for CP 2♯CP 2 and one checks that this is equivalent to
that in Figure 6 for S2×̃S2 via handle slides and diffeomorphism of Fg .
(It turns out that in this case we do not need stabilization.)

S2
× S2 S2

×̃S2 S1
× S3

Figure 6: Various genus 2 trisection diagrams.

Now we briefly discuss trisection diagrams more generally. Given a trisection
diagram (Fg,α,β, γ), the 4–manifold X(Fg,α,β, γ) is constructed by attaching
4–dimensional 2–handles to Fg×D2 along α×{1}, β×{e2πi/3} and γ×{e4πi/3},
with framings coming from Fg × {p}, and the remainder of X is 3– and 4–
handles. Recall that there is a unique way, up to diffeomorphism, to attach the
3– and 4–handles [7].

Since each of (Fg,α,β), (Fg,β, γ) and (Fg, γ,α) is a Heegaard diagram for
♯k(S1 × S2), each can, after a sequence of handle slides, be made to look like
the standard genus g Heegaard diagram of ♯k(S1 × S2). However, there is no
reason to expect that we can simultaneously arrange for all three pairs of sets
of curves to be standard.

Figure 7 illustrates a general trisection diagram (except that only one γ curve
is shown) where we have made the (Fg,α,β) standard, where α is red and β
is blue; the reds and blues give the standard genus g Heegaard diagram for
♯k(S1 × S2). The important point is that most of the information about the
4–manifold X is then carried by the γ curves (one of which is drawn here in
green). These green curves can be drawn anywhere with the proviso that some
sequence of handle slides of the greens amongst the greens and the reds amongst
reds, followed by a diffeomorphism of Fg , can make the reds and greens look
like the reds and blues. The same proviso holds for the greens and blues, but
a different sequence of handle slides and a different diffeomorphism may be
required.

In fact, if a trisection diagram is drawn so that α’s and β ’s are standard as in
Figure 7, then a framed link diagram for X(Fg,α,β, γ) is obtained by erasing
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X1

X2 X3 α

β
γ

Figure 4: Trisection of CP 2 .

X1

X2a

X2b
X3

Figure 5: Trisection of S2 × S2 .

label the inverse images of these regions in S2 ×S2 with the same labels.
Each of X1 , X2a , X2b and X3 is a 4–ball, and in fact they give the
standard handle decomposition of S2×S2 , with X1 being the 0–handle,
X2a and X2b being the 2–handles and X3 being the 4–handle. Note
that X1 ∩ X3 is T 2 × [0, 1], with T 2 × {0} being X1 ∩ X3 ∩ X2a and
T 2 × {1} being X1 ∩X3 ∩X2b . Let p be a point in T 2 and let a be the
arc {p} × [0, 1] ⊂ X1 ∩X3 . Remove a tubular neighborhood of this arc
from X1 and X3 and add it as a tube joining X2a to X2b . The union of
X2a and X2b with this tube is the X2 of our trisection, and the new X1

and X3 are the results of removing the tube from the original X1 and
X3 . A little thought shows that this is a trisection with k = 0 (each piece
is a 4–ball) and g = 2. (Thanks to Bob Edwards for giving us the initial
picture that led to this description.)

• It may not be entirely obvious how to draw the trisection diagram for the
above trisection of S2 × S2 . However, it is not hard to draw a genus 2
trisection diagram from scratch that does give S2 × S2 . In Figure 6 we
show this diagram, as well as a diagram for S2×̃S2 and a diagram for S1×

7

CP2
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• Every closed oriented 4-manifold 
has trisection diagrams.

• Equivalent diagrams are related by 
isotopy, handle slides, stabilization
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Definition
A Hopf triplet is                                      ,H = (H↵, H� , H� ; h�i)
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                   are semi-simple Hopf algebras;
for each                              ,                                                 

    such that the induced map                                      
    is a Hopf algebra morphism.
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µ⌫ 2 {↵�,��, �↵}
<latexit sha1_base64="TD5WeGRC37btwwN9UOVSpWQnHss="></latexit><latexit sha1_base64="TD5WeGRC37btwwN9UOVSpWQnHss="></latexit><latexit sha1_base64="TD5WeGRC37btwwN9UOVSpWQnHss="></latexit><latexit sha1_base64="TD5WeGRC37btwwN9UOVSpWQnHss="></latexit>

h·, ·iµ⌫ : Hµ ⌦H⌫ ! C
<latexit sha1_base64="YSJPAIfQpoHR8rUjG/ebAhxR43A="></latexit><latexit sha1_base64="YSJPAIfQpoHR8rUjG/ebAhxR43A="></latexit><latexit sha1_base64="YSJPAIfQpoHR8rUjG/ebAhxR43A="></latexit><latexit sha1_base64="YSJPAIfQpoHR8rUjG/ebAhxR43A="></latexit>

H = (H↵, H� , H� ; h�i)
<latexit sha1_base64="fJw30JRoZbfBPYzJKFN0mUrhfsM="></latexit><latexit sha1_base64="fJw30JRoZbfBPYzJKFN0mUrhfsM="></latexit><latexit sha1_base64="fJw30JRoZbfBPYzJKFN0mUrhfsM="></latexit><latexit sha1_base64="fJw30JRoZbfBPYzJKFN0mUrhfsM="></latexit>

h·, ·i⌫µ : Hµ ! H
⇤,cop
⌫

<latexit sha1_base64="aXb+GSTTed6dT94piPrv5N1+W3Y="></latexit><latexit sha1_base64="xyMKj0Qnea7tAze5FlDQm9jRFV4="></latexit><latexit sha1_base64="xyMKj0Qnea7tAze5FlDQm9jRFV4="></latexit><latexit sha1_base64="Y3hSC4T8frQCEWee2CVLeBnFT7Q="></latexit>
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Definition
A Hopf triplet is                                      ,

                   are semi-simple Hopf algebras;
for each                              ,                                                 

    such that the induced map                                      
    is a Hopf algebra morphism.

H↵, H� , H�
<latexit sha1_base64="Tg3VhMt95mrz+cCLpySvkcKt9h4=">AAACLXicbZC7TgJBFIZn8YZ4Qy212AgmFmp2abQk2lBiIpcECDk7DDBhZnczc9YENzQ+jZ3Rd7EwMba+g5WzC4WAJ5nMl/8/J2fm90LBNTrOh5VZWV1b38hu5ra2d3b38vsHdR1EirIaDUSgmh5oJrjPashRsGaoGEhPsIY3uk38xgNTmgf+PY5D1pEw8HmfU0AjdfPHxUq3DSIcwrkBj2F6D0BKKOa6+YJz6aRlL4M7gwKZVbWb/2n3AhpJ5iMVoHXLdULsxKCQU8EmuXakWQh0BAPWMuiDZLoTp7+Y2KdG6dn9QJnjo52qfydikFqPpWc6JeBQL3qJ+J/XirB/3Ym5H0bIfDpd1I+EjYGdRGL3uGIUxdgAUMXNW206BAUUTXC5uTXIR4+TJeWC9iZJWO5iNMtQL126hu9KhfLNLLYsOSIn5Iy45IqUSYVUSY1Q8kSeySt5s16sd+vT+pq2ZqzZzCGZK+v7FzLDp3k=</latexit><latexit sha1_base64="Tg3VhMt95mrz+cCLpySvkcKt9h4=">AAACLXicbZC7TgJBFIZn8YZ4Qy212AgmFmp2abQk2lBiIpcECDk7DDBhZnczc9YENzQ+jZ3Rd7EwMba+g5WzC4WAJ5nMl/8/J2fm90LBNTrOh5VZWV1b38hu5ra2d3b38vsHdR1EirIaDUSgmh5oJrjPashRsGaoGEhPsIY3uk38xgNTmgf+PY5D1pEw8HmfU0AjdfPHxUq3DSIcwrkBj2F6D0BKKOa6+YJz6aRlL4M7gwKZVbWb/2n3AhpJ5iMVoHXLdULsxKCQU8EmuXakWQh0BAPWMuiDZLoTp7+Y2KdG6dn9QJnjo52qfydikFqPpWc6JeBQL3qJ+J/XirB/3Ym5H0bIfDpd1I+EjYGdRGL3uGIUxdgAUMXNW206BAUUTXC5uTXIR4+TJeWC9iZJWO5iNMtQL126hu9KhfLNLLYsOSIn5Iy45IqUSYVUSY1Q8kSeySt5s16sd+vT+pq2ZqzZzCGZK+v7FzLDp3k=</latexit><latexit sha1_base64="Tg3VhMt95mrz+cCLpySvkcKt9h4=">AAACLXicbZC7TgJBFIZn8YZ4Qy212AgmFmp2abQk2lBiIpcECDk7DDBhZnczc9YENzQ+jZ3Rd7EwMba+g5WzC4WAJ5nMl/8/J2fm90LBNTrOh5VZWV1b38hu5ra2d3b38vsHdR1EirIaDUSgmh5oJrjPashRsGaoGEhPsIY3uk38xgNTmgf+PY5D1pEw8HmfU0AjdfPHxUq3DSIcwrkBj2F6D0BKKOa6+YJz6aRlL4M7gwKZVbWb/2n3AhpJ5iMVoHXLdULsxKCQU8EmuXakWQh0BAPWMuiDZLoTp7+Y2KdG6dn9QJnjo52qfydikFqPpWc6JeBQL3qJ+J/XirB/3Ym5H0bIfDpd1I+EjYGdRGL3uGIUxdgAUMXNW206BAUUTXC5uTXIR4+TJeWC9iZJWO5iNMtQL126hu9KhfLNLLYsOSIn5Iy45IqUSYVUSY1Q8kSeySt5s16sd+vT+pq2ZqzZzCGZK+v7FzLDp3k=</latexit><latexit sha1_base64="Tg3VhMt95mrz+cCLpySvkcKt9h4=">AAACLXicbZC7TgJBFIZn8YZ4Qy212AgmFmp2abQk2lBiIpcECDk7DDBhZnczc9YENzQ+jZ3Rd7EwMba+g5WzC4WAJ5nMl/8/J2fm90LBNTrOh5VZWV1b38hu5ra2d3b38vsHdR1EirIaDUSgmh5oJrjPashRsGaoGEhPsIY3uk38xgNTmgf+PY5D1pEw8HmfU0AjdfPHxUq3DSIcwrkBj2F6D0BKKOa6+YJz6aRlL4M7gwKZVbWb/2n3AhpJ5iMVoHXLdULsxKCQU8EmuXakWQh0BAPWMuiDZLoTp7+Y2KdG6dn9QJnjo52qfydikFqPpWc6JeBQL3qJ+J/XirB/3Ym5H0bIfDpd1I+EjYGdRGL3uGIUxdgAUMXNW206BAUUTXC5uTXIR4+TJeWC9iZJWO5iNMtQL126hu9KhfLNLLYsOSIn5Iy45IqUSYVUSY1Q8kSeySt5s16sd+vT+pq2ZqzZzCGZK+v7FzLDp3k=</latexit>

µ⌫ 2 {↵�,��, �↵}
<latexit sha1_base64="TD5WeGRC37btwwN9UOVSpWQnHss="></latexit><latexit sha1_base64="TD5WeGRC37btwwN9UOVSpWQnHss="></latexit><latexit sha1_base64="TD5WeGRC37btwwN9UOVSpWQnHss="></latexit><latexit sha1_base64="TD5WeGRC37btwwN9UOVSpWQnHss="></latexit>

h·, ·iµ⌫ : Hµ ⌦H⌫ ! C
<latexit sha1_base64="YSJPAIfQpoHR8rUjG/ebAhxR43A="></latexit><latexit sha1_base64="YSJPAIfQpoHR8rUjG/ebAhxR43A="></latexit><latexit sha1_base64="YSJPAIfQpoHR8rUjG/ebAhxR43A="></latexit><latexit sha1_base64="YSJPAIfQpoHR8rUjG/ebAhxR43A="></latexit>

H = (H↵, H� , H� ; h�i)
<latexit sha1_base64="fJw30JRoZbfBPYzJKFN0mUrhfsM="></latexit><latexit sha1_base64="fJw30JRoZbfBPYzJKFN0mUrhfsM="></latexit><latexit sha1_base64="fJw30JRoZbfBPYzJKFN0mUrhfsM="></latexit><latexit sha1_base64="fJw30JRoZbfBPYzJKFN0mUrhfsM="></latexit>

h·, ·i⌫µ : Hµ ! H
⇤,cop
⌫

<latexit sha1_base64="aXb+GSTTed6dT94piPrv5N1+W3Y="></latexit><latexit sha1_base64="xyMKj0Qnea7tAze5FlDQm9jRFV4="></latexit><latexit sha1_base64="xyMKj0Qnea7tAze5FlDQm9jRFV4="></latexit><latexit sha1_base64="Y3hSC4T8frQCEWee2CVLeBnFT7Q="></latexit>

H↵ ! H
⇤,cop
�

<latexit sha1_base64="FZQ+gAiERcZReA7nlHCWHCAXsaQ="></latexit><latexit sha1_base64="Uu+53lunFnERMmh9/966fY6dAII="></latexit><latexit sha1_base64="Uu+53lunFnERMmh9/966fY6dAII="></latexit><latexit sha1_base64="gCJd+L7Uyo9Wm2t7AARpMU+Zczs=">AAACOXicbVA9SwNBEN3zM8avqKXNYhBEVO5stAzapFQwKuRimNtMzJK9D3bnxHjcX/DX2In+D0s7sbWzcvNRGOODhTfvzTA7L0iUNOS6b87U9Mzs3Hxhobi4tLyyWlpbvzRxqgXWRKxifR2AQSUjrJEkhdeJRggDhVdB97TvX92hNjKOLqiXYCOE20i2pQCyUrO0U21mPqikAzn3Keb9MkCC/Cbb3fMJ7ykTcZLnxWap7B64A/BJ4o1ImY1w1ix9+61YpCFGJBQYU/fchBoZaJJCYV70U4MJiC7cYt3SCEI0jWxwUc63rdLi7VjbFxEfqL8nMgiN6YWB7QyBOuav1xf/8+optY8bmYySlDASw0XtVHF7ej8e3pIaBameJSC0tH/logMaBNkQi2NrSHYf8gllX7QGYXl/o5kkl4cHnuXnXrlyMoqtwDbZFtthHjtiFVZlZ6zGBHtkT+yFvTrPzrvz4XwOW6ec0cwGG4Pz9QNQc63A</latexit>

H
op
↵ ! H

⇤,cop,op
� = (Hcop

� )⇤,cop
<latexit sha1_base64="Glo86nc4bZhW96BA6uqoICiZsHY="></latexit><latexit sha1_base64="FB9rSUxOUN+HlQYp+v5e8gn/JnQ="></latexit><latexit sha1_base64="FB9rSUxOUN+HlQYp+v5e8gn/JnQ="></latexit><latexit sha1_base64="/s5WFTO8UjD6+lxwC+JKZR5MCDs="></latexit>

,
<latexit sha1_base64="qA2ZBr7uKAiiMhA7xo+VfepzJYs=">AAACIXicbZA7SwNBEMfnfMbzdWppcxgEG8OdjTZi0MbCIoJ5QHKEvb29ZMneg925SAwBP4id6FcRO7ETv4mVm0dhEv8w8OM/M8zw91PBFTrOl7GwuLS8sppbM9c3Nre2rZ3dikoySVmZJiKRNZ8oJnjMyshRsFoqGYl8wap+52rYr3aZVDyJ77CXMi8irZiHnBLUVtOyGjcsRMlbbSRSJvdm08o7BWckex7cCeQv3szzRwAoNa2fRpDQLGIxUkGUqrtOil6fSORUsIHZyBRLCe2QFqtrjEnElNcffT6wD7UT2GEidcVoj9y/G30SKdWLfD0ZEWyr2d7Q/K9XzzA88/o8TjNkMR0fCjNhY2IPY7ADLhlF0dNAqOT6V5u2iSQUdVjm1BnknYfBnHNMg8EwLHc2mnmonBRczbduvngJY+VgHw7gCFw4hSJcQwnKQKELT/ACr8az8W58GJ/j0QVjsrMHUzK+fwGiK6Wv</latexit><latexit sha1_base64="KegwCJJegNCvdTrVLURJAWaQD0w=">AAACIXicbZDLSsNAFIYn9VbjLerSTbAIbiyJG92IRTcuXFSwF2hDmUwm7dDJhZmTSg15E3dFX0XciRsR38SVk7YL2/rDgY//nMM5/G7MmQTL+tIKS8srq2vFdX1jc2t7x9jdq8soEYTWSMQj0XSxpJyFtAYMOG3GguLA5bTh9q/zfmNAhWRReA/DmDoB7obMZwSDsjqG0b6lPgjW7QEWInrQO0bJKltjmYtgT6F0+apfxKNPvdoxftpeRJKAhkA4lrJlWzE4KRbACKeZ3k4kjTHp4y5tKQxxQKWTjj/PzCPleKYfCVUhmGP370aKAymHgasmAww9Od/Lzf96rQT8cydlYZwADcnkkJ9wEyIzj8H0mKAE+FABJoKpX03SwwITUGHpM2eA9R+zBeeEeFkelj0fzSLUT8u24ju7VLlCExXRATpEx8hGZ6iCblAV1RBBA/SEntGLNtLetHftYzJa0KY7+2hG2vcvzdqnIw==</latexit><latexit sha1_base64="KegwCJJegNCvdTrVLURJAWaQD0w=">AAACIXicbZDLSsNAFIYn9VbjLerSTbAIbiyJG92IRTcuXFSwF2hDmUwm7dDJhZmTSg15E3dFX0XciRsR38SVk7YL2/rDgY//nMM5/G7MmQTL+tIKS8srq2vFdX1jc2t7x9jdq8soEYTWSMQj0XSxpJyFtAYMOG3GguLA5bTh9q/zfmNAhWRReA/DmDoB7obMZwSDsjqG0b6lPgjW7QEWInrQO0bJKltjmYtgT6F0+apfxKNPvdoxftpeRJKAhkA4lrJlWzE4KRbACKeZ3k4kjTHp4y5tKQxxQKWTjj/PzCPleKYfCVUhmGP370aKAymHgasmAww9Od/Lzf96rQT8cydlYZwADcnkkJ9wEyIzj8H0mKAE+FABJoKpX03SwwITUGHpM2eA9R+zBeeEeFkelj0fzSLUT8u24ju7VLlCExXRATpEx8hGZ6iCblAV1RBBA/SEntGLNtLetHftYzJa0KY7+2hG2vcvzdqnIw==</latexit><latexit sha1_base64="15mJ+wpYiKrAoR6KR95x/627lvk=">AAACIXicbZDLSsNAFIYnXmu8RV26GSyCG0viRpdFNy5cVLAXaEOZTCbt0MmFmZNKDXkTd6Lv4k7ciW/iykmbhW394cDHf87hHH4vEVyBbX8ZK6tr6xublS1ze2d3b986OGypOJWUNWksYtnxiGKCR6wJHATrJJKR0BOs7Y1uin57zKTicfQAk4S5IRlEPOCUgLb6ltW7YwFIPhgCkTJ+NPtW1a7ZU+FlcEqoolKNvvXT82OahiwCKohSXcdOwM2IBE4Fy81eqlhC6IgMWFdjREKm3Gz6eY5PtePjIJa6IsBT9+9GRkKlJqGnJ0MCQ7XYK8z/et0Ugis341GSAovo7FCQCgwxLmLAPpeMgphoIFRy/SumQyIJBR2WOXcG+OgpX3LOqZ8XYTmL0SxD66LmaL53qvXrMrYKOkYn6Aw56BLV0S1qoCaiaIye0St6M16Md+PD+JyNrhjlzhGak/H9C+rco+I=</latexit>
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Definition
A Hopf triplet is                                      ,

                   are semi-simple Hopf algebras;
for each                              ,                                                 

    such that the induced map                                      
    is a Hopf algebra morphism.

H↵, H� , H�
<latexit sha1_base64="Tg3VhMt95mrz+cCLpySvkcKt9h4=">AAACLXicbZC7TgJBFIZn8YZ4Qy212AgmFmp2abQk2lBiIpcECDk7DDBhZnczc9YENzQ+jZ3Rd7EwMba+g5WzC4WAJ5nMl/8/J2fm90LBNTrOh5VZWV1b38hu5ra2d3b38vsHdR1EirIaDUSgmh5oJrjPashRsGaoGEhPsIY3uk38xgNTmgf+PY5D1pEw8HmfU0AjdfPHxUq3DSIcwrkBj2F6D0BKKOa6+YJz6aRlL4M7gwKZVbWb/2n3AhpJ5iMVoHXLdULsxKCQU8EmuXakWQh0BAPWMuiDZLoTp7+Y2KdG6dn9QJnjo52qfydikFqPpWc6JeBQL3qJ+J/XirB/3Ym5H0bIfDpd1I+EjYGdRGL3uGIUxdgAUMXNW206BAUUTXC5uTXIR4+TJeWC9iZJWO5iNMtQL126hu9KhfLNLLYsOSIn5Iy45IqUSYVUSY1Q8kSeySt5s16sd+vT+pq2ZqzZzCGZK+v7FzLDp3k=</latexit><latexit sha1_base64="Tg3VhMt95mrz+cCLpySvkcKt9h4=">AAACLXicbZC7TgJBFIZn8YZ4Qy212AgmFmp2abQk2lBiIpcECDk7DDBhZnczc9YENzQ+jZ3Rd7EwMba+g5WzC4WAJ5nMl/8/J2fm90LBNTrOh5VZWV1b38hu5ra2d3b38vsHdR1EirIaDUSgmh5oJrjPashRsGaoGEhPsIY3uk38xgNTmgf+PY5D1pEw8HmfU0AjdfPHxUq3DSIcwrkBj2F6D0BKKOa6+YJz6aRlL4M7gwKZVbWb/2n3AhpJ5iMVoHXLdULsxKCQU8EmuXakWQh0BAPWMuiDZLoTp7+Y2KdG6dn9QJnjo52qfydikFqPpWc6JeBQL3qJ+J/XirB/3Ym5H0bIfDpd1I+EjYGdRGL3uGIUxdgAUMXNW206BAUUTXC5uTXIR4+TJeWC9iZJWO5iNMtQL126hu9KhfLNLLYsOSIn5Iy45IqUSYVUSY1Q8kSeySt5s16sd+vT+pq2ZqzZzCGZK+v7FzLDp3k=</latexit><latexit sha1_base64="Tg3VhMt95mrz+cCLpySvkcKt9h4=">AAACLXicbZC7TgJBFIZn8YZ4Qy212AgmFmp2abQk2lBiIpcECDk7DDBhZnczc9YENzQ+jZ3Rd7EwMba+g5WzC4WAJ5nMl/8/J2fm90LBNTrOh5VZWV1b38hu5ra2d3b38vsHdR1EirIaDUSgmh5oJrjPashRsGaoGEhPsIY3uk38xgNTmgf+PY5D1pEw8HmfU0AjdfPHxUq3DSIcwrkBj2F6D0BKKOa6+YJz6aRlL4M7gwKZVbWb/2n3AhpJ5iMVoHXLdULsxKCQU8EmuXakWQh0BAPWMuiDZLoTp7+Y2KdG6dn9QJnjo52qfydikFqPpWc6JeBQL3qJ+J/XirB/3Ym5H0bIfDpd1I+EjYGdRGL3uGIUxdgAUMXNW206BAUUTXC5uTXIR4+TJeWC9iZJWO5iNMtQL126hu9KhfLNLLYsOSIn5Iy45IqUSYVUSY1Q8kSeySt5s16sd+vT+pq2ZqzZzCGZK+v7FzLDp3k=</latexit><latexit sha1_base64="Tg3VhMt95mrz+cCLpySvkcKt9h4=">AAACLXicbZC7TgJBFIZn8YZ4Qy212AgmFmp2abQk2lBiIpcECDk7DDBhZnczc9YENzQ+jZ3Rd7EwMba+g5WzC4WAJ5nMl/8/J2fm90LBNTrOh5VZWV1b38hu5ra2d3b38vsHdR1EirIaDUSgmh5oJrjPashRsGaoGEhPsIY3uk38xgNTmgf+PY5D1pEw8HmfU0AjdfPHxUq3DSIcwrkBj2F6D0BKKOa6+YJz6aRlL4M7gwKZVbWb/2n3AhpJ5iMVoHXLdULsxKCQU8EmuXakWQh0BAPWMuiDZLoTp7+Y2KdG6dn9QJnjo52qfydikFqPpWc6JeBQL3qJ+J/XirB/3Ym5H0bIfDpd1I+EjYGdRGL3uGIUxdgAUMXNW206BAUUTXC5uTXIR4+TJeWC9iZJWO5iNMtQL126hu9KhfLNLLYsOSIn5Iy45IqUSYVUSY1Q8kSeySt5s16sd+vT+pq2ZqzZzCGZK+v7FzLDp3k=</latexit>

µ⌫ 2 {↵�,��, �↵}
<latexit sha1_base64="TD5WeGRC37btwwN9UOVSpWQnHss="></latexit><latexit sha1_base64="TD5WeGRC37btwwN9UOVSpWQnHss="></latexit><latexit sha1_base64="TD5WeGRC37btwwN9UOVSpWQnHss="></latexit><latexit sha1_base64="TD5WeGRC37btwwN9UOVSpWQnHss="></latexit>

h·, ·iµ⌫ : Hµ ⌦H⌫ ! C
<latexit sha1_base64="YSJPAIfQpoHR8rUjG/ebAhxR43A="></latexit><latexit sha1_base64="YSJPAIfQpoHR8rUjG/ebAhxR43A="></latexit><latexit sha1_base64="YSJPAIfQpoHR8rUjG/ebAhxR43A="></latexit><latexit sha1_base64="YSJPAIfQpoHR8rUjG/ebAhxR43A="></latexit>

H = (H↵, H� , H� ; h�i)
<latexit sha1_base64="fJw30JRoZbfBPYzJKFN0mUrhfsM="></latexit><latexit sha1_base64="fJw30JRoZbfBPYzJKFN0mUrhfsM="></latexit><latexit sha1_base64="fJw30JRoZbfBPYzJKFN0mUrhfsM="></latexit><latexit sha1_base64="fJw30JRoZbfBPYzJKFN0mUrhfsM="></latexit>

h·, ·i⌫µ : Hµ ! H
⇤,cop
⌫

<latexit sha1_base64="aXb+GSTTed6dT94piPrv5N1+W3Y="></latexit><latexit sha1_base64="xyMKj0Qnea7tAze5FlDQm9jRFV4="></latexit><latexit sha1_base64="xyMKj0Qnea7tAze5FlDQm9jRFV4="></latexit><latexit sha1_base64="Y3hSC4T8frQCEWee2CVLeBnFT7Q="></latexit>

H↵ ! H
⇤,cop
�

<latexit sha1_base64="FZQ+gAiERcZReA7nlHCWHCAXsaQ="></latexit><latexit sha1_base64="Uu+53lunFnERMmh9/966fY6dAII="></latexit><latexit sha1_base64="Uu+53lunFnERMmh9/966fY6dAII="></latexit><latexit sha1_base64="gCJd+L7Uyo9Wm2t7AARpMU+Zczs=">AAACOXicbVA9SwNBEN3zM8avqKXNYhBEVO5stAzapFQwKuRimNtMzJK9D3bnxHjcX/DX2In+D0s7sbWzcvNRGOODhTfvzTA7L0iUNOS6b87U9Mzs3Hxhobi4tLyyWlpbvzRxqgXWRKxifR2AQSUjrJEkhdeJRggDhVdB97TvX92hNjKOLqiXYCOE20i2pQCyUrO0U21mPqikAzn3Keb9MkCC/Cbb3fMJ7ykTcZLnxWap7B64A/BJ4o1ImY1w1ix9+61YpCFGJBQYU/fchBoZaJJCYV70U4MJiC7cYt3SCEI0jWxwUc63rdLi7VjbFxEfqL8nMgiN6YWB7QyBOuav1xf/8+optY8bmYySlDASw0XtVHF7ej8e3pIaBameJSC0tH/logMaBNkQi2NrSHYf8gllX7QGYXl/o5kkl4cHnuXnXrlyMoqtwDbZFtthHjtiFVZlZ6zGBHtkT+yFvTrPzrvz4XwOW6ec0cwGG4Pz9QNQc63A</latexit>

H� ! H
⇤,cop
�

<latexit sha1_base64="bqxAvOQX9p61S0P5J6AZ7LSjzY0="></latexit><latexit sha1_base64="renJXODwR9Ss1xlt0JSl7UAHRBM="></latexit><latexit sha1_base64="renJXODwR9Ss1xlt0JSl7UAHRBM="></latexit><latexit sha1_base64="6MLAy24buiIfOJ6RIgwZeq7f7ts=">AAACOXicbVA9SwNBEN3z2/gVtbRZDIKIyp2NlkEbSwWjQi6Guc0kLtm9O3bnxHjcX/DX2In+D0s7sbWzchNTqPHBwpv3ZpidF6VKWvL9F29sfGJyanpmtjQ3v7C4VF5eObdJZgTWRKIScxmBRSVjrJEkhZepQdCRwouoe9T3L27QWJnEZ9RLsaGhE8u2FEBOapY3j5t5GCFBwUNKeL/qgNZQXOVb2yHhLeUiSYui1CxX/F1/AD5KgiGpsCFOmuXPsJWITGNMQoG19cBPqZGDISkUFqUws5iC6EIH647GoNE28sFFBd9wSou3E+NeTHyg/pzIQVvb05Hr1EDX9q/XF//z6hm1Dxq5jNOMMBbfi9qZ4u72fjy8JQ0KUj1HQBjp/srFNRgQ5EIs/VpDsntXjCg7ojUIK/gbzSg539sNHD8NKtXDYWwzbI2ts00WsH1WZcfshNWYYPfsgT2xZ+/Re/XevPfv1jFvOLPKfsH7+AJKfK29</latexit>

H
cop
� ! H

⇤
�

<latexit sha1_base64="Mz2DOJvHAkbRjr6E5RzcGykgLOQ="></latexit><latexit sha1_base64="hOYSRYdnC/BLwhiEwxNTf0H/elE="></latexit><latexit sha1_base64="hOYSRYdnC/BLwhiEwxNTf0H/elE="></latexit><latexit sha1_base64="7pE/aMftODD3oqDBKT49vDYF2pw=">AAACO3icbZA9SwNBEIb3/Izx69TSZjEIIih3NloGbVJGMImQi2FvM4lLdu+O3TkxHvcf/DV2on/D2k5sbazciynUOLDw8L4zzM4bJlIY9LwXZ2Z2bn5hsbRUXl5ZXVt3NzabJk41hwaPZawvQ2ZAiggaKFDCZaKBqVBCKxyeFX7rBrQRcXSBowQ6ig0i0RecoZW67n6tmwUhIMuvsgDhFjMeJ3lOA4xpYQ2YUoW3n5e7bsU79MZFp8GfQIVMqt51P4NezFMFEXLJjGn7XoKdjGkUXEJeDlIDCeNDNoC2xYgpMJ1sfFNOd63So/1Y2xchHas/JzKmjBmp0HYqhtfmr1eI/3ntFPsnnUxESYoQ8e9F/VRSe3AREO0JDRzlyALjWti/Un7NNONoYyz/WoNieJdPKQe8Nw7L/xvNNDSPDn3L536lejqJrUS2yQ7ZIz45JlVSI3XSIJzckwfyRJ6dR+fVeXPev1tnnMnMFvlVzscXvI6u+w==</latexit>

H
op
↵ ! H

⇤,cop,op
� = (Hcop

� )⇤,cop
<latexit sha1_base64="Glo86nc4bZhW96BA6uqoICiZsHY="></latexit><latexit sha1_base64="FB9rSUxOUN+HlQYp+v5e8gn/JnQ="></latexit><latexit sha1_base64="FB9rSUxOUN+HlQYp+v5e8gn/JnQ="></latexit><latexit sha1_base64="/s5WFTO8UjD6+lxwC+JKZR5MCDs="></latexit>

,
<latexit sha1_base64="qA2ZBr7uKAiiMhA7xo+VfepzJYs=">AAACIXicbZA7SwNBEMfnfMbzdWppcxgEG8OdjTZi0MbCIoJ5QHKEvb29ZMneg925SAwBP4id6FcRO7ETv4mVm0dhEv8w8OM/M8zw91PBFTrOl7GwuLS8sppbM9c3Nre2rZ3dikoySVmZJiKRNZ8oJnjMyshRsFoqGYl8wap+52rYr3aZVDyJ77CXMi8irZiHnBLUVtOyGjcsRMlbbSRSJvdm08o7BWckex7cCeQv3szzRwAoNa2fRpDQLGIxUkGUqrtOil6fSORUsIHZyBRLCe2QFqtrjEnElNcffT6wD7UT2GEidcVoj9y/G30SKdWLfD0ZEWyr2d7Q/K9XzzA88/o8TjNkMR0fCjNhY2IPY7ADLhlF0dNAqOT6V5u2iSQUdVjm1BnknYfBnHNMg8EwLHc2mnmonBRczbduvngJY+VgHw7gCFw4hSJcQwnKQKELT/ACr8az8W58GJ/j0QVjsrMHUzK+fwGiK6Wv</latexit><latexit sha1_base64="KegwCJJegNCvdTrVLURJAWaQD0w=">AAACIXicbZDLSsNAFIYn9VbjLerSTbAIbiyJG92IRTcuXFSwF2hDmUwm7dDJhZmTSg15E3dFX0XciRsR38SVk7YL2/rDgY//nMM5/G7MmQTL+tIKS8srq2vFdX1jc2t7x9jdq8soEYTWSMQj0XSxpJyFtAYMOG3GguLA5bTh9q/zfmNAhWRReA/DmDoB7obMZwSDsjqG0b6lPgjW7QEWInrQO0bJKltjmYtgT6F0+apfxKNPvdoxftpeRJKAhkA4lrJlWzE4KRbACKeZ3k4kjTHp4y5tKQxxQKWTjj/PzCPleKYfCVUhmGP370aKAymHgasmAww9Od/Lzf96rQT8cydlYZwADcnkkJ9wEyIzj8H0mKAE+FABJoKpX03SwwITUGHpM2eA9R+zBeeEeFkelj0fzSLUT8u24ju7VLlCExXRATpEx8hGZ6iCblAV1RBBA/SEntGLNtLetHftYzJa0KY7+2hG2vcvzdqnIw==</latexit><latexit sha1_base64="KegwCJJegNCvdTrVLURJAWaQD0w=">AAACIXicbZDLSsNAFIYn9VbjLerSTbAIbiyJG92IRTcuXFSwF2hDmUwm7dDJhZmTSg15E3dFX0XciRsR38SVk7YL2/rDgY//nMM5/G7MmQTL+tIKS8srq2vFdX1jc2t7x9jdq8soEYTWSMQj0XSxpJyFtAYMOG3GguLA5bTh9q/zfmNAhWRReA/DmDoB7obMZwSDsjqG0b6lPgjW7QEWInrQO0bJKltjmYtgT6F0+apfxKNPvdoxftpeRJKAhkA4lrJlWzE4KRbACKeZ3k4kjTHp4y5tKQxxQKWTjj/PzCPleKYfCVUhmGP370aKAymHgasmAww9Od/Lzf96rQT8cydlYZwADcnkkJ9wEyIzj8H0mKAE+FABJoKpX03SwwITUGHpM2eA9R+zBeeEeFkelj0fzSLUT8u24ju7VLlCExXRATpEx8hGZ6iCblAV1RBBA/SEntGLNtLetHftYzJa0KY7+2hG2vcvzdqnIw==</latexit><latexit sha1_base64="15mJ+wpYiKrAoR6KR95x/627lvk=">AAACIXicbZDLSsNAFIYnXmu8RV26GSyCG0viRpdFNy5cVLAXaEOZTCbt0MmFmZNKDXkTd6Lv4k7ciW/iykmbhW394cDHf87hHH4vEVyBbX8ZK6tr6xublS1ze2d3b986OGypOJWUNWksYtnxiGKCR6wJHATrJJKR0BOs7Y1uin57zKTicfQAk4S5IRlEPOCUgLb6ltW7YwFIPhgCkTJ+NPtW1a7ZU+FlcEqoolKNvvXT82OahiwCKohSXcdOwM2IBE4Fy81eqlhC6IgMWFdjREKm3Gz6eY5PtePjIJa6IsBT9+9GRkKlJqGnJ0MCQ7XYK8z/et0Ugis341GSAovo7FCQCgwxLmLAPpeMgphoIFRy/SumQyIJBR2WOXcG+OgpX3LOqZ8XYTmL0SxD66LmaL53qvXrMrYKOkYn6Aw56BLV0S1qoCaiaIye0St6M16Md+PD+JyNrhjlzhGak/H9C+rco+I=</latexit>

,
<latexit sha1_base64="qA2ZBr7uKAiiMhA7xo+VfepzJYs=">AAACIXicbZA7SwNBEMfnfMbzdWppcxgEG8OdjTZi0MbCIoJ5QHKEvb29ZMneg925SAwBP4id6FcRO7ETv4mVm0dhEv8w8OM/M8zw91PBFTrOl7GwuLS8sppbM9c3Nre2rZ3dikoySVmZJiKRNZ8oJnjMyshRsFoqGYl8wap+52rYr3aZVDyJ77CXMi8irZiHnBLUVtOyGjcsRMlbbSRSJvdm08o7BWckex7cCeQv3szzRwAoNa2fRpDQLGIxUkGUqrtOil6fSORUsIHZyBRLCe2QFqtrjEnElNcffT6wD7UT2GEidcVoj9y/G30SKdWLfD0ZEWyr2d7Q/K9XzzA88/o8TjNkMR0fCjNhY2IPY7ADLhlF0dNAqOT6V5u2iSQUdVjm1BnknYfBnHNMg8EwLHc2mnmonBRczbduvngJY+VgHw7gCFw4hSJcQwnKQKELT/ACr8az8W58GJ/j0QVjsrMHUzK+fwGiK6Wv</latexit><latexit sha1_base64="KegwCJJegNCvdTrVLURJAWaQD0w=">AAACIXicbZDLSsNAFIYn9VbjLerSTbAIbiyJG92IRTcuXFSwF2hDmUwm7dDJhZmTSg15E3dFX0XciRsR38SVk7YL2/rDgY//nMM5/G7MmQTL+tIKS8srq2vFdX1jc2t7x9jdq8soEYTWSMQj0XSxpJyFtAYMOG3GguLA5bTh9q/zfmNAhWRReA/DmDoB7obMZwSDsjqG0b6lPgjW7QEWInrQO0bJKltjmYtgT6F0+apfxKNPvdoxftpeRJKAhkA4lrJlWzE4KRbACKeZ3k4kjTHp4y5tKQxxQKWTjj/PzCPleKYfCVUhmGP370aKAymHgasmAww9Od/Lzf96rQT8cydlYZwADcnkkJ9wEyIzj8H0mKAE+FABJoKpX03SwwITUGHpM2eA9R+zBeeEeFkelj0fzSLUT8u24ju7VLlCExXRATpEx8hGZ6iCblAV1RBBA/SEntGLNtLetHftYzJa0KY7+2hG2vcvzdqnIw==</latexit><latexit sha1_base64="KegwCJJegNCvdTrVLURJAWaQD0w=">AAACIXicbZDLSsNAFIYn9VbjLerSTbAIbiyJG92IRTcuXFSwF2hDmUwm7dDJhZmTSg15E3dFX0XciRsR38SVk7YL2/rDgY//nMM5/G7MmQTL+tIKS8srq2vFdX1jc2t7x9jdq8soEYTWSMQj0XSxpJyFtAYMOG3GguLA5bTh9q/zfmNAhWRReA/DmDoB7obMZwSDsjqG0b6lPgjW7QEWInrQO0bJKltjmYtgT6F0+apfxKNPvdoxftpeRJKAhkA4lrJlWzE4KRbACKeZ3k4kjTHp4y5tKQxxQKWTjj/PzCPleKYfCVUhmGP370aKAymHgasmAww9Od/Lzf96rQT8cydlYZwADcnkkJ9wEyIzj8H0mKAE+FABJoKpX03SwwITUGHpM2eA9R+zBeeEeFkelj0fzSLUT8u24ju7VLlCExXRATpEx8hGZ6iCblAV1RBBA/SEntGLNtLetHftYzJa0KY7+2hG2vcvzdqnIw==</latexit><latexit sha1_base64="15mJ+wpYiKrAoR6KR95x/627lvk=">AAACIXicbZDLSsNAFIYnXmu8RV26GSyCG0viRpdFNy5cVLAXaEOZTCbt0MmFmZNKDXkTd6Lv4k7ciW/iykmbhW394cDHf87hHH4vEVyBbX8ZK6tr6xublS1ze2d3b986OGypOJWUNWksYtnxiGKCR6wJHATrJJKR0BOs7Y1uin57zKTicfQAk4S5IRlEPOCUgLb6ltW7YwFIPhgCkTJ+NPtW1a7ZU+FlcEqoolKNvvXT82OahiwCKohSXcdOwM2IBE4Fy81eqlhC6IgMWFdjREKm3Gz6eY5PtePjIJa6IsBT9+9GRkKlJqGnJ0MCQ7XYK8z/et0Ugis341GSAovo7FCQCgwxLmLAPpeMgphoIFRy/SumQyIJBR2WOXcG+OgpX3LOqZ8XYTmL0SxD66LmaL53qvXrMrYKOkYn6Aw56BLV0S1qoCaiaIye0St6M16Md+PD+JyNrhjlzhGak/H9C+rco+I=</latexit>
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Definition
A Hopf triplet is                                      ,

                   are semi-simple Hopf algebras;
for each                              ,                                                 

    such that the induced map                                      
    is a Hopf algebra morphism.

H↵, H� , H�
<latexit sha1_base64="Tg3VhMt95mrz+cCLpySvkcKt9h4=">AAACLXicbZC7TgJBFIZn8YZ4Qy212AgmFmp2abQk2lBiIpcECDk7DDBhZnczc9YENzQ+jZ3Rd7EwMba+g5WzC4WAJ5nMl/8/J2fm90LBNTrOh5VZWV1b38hu5ra2d3b38vsHdR1EirIaDUSgmh5oJrjPashRsGaoGEhPsIY3uk38xgNTmgf+PY5D1pEw8HmfU0AjdfPHxUq3DSIcwrkBj2F6D0BKKOa6+YJz6aRlL4M7gwKZVbWb/2n3AhpJ5iMVoHXLdULsxKCQU8EmuXakWQh0BAPWMuiDZLoTp7+Y2KdG6dn9QJnjo52qfydikFqPpWc6JeBQL3qJ+J/XirB/3Ym5H0bIfDpd1I+EjYGdRGL3uGIUxdgAUMXNW206BAUUTXC5uTXIR4+TJeWC9iZJWO5iNMtQL126hu9KhfLNLLYsOSIn5Iy45IqUSYVUSY1Q8kSeySt5s16sd+vT+pq2ZqzZzCGZK+v7FzLDp3k=</latexit><latexit sha1_base64="Tg3VhMt95mrz+cCLpySvkcKt9h4=">AAACLXicbZC7TgJBFIZn8YZ4Qy212AgmFmp2abQk2lBiIpcECDk7DDBhZnczc9YENzQ+jZ3Rd7EwMba+g5WzC4WAJ5nMl/8/J2fm90LBNTrOh5VZWV1b38hu5ra2d3b38vsHdR1EirIaDUSgmh5oJrjPashRsGaoGEhPsIY3uk38xgNTmgf+PY5D1pEw8HmfU0AjdfPHxUq3DSIcwrkBj2F6D0BKKOa6+YJz6aRlL4M7gwKZVbWb/2n3AhpJ5iMVoHXLdULsxKCQU8EmuXakWQh0BAPWMuiDZLoTp7+Y2KdG6dn9QJnjo52qfydikFqPpWc6JeBQL3qJ+J/XirB/3Ym5H0bIfDpd1I+EjYGdRGL3uGIUxdgAUMXNW206BAUUTXC5uTXIR4+TJeWC9iZJWO5iNMtQL126hu9KhfLNLLYsOSIn5Iy45IqUSYVUSY1Q8kSeySt5s16sd+vT+pq2ZqzZzCGZK+v7FzLDp3k=</latexit><latexit sha1_base64="Tg3VhMt95mrz+cCLpySvkcKt9h4=">AAACLXicbZC7TgJBFIZn8YZ4Qy212AgmFmp2abQk2lBiIpcECDk7DDBhZnczc9YENzQ+jZ3Rd7EwMba+g5WzC4WAJ5nMl/8/J2fm90LBNTrOh5VZWV1b38hu5ra2d3b38vsHdR1EirIaDUSgmh5oJrjPashRsGaoGEhPsIY3uk38xgNTmgf+PY5D1pEw8HmfU0AjdfPHxUq3DSIcwrkBj2F6D0BKKOa6+YJz6aRlL4M7gwKZVbWb/2n3AhpJ5iMVoHXLdULsxKCQU8EmuXakWQh0BAPWMuiDZLoTp7+Y2KdG6dn9QJnjo52qfydikFqPpWc6JeBQL3qJ+J/XirB/3Ym5H0bIfDpd1I+EjYGdRGL3uGIUxdgAUMXNW206BAUUTXC5uTXIR4+TJeWC9iZJWO5iNMtQL126hu9KhfLNLLYsOSIn5Iy45IqUSYVUSY1Q8kSeySt5s16sd+vT+pq2ZqzZzCGZK+v7FzLDp3k=</latexit><latexit sha1_base64="Tg3VhMt95mrz+cCLpySvkcKt9h4=">AAACLXicbZC7TgJBFIZn8YZ4Qy212AgmFmp2abQk2lBiIpcECDk7DDBhZnczc9YENzQ+jZ3Rd7EwMba+g5WzC4WAJ5nMl/8/J2fm90LBNTrOh5VZWV1b38hu5ra2d3b38vsHdR1EirIaDUSgmh5oJrjPashRsGaoGEhPsIY3uk38xgNTmgf+PY5D1pEw8HmfU0AjdfPHxUq3DSIcwrkBj2F6D0BKKOa6+YJz6aRlL4M7gwKZVbWb/2n3AhpJ5iMVoHXLdULsxKCQU8EmuXakWQh0BAPWMuiDZLoTp7+Y2KdG6dn9QJnjo52qfydikFqPpWc6JeBQL3qJ+J/XirB/3Ym5H0bIfDpd1I+EjYGdRGL3uGIUxdgAUMXNW206BAUUTXC5uTXIR4+TJeWC9iZJWO5iNMtQL126hu9KhfLNLLYsOSIn5Iy45IqUSYVUSY1Q8kSeySt5s16sd+vT+pq2ZqzZzCGZK+v7FzLDp3k=</latexit>

µ⌫ 2 {↵�,��, �↵}
<latexit sha1_base64="TD5WeGRC37btwwN9UOVSpWQnHss="></latexit><latexit sha1_base64="TD5WeGRC37btwwN9UOVSpWQnHss="></latexit><latexit sha1_base64="TD5WeGRC37btwwN9UOVSpWQnHss="></latexit><latexit sha1_base64="TD5WeGRC37btwwN9UOVSpWQnHss="></latexit>

h·, ·iµ⌫ : Hµ ⌦H⌫ ! C
<latexit sha1_base64="YSJPAIfQpoHR8rUjG/ebAhxR43A="></latexit><latexit sha1_base64="YSJPAIfQpoHR8rUjG/ebAhxR43A="></latexit><latexit sha1_base64="YSJPAIfQpoHR8rUjG/ebAhxR43A="></latexit><latexit sha1_base64="YSJPAIfQpoHR8rUjG/ebAhxR43A="></latexit>

H = (H↵, H� , H� ; h�i)
<latexit sha1_base64="fJw30JRoZbfBPYzJKFN0mUrhfsM="></latexit><latexit sha1_base64="fJw30JRoZbfBPYzJKFN0mUrhfsM="></latexit><latexit sha1_base64="fJw30JRoZbfBPYzJKFN0mUrhfsM="></latexit><latexit sha1_base64="fJw30JRoZbfBPYzJKFN0mUrhfsM="></latexit>

h·, ·i⌫µ : Hµ ! H
⇤,cop
⌫

<latexit sha1_base64="aXb+GSTTed6dT94piPrv5N1+W3Y="></latexit><latexit sha1_base64="xyMKj0Qnea7tAze5FlDQm9jRFV4="></latexit><latexit sha1_base64="xyMKj0Qnea7tAze5FlDQm9jRFV4="></latexit><latexit sha1_base64="Y3hSC4T8frQCEWee2CVLeBnFT7Q="></latexit>

H↵ ! H
⇤,cop
�

<latexit sha1_base64="FZQ+gAiERcZReA7nlHCWHCAXsaQ="></latexit><latexit sha1_base64="Uu+53lunFnERMmh9/966fY6dAII="></latexit><latexit sha1_base64="Uu+53lunFnERMmh9/966fY6dAII="></latexit><latexit sha1_base64="gCJd+L7Uyo9Wm2t7AARpMU+Zczs=">AAACOXicbVA9SwNBEN3zM8avqKXNYhBEVO5stAzapFQwKuRimNtMzJK9D3bnxHjcX/DX2In+D0s7sbWzcvNRGOODhTfvzTA7L0iUNOS6b87U9Mzs3Hxhobi4tLyyWlpbvzRxqgXWRKxifR2AQSUjrJEkhdeJRggDhVdB97TvX92hNjKOLqiXYCOE20i2pQCyUrO0U21mPqikAzn3Keb9MkCC/Cbb3fMJ7ykTcZLnxWap7B64A/BJ4o1ImY1w1ix9+61YpCFGJBQYU/fchBoZaJJCYV70U4MJiC7cYt3SCEI0jWxwUc63rdLi7VjbFxEfqL8nMgiN6YWB7QyBOuav1xf/8+optY8bmYySlDASw0XtVHF7ej8e3pIaBameJSC0tH/logMaBNkQi2NrSHYf8gllX7QGYXl/o5kkl4cHnuXnXrlyMoqtwDbZFtthHjtiFVZlZ6zGBHtkT+yFvTrPzrvz4XwOW6ec0cwGG4Pz9QNQc63A</latexit>

H� ! H
⇤,cop
�

<latexit sha1_base64="bqxAvOQX9p61S0P5J6AZ7LSjzY0="></latexit><latexit sha1_base64="renJXODwR9Ss1xlt0JSl7UAHRBM="></latexit><latexit sha1_base64="renJXODwR9Ss1xlt0JSl7UAHRBM="></latexit><latexit sha1_base64="6MLAy24buiIfOJ6RIgwZeq7f7ts=">AAACOXicbVA9SwNBEN3z2/gVtbRZDIKIyp2NlkEbSwWjQi6Guc0kLtm9O3bnxHjcX/DX2In+D0s7sbWzchNTqPHBwpv3ZpidF6VKWvL9F29sfGJyanpmtjQ3v7C4VF5eObdJZgTWRKIScxmBRSVjrJEkhZepQdCRwouoe9T3L27QWJnEZ9RLsaGhE8u2FEBOapY3j5t5GCFBwUNKeL/qgNZQXOVb2yHhLeUiSYui1CxX/F1/AD5KgiGpsCFOmuXPsJWITGNMQoG19cBPqZGDISkUFqUws5iC6EIH647GoNE28sFFBd9wSou3E+NeTHyg/pzIQVvb05Hr1EDX9q/XF//z6hm1Dxq5jNOMMBbfi9qZ4u72fjy8JQ0KUj1HQBjp/srFNRgQ5EIs/VpDsntXjCg7ojUIK/gbzSg539sNHD8NKtXDYWwzbI2ts00WsH1WZcfshNWYYPfsgT2xZ+/Re/XevPfv1jFvOLPKfsH7+AJKfK29</latexit>

H� ! H
⇤,cop
↵

<latexit sha1_base64="Ov3eD1BDK5FNORWWS0w89TRLC+8="></latexit><latexit sha1_base64="PAh4Fk6ilNrWNHzviquh562FtbE="></latexit><latexit sha1_base64="PAh4Fk6ilNrWNHzviquh562FtbE="></latexit><latexit sha1_base64="pUQxIuHlg3duFCzo/9SMoSO9Z/I=">AAACOnicbVC7TgMxEPTxDOEVoKSxiJAAAbqjgTKCJmWQyEPKhWjPcRIr9t3J3kOE030DX0OH4Dto6RAtFRVOSAGEkSzNzuxqvRPEUhh03RdnZnZufmExt5RfXlldWy9sbNZMlGjGqyySkW4EYLgUIa+iQMkbseagAsnrweBi5NdvuDYiCq9wGPOWgl4ouoIBWqld2C+3U78HSkFGfYzoqAQZ9yG7Tg8OfeS3mLIozrJ8u1B0j90x6DTxJqRIJqi0C59+J2KJ4iEyCcY0PTfGVgoaBZM8y/uJ4TGwAfR409IQFDetdHxSRnet0qHdSNsXIh2rPydSUMYMVWA7FWDf/PVG4n9eM8HuWSsVYZwgD9n3om4iqb19lA/tCM0ZyqElwLSwf6WsDxoY2hTzv9agGNxlU8oR64zD8v5GM01qJ8ee5ZdesXQ+iS1HtskO2SMeOSUlUiYVUiWM3JMH8kSenUfn1Xlz3r9bZ5zJzBb5BefjCzF5rjE=</latexit>

H
op
↵ ! H

⇤
�

<latexit sha1_base64="0bC3RyUnTBlxnst0IaNM2UROXPI="></latexit><latexit sha1_base64="lsElLUrmDAPa+lQcBpX1POvh6+o="></latexit><latexit sha1_base64="lsElLUrmDAPa+lQcBpX1POvh6+o="></latexit><latexit sha1_base64="6IJxSuHP3ToJtb7KZiaGQVUffSU=">AAACO3icbZA9SwNBEIb34nf8OrW0WQyCCIY7Gy2DNpYKxgi5GOY2m2TJ7t2xOyfG4/6Dv8ZO9G9Y24mtjZV7SQo1Diw8vO8Ms/OGiRQGPe/VKc3Mzs0vLC6Vl1dW19bdjc0rE6ea8TqLZayvQzBciojXUaDk14nmoELJG+HgtPAbt1wbEUeXOEx4S0EvEl3BAK3UdvfP2lkAMulDfpMFyO8wi5M8pwHGtLB6oFRh7efltlvxqt6o6DT4E6iQSZ233a+gE7NU8QiZBGOavpdgKwONgkmel4PU8ATYAHq8aTECxU0rG92U012rdGg31vZFSEfqz4kMlDFDFdpOBdg3f71C/M9rptg9bmUiSlLkERsv6qaS2oOLgGhHaM5QDi0A08L+lbI+aGBoYyz/WoNicJ9PKQesMwrL/xvNNFwdVn3LF36ldjKJbZFskx2yR3xyRGrkjJyTOmHkgTySZ/LiPDlvzrvzMW4tOZOZLfKrnM9vyMKvAg==</latexit>

H
cop
� ! H

⇤
�

<latexit sha1_base64="Mz2DOJvHAkbRjr6E5RzcGykgLOQ="></latexit><latexit sha1_base64="hOYSRYdnC/BLwhiEwxNTf0H/elE="></latexit><latexit sha1_base64="hOYSRYdnC/BLwhiEwxNTf0H/elE="></latexit><latexit sha1_base64="7pE/aMftODD3oqDBKT49vDYF2pw=">AAACO3icbZA9SwNBEIb3/Izx69TSZjEIIih3NloGbVJGMImQi2FvM4lLdu+O3TkxHvcf/DV2on/D2k5sbazciynUOLDw8L4zzM4bJlIY9LwXZ2Z2bn5hsbRUXl5ZXVt3NzabJk41hwaPZawvQ2ZAiggaKFDCZaKBqVBCKxyeFX7rBrQRcXSBowQ6ig0i0RecoZW67n6tmwUhIMuvsgDhFjMeJ3lOA4xpYQ2YUoW3n5e7bsU79MZFp8GfQIVMqt51P4NezFMFEXLJjGn7XoKdjGkUXEJeDlIDCeNDNoC2xYgpMJ1sfFNOd63So/1Y2xchHas/JzKmjBmp0HYqhtfmr1eI/3ntFPsnnUxESYoQ8e9F/VRSe3AREO0JDRzlyALjWti/Un7NNONoYyz/WoNieJdPKQe8Nw7L/xvNNDSPDn3L536lejqJrUS2yQ7ZIz45JlVSI3XSIJzckwfyRJ6dR+fVeXPev1tnnMnMFvlVzscXvI6u+w==</latexit>

H
op
↵ ! H

⇤,cop,op
� = (Hcop

� )⇤,cop
<latexit sha1_base64="Glo86nc4bZhW96BA6uqoICiZsHY="></latexit><latexit sha1_base64="FB9rSUxOUN+HlQYp+v5e8gn/JnQ="></latexit><latexit sha1_base64="FB9rSUxOUN+HlQYp+v5e8gn/JnQ="></latexit><latexit sha1_base64="/s5WFTO8UjD6+lxwC+JKZR5MCDs="></latexit>

,
<latexit sha1_base64="qA2ZBr7uKAiiMhA7xo+VfepzJYs=">AAACIXicbZA7SwNBEMfnfMbzdWppcxgEG8OdjTZi0MbCIoJ5QHKEvb29ZMneg925SAwBP4id6FcRO7ETv4mVm0dhEv8w8OM/M8zw91PBFTrOl7GwuLS8sppbM9c3Nre2rZ3dikoySVmZJiKRNZ8oJnjMyshRsFoqGYl8wap+52rYr3aZVDyJ77CXMi8irZiHnBLUVtOyGjcsRMlbbSRSJvdm08o7BWckex7cCeQv3szzRwAoNa2fRpDQLGIxUkGUqrtOil6fSORUsIHZyBRLCe2QFqtrjEnElNcffT6wD7UT2GEidcVoj9y/G30SKdWLfD0ZEWyr2d7Q/K9XzzA88/o8TjNkMR0fCjNhY2IPY7ADLhlF0dNAqOT6V5u2iSQUdVjm1BnknYfBnHNMg8EwLHc2mnmonBRczbduvngJY+VgHw7gCFw4hSJcQwnKQKELT/ACr8az8W58GJ/j0QVjsrMHUzK+fwGiK6Wv</latexit><latexit sha1_base64="KegwCJJegNCvdTrVLURJAWaQD0w=">AAACIXicbZDLSsNAFIYn9VbjLerSTbAIbiyJG92IRTcuXFSwF2hDmUwm7dDJhZmTSg15E3dFX0XciRsR38SVk7YL2/rDgY//nMM5/G7MmQTL+tIKS8srq2vFdX1jc2t7x9jdq8soEYTWSMQj0XSxpJyFtAYMOG3GguLA5bTh9q/zfmNAhWRReA/DmDoB7obMZwSDsjqG0b6lPgjW7QEWInrQO0bJKltjmYtgT6F0+apfxKNPvdoxftpeRJKAhkA4lrJlWzE4KRbACKeZ3k4kjTHp4y5tKQxxQKWTjj/PzCPleKYfCVUhmGP370aKAymHgasmAww9Od/Lzf96rQT8cydlYZwADcnkkJ9wEyIzj8H0mKAE+FABJoKpX03SwwITUGHpM2eA9R+zBeeEeFkelj0fzSLUT8u24ju7VLlCExXRATpEx8hGZ6iCblAV1RBBA/SEntGLNtLetHftYzJa0KY7+2hG2vcvzdqnIw==</latexit><latexit sha1_base64="KegwCJJegNCvdTrVLURJAWaQD0w=">AAACIXicbZDLSsNAFIYn9VbjLerSTbAIbiyJG92IRTcuXFSwF2hDmUwm7dDJhZmTSg15E3dFX0XciRsR38SVk7YL2/rDgY//nMM5/G7MmQTL+tIKS8srq2vFdX1jc2t7x9jdq8soEYTWSMQj0XSxpJyFtAYMOG3GguLA5bTh9q/zfmNAhWRReA/DmDoB7obMZwSDsjqG0b6lPgjW7QEWInrQO0bJKltjmYtgT6F0+apfxKNPvdoxftpeRJKAhkA4lrJlWzE4KRbACKeZ3k4kjTHp4y5tKQxxQKWTjj/PzCPleKYfCVUhmGP370aKAymHgasmAww9Od/Lzf96rQT8cydlYZwADcnkkJ9wEyIzj8H0mKAE+FABJoKpX03SwwITUGHpM2eA9R+zBeeEeFkelj0fzSLUT8u24ju7VLlCExXRATpEx8hGZ6iCblAV1RBBA/SEntGLNtLetHftYzJa0KY7+2hG2vcvzdqnIw==</latexit><latexit sha1_base64="15mJ+wpYiKrAoR6KR95x/627lvk=">AAACIXicbZDLSsNAFIYnXmu8RV26GSyCG0viRpdFNy5cVLAXaEOZTCbt0MmFmZNKDXkTd6Lv4k7ciW/iykmbhW394cDHf87hHH4vEVyBbX8ZK6tr6xublS1ze2d3b986OGypOJWUNWksYtnxiGKCR6wJHATrJJKR0BOs7Y1uin57zKTicfQAk4S5IRlEPOCUgLb6ltW7YwFIPhgCkTJ+NPtW1a7ZU+FlcEqoolKNvvXT82OahiwCKohSXcdOwM2IBE4Fy81eqlhC6IgMWFdjREKm3Gz6eY5PtePjIJa6IsBT9+9GRkKlJqGnJ0MCQ7XYK8z/et0Ugis341GSAovo7FCQCgwxLmLAPpeMgphoIFRy/SumQyIJBR2WOXcG+OgpX3LOqZ8XYTmL0SxD66LmaL53qvXrMrYKOkYn6Aw56BLV0S1qoCaiaIye0St6M16Md+PD+JyNrhjlzhGak/H9C+rco+I=</latexit>

,
<latexit sha1_base64="qA2ZBr7uKAiiMhA7xo+VfepzJYs=">AAACIXicbZA7SwNBEMfnfMbzdWppcxgEG8OdjTZi0MbCIoJ5QHKEvb29ZMneg925SAwBP4id6FcRO7ETv4mVm0dhEv8w8OM/M8zw91PBFTrOl7GwuLS8sppbM9c3Nre2rZ3dikoySVmZJiKRNZ8oJnjMyshRsFoqGYl8wap+52rYr3aZVDyJ77CXMi8irZiHnBLUVtOyGjcsRMlbbSRSJvdm08o7BWckex7cCeQv3szzRwAoNa2fRpDQLGIxUkGUqrtOil6fSORUsIHZyBRLCe2QFqtrjEnElNcffT6wD7UT2GEidcVoj9y/G30SKdWLfD0ZEWyr2d7Q/K9XzzA88/o8TjNkMR0fCjNhY2IPY7ADLhlF0dNAqOT6V5u2iSQUdVjm1BnknYfBnHNMg8EwLHc2mnmonBRczbduvngJY+VgHw7gCFw4hSJcQwnKQKELT/ACr8az8W58GJ/j0QVjsrMHUzK+fwGiK6Wv</latexit><latexit sha1_base64="KegwCJJegNCvdTrVLURJAWaQD0w=">AAACIXicbZDLSsNAFIYn9VbjLerSTbAIbiyJG92IRTcuXFSwF2hDmUwm7dDJhZmTSg15E3dFX0XciRsR38SVk7YL2/rDgY//nMM5/G7MmQTL+tIKS8srq2vFdX1jc2t7x9jdq8soEYTWSMQj0XSxpJyFtAYMOG3GguLA5bTh9q/zfmNAhWRReA/DmDoB7obMZwSDsjqG0b6lPgjW7QEWInrQO0bJKltjmYtgT6F0+apfxKNPvdoxftpeRJKAhkA4lrJlWzE4KRbACKeZ3k4kjTHp4y5tKQxxQKWTjj/PzCPleKYfCVUhmGP370aKAymHgasmAww9Od/Lzf96rQT8cydlYZwADcnkkJ9wEyIzj8H0mKAE+FABJoKpX03SwwITUGHpM2eA9R+zBeeEeFkelj0fzSLUT8u24ju7VLlCExXRATpEx8hGZ6iCblAV1RBBA/SEntGLNtLetHftYzJa0KY7+2hG2vcvzdqnIw==</latexit><latexit sha1_base64="KegwCJJegNCvdTrVLURJAWaQD0w=">AAACIXicbZDLSsNAFIYn9VbjLerSTbAIbiyJG92IRTcuXFSwF2hDmUwm7dDJhZmTSg15E3dFX0XciRsR38SVk7YL2/rDgY//nMM5/G7MmQTL+tIKS8srq2vFdX1jc2t7x9jdq8soEYTWSMQj0XSxpJyFtAYMOG3GguLA5bTh9q/zfmNAhWRReA/DmDoB7obMZwSDsjqG0b6lPgjW7QEWInrQO0bJKltjmYtgT6F0+apfxKNPvdoxftpeRJKAhkA4lrJlWzE4KRbACKeZ3k4kjTHp4y5tKQxxQKWTjj/PzCPleKYfCVUhmGP370aKAymHgasmAww9Od/Lzf96rQT8cydlYZwADcnkkJ9wEyIzj8H0mKAE+FABJoKpX03SwwITUGHpM2eA9R+zBeeEeFkelj0fzSLUT8u24ju7VLlCExXRATpEx8hGZ6iCblAV1RBBA/SEntGLNtLetHftYzJa0KY7+2hG2vcvzdqnIw==</latexit><latexit sha1_base64="15mJ+wpYiKrAoR6KR95x/627lvk=">AAACIXicbZDLSsNAFIYnXmu8RV26GSyCG0viRpdFNy5cVLAXaEOZTCbt0MmFmZNKDXkTd6Lv4k7ciW/iykmbhW394cDHf87hHH4vEVyBbX8ZK6tr6xublS1ze2d3b986OGypOJWUNWksYtnxiGKCR6wJHATrJJKR0BOs7Y1uin57zKTicfQAk4S5IRlEPOCUgLb6ltW7YwFIPhgCkTJ+NPtW1a7ZU+FlcEqoolKNvvXT82OahiwCKohSXcdOwM2IBE4Fy81eqlhC6IgMWFdjREKm3Gz6eY5PtePjIJa6IsBT9+9GRkKlJqGnJ0MCQ7XYK8z/et0Ugis341GSAovo7FCQCgwxLmLAPpeMgphoIFRy/SumQyIJBR2WOXcG+OgpX3LOqZ8XYTmL0SxD66LmaL53qvXrMrYKOkYn6Aw56BLV0S1qoCaiaIye0St6M16Md+PD+JyNrhjlzhGak/H9C+rco+I=</latexit>

,
<latexit sha1_base64="qA2ZBr7uKAiiMhA7xo+VfepzJYs=">AAACIXicbZA7SwNBEMfnfMbzdWppcxgEG8OdjTZi0MbCIoJ5QHKEvb29ZMneg925SAwBP4id6FcRO7ETv4mVm0dhEv8w8OM/M8zw91PBFTrOl7GwuLS8sppbM9c3Nre2rZ3dikoySVmZJiKRNZ8oJnjMyshRsFoqGYl8wap+52rYr3aZVDyJ77CXMi8irZiHnBLUVtOyGjcsRMlbbSRSJvdm08o7BWckex7cCeQv3szzRwAoNa2fRpDQLGIxUkGUqrtOil6fSORUsIHZyBRLCe2QFqtrjEnElNcffT6wD7UT2GEidcVoj9y/G30SKdWLfD0ZEWyr2d7Q/K9XzzA88/o8TjNkMR0fCjNhY2IPY7ADLhlF0dNAqOT6V5u2iSQUdVjm1BnknYfBnHNMg8EwLHc2mnmonBRczbduvngJY+VgHw7gCFw4hSJcQwnKQKELT/ACr8az8W58GJ/j0QVjsrMHUzK+fwGiK6Wv</latexit><latexit sha1_base64="KegwCJJegNCvdTrVLURJAWaQD0w=">AAACIXicbZDLSsNAFIYn9VbjLerSTbAIbiyJG92IRTcuXFSwF2hDmUwm7dDJhZmTSg15E3dFX0XciRsR38SVk7YL2/rDgY//nMM5/G7MmQTL+tIKS8srq2vFdX1jc2t7x9jdq8soEYTWSMQj0XSxpJyFtAYMOG3GguLA5bTh9q/zfmNAhWRReA/DmDoB7obMZwSDsjqG0b6lPgjW7QEWInrQO0bJKltjmYtgT6F0+apfxKNPvdoxftpeRJKAhkA4lrJlWzE4KRbACKeZ3k4kjTHp4y5tKQxxQKWTjj/PzCPleKYfCVUhmGP370aKAymHgasmAww9Od/Lzf96rQT8cydlYZwADcnkkJ9wEyIzj8H0mKAE+FABJoKpX03SwwITUGHpM2eA9R+zBeeEeFkelj0fzSLUT8u24ju7VLlCExXRATpEx8hGZ6iCblAV1RBBA/SEntGLNtLetHftYzJa0KY7+2hG2vcvzdqnIw==</latexit><latexit sha1_base64="KegwCJJegNCvdTrVLURJAWaQD0w=">AAACIXicbZDLSsNAFIYn9VbjLerSTbAIbiyJG92IRTcuXFSwF2hDmUwm7dDJhZmTSg15E3dFX0XciRsR38SVk7YL2/rDgY//nMM5/G7MmQTL+tIKS8srq2vFdX1jc2t7x9jdq8soEYTWSMQj0XSxpJyFtAYMOG3GguLA5bTh9q/zfmNAhWRReA/DmDoB7obMZwSDsjqG0b6lPgjW7QEWInrQO0bJKltjmYtgT6F0+apfxKNPvdoxftpeRJKAhkA4lrJlWzE4KRbACKeZ3k4kjTHp4y5tKQxxQKWTjj/PzCPleKYfCVUhmGP370aKAymHgasmAww9Od/Lzf96rQT8cydlYZwADcnkkJ9wEyIzj8H0mKAE+FABJoKpX03SwwITUGHpM2eA9R+zBeeEeFkelj0fzSLUT8u24ju7VLlCExXRATpEx8hGZ6iCblAV1RBBA/SEntGLNtLetHftYzJa0KY7+2hG2vcvzdqnIw==</latexit><latexit sha1_base64="15mJ+wpYiKrAoR6KR95x/627lvk=">AAACIXicbZDLSsNAFIYnXmu8RV26GSyCG0viRpdFNy5cVLAXaEOZTCbt0MmFmZNKDXkTd6Lv4k7ciW/iykmbhW394cDHf87hHH4vEVyBbX8ZK6tr6xublS1ze2d3b986OGypOJWUNWksYtnxiGKCR6wJHATrJJKR0BOs7Y1uin57zKTicfQAk4S5IRlEPOCUgLb6ltW7YwFIPhgCkTJ+NPtW1a7ZU+FlcEqoolKNvvXT82OahiwCKohSXcdOwM2IBE4Fy81eqlhC6IgMWFdjREKm3Gz6eY5PtePjIJa6IsBT9+9GRkKlJqGnJ0MCQ7XYK8z/et0Ugis341GSAovo7FCQCgwxLmLAPpeMgphoIFRy/SumQyIJBR2WOXcG+OgpX3LOqZ8XYTmL0SxD66LmaL53qvXrMrYKOkYn6Aw56BLV0S1qoCaiaIye0St6M16Md+PD+JyNrhjlzhGak/H9C+rco+I=</latexit>
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Definition
A Hopf triplet is                                      ,

                   are semi-simple Hopf algebras;
for each                              ,                                                 

    such that the induced map                                      
    is a Hopf algebra morphism.

H↵, H� , H�
<latexit sha1_base64="Tg3VhMt95mrz+cCLpySvkcKt9h4=">AAACLXicbZC7TgJBFIZn8YZ4Qy212AgmFmp2abQk2lBiIpcECDk7DDBhZnczc9YENzQ+jZ3Rd7EwMba+g5WzC4WAJ5nMl/8/J2fm90LBNTrOh5VZWV1b38hu5ra2d3b38vsHdR1EirIaDUSgmh5oJrjPashRsGaoGEhPsIY3uk38xgNTmgf+PY5D1pEw8HmfU0AjdfPHxUq3DSIcwrkBj2F6D0BKKOa6+YJz6aRlL4M7gwKZVbWb/2n3AhpJ5iMVoHXLdULsxKCQU8EmuXakWQh0BAPWMuiDZLoTp7+Y2KdG6dn9QJnjo52qfydikFqPpWc6JeBQL3qJ+J/XirB/3Ym5H0bIfDpd1I+EjYGdRGL3uGIUxdgAUMXNW206BAUUTXC5uTXIR4+TJeWC9iZJWO5iNMtQL126hu9KhfLNLLYsOSIn5Iy45IqUSYVUSY1Q8kSeySt5s16sd+vT+pq2ZqzZzCGZK+v7FzLDp3k=</latexit><latexit sha1_base64="Tg3VhMt95mrz+cCLpySvkcKt9h4=">AAACLXicbZC7TgJBFIZn8YZ4Qy212AgmFmp2abQk2lBiIpcECDk7DDBhZnczc9YENzQ+jZ3Rd7EwMba+g5WzC4WAJ5nMl/8/J2fm90LBNTrOh5VZWV1b38hu5ra2d3b38vsHdR1EirIaDUSgmh5oJrjPashRsGaoGEhPsIY3uk38xgNTmgf+PY5D1pEw8HmfU0AjdfPHxUq3DSIcwrkBj2F6D0BKKOa6+YJz6aRlL4M7gwKZVbWb/2n3AhpJ5iMVoHXLdULsxKCQU8EmuXakWQh0BAPWMuiDZLoTp7+Y2KdG6dn9QJnjo52qfydikFqPpWc6JeBQL3qJ+J/XirB/3Ym5H0bIfDpd1I+EjYGdRGL3uGIUxdgAUMXNW206BAUUTXC5uTXIR4+TJeWC9iZJWO5iNMtQL126hu9KhfLNLLYsOSIn5Iy45IqUSYVUSY1Q8kSeySt5s16sd+vT+pq2ZqzZzCGZK+v7FzLDp3k=</latexit><latexit sha1_base64="Tg3VhMt95mrz+cCLpySvkcKt9h4=">AAACLXicbZC7TgJBFIZn8YZ4Qy212AgmFmp2abQk2lBiIpcECDk7DDBhZnczc9YENzQ+jZ3Rd7EwMba+g5WzC4WAJ5nMl/8/J2fm90LBNTrOh5VZWV1b38hu5ra2d3b38vsHdR1EirIaDUSgmh5oJrjPashRsGaoGEhPsIY3uk38xgNTmgf+PY5D1pEw8HmfU0AjdfPHxUq3DSIcwrkBj2F6D0BKKOa6+YJz6aRlL4M7gwKZVbWb/2n3AhpJ5iMVoHXLdULsxKCQU8EmuXakWQh0BAPWMuiDZLoTp7+Y2KdG6dn9QJnjo52qfydikFqPpWc6JeBQL3qJ+J/XirB/3Ym5H0bIfDpd1I+EjYGdRGL3uGIUxdgAUMXNW206BAUUTXC5uTXIR4+TJeWC9iZJWO5iNMtQL126hu9KhfLNLLYsOSIn5Iy45IqUSYVUSY1Q8kSeySt5s16sd+vT+pq2ZqzZzCGZK+v7FzLDp3k=</latexit><latexit sha1_base64="Tg3VhMt95mrz+cCLpySvkcKt9h4=">AAACLXicbZC7TgJBFIZn8YZ4Qy212AgmFmp2abQk2lBiIpcECDk7DDBhZnczc9YENzQ+jZ3Rd7EwMba+g5WzC4WAJ5nMl/8/J2fm90LBNTrOh5VZWV1b38hu5ra2d3b38vsHdR1EirIaDUSgmh5oJrjPashRsGaoGEhPsIY3uk38xgNTmgf+PY5D1pEw8HmfU0AjdfPHxUq3DSIcwrkBj2F6D0BKKOa6+YJz6aRlL4M7gwKZVbWb/2n3AhpJ5iMVoHXLdULsxKCQU8EmuXakWQh0BAPWMuiDZLoTp7+Y2KdG6dn9QJnjo52qfydikFqPpWc6JeBQL3qJ+J/XirB/3Ym5H0bIfDpd1I+EjYGdRGL3uGIUxdgAUMXNW206BAUUTXC5uTXIR4+TJeWC9iZJWO5iNMtQL126hu9KhfLNLLYsOSIn5Iy45IqUSYVUSY1Q8kSeySt5s16sd+vT+pq2ZqzZzCGZK+v7FzLDp3k=</latexit>

µ⌫ 2 {↵�,��, �↵}
<latexit sha1_base64="TD5WeGRC37btwwN9UOVSpWQnHss="></latexit><latexit sha1_base64="TD5WeGRC37btwwN9UOVSpWQnHss="></latexit><latexit sha1_base64="TD5WeGRC37btwwN9UOVSpWQnHss="></latexit><latexit sha1_base64="TD5WeGRC37btwwN9UOVSpWQnHss="></latexit>

h·, ·iµ⌫ : Hµ ⌦H⌫ ! C
<latexit sha1_base64="YSJPAIfQpoHR8rUjG/ebAhxR43A="></latexit><latexit sha1_base64="YSJPAIfQpoHR8rUjG/ebAhxR43A="></latexit><latexit sha1_base64="YSJPAIfQpoHR8rUjG/ebAhxR43A="></latexit><latexit sha1_base64="YSJPAIfQpoHR8rUjG/ebAhxR43A="></latexit>

H = (H↵, H� , H� ; h�i)
<latexit sha1_base64="fJw30JRoZbfBPYzJKFN0mUrhfsM="></latexit><latexit sha1_base64="fJw30JRoZbfBPYzJKFN0mUrhfsM="></latexit><latexit sha1_base64="fJw30JRoZbfBPYzJKFN0mUrhfsM="></latexit><latexit sha1_base64="fJw30JRoZbfBPYzJKFN0mUrhfsM="></latexit>

h·, ·i⌫µ : Hµ ! H
⇤,cop
⌫

<latexit sha1_base64="aXb+GSTTed6dT94piPrv5N1+W3Y="></latexit><latexit sha1_base64="xyMKj0Qnea7tAze5FlDQm9jRFV4="></latexit><latexit sha1_base64="xyMKj0Qnea7tAze5FlDQm9jRFV4="></latexit><latexit sha1_base64="Y3hSC4T8frQCEWee2CVLeBnFT7Q="></latexit>

H↵ ! H
⇤,cop
�

<latexit sha1_base64="FZQ+gAiERcZReA7nlHCWHCAXsaQ="></latexit><latexit sha1_base64="Uu+53lunFnERMmh9/966fY6dAII="></latexit><latexit sha1_base64="Uu+53lunFnERMmh9/966fY6dAII="></latexit><latexit sha1_base64="gCJd+L7Uyo9Wm2t7AARpMU+Zczs=">AAACOXicbVA9SwNBEN3zM8avqKXNYhBEVO5stAzapFQwKuRimNtMzJK9D3bnxHjcX/DX2In+D0s7sbWzcvNRGOODhTfvzTA7L0iUNOS6b87U9Mzs3Hxhobi4tLyyWlpbvzRxqgXWRKxifR2AQSUjrJEkhdeJRggDhVdB97TvX92hNjKOLqiXYCOE20i2pQCyUrO0U21mPqikAzn3Keb9MkCC/Cbb3fMJ7ykTcZLnxWap7B64A/BJ4o1ImY1w1ix9+61YpCFGJBQYU/fchBoZaJJCYV70U4MJiC7cYt3SCEI0jWxwUc63rdLi7VjbFxEfqL8nMgiN6YWB7QyBOuav1xf/8+optY8bmYySlDASw0XtVHF7ej8e3pIaBameJSC0tH/logMaBNkQi2NrSHYf8gllX7QGYXl/o5kkl4cHnuXnXrlyMoqtwDbZFtthHjtiFVZlZ6zGBHtkT+yFvTrPzrvz4XwOW6ec0cwGG4Pz9QNQc63A</latexit>

H� ! H
⇤,cop
�

<latexit sha1_base64="bqxAvOQX9p61S0P5J6AZ7LSjzY0="></latexit><latexit sha1_base64="renJXODwR9Ss1xlt0JSl7UAHRBM="></latexit><latexit sha1_base64="renJXODwR9Ss1xlt0JSl7UAHRBM="></latexit><latexit sha1_base64="6MLAy24buiIfOJ6RIgwZeq7f7ts=">AAACOXicbVA9SwNBEN3z2/gVtbRZDIKIyp2NlkEbSwWjQi6Guc0kLtm9O3bnxHjcX/DX2In+D0s7sbWzchNTqPHBwpv3ZpidF6VKWvL9F29sfGJyanpmtjQ3v7C4VF5eObdJZgTWRKIScxmBRSVjrJEkhZepQdCRwouoe9T3L27QWJnEZ9RLsaGhE8u2FEBOapY3j5t5GCFBwUNKeL/qgNZQXOVb2yHhLeUiSYui1CxX/F1/AD5KgiGpsCFOmuXPsJWITGNMQoG19cBPqZGDISkUFqUws5iC6EIH647GoNE28sFFBd9wSou3E+NeTHyg/pzIQVvb05Hr1EDX9q/XF//z6hm1Dxq5jNOMMBbfi9qZ4u72fjy8JQ0KUj1HQBjp/srFNRgQ5EIs/VpDsntXjCg7ojUIK/gbzSg539sNHD8NKtXDYWwzbI2ts00WsH1WZcfshNWYYPfsgT2xZ+/Re/XevPfv1jFvOLPKfsH7+AJKfK29</latexit>

H� ! H
⇤,cop
↵

<latexit sha1_base64="Ov3eD1BDK5FNORWWS0w89TRLC+8="></latexit><latexit sha1_base64="PAh4Fk6ilNrWNHzviquh562FtbE="></latexit><latexit sha1_base64="PAh4Fk6ilNrWNHzviquh562FtbE="></latexit><latexit sha1_base64="pUQxIuHlg3duFCzo/9SMoSO9Z/I=">AAACOnicbVC7TgMxEPTxDOEVoKSxiJAAAbqjgTKCJmWQyEPKhWjPcRIr9t3J3kOE030DX0OH4Dto6RAtFRVOSAGEkSzNzuxqvRPEUhh03RdnZnZufmExt5RfXlldWy9sbNZMlGjGqyySkW4EYLgUIa+iQMkbseagAsnrweBi5NdvuDYiCq9wGPOWgl4ouoIBWqld2C+3U78HSkFGfYzoqAQZ9yG7Tg8OfeS3mLIozrJ8u1B0j90x6DTxJqRIJqi0C59+J2KJ4iEyCcY0PTfGVgoaBZM8y/uJ4TGwAfR409IQFDetdHxSRnet0qHdSNsXIh2rPydSUMYMVWA7FWDf/PVG4n9eM8HuWSsVYZwgD9n3om4iqb19lA/tCM0ZyqElwLSwf6WsDxoY2hTzv9agGNxlU8oR64zD8v5GM01qJ8ee5ZdesXQ+iS1HtskO2SMeOSUlUiYVUiWM3JMH8kSenUfn1Xlz3r9bZ5zJzBb5BefjCzF5rjE=</latexit>

H
op
↵ ! H

⇤
�

<latexit sha1_base64="0bC3RyUnTBlxnst0IaNM2UROXPI="></latexit><latexit sha1_base64="lsElLUrmDAPa+lQcBpX1POvh6+o="></latexit><latexit sha1_base64="lsElLUrmDAPa+lQcBpX1POvh6+o="></latexit><latexit sha1_base64="6IJxSuHP3ToJtb7KZiaGQVUffSU=">AAACO3icbZA9SwNBEIb34nf8OrW0WQyCCIY7Gy2DNpYKxgi5GOY2m2TJ7t2xOyfG4/6Dv8ZO9G9Y24mtjZV7SQo1Diw8vO8Ms/OGiRQGPe/VKc3Mzs0vLC6Vl1dW19bdjc0rE6ea8TqLZayvQzBciojXUaDk14nmoELJG+HgtPAbt1wbEUeXOEx4S0EvEl3BAK3UdvfP2lkAMulDfpMFyO8wi5M8pwHGtLB6oFRh7efltlvxqt6o6DT4E6iQSZ233a+gE7NU8QiZBGOavpdgKwONgkmel4PU8ATYAHq8aTECxU0rG92U012rdGg31vZFSEfqz4kMlDFDFdpOBdg3f71C/M9rptg9bmUiSlLkERsv6qaS2oOLgGhHaM5QDi0A08L+lbI+aGBoYyz/WoNicJ9PKQesMwrL/xvNNFwdVn3LF36ldjKJbZFskx2yR3xyRGrkjJyTOmHkgTySZ/LiPDlvzrvzMW4tOZOZLfKrnM9vyMKvAg==</latexit>

H
cop
� ! H

⇤
�

<latexit sha1_base64="Mz2DOJvHAkbRjr6E5RzcGykgLOQ="></latexit><latexit sha1_base64="hOYSRYdnC/BLwhiEwxNTf0H/elE="></latexit><latexit sha1_base64="hOYSRYdnC/BLwhiEwxNTf0H/elE="></latexit><latexit sha1_base64="7pE/aMftODD3oqDBKT49vDYF2pw=">AAACO3icbZA9SwNBEIb3/Izx69TSZjEIIih3NloGbVJGMImQi2FvM4lLdu+O3TkxHvcf/DV2on/D2k5sbazciynUOLDw8L4zzM4bJlIY9LwXZ2Z2bn5hsbRUXl5ZXVt3NzabJk41hwaPZawvQ2ZAiggaKFDCZaKBqVBCKxyeFX7rBrQRcXSBowQ6ig0i0RecoZW67n6tmwUhIMuvsgDhFjMeJ3lOA4xpYQ2YUoW3n5e7bsU79MZFp8GfQIVMqt51P4NezFMFEXLJjGn7XoKdjGkUXEJeDlIDCeNDNoC2xYgpMJ1sfFNOd63So/1Y2xchHas/JzKmjBmp0HYqhtfmr1eI/3ntFPsnnUxESYoQ8e9F/VRSe3AREO0JDRzlyALjWti/Un7NNONoYyz/WoNieJdPKQe8Nw7L/xvNNDSPDn3L536lejqJrUS2yQ7ZIz45JlVSI3XSIJzckwfyRJ6dR+fVeXPev1tnnMnMFvlVzscXvI6u+w==</latexit>

H
op
↵ ! H

⇤,cop,op
� = (Hcop

� )⇤,cop
<latexit sha1_base64="Glo86nc4bZhW96BA6uqoICiZsHY="></latexit><latexit sha1_base64="FB9rSUxOUN+HlQYp+v5e8gn/JnQ="></latexit><latexit sha1_base64="FB9rSUxOUN+HlQYp+v5e8gn/JnQ="></latexit><latexit sha1_base64="/s5WFTO8UjD6+lxwC+JKZR5MCDs="></latexit>

,
<latexit sha1_base64="qA2ZBr7uKAiiMhA7xo+VfepzJYs=">AAACIXicbZA7SwNBEMfnfMbzdWppcxgEG8OdjTZi0MbCIoJ5QHKEvb29ZMneg925SAwBP4id6FcRO7ETv4mVm0dhEv8w8OM/M8zw91PBFTrOl7GwuLS8sppbM9c3Nre2rZ3dikoySVmZJiKRNZ8oJnjMyshRsFoqGYl8wap+52rYr3aZVDyJ77CXMi8irZiHnBLUVtOyGjcsRMlbbSRSJvdm08o7BWckex7cCeQv3szzRwAoNa2fRpDQLGIxUkGUqrtOil6fSORUsIHZyBRLCe2QFqtrjEnElNcffT6wD7UT2GEidcVoj9y/G30SKdWLfD0ZEWyr2d7Q/K9XzzA88/o8TjNkMR0fCjNhY2IPY7ADLhlF0dNAqOT6V5u2iSQUdVjm1BnknYfBnHNMg8EwLHc2mnmonBRczbduvngJY+VgHw7gCFw4hSJcQwnKQKELT/ACr8az8W58GJ/j0QVjsrMHUzK+fwGiK6Wv</latexit><latexit sha1_base64="KegwCJJegNCvdTrVLURJAWaQD0w=">AAACIXicbZDLSsNAFIYn9VbjLerSTbAIbiyJG92IRTcuXFSwF2hDmUwm7dDJhZmTSg15E3dFX0XciRsR38SVk7YL2/rDgY//nMM5/G7MmQTL+tIKS8srq2vFdX1jc2t7x9jdq8soEYTWSMQj0XSxpJyFtAYMOG3GguLA5bTh9q/zfmNAhWRReA/DmDoB7obMZwSDsjqG0b6lPgjW7QEWInrQO0bJKltjmYtgT6F0+apfxKNPvdoxftpeRJKAhkA4lrJlWzE4KRbACKeZ3k4kjTHp4y5tKQxxQKWTjj/PzCPleKYfCVUhmGP370aKAymHgasmAww9Od/Lzf96rQT8cydlYZwADcnkkJ9wEyIzj8H0mKAE+FABJoKpX03SwwITUGHpM2eA9R+zBeeEeFkelj0fzSLUT8u24ju7VLlCExXRATpEx8hGZ6iCblAV1RBBA/SEntGLNtLetHftYzJa0KY7+2hG2vcvzdqnIw==</latexit><latexit sha1_base64="KegwCJJegNCvdTrVLURJAWaQD0w=">AAACIXicbZDLSsNAFIYn9VbjLerSTbAIbiyJG92IRTcuXFSwF2hDmUwm7dDJhZmTSg15E3dFX0XciRsR38SVk7YL2/rDgY//nMM5/G7MmQTL+tIKS8srq2vFdX1jc2t7x9jdq8soEYTWSMQj0XSxpJyFtAYMOG3GguLA5bTh9q/zfmNAhWRReA/DmDoB7obMZwSDsjqG0b6lPgjW7QEWInrQO0bJKltjmYtgT6F0+apfxKNPvdoxftpeRJKAhkA4lrJlWzE4KRbACKeZ3k4kjTHp4y5tKQxxQKWTjj/PzCPleKYfCVUhmGP370aKAymHgasmAww9Od/Lzf96rQT8cydlYZwADcnkkJ9wEyIzj8H0mKAE+FABJoKpX03SwwITUGHpM2eA9R+zBeeEeFkelj0fzSLUT8u24ju7VLlCExXRATpEx8hGZ6iCblAV1RBBA/SEntGLNtLetHftYzJa0KY7+2hG2vcvzdqnIw==</latexit><latexit sha1_base64="15mJ+wpYiKrAoR6KR95x/627lvk=">AAACIXicbZDLSsNAFIYnXmu8RV26GSyCG0viRpdFNy5cVLAXaEOZTCbt0MmFmZNKDXkTd6Lv4k7ciW/iykmbhW394cDHf87hHH4vEVyBbX8ZK6tr6xublS1ze2d3b986OGypOJWUNWksYtnxiGKCR6wJHATrJJKR0BOs7Y1uin57zKTicfQAk4S5IRlEPOCUgLb6ltW7YwFIPhgCkTJ+NPtW1a7ZU+FlcEqoolKNvvXT82OahiwCKohSXcdOwM2IBE4Fy81eqlhC6IgMWFdjREKm3Gz6eY5PtePjIJa6IsBT9+9GRkKlJqGnJ0MCQ7XYK8z/et0Ugis341GSAovo7FCQCgwxLmLAPpeMgphoIFRy/SumQyIJBR2WOXcG+OgpX3LOqZ8XYTmL0SxD66LmaL53qvXrMrYKOkYn6Aw56BLV0S1qoCaiaIye0St6M16Md+PD+JyNrhjlzhGak/H9C+rco+I=</latexit>

,
<latexit sha1_base64="qA2ZBr7uKAiiMhA7xo+VfepzJYs=">AAACIXicbZA7SwNBEMfnfMbzdWppcxgEG8OdjTZi0MbCIoJ5QHKEvb29ZMneg925SAwBP4id6FcRO7ETv4mVm0dhEv8w8OM/M8zw91PBFTrOl7GwuLS8sppbM9c3Nre2rZ3dikoySVmZJiKRNZ8oJnjMyshRsFoqGYl8wap+52rYr3aZVDyJ77CXMi8irZiHnBLUVtOyGjcsRMlbbSRSJvdm08o7BWckex7cCeQv3szzRwAoNa2fRpDQLGIxUkGUqrtOil6fSORUsIHZyBRLCe2QFqtrjEnElNcffT6wD7UT2GEidcVoj9y/G30SKdWLfD0ZEWyr2d7Q/K9XzzA88/o8TjNkMR0fCjNhY2IPY7ADLhlF0dNAqOT6V5u2iSQUdVjm1BnknYfBnHNMg8EwLHc2mnmonBRczbduvngJY+VgHw7gCFw4hSJcQwnKQKELT/ACr8az8W58GJ/j0QVjsrMHUzK+fwGiK6Wv</latexit><latexit sha1_base64="KegwCJJegNCvdTrVLURJAWaQD0w=">AAACIXicbZDLSsNAFIYn9VbjLerSTbAIbiyJG92IRTcuXFSwF2hDmUwm7dDJhZmTSg15E3dFX0XciRsR38SVk7YL2/rDgY//nMM5/G7MmQTL+tIKS8srq2vFdX1jc2t7x9jdq8soEYTWSMQj0XSxpJyFtAYMOG3GguLA5bTh9q/zfmNAhWRReA/DmDoB7obMZwSDsjqG0b6lPgjW7QEWInrQO0bJKltjmYtgT6F0+apfxKNPvdoxftpeRJKAhkA4lrJlWzE4KRbACKeZ3k4kjTHp4y5tKQxxQKWTjj/PzCPleKYfCVUhmGP370aKAymHgasmAww9Od/Lzf96rQT8cydlYZwADcnkkJ9wEyIzj8H0mKAE+FABJoKpX03SwwITUGHpM2eA9R+zBeeEeFkelj0fzSLUT8u24ju7VLlCExXRATpEx8hGZ6iCblAV1RBBA/SEntGLNtLetHftYzJa0KY7+2hG2vcvzdqnIw==</latexit><latexit sha1_base64="KegwCJJegNCvdTrVLURJAWaQD0w=">AAACIXicbZDLSsNAFIYn9VbjLerSTbAIbiyJG92IRTcuXFSwF2hDmUwm7dDJhZmTSg15E3dFX0XciRsR38SVk7YL2/rDgY//nMM5/G7MmQTL+tIKS8srq2vFdX1jc2t7x9jdq8soEYTWSMQj0XSxpJyFtAYMOG3GguLA5bTh9q/zfmNAhWRReA/DmDoB7obMZwSDsjqG0b6lPgjW7QEWInrQO0bJKltjmYtgT6F0+apfxKNPvdoxftpeRJKAhkA4lrJlWzE4KRbACKeZ3k4kjTHp4y5tKQxxQKWTjj/PzCPleKYfCVUhmGP370aKAymHgasmAww9Od/Lzf96rQT8cydlYZwADcnkkJ9wEyIzj8H0mKAE+FABJoKpX03SwwITUGHpM2eA9R+zBeeEeFkelj0fzSLUT8u24ju7VLlCExXRATpEx8hGZ6iCblAV1RBBA/SEntGLNtLetHftYzJa0KY7+2hG2vcvzdqnIw==</latexit><latexit sha1_base64="15mJ+wpYiKrAoR6KR95x/627lvk=">AAACIXicbZDLSsNAFIYnXmu8RV26GSyCG0viRpdFNy5cVLAXaEOZTCbt0MmFmZNKDXkTd6Lv4k7ciW/iykmbhW394cDHf87hHH4vEVyBbX8ZK6tr6xublS1ze2d3b986OGypOJWUNWksYtnxiGKCR6wJHATrJJKR0BOs7Y1uin57zKTicfQAk4S5IRlEPOCUgLb6ltW7YwFIPhgCkTJ+NPtW1a7ZU+FlcEqoolKNvvXT82OahiwCKohSXcdOwM2IBE4Fy81eqlhC6IgMWFdjREKm3Gz6eY5PtePjIJa6IsBT9+9GRkKlJqGnJ0MCQ7XYK8z/et0Ugis341GSAovo7FCQCgwxLmLAPpeMgphoIFRy/SumQyIJBR2WOXcG+OgpX3LOqZ8XYTmL0SxD66LmaL53qvXrMrYKOkYn6Aw56BLV0S1qoCaiaIye0St6M16Md+PD+JyNrhjlzhGak/H9C+rco+I=</latexit>

,
<latexit sha1_base64="qA2ZBr7uKAiiMhA7xo+VfepzJYs=">AAACIXicbZA7SwNBEMfnfMbzdWppcxgEG8OdjTZi0MbCIoJ5QHKEvb29ZMneg925SAwBP4id6FcRO7ETv4mVm0dhEv8w8OM/M8zw91PBFTrOl7GwuLS8sppbM9c3Nre2rZ3dikoySVmZJiKRNZ8oJnjMyshRsFoqGYl8wap+52rYr3aZVDyJ77CXMi8irZiHnBLUVtOyGjcsRMlbbSRSJvdm08o7BWckex7cCeQv3szzRwAoNa2fRpDQLGIxUkGUqrtOil6fSORUsIHZyBRLCe2QFqtrjEnElNcffT6wD7UT2GEidcVoj9y/G30SKdWLfD0ZEWyr2d7Q/K9XzzA88/o8TjNkMR0fCjNhY2IPY7ADLhlF0dNAqOT6V5u2iSQUdVjm1BnknYfBnHNMg8EwLHc2mnmonBRczbduvngJY+VgHw7gCFw4hSJcQwnKQKELT/ACr8az8W58GJ/j0QVjsrMHUzK+fwGiK6Wv</latexit><latexit sha1_base64="KegwCJJegNCvdTrVLURJAWaQD0w=">AAACIXicbZDLSsNAFIYn9VbjLerSTbAIbiyJG92IRTcuXFSwF2hDmUwm7dDJhZmTSg15E3dFX0XciRsR38SVk7YL2/rDgY//nMM5/G7MmQTL+tIKS8srq2vFdX1jc2t7x9jdq8soEYTWSMQj0XSxpJyFtAYMOG3GguLA5bTh9q/zfmNAhWRReA/DmDoB7obMZwSDsjqG0b6lPgjW7QEWInrQO0bJKltjmYtgT6F0+apfxKNPvdoxftpeRJKAhkA4lrJlWzE4KRbACKeZ3k4kjTHp4y5tKQxxQKWTjj/PzCPleKYfCVUhmGP370aKAymHgasmAww9Od/Lzf96rQT8cydlYZwADcnkkJ9wEyIzj8H0mKAE+FABJoKpX03SwwITUGHpM2eA9R+zBeeEeFkelj0fzSLUT8u24ju7VLlCExXRATpEx8hGZ6iCblAV1RBBA/SEntGLNtLetHftYzJa0KY7+2hG2vcvzdqnIw==</latexit><latexit sha1_base64="KegwCJJegNCvdTrVLURJAWaQD0w=">AAACIXicbZDLSsNAFIYn9VbjLerSTbAIbiyJG92IRTcuXFSwF2hDmUwm7dDJhZmTSg15E3dFX0XciRsR38SVk7YL2/rDgY//nMM5/G7MmQTL+tIKS8srq2vFdX1jc2t7x9jdq8soEYTWSMQj0XSxpJyFtAYMOG3GguLA5bTh9q/zfmNAhWRReA/DmDoB7obMZwSDsjqG0b6lPgjW7QEWInrQO0bJKltjmYtgT6F0+apfxKNPvdoxftpeRJKAhkA4lrJlWzE4KRbACKeZ3k4kjTHp4y5tKQxxQKWTjj/PzCPleKYfCVUhmGP370aKAymHgasmAww9Od/Lzf96rQT8cydlYZwADcnkkJ9wEyIzj8H0mKAE+FABJoKpX03SwwITUGHpM2eA9R+zBeeEeFkelj0fzSLUT8u24ju7VLlCExXRATpEx8hGZ6iCblAV1RBBA/SEntGLNtLetHftYzJa0KY7+2hG2vcvzdqnIw==</latexit><latexit sha1_base64="15mJ+wpYiKrAoR6KR95x/627lvk=">AAACIXicbZDLSsNAFIYnXmu8RV26GSyCG0viRpdFNy5cVLAXaEOZTCbt0MmFmZNKDXkTd6Lv4k7ciW/iykmbhW394cDHf87hHH4vEVyBbX8ZK6tr6xublS1ze2d3b986OGypOJWUNWksYtnxiGKCR6wJHATrJJKR0BOs7Y1uin57zKTicfQAk4S5IRlEPOCUgLb6ltW7YwFIPhgCkTJ+NPtW1a7ZU+FlcEqoolKNvvXT82OahiwCKohSXcdOwM2IBE4Fy81eqlhC6IgMWFdjREKm3Gz6eY5PtePjIJa6IsBT9+9GRkKlJqGnJ0MCQ7XYK8z/et0Ugis341GSAovo7FCQCgwxLmLAPpeMgphoIFRy/SumQyIJBR2WOXcG+OgpX3LOqZ8XYTmL0SxD66LmaL53qvXrMrYKOkYn6Aw56BLV0S1qoCaiaIye0St6M16Md+PD+JyNrhjlzhGak/H9C+rco+I=</latexit>

D(Hop
↵ , H

cop
� ) ! H

⇤
�

<latexit sha1_base64="zDfA6xRkaE1iSwEg1r45VWNKJSk="></latexit><latexit sha1_base64="9u7J9zkm9RefrKzY0S/mIYMMoBg="></latexit><latexit sha1_base64="9u7J9zkm9RefrKzY0S/mIYMMoBg="></latexit><latexit sha1_base64="1Y8A7AfirYyw5m/agyhJ22eLX4c="></latexit>

                                   is a Hopf algebra morphism.

Generalized Drinfeld double
(= H

op
↵ ⌦H

cop
� )

<latexit sha1_base64="1PPgaBxcjZIFCp1Gi2+ntMtz2vc="></latexit>
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H↵

H� H�

h�i↵�

h�i��

h�i�↵

M↵ �↵M↵ �↵

M↵ �↵

µ ⌫
M↵ �↵ e↵

µ ⌫
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H↵

H� H�

h�i↵�

h�i��

h�i�↵

M↵ �↵M↵ �↵

M↵ �↵

µ ⌫
M↵ �↵ e↵

µ ⌫

��
<latexit sha1_base64="lmDsS81GNh0YBYmeK3tz2rQpI/U=">AAACIHicbZC7SgNREIZn4y3GS6KWNotRsDHs2mgZ1MIygrlAEsLZk0lyyNkL58wKccmT2Im+grWlnVjqe9hYeXIpTOIPAx//zDDD70VSaHKcTyu1tLyyupZez2xsbm1nczu7FR3GimOZhzJUNY9plCLAMgmSWIsUMt+TWPX6l6N+9Q6VFmFwS4MImz7rBqIjOCNjtXLZxhVKYq2k4SGxYaaVyzsFZyx7Edwp5IuH3y+vAFBq5X4a7ZDHPgbEJdO67joRNROmSHCJw0wj1hgx3mddrBsMmI+6mYwfH9pHxmnbnVCZCsgeu383EuZrPfA9M+kz6un53sj8r1ePqXPeTEQQxYQBnxzqxNKm0B6lYLeFQk5yYIBxJcyvNu8xxTiZrDIzZ0j074cLzglvj8Ny56NZhMppwTV84+aLFzBRGvbhAI7BhTMowjWUoAwcYniAJ3i2Hq036936mIymrOnOHszI+voF9demDA==</latexit><latexit sha1_base64="HZyR49DOwwjQ0ZiNONxPAoKzyUI=">AAACIHicbZC7SgNREIbPeo2JmlVLm8Uo2Bh2bbQMamEZwVwgG5azJ5PkkLMXzpkNxCVPYif6Cr6AjZ1Y6ntoYeXJpTCJPwx8/DPDDL8fC67Qtj+MpeWV1bX1zEY2t7m1nTd3dqsqSiSDCotEJOs+VSB4CBXkKKAeS6CBL6Dm9y5H/VofpOJReIuDGJoB7YS8zRlFbXlm3r0CgdRLXR+QDrOeWbCL9ljWIjhTKJQOv55f+rnvsmf+uK2IJQGEyARVquHYMTZTKpEzAcOsmyiIKevRDjQ0hjQA1UzHjw+tI+20rHYkdYVojd2/GykNlBoEvp4MKHbVfG9k/tdrJNg+b6Y8jBOEkE0OtRNhYWSNUrBaXAJDMdBAmeT6V4t1qaQMdVbZmTPIe3fDBeeEtcZhOfPRLEL1tOhovnEKpQsyUYbskwNyTBxyRkrkmpRJhTCSkHvySJ6MB+PVeDPeJ6NLxnRnj8zI+PwFKZanhg==</latexit><latexit sha1_base64="HZyR49DOwwjQ0ZiNONxPAoKzyUI=">AAACIHicbZC7SgNREIbPeo2JmlVLm8Uo2Bh2bbQMamEZwVwgG5azJ5PkkLMXzpkNxCVPYif6Cr6AjZ1Y6ntoYeXJpTCJPwx8/DPDDL8fC67Qtj+MpeWV1bX1zEY2t7m1nTd3dqsqSiSDCotEJOs+VSB4CBXkKKAeS6CBL6Dm9y5H/VofpOJReIuDGJoB7YS8zRlFbXlm3r0CgdRLXR+QDrOeWbCL9ljWIjhTKJQOv55f+rnvsmf+uK2IJQGEyARVquHYMTZTKpEzAcOsmyiIKevRDjQ0hjQA1UzHjw+tI+20rHYkdYVojd2/GykNlBoEvp4MKHbVfG9k/tdrJNg+b6Y8jBOEkE0OtRNhYWSNUrBaXAJDMdBAmeT6V4t1qaQMdVbZmTPIe3fDBeeEtcZhOfPRLEL1tOhovnEKpQsyUYbskwNyTBxyRkrkmpRJhTCSkHvySJ6MB+PVeDPeJ6NLxnRnj8zI+PwFKZanhg==</latexit><latexit sha1_base64="0g/213BEL5FXSTZnCflup8GEnfY=">AAACIHicbZBNS8NAEIY39avGj0Y9egkWwYsl8aLHoh48VrAf0Jay2UzapZsPdidCDf0l3kT/izfxqD/Fk9s0B9v6wsDDOzPM8HqJ4Aod58sora1vbG6Vt82d3b39inVw2FJxKhk0WSxi2fGoAsEjaCJHAZ1EAg09AW1vfDPrtx9BKh5HDzhJoB/SYcQDzihqa2BVercgkA6yngdIp+bAqjo1J5e9Cm4BVVKoMbB+en7M0hAiZIIq1XWdBPsZlciZgKnZSxUklI3pELoaIxqC6mf541P7VDu+HcRSV4R27v7dyGio1CT09GRIcaSWezPzv143xeCqn/EoSREiNj8UpMLG2J6lYPtcAkMx0UCZ5PpXm42opAx1VubCGeTjp+mKc878PCx3OZpVaF3UXM33brV+XcRWJsfkhJwRl1ySOrkjDdIkjKTkmbySN+PFeDc+jM/5aMkodo7IgozvX7sPoz0=</latexit>

��
<latexit sha1_base64="Q7+35wN6tIacuaHSrs+okBVeTFg=">AAACIXicbZA9SwNBEIbn/DZ+nVraHEbBRrmz0TKohWUEEwNJCHObTbJk9+7YnRPikX9iJ/oTrG3txE78HTZWbhILk/jCwMM7M8zwhokUhnz/w5mZnZtfWFxazq2srq1vuJtbZROnmvESi2WsKyEaLkXESyRI8kqiOapQ8puwez7o39xybUQcXVMv4XWF7Ui0BEOyVsN1axdcEjayWhuVwn6u4eb9I38obxqCX8gX9r6eXwCg2HC/a82YpYpHxCQaUw38hOoZahJM8n6ulhqeIOtim1ctRqi4qWfDz/vevnWaXivWtiLyhu7fjQyVMT0V2kmF1DGTvYH5X6+aUuu0nokoSYlHbHSolUqPYm8Qg9cUmjOSPQvItLC/eqyDGhnZsHJjZ0h07/pTziFrDsMKJqOZhvLxUWD5KsgXzmCkJdiBXTiAAE6gAJdQhBIwuIV7eIQn58F5dd6c99HojPO7sw1jcj5/AM1Npn0=</latexit><latexit sha1_base64="raWOx4772sN4AuCIzftelct0LnQ=">AAACIXicbZC7SgNBFIZn4y0mXlYtbRajYGPYtdEyqIVlBHOBJISzk0kyZGZ3mTkbiEvexE70EXwBKzuxE59DCysnl8Ik/nDg4z/ncA6/Hwmu0XU/rNTS8srqWno9k93Y3Nq2d3bLOowVZSUailBVfdBM8ICVkKNg1UgxkL5gFb93OepX+kxpHga3OIhYQ0In4G1OAY3VtO36FRMIzaTeASlhmGnaOTfvjuUsgjeFXOHw6/mln/0uNu2feiuksWQBUgFa1zw3wkYCCjkVbJipx5pFQHvQYTWDAUimG8n486FzZJyW0w6VqQCdsft3IwGp9UD6ZlICdvV8b2T+16vF2D5vJDyIYmQBnRxqx8LB0BnF4LS4YhTFwABQxc2vDu2CAoomrMzMGeS9u+GCc0Jb47C8+WgWoXya9wzfeLnCBZkoTfbJATkmHjkjBXJNiqREKOmTe/JInqwH69V6s94noylrurNHZmR9/gIBDKf3</latexit><latexit sha1_base64="raWOx4772sN4AuCIzftelct0LnQ=">AAACIXicbZC7SgNBFIZn4y0mXlYtbRajYGPYtdEyqIVlBHOBJISzk0kyZGZ3mTkbiEvexE70EXwBKzuxE59DCysnl8Ik/nDg4z/ncA6/Hwmu0XU/rNTS8srqWno9k93Y3Nq2d3bLOowVZSUailBVfdBM8ICVkKNg1UgxkL5gFb93OepX+kxpHga3OIhYQ0In4G1OAY3VtO36FRMIzaTeASlhmGnaOTfvjuUsgjeFXOHw6/mln/0uNu2feiuksWQBUgFa1zw3wkYCCjkVbJipx5pFQHvQYTWDAUimG8n486FzZJyW0w6VqQCdsft3IwGp9UD6ZlICdvV8b2T+16vF2D5vJDyIYmQBnRxqx8LB0BnF4LS4YhTFwABQxc2vDu2CAoomrMzMGeS9u+GCc0Jb47C8+WgWoXya9wzfeLnCBZkoTfbJATkmHjkjBXJNiqREKOmTe/JInqwH69V6s94noylrurNHZmR9/gIBDKf3</latexit><latexit sha1_base64="AVHXbGkyQtR2/ktaQCCw8dPiV2c=">AAACIXicbZBNS8NAEIY39avGr6hHL8EieLEkXvRY1IPHCvYD2lIm2227dDcJu5NCDf0n3kT/izfxJv4TT27THGzrCwMP78wwwxvEgmv0vC+rsLa+sblV3LZ3dvf2D5zDo7qOEkVZjUYiUs0ANBM8ZDXkKFgzVgxkIFgjGN3O+o0xU5pH4SNOYtaRMAh5n1NAY3Udp33HBEI3bQ9ASpjaXafklb1M7ir4OZRIrmrX+Wn3IppIFiIVoHXL92LspKCQU8GmdjvRLAY6ggFrGQxBMt1Js8+n7plxem4/UqZCdDP370YKUuuJDMykBBzq5d7M/K/XSrB/3Ul5GCfIQjo/1E+Ei5E7i8HtccUoiokBoIqbX106BAUUTVj2whnko6fpinNBe1lY/nI0q1C/LPuGH/xS5SaPrUhOyCk5Jz65IhVyT6qkRigZk2fySt6sF+vd+rA+56MFK985Jguyvn8BkoWjrg==</latexit>

�op
�

<latexit sha1_base64="aI2gpcHa8/LT+5kJggzt7nyer/E="></latexit><latexit sha1_base64="n6iCi5IE86sjF8loCaplvSKppFE=">AAACLXicbZA9SwNBEIb3/DZ+RS21OAyCIMqdjZZBLSwVjAq5GOY2k7hk9+7YnRPjcY2tf8PCTvS/WAhi6y+wsXKTWKjxhYWHd2aY2TdMpDDkeS/O0PDI6Nj4xGRhanpmdq44v3Bi4lRzrPBYxvosBINSRFghQRLPEo2gQomnYXuvWz+9RG1EHB1TJ8GaglYkmoIDWateXA72URLUs6AFSkF+ngWEV5TFSZ4X6sWSt+n15A6C/w2l8vrH3S2WksN68TNoxDxVGBGXYEzV9xKqZaBJcIl5IUgNJsDb0MKqxQgUmlrW+0Xurlqn4TZjbV9Ebs/9OZGBMqajQtupgC7M31rX/K9WTam5U8tElKSEEe8vaqbSpdjtRuI2hEZOsmMBuBb2VpdfgAZONrjCrzUk2tf5gLPBG72w/L/RDMLJ1qZv+cgvlXdZXxNsia2wNeazbVZmB+yQVRhnN+yePbIn58F5dl6dt37rkPM9s8h+yXn/AuegrPs=</latexit><latexit sha1_base64="n6iCi5IE86sjF8loCaplvSKppFE=">AAACLXicbZA9SwNBEIb3/DZ+RS21OAyCIMqdjZZBLSwVjAq5GOY2k7hk9+7YnRPjcY2tf8PCTvS/WAhi6y+wsXKTWKjxhYWHd2aY2TdMpDDkeS/O0PDI6Nj4xGRhanpmdq44v3Bi4lRzrPBYxvosBINSRFghQRLPEo2gQomnYXuvWz+9RG1EHB1TJ8GaglYkmoIDWateXA72URLUs6AFSkF+ngWEV5TFSZ4X6sWSt+n15A6C/w2l8vrH3S2WksN68TNoxDxVGBGXYEzV9xKqZaBJcIl5IUgNJsDb0MKqxQgUmlrW+0Xurlqn4TZjbV9Ebs/9OZGBMqajQtupgC7M31rX/K9WTam5U8tElKSEEe8vaqbSpdjtRuI2hEZOsmMBuBb2VpdfgAZONrjCrzUk2tf5gLPBG72w/L/RDMLJ1qZv+cgvlXdZXxNsia2wNeazbVZmB+yQVRhnN+yePbIn58F5dl6dt37rkPM9s8h+yXn/AuegrPs=</latexit><latexit sha1_base64="CAu1fDnClTb2X7M8KWn2vqBt43c=">AAACLXicbZA9SwNBEIb3/IzxK2qpxWEQbJQ7Gy2DWlhGMCrkYpjbTOKS3btjd06MxzX+GjvR/2IhiK3/wcrNR6GJLyw8vDPDzL5hIoUhz3t3pqZnZufmCwvFxaXlldXS2vqliVPNscZjGevrEAxKEWGNBEm8TjSCCiVehd2Tfv3qDrURcXRBvQQbCjqRaAsOZK1maSs4RUnQzIIOKAX5TRYQ3lMWJ3lebJbK3r43kDsJ/gjKbKRqs/QdtGKeKoyISzCm7nsJNTLQJLjEvBikBhPgXehg3WIECk0jG/wid3es03LbsbYvInfg/p7IQBnTU6HtVEC3ZrzWN/+r1VNqHzUyESUpYcSHi9qpdCl2+5G4LaGRk+xZAK6FvdXlt6CBkw2u+GcNie5DPuHs8dYgLH88mkm4PNj3LZ/75crxKLYC22TbbJf57JBV2Bmrshrj7JE9sRf26jw7b86H8zlsnXJGMxvsj5yvH5rBqXQ=</latexit>

�op
�

<latexit sha1_base64="HL3HqT43LF3FckXmkCEOhXsmA5k=">AAACLHicbZA9SwNBEIbn/IzxK2pp4WIQbNQ7Gy2DWlgqGA3kYtjbTHTJ3ge7c2I8rvDX2In+FxsRCxt/hJWbj0KNLyw8vDPDzL5BoqQh1311xsYnJqemCzPF2bn5hcXS0vK5iVMtsCpiFetawA0qGWGVJCmsJRp5GCi8CDqHvfrFDWoj4+iMugk2Qn4VybYUnKzVLK36R6iINzM/QOL5ZeYT3lIWJ3lebJbK7rbbFxsFbwjlys7HGgOAk2bpy2/FIg0xIqG4MXXPTaiRcU1SKMyLfmow4aLDr7BuMeIhmkbW/0TONqzTYu1Y2xcR67s/JzIeGtMNA9sZcro2f2s9879aPaX2fiOTUZISRmKwqJ0qRjHrJcJaUqMg1bXAhZb2ViauueaCbG7FX2tIdu7yEWdLtPpheX+jGYXz3W3P8qlXrhzAQAVYhXXYBA/2oALHcAJVEHAPD/AEz86j8+K8Oe+D1jFnOLMCv+R8fgMYeqqS</latexit><latexit sha1_base64="DPssh1R72dmO76/lptZEVH3oB8Y="></latexit><latexit sha1_base64="DPssh1R72dmO76/lptZEVH3oB8Y="></latexit><latexit sha1_base64="dVfBEdaywZTD0NIA74R0S+b1XWs=">AAACLHicbZC7TsNAEEXXPEN4BSjTWERINEQ2DZQRUFAGiTyk2ETrzSRZZf3Q7hgRLBd8DR2Cf6FBiJaPoGLjuCAJV1rp6M6MZvZ6keAKLevDWFpeWV1bL2wUN7e2d3ZLe/tNFcaSQYOFIpRtjyoQPIAGchTQjiRQ3xPQ8kaXk3rrHqTiYXCL4whcnw4C3ueMora6pbJzBQJpN3E8QJreJQ7CAyZhlKbFbqliVa1M5iLYOVRIrnq39OP0Qhb7ECATVKmObUXoJlQiZwLSohMriCgb0QF0NAbUB+Um2SdS80g7PbMfSv0CNDP370RCfaXGvqc7fYpDNV+bmP/VOjH2z92EB1GMELDpon4sTAzNSSJmj0tgKMYaKJNc32qyIZWUoc6tOLMG+egxXXBOWC8Ly56PZhGap1Vb841dqV3ksRVImRySY2KTM1Ij16ROGoSRJ/JMXsmb8WK8G5/G17R1ychnDsiMjO9fvl+pAw==</latexit>

�op
↵

<latexit sha1_base64="B+7sH7D+5FurN8WJH5lUPQQcfdA=">AAACLXicbZDLSitBEIZrvBw16jHqUheDQXCjzLjRZTi6cKlgNJDJCTWdimnSc6G7RswZZuPTuBN9FxeCiDvfwZWdy0LN+aHh468qqvoPUyUNe96zMzU9M/trbn6htLi0/HulvLp2YZJMC6qJRCW6HqIhJWOqsWRF9VQTRqGiy7B3NKhfXpM2MonPuZ9SM8KrWHakQLZWq7wZHJNibOUBqrSLxd88YLrhPEmLotQqV7w9byh3EvwxVKpbOy9vAHDaKn8E7URkEcUsFBrT8L2UmzlqlkJRUQoyQymKHl5Rw2KMEZlmPvxF4W5bp+12Em1fzO7Q/TqRY2RMPwptZ4TcNT9rA/N/tUbGncNmLuM0Y4rFaFEnUy4n7iASty01CVZ9Cyi0tLe6oosaBdvgSt/WsOz9KyacXdEehuX/jGYSLvb3fMtnfqX6B0aahw3Ygh3w4QCqcAKnUAMBt3AHD/Do3DtPzovzOmqdcsYz6/BNzvsnC8ervQ==</latexit><latexit sha1_base64="sOrme+qPzPTonbLSrowIu63Vjn8="></latexit><latexit sha1_base64="sOrme+qPzPTonbLSrowIu63Vjn8="></latexit><latexit sha1_base64="YnjfAAyo5EHjVHokPzc0UR40T5c=">AAACLXicbZA9SwNBEIb3/DZ+RS21OAyCjeHORsugFpYK5gNyMcxtJsmSvQ9258R4XOOvsRP9LxaC2PofrNycKYzxhYWHd2aY2dePpdDkOG/WzOzc/MLi0nJhZXVtfaO4uVXTUaI4VnkkI9XwQaMUIVZJkMRGrBACX2LdH5yN6vVbVFpE4TUNY2wF0AtFV3AgY7WLu945SoJ26oGM+5DdpB7hHaVRnGWFdrHklJ1c9jS4YyixsS7bxS+vE/EkwJC4BK2brhNTKwVFgkvMCl6iMQY+gB42DYYQoG6l+S8ye984HbsbKfNCsnP390QKgdbDwDedAVBf/62NzP9qzYS6J61UhHFCGPKfRd1E2hTZo0jsjlDISQ4NAFfC3GrzPijgZIIrTKwhMbjPppxD3snDcv9GMw21o7Jr+MotVU7HsS2xHbbHDpjLjlmFXbBLVmWcPbBH9sxerCfr1Xq3Pn5aZ6zxzDabkPX5DZ/5qXc=</latexit>

�↵
<latexit sha1_base64="2aoik9jlTwzixAAo0fiNU9usES4=">AAACIXicbZA9SwNBEIbn4nf8OhVsbA6DYKPc2WgZ1MLSgIlCLsS5zZ5ZsvfB7lwgHvkndqL/xU7sRPCHWLm5pFDjCwMP78wwwxukUmhy3XerNDM7N7+wuFReXlldW7c3Nhs6yRTjdZbIRN0EqLkUMa+TIMlvUsUxCiS/Dnpno/51nystkviKBilvRXgXi1AwJGO1bds/55Kwnfso0y4Oy2274h66hZxp8CZQqW7XPm8B4LJtf/mdhGURj4lJ1LrpuSm1clQkmOTDsp9pniLr4R1vGowx4rqVF58PnT3jdJwwUaZicgr350aOkdaDKDCTEVJX/+2NzP96zYzCk1Yu4jQjHrPxoTCTDiXOKAanIxRnJAcGkClhfnVYFxUyMmGVf50h0bsfTjkHrFOE5f2NZhoaR4ee4ZpXqZ7CWIuwA7uwDx4cQxUu4BLqwKAPD/AEz9aj9WK9Wm/j0ZI12dmCX7I+vgFyCKWW</latexit><latexit sha1_base64="AbnOaOdQ4JvFBPLNin2EVc6GHB4=">AAACIXicbZA7SwNBEMf34iuer1PBxuYwCDaGOxstQ7SwTMA8IAnH3GaTLNl7sDsXiEe+iZ1o57ewsRM7EfwgVm4ehUn8w8CP/8www9+PBVfoOJ9GZmV1bX0ju2lube/s7ln7B1UVJZKyCo1EJOs+KCZ4yCrIUbB6LBkEvmA1v3897tcGTCoehXc4jFkrgG7IO5wCasuzrOYNEwhe2gQR92BkelbOyTsT2cvgziBXOCp/85fia8mzfprtiCYBC5EKUKrhOjG2UpDIqWAjs5koFgPtQ5c1NIYQMNVKJ5+P7FPttO1OJHWFaE/cvxspBEoNA19PBoA9tdgbm//1Ggl2rlopD+MEWUinhzqJsDGyxzHYbS4ZRTHUAFRy/atNeyCBog7LnDuDvH8/WnLOaXsSlrsYzTJUL/Ku5rKbKxTJVFlyTE7IGXHJJSmQW1IiFULJgDyQJ/JsPBpvxrvxMR3NGLOdQzIn4+sXCLinUg==</latexit><latexit sha1_base64="AbnOaOdQ4JvFBPLNin2EVc6GHB4=">AAACIXicbZA7SwNBEMf34iuer1PBxuYwCDaGOxstQ7SwTMA8IAnH3GaTLNl7sDsXiEe+iZ1o57ewsRM7EfwgVm4ehUn8w8CP/8www9+PBVfoOJ9GZmV1bX0ju2lube/s7ln7B1UVJZKyCo1EJOs+KCZ4yCrIUbB6LBkEvmA1v3897tcGTCoehXc4jFkrgG7IO5wCasuzrOYNEwhe2gQR92BkelbOyTsT2cvgziBXOCp/85fia8mzfprtiCYBC5EKUKrhOjG2UpDIqWAjs5koFgPtQ5c1NIYQMNVKJ5+P7FPttO1OJHWFaE/cvxspBEoNA19PBoA9tdgbm//1Ggl2rlopD+MEWUinhzqJsDGyxzHYbS4ZRTHUAFRy/atNeyCBog7LnDuDvH8/WnLOaXsSlrsYzTJUL/Ku5rKbKxTJVFlyTE7IGXHJJSmQW1IiFULJgDyQJ/JsPBpvxrvxMR3NGLOdQzIn4+sXCLinUg==</latexit><latexit sha1_base64="zpAiWYIK4hHZBNkzuvlsRzldu50=">AAACIXicbZBNS8NAEIY39avGr6hHL8EieLEkXvRY1IPHCvYDmlIm2227dPPB7qRQQ/6JN9H/4k28if/Ek9s0B9v6wsDDOzPM8Pqx4Aod58sora1vbG6Vt82d3b39A+vwqKmiRFLWoJGIZNsHxQQPWQM5CtaOJYPAF6zlj29n/daEScWj8BGnMesGMAz5gFNAbfUsy7tjAqGXeiDiEWRmz6o4VSeXvQpuARVSqN6zfrx+RJOAhUgFKNVxnRi7KUjkVLDM9BLFYqBjGLKOxhACprpp/nlmn2mnbw8iqStEO3f/bqQQKDUNfD0ZAI7Ucm9m/tfrJDi47qY8jBNkIZ0fGiTCxsiexWD3uWQUxVQDUMn1rzYdgQSKOixz4Qzy8VO24lzQfh6WuxzNKjQvq67mB7dSuyliK5MTckrOiUuuSI3ckzppEEom5Jm8kjfjxXg3PozP+WjJKHaOyYKM71+XmaOx</latexit>

=

Lemma [Chaidez, Cotler, C-]
The third condition in the definition is equivalent to
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Examples of Hopf triplets
• Let           be a semisimple quasi-triangular Hopf algebra 

noted otherwise, incoming legs are enumerated counter clockwise and outgoing legs clockwise.
This uniquely determines a local ordering if both types of legs are present:

A

1

2

n
···

1

2

m
···

) A ······

If there is only one type of legs and the tensor is neither a (1, 0) tensor nor a (0, 1) tensor,
we mark the leg labeled by 1 explicitly to avoid ambiguities:

R

1

2

) R

1

If V = H is a Hopf algebra, the tensor diagrams of the structure maps are represented by
those with the corresponding labels in Figure 1. Relations of between these maps can also
be illustrated in tensor diagrams. For instance, the equations (� ⌦ id) �� = (id ⌦�) ��
and � �M = (M ⌦M) � (id⌦ P ⌦ id) � (�⌦�) are represented by:

�
�

= �
�

M � =

�

�

M

M

where P : H ⌦H �! H ⌦H is the swap map. For n � 1, denote the tensor diagrams for
the maps (�⌦ id

⌦(n�2)) � · · · � (�⌦ id) �� and M � (M ⌦ id) � · · · � (M ⌦ id
⌦(n�2)) by:

�

1

2

n
···

M

1

2

n
···

(8)

An (m,n) tensor T in V can also be viewed as an (n,m) tensor T ⇤ in V
⇤ by

T ⇤i1,··· ,im
j1,··· ,jn := T j1,··· ,jn

i1,··· ,im . (9)

If T is interpreted as a map from V
⌦m to V

⌦n, then T ⇤ is the dual map of T . For instance,
if V = H is a Hopf algebra, then �⇤ is a (2, 1) tensor representing the multiplication in V

⇤

and for f, f 0 2 V
⇤, �⇤(f ⌦ f

0) is given by:

�

f
0

f

(10)

Note that there is a swap of the two outgoing legs in the above diagram because of our
convention for the implicit ordering of the incoming/outgoing legs. The dual notion of
tensors will be used in Section 2.4 when dealing with the quantum double of Hopf algebras.

5

(H,R)
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Examples of Hopf triplets
• Let           be a semisimple quasi-triangular Hopf algebra 

noted otherwise, incoming legs are enumerated counter clockwise and outgoing legs clockwise.
This uniquely determines a local ordering if both types of legs are present:

A

1

2

n
···

1

2

m
···

) A ······

If there is only one type of legs and the tensor is neither a (1, 0) tensor nor a (0, 1) tensor,
we mark the leg labeled by 1 explicitly to avoid ambiguities:

R

1

2

) R

1

If V = H is a Hopf algebra, the tensor diagrams of the structure maps are represented by
those with the corresponding labels in Figure 1. Relations of between these maps can also
be illustrated in tensor diagrams. For instance, the equations (� ⌦ id) �� = (id ⌦�) ��
and � �M = (M ⌦M) � (id⌦ P ⌦ id) � (�⌦�) are represented by:

�
�

= �
�

M � =

�

�

M

M

where P : H ⌦H �! H ⌦H is the swap map. For n � 1, denote the tensor diagrams for
the maps (�⌦ id

⌦(n�2)) � · · · � (�⌦ id) �� and M � (M ⌦ id) � · · · � (M ⌦ id
⌦(n�2)) by:

�

1

2

n
···

M

1

2

n
···

(8)

An (m,n) tensor T in V can also be viewed as an (n,m) tensor T ⇤ in V
⇤ by

T ⇤i1,··· ,im
j1,··· ,jn := T j1,··· ,jn

i1,··· ,im . (9)

If T is interpreted as a map from V
⌦m to V

⌦n, then T ⇤ is the dual map of T . For instance,
if V = H is a Hopf algebra, then �⇤ is a (2, 1) tensor representing the multiplication in V

⇤

and for f, f 0 2 V
⇤, �⇤(f ⌦ f

0) is given by:

�

f
0

f

(10)

Note that there is a swap of the two outgoing legs in the above diagram because of our
convention for the implicit ordering of the incoming/outgoing legs. The dual notion of
tensors will be used in Section 2.4 when dealing with the quantum double of Hopf algebras.

5

R

�
=

R

R M

R

�op

=
R

R

M

R

�

M

M

=
�op

R

M

M

(H,R)
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 14

Examples of Hopf triplets

HH = (H⇤,cop,op
, H

cop
, H

⇤)
<latexit sha1_base64="ccdFvxWn0xj4gfW8G1I/mE3beLI="></latexit><latexit sha1_base64="x8NQRpKHReZLbWoOrV60feDSzpY="></latexit><latexit sha1_base64="x8NQRpKHReZLbWoOrV60feDSzpY="></latexit><latexit sha1_base64="uVN3r8O9jOy9tLkVhg5i7+VLkzM="></latexit>

H
⇤,cop,op
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⇤
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canonical

canonical

• Let           be a semisimple quasi-triangular Hopf algebra 

noted otherwise, incoming legs are enumerated counter clockwise and outgoing legs clockwise.
This uniquely determines a local ordering if both types of legs are present:

A

1

2

n
···

1

2

m
···

) A ······

If there is only one type of legs and the tensor is neither a (1, 0) tensor nor a (0, 1) tensor,
we mark the leg labeled by 1 explicitly to avoid ambiguities:

R

1

2

) R

1

If V = H is a Hopf algebra, the tensor diagrams of the structure maps are represented by
those with the corresponding labels in Figure 1. Relations of between these maps can also
be illustrated in tensor diagrams. For instance, the equations (� ⌦ id) �� = (id ⌦�) ��
and � �M = (M ⌦M) � (id⌦ P ⌦ id) � (�⌦�) are represented by:

�
�

= �
�

M � =

�

�

M

M

where P : H ⌦H �! H ⌦H is the swap map. For n � 1, denote the tensor diagrams for
the maps (�⌦ id

⌦(n�2)) � · · · � (�⌦ id) �� and M � (M ⌦ id) � · · · � (M ⌦ id
⌦(n�2)) by:

�

1

2

n
···

M

1

2

n
···

(8)

An (m,n) tensor T in V can also be viewed as an (n,m) tensor T ⇤ in V
⇤ by

T ⇤i1,··· ,im
j1,··· ,jn := T j1,··· ,jn

i1,··· ,im . (9)

If T is interpreted as a map from V
⌦m to V

⌦n, then T ⇤ is the dual map of T . For instance,
if V = H is a Hopf algebra, then �⇤ is a (2, 1) tensor representing the multiplication in V

⇤

and for f, f 0 2 V
⇤, �⇤(f ⌦ f

0) is given by:

�

f
0

f

(10)

Note that there is a swap of the two outgoing legs in the above diagram because of our
convention for the implicit ordering of the incoming/outgoing legs. The dual notion of
tensors will be used in Section 2.4 when dealing with the quantum double of Hopf algebras.
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R

�
=

R

R M

R

�op

=
R

R

M

R

�

M

M

=
�op

R

M

M

(H,R)
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<latexit sha1_base64="jhyOuXefwMfSjv6fq3qY2QxEGLA=">AAACIHicbVDLSgNBEOz1mcRHVj16GQyCF8OuFz0GveQYwTwgCXF2MkmGzM4uM71CDPsh4k30X7yJR/0UT04eB5NY0FBUdVNNBbEUBj3vy1lb39jc2s5kczu7e/t59+CwZqJEM15lkYx0I6CGS6F4FQVK3og1p2EgeT0Y3kz8+gPXRkTqDkcxb4e0r0RPMIpW6rj5llCkTFoRipAbUu64Ba/oTUFWiT8nhVI2froHgErH/Wl1I5aEXCGT1Jim78XYHlONgkme5lqJ4TFlQ9rnTUsVtTHt8fTxlJxapUt6kbajkEzVvxdjGhozCgO7GVIcmGVvIv7nNRPsXbXHQsUJcsVmQb1EEozIpAXSFZozlCNLKNPC/krYgGrK0HaVW4hBMXxMV5Rz1k1ztix/uZpVUrso+pbf+oXSNcyQgWM4gTPw4RJKUIYKVIFBAs/wCm/Oi/PufDifs9U1Z35zBAtwvn8BVLakYA==</latexit><latexit sha1_base64="GUE9pLoVJo7tsMl4Ic2+GI2rLE8=">AAACIHicbVC7SgNBFJ2Nr2R9JGppMxgEG8OujZZBm5QRzAOzIczOTpIhs7PLzF0xhv0QsROt/Q07sdRPsdHJozCJBy4czrmXczl+LLgGx/m0Miura+sb2Zy9ubW9ky/s7tV1lCjKajQSkWr6RDPBJasBB8GasWIk9AVr+IPLsd+4ZUrzSF7DMGbtkPQk73JKwEidQt7jElewFwEPmcaVTqHolJwJ8DJxZ6RYzsUPN693P9VO4dsLIpqETAIVROuW68TQHhEFnAqW2l6iWUzogPRYy1BJTEx7NHk8xUdGCXA3UmYk4In692JEQq2HoW82QwJ9veiNxf+8VgLd8/aIyzgBJuk0qJsIDBEet4ADrhgFMTSEUMXNr5j2iSIUTFf2XAzwwX26pJzQILVNWe5iNcukflpyDb9yi+ULNEUWHaBDdIxcdIbKqIKqqIYoStAjekYv1pP1Zr1bH9PVjDW72UdzsL5+AYBHpoA=</latexit><latexit sha1_base64="GUE9pLoVJo7tsMl4Ic2+GI2rLE8=">AAACIHicbVC7SgNBFJ2Nr2R9JGppMxgEG8OujZZBm5QRzAOzIczOTpIhs7PLzF0xhv0QsROt/Q07sdRPsdHJozCJBy4czrmXczl+LLgGx/m0Miura+sb2Zy9ubW9ky/s7tV1lCjKajQSkWr6RDPBJasBB8GasWIk9AVr+IPLsd+4ZUrzSF7DMGbtkPQk73JKwEidQt7jElewFwEPmcaVTqHolJwJ8DJxZ6RYzsUPN693P9VO4dsLIpqETAIVROuW68TQHhEFnAqW2l6iWUzogPRYy1BJTEx7NHk8xUdGCXA3UmYk4In692JEQq2HoW82QwJ9veiNxf+8VgLd8/aIyzgBJuk0qJsIDBEet4ADrhgFMTSEUMXNr5j2iSIUTFf2XAzwwX26pJzQILVNWe5iNcukflpyDb9yi+ULNEUWHaBDdIxcdIbKqIKqqIYoStAjekYv1pP1Zr1bH9PVjDW72UdzsL5+AYBHpoA=</latexit><latexit sha1_base64="5CdBCFY3LfQa8SKGRmb3XbZv6kY=">AAACIHicbVC7SgNBFJ2Nr7g+smppMxgEG8OujZZBm5QRzAOSEGYns8mQ2Zll5q4Ql3yJnei/2ImlfoqVk2QLk3jgwuGcezmXEyaCG/D9L6ewsbm1vVPcdff2Dw5L3tFx06hUU9agSijdDolhgkvWAA6CtRPNSBwK1grHdzO/9ci04Uo+wCRhvZgMJY84JWClvlfqcolruKuAx8zgWt8r+xV/DrxOgpyUUY563/vpDhRNYyaBCmJMJ/AT6GVEA6eCTd1ualhC6JgMWcdSSWxML5s/PsXnVhngSGk7EvBc/XuRkdiYSRzazZjAyKx6M/E/r5NCdNPLuExSYJIugqJUYFB41gIecM0oiIklhGpuf8V0RDShYLtyl2KAj5+ma8olHUxdW1awWs06aV5VAsvvg3L1Nq+tiE7RGbpAAbpGVVRDddRAFKXoGb2iN+fFeXc+nM/FasHJb07QEpzvX8b1oq4=</latexit>

noted otherwise, incoming legs are enumerated counter clockwise and outgoing legs clockwise.
This uniquely determines a local ordering if both types of legs are present:

A

1

2

n
···

1

2

m
···

) A ······

If there is only one type of legs and the tensor is neither a (1, 0) tensor nor a (0, 1) tensor,
we mark the leg labeled by 1 explicitly to avoid ambiguities:

R

1

2

) R

1

If V = H is a Hopf algebra, the tensor diagrams of the structure maps are represented by
those with the corresponding labels in Figure 1. Relations of between these maps can also
be illustrated in tensor diagrams. For instance, the equations (� ⌦ id) �� = (id ⌦�) ��
and � �M = (M ⌦M) � (id⌦ P ⌦ id) � (�⌦�) are represented by:

�
�

= �
�

M � =

�

�

M

M

where P : H ⌦H �! H ⌦H is the swap map. For n � 1, denote the tensor diagrams for
the maps (�⌦ id

⌦(n�2)) � · · · � (�⌦ id) �� and M � (M ⌦ id) � · · · � (M ⌦ id
⌦(n�2)) by:

�

1

2

n
···

M

1

2

n
···

(8)

An (m,n) tensor T in V can also be viewed as an (n,m) tensor T ⇤ in V
⇤ by

T ⇤i1,··· ,im
j1,··· ,jn := T j1,··· ,jn

i1,··· ,im . (9)

If T is interpreted as a map from V
⌦m to V

⌦n, then T ⇤ is the dual map of T . For instance,
if V = H is a Hopf algebra, then �⇤ is a (2, 1) tensor representing the multiplication in V

⇤

and for f, f 0 2 V
⇤, �⇤(f ⌦ f

0) is given by:

�

f
0

f

(10)

Note that there is a swap of the two outgoing legs in the above diagram because of our
convention for the implicit ordering of the incoming/outgoing legs. The dual notion of
tensors will be used in Section 2.4 when dealing with the quantum double of Hopf algebras.

5

f
<latexit sha1_base64="2xdUyoOi3VwXoMTRCi4Ra/Gd9F0=">AAACEHicbZC7TsMwFIZPyq2EW4ERBosKiYUqYYGxgoWxlehFaqPKcZzWquNEtoNUojwBG4J36YZYeQM2noMJ9zLQll+y9Ok/5+gc/37CmdKO82UV1tY3NreK2/bO7t7+QenwqKniVBLaIDGPZdvHinImaEMzzWk7kRRHPqctf3g3qbceqVQsFg96lFAvwn3BQkawNlY97JXKTsWZCq2CO4dy9XRc/waAWq/00w1ikkZUaMKxUh3XSbSXYakZ4TS3u6miCSZD3KcdgwJHVHnZ9NAcnRsnQGEszRMaTd2/ExmOlBpFvumMsB6o5drE/K/WSXV442VMJKmmgswWhSlHOkaTX6OASUo0HxnARDJzKyIDLDHRJht7YY1mw6d8xbkkQW6bsNzlaFaheVVxDdfdcvUWZirCCZzBBbhwDVW4hxo0gACFZ3iFN+vFGlvv1sestWDNZ45hQdbnL72Sn4w=</latexit><latexit sha1_base64="Q0Olx6tA6AAzLGvDoCC3guKbCL8=">AAACEHicbZC7SgNBFIZn4y2ut6ilIoNBsDHs2mgZtLFMwFwgWcLs7NlkyOzsMjMrxLCllZ3ou6QTW9/AZ/ANrJxcCpP4w8DHf87hnPn9hDOlHefLyq2srq1v5Dftre2d3b3C/kFdxamkUKMxj2XTJwo4E1DTTHNoJhJI5HNo+P3bcb3xAFKxWNzrQQJeRLqChYwSbaxq2CkUnZIzEV4GdwbF8vGo+v10Mqp0Cj/tIKZpBEJTTpRquU6ivSGRmlEOmd1OFSSE9kkXWgYFiUB5w8mhGT4zToDDWJonNJ64fyeGJFJqEPmmMyK6pxZrY/O/WivV4bU3ZCJJNQg6XRSmHOsYj3+NAyaBaj4wQKhk5lZMe0QSqk029twazfqP2ZJzQYPMNmG5i9EsQ/2y5BquusXyDZoqj47QKTpHLrpCZXSHKqiGKAL0jF7Rm/Vijax362PamrNmM4doTtbnL9PHoPI=</latexit><latexit sha1_base64="Q0Olx6tA6AAzLGvDoCC3guKbCL8=">AAACEHicbZC7SgNBFIZn4y2ut6ilIoNBsDHs2mgZtLFMwFwgWcLs7NlkyOzsMjMrxLCllZ3ou6QTW9/AZ/ANrJxcCpP4w8DHf87hnPn9hDOlHefLyq2srq1v5Dftre2d3b3C/kFdxamkUKMxj2XTJwo4E1DTTHNoJhJI5HNo+P3bcb3xAFKxWNzrQQJeRLqChYwSbaxq2CkUnZIzEV4GdwbF8vGo+v10Mqp0Cj/tIKZpBEJTTpRquU6ivSGRmlEOmd1OFSSE9kkXWgYFiUB5w8mhGT4zToDDWJonNJ64fyeGJFJqEPmmMyK6pxZrY/O/WivV4bU3ZCJJNQg6XRSmHOsYj3+NAyaBaj4wQKhk5lZMe0QSqk029twazfqP2ZJzQYPMNmG5i9EsQ/2y5BquusXyDZoqj47QKTpHLrpCZXSHKqiGKAL0jF7Rm/Vijax362PamrNmM4doTtbnL9PHoPI=</latexit><latexit sha1_base64="oZ3DrocTAvjsvB7YUHZ4HZJ4r/c=">AAACEHicbZC7SgNBFIbPeo3xFrW0GQyCjWHXRsugjWUC5gLJEmZnZ5Mhsxdmzgpx2SewE30XO7H1DXwVKyfJFibxh4GP/5zDOfN7iRQabfvbWlvf2NzaLu2Ud/f2Dw4rR8dtHaeK8RaLZay6HtVcioi3UKDk3URxGnqSd7zx3bTeeeRKizh6wEnC3ZAOIxEIRtFYzWBQqdo1eyayCk4BVSjUGFR++n7M0pBHyCTVuufYCboZVSiY5Hm5n2qeUDamQ94zGNGQazebHZqTc+P4JIiVeRGSmft3IqOh1pPQM50hxZFerk3N/2q9FIMbNxNRkiKP2HxRkEqCMZn+mvhCcYZyYoAyJcythI2oogxNNuWFNSjGT/mKc8n8vGzCcpajWYX2Vc0x3HSq9dsithKcwhlcgAPXUId7aEALGHB4hld4s16sd+vD+py3rlnFzAksyPr6BVLQnUc=</latexit>

g
<latexit sha1_base64="fsLqdpk/qDU2tfBjdaMWt6Rdi7g=">AAACEHicbZC7TsMwFIZPyq2EW4ERBosKiYUqYYGxgoWxlehFaqPKcZzWquNEtoNUojwBG4J36YZYeQM2noMJ9zLQll+y9Ok/5+gc/37CmdKO82UV1tY3NreK2/bO7t7+QenwqKniVBLaIDGPZdvHinImaEMzzWk7kRRHPqctf3g3qbceqVQsFg96lFAvwn3BQkawNla93yuVnYozFVoFdw7l6um4/g0AtV7ppxvEJI2o0IRjpTquk2gvw1Izwmlud1NFE0yGuE87BgWOqPKy6aE5OjdOgMJYmic0mrp/JzIcKTWKfNMZYT1Qy7WJ+V+tk+rwxsuYSFJNBZktClOOdIwmv0YBk5RoPjKAiWTmVkQGWGKiTTb2whrNhk/5inNJgtw2YbnL0axC86riGq675eotzFSEEziDC3DhGqpwDzVoAAEKz/AKb9aLNbberY9Za8GazxzDgqzPX78+n40=</latexit><latexit sha1_base64="5p/Aaip4FWs83gEA7LVMAjzAws8=">AAACEHicbZC7SgNBFIZn4y2ut6ilIoNBsDHs2mgZtLFMwFwgWcLs7EkyZHZ2mZkV4rKllZ3ou6QTW9/AZ/ANrJxcCpP4w8DHf87hnPn9mDOlHefLyq2srq1v5Dftre2d3b3C/kFdRYmkUKMRj2TTJwo4E1DTTHNoxhJI6HNo+IPbcb3xAFKxSNzrYQxeSHqCdRkl2ljVXqdQdErORHgZ3BkUy8ej6vfTyajSKfy0g4gmIQhNOVGq5Tqx9lIiNaMcMrudKIgJHZAetAwKEoLy0smhGT4zToC7kTRPaDxx/06kJFRqGPqmMyS6rxZrY/O/WivR3WsvZSJONAg6XdRNONYRHv8aB0wC1XxogFDJzK2Y9okkVJts7Lk1mg0esyXnggaZbcJyF6NZhvplyTVcdYvlGzRVHh2hU3SOXHSFyugOVVANUQToGb2iN+vFGlnv1se0NWfNZg7RnKzPX9VzoPM=</latexit><latexit sha1_base64="5p/Aaip4FWs83gEA7LVMAjzAws8=">AAACEHicbZC7SgNBFIZn4y2ut6ilIoNBsDHs2mgZtLFMwFwgWcLs7EkyZHZ2mZkV4rKllZ3ou6QTW9/AZ/ANrJxcCpP4w8DHf87hnPn9mDOlHefLyq2srq1v5Dftre2d3b3C/kFdRYmkUKMRj2TTJwo4E1DTTHNoxhJI6HNo+IPbcb3xAFKxSNzrYQxeSHqCdRkl2ljVXqdQdErORHgZ3BkUy8ej6vfTyajSKfy0g4gmIQhNOVGq5Tqx9lIiNaMcMrudKIgJHZAetAwKEoLy0smhGT4zToC7kTRPaDxx/06kJFRqGPqmMyS6rxZrY/O/WivR3WsvZSJONAg6XdRNONYRHv8aB0wC1XxogFDJzK2Y9okkVJts7Lk1mg0esyXnggaZbcJyF6NZhvplyTVcdYvlGzRVHh2hU3SOXHSFyugOVVANUQToGb2iN+vFGlnv1se0NWfNZg7RnKzPX9VzoPM=</latexit><latexit sha1_base64="voWQsAI8Iv1j1Zw9o4ccx1EqMQM=">AAACEHicbZDLSsNAFIZPvNZ4q7p0EyyCG0viRpdFNy5bsBdoQ5lMTtqhk0mYmQi15Ancib6LO3HrG/gqrpy2WdjWHwY+/nMO58wfpJwp7brf1tr6xubWdmnH3t3bPzgsHx23VJJJik2a8ER2AqKQM4FNzTTHTiqRxAHHdjC6m9bbjygVS8SDHqfox2QgWMQo0cZqDPrlilt1Z3JWwSugAoXq/fJPL0xoFqPQlBOlup6ban9CpGaUY273MoUpoSMywK5BQWJU/mR2aO6cGyd0okSaJ7Qzc/9OTEis1DgOTGdM9FAt16bmf7VupqMbf8JEmmkUdL4oyrijE2f6aydkEqnmYwOESmZudeiQSEK1ycZeWKPZ6ClfcS5pmNsmLG85mlVoXVU9ww2vUrstYivBKZzBBXhwDTW4hzo0gQLCM7zCm/VivVsf1ue8dc0qZk5gQdbXL1R8nUg=</latexit>

is a Hopf triplet.
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Examples of Hopf triplets

HH = (H⇤,cop,op
, H

cop
, H

⇤)
<latexit sha1_base64="ccdFvxWn0xj4gfW8G1I/mE3beLI="></latexit><latexit sha1_base64="x8NQRpKHReZLbWoOrV60feDSzpY="></latexit><latexit sha1_base64="x8NQRpKHReZLbWoOrV60feDSzpY="></latexit><latexit sha1_base64="uVN3r8O9jOy9tLkVhg5i7+VLkzM="></latexit>

H
⇤,cop,op

<latexit sha1_base64="kW94CpcW7Ds/9qmXFGorFL60WF8=">AAACK3icbZDJSgNBEIZr4hbHLepNL4NBEFGZ8aIXMeglxwhmgSSGnk4nadKz0F0jxmEgT+NN9C18AE+KV1/Ck53lYBJ/aPj4q4qq/t1QcIW2/WGk5uYXFpfSy+bK6tr6RmZzq6SCSFJWpIEIZMUlignusyJyFKwSSkY8V7Cy270e1Mv3TCoe+LfYC1ndI22ftzglqK1GZid/Fx8e1ZA9YEyDMBmjpqSRydon9lDWLDhjyF6+mRd9ACg0Mj+1ZkAjj/lIBVGq6tgh1mMikVPBErMWKRYS2iVtVtXoE4+pejz8Q2Lta6dptQKpn4/W0P07ERNPqZ7n6k6PYEdN1wbmf7VqhK3zesz9MELm09GiViQsDKxBIFaTS0ZR9DQQKrm+1aIdIglFHZs5sQZ59zGZcY5pMzF1WM50NLNQOj1xNN842dwVjJSGXdiDA3DgDHKQhwIUgUIfnuAFXo1n4934NL5GrSljPLMNEzK+fwFxmapM</latexit><latexit sha1_base64="8vXv/LNuL0PY35THmUIJMBb9wx0=">AAACK3icbZDLSsNAFIYn9VbjLepON8EiiGhJ3OhGLLrpsoK9QBvLZDJth04uzJyINQR8F8Gd6Fv4AC5EcetLuHJ6WdjWHwY+/nMO58zvRpxJsKwPLTMzOze/kF3Ul5ZXVteM9Y2KDGNBaJmEPBQ1F0vKWUDLwIDTWiQo9l1Oq273ol+v3lAhWRhcQS+ijo/bAWsxgkFZTWOreJ3sHzSA3kJCwigdoaK0aeSsvDWQOQ32CHJnr/pp9PCul5rGT8MLSezTAAjHUtZtKwInwQIY4TTVG7GkESZd3KZ1hQH2qXSSwR9Sc1c5ntkKhXoBmAP370SCfSl7vqs6fQwdOVnrm//V6jG0TpyEBVEMNCDDRa2YmxCa/UBMjwlKgPcUYCKYutUkHSwwARWbPrYGWPcunXIOiZfqKix7MpppqBzlbcWXdq5wjobKom20g/aQjY5RARVRCZURQffoET2jF+1Je9M+ta9ha0YbzWyiMWnfv51Iq8A=</latexit><latexit sha1_base64="8vXv/LNuL0PY35THmUIJMBb9wx0=">AAACK3icbZDLSsNAFIYn9VbjLepON8EiiGhJ3OhGLLrpsoK9QBvLZDJth04uzJyINQR8F8Gd6Fv4AC5EcetLuHJ6WdjWHwY+/nMO58zvRpxJsKwPLTMzOze/kF3Ul5ZXVteM9Y2KDGNBaJmEPBQ1F0vKWUDLwIDTWiQo9l1Oq273ol+v3lAhWRhcQS+ijo/bAWsxgkFZTWOreJ3sHzSA3kJCwigdoaK0aeSsvDWQOQ32CHJnr/pp9PCul5rGT8MLSezTAAjHUtZtKwInwQIY4TTVG7GkESZd3KZ1hQH2qXSSwR9Sc1c5ntkKhXoBmAP370SCfSl7vqs6fQwdOVnrm//V6jG0TpyEBVEMNCDDRa2YmxCa/UBMjwlKgPcUYCKYutUkHSwwARWbPrYGWPcunXIOiZfqKix7MpppqBzlbcWXdq5wjobKom20g/aQjY5RARVRCZURQffoET2jF+1Je9M+ta9ha0YbzWyiMWnfv51Iq8A=</latexit><latexit sha1_base64="oNXOWTC9KttvyuzK48L3jjbzHKk=">AAACK3icbZDLSsNAFIYn9VbjLepON8EiiGhJ3Oiy6KbLCvYCbSyTybQdOsmEmROxhoBP4070XVwpbn0JV05rFrb1h4GP/5zDOfP7MWcKHOfdKCwsLi2vFFfNtfWNzS1re6ehRCIJrRPBhWz5WFHOIloHBpy2Yklx6HPa9IdX43rzjkrFRHQDo5h6Ie5HrMcIBm11rb3qbXp80gF6DykRcZajpqxrlZyyM5E9D24OJZSr1rW+O4EgSUgjIBwr1XadGLwUS2CE08zsJIrGmAxxn7Y1Rjikyksnf8jsQ+0Edk9I/SKwJ+7fiRSHSo1CX3eGGAZqtjY2/6u1E+hdeCmL4gRoRH4X9RJug7DHgdgBk5QAH2nARDJ9q00GWGICOjZzag2w4UM255ySIDN1WO5sNPPQOCu7mq/dUuUyj62I9tEBOkIuOkcVVEU1VEcEPaIn9IJejWfjzfgwPn9bC0Y+s4umZHz9ALpKqH8=</latexit>

H
cop

<latexit sha1_base64="lMdJW6Ikxv6QTvemKieasHscw1s=">AAACHXicbZDJSgNBEIZr4hbHLerRy2AQvBhmvOhFDHrJMYJZIBs9PZ2kSc9Cd40YhwEfw5vou4gX8Sq+iic7y8Ek/lDw8VcVVfxuJLhC2/42MkvLK6tr2XVzY3Nreye3u1dVYSwpq9BQhLLuEsUED1gFOQpWjyQjvitYzR1cj/q1OyYVD4NbHEas5ZNewLucEtRWu9ROmsjuMaFhlKadXN4u2GNZi+BMIX/5bl48AkC5k/tpeiGNfRYgFUSphmNH2EqIRE4FS81mrFhE6ID0WENjQHymWsn469Q60o5ndUOpK0Br7P7dSIiv1NB39aRPsK/meyPzv14jxu55K+FBFCML6ORQNxYWhtYoAsvjklEUQw2ESq5/tWifSEJRB2XOnEE+eEgXnBPqpaYOy5mPZhGqpwVH842TL17BRFk4gEM4BgfOoAglKEMFKEh4ghd4NZ6NN+PD+JyMZozpzj7MyPj6BWOKpSk=</latexit><latexit sha1_base64="3meJh5gIgstgMvSCHgiDsMokJH4=">AAACHXicbZDJSgNBEIZ7XOO4RT16aQyCF8OMF72IQS85RjALJJPQ09OTNOlZ6K4R4zDv4U3UZxEv4jX4Kp7sLAeT+EPBx19VVPG7seAKLOvbWFpeWV1bz22Ym1vbO7v5vf2aihJJWZVGIpINlygmeMiqwEGwRiwZCVzB6m7/ZtSv3zOpeBTewSBmTkC6Ifc5JaCtdrmdtoA9QEqjOMs6+YJVtMbCi2BPoXD1YV7Gb0Oz0sn/tLyIJgELgQqiVNO2YnBSIoFTwTKzlSgWE9onXdbUGJKAKScdf53hY+142I+krhDw2P27kZJAqUHg6smAQE/N90bmf71mAv6Fk/IwToCFdHLITwSGCI8iwB6XjIIYaCBUcv0rpj0iCQUdlDlzBnj/MVtwTqmXmTosez6aRaidFW3Nt3ahdI0myqFDdIROkI3OUQmVUQVVEUUSPaEX9Go8G+/Gp/E1GV0ypjsHaEbG8BePOaad</latexit><latexit sha1_base64="3meJh5gIgstgMvSCHgiDsMokJH4=">AAACHXicbZDJSgNBEIZ7XOO4RT16aQyCF8OMF72IQS85RjALJJPQ09OTNOlZ6K4R4zDv4U3UZxEv4jX4Kp7sLAeT+EPBx19VVPG7seAKLOvbWFpeWV1bz22Ym1vbO7v5vf2aihJJWZVGIpINlygmeMiqwEGwRiwZCVzB6m7/ZtSv3zOpeBTewSBmTkC6Ifc5JaCtdrmdtoA9QEqjOMs6+YJVtMbCi2BPoXD1YV7Gb0Oz0sn/tLyIJgELgQqiVNO2YnBSIoFTwTKzlSgWE9onXdbUGJKAKScdf53hY+142I+krhDw2P27kZJAqUHg6smAQE/N90bmf71mAv6Fk/IwToCFdHLITwSGCI8iwB6XjIIYaCBUcv0rpj0iCQUdlDlzBnj/MVtwTqmXmTosez6aRaidFW3Nt3ahdI0myqFDdIROkI3OUQmVUQVVEUUSPaEX9Go8G+/Gp/E1GV0ypjsHaEbG8BePOaad</latexit><latexit sha1_base64="9l97Ee9FB8eRSbxl6MxO5eILX5E=">AAACHXicbZDLSsNAFIYn9VbjrerSzWAR3FgSN7osuumygr1Ab0wmk3boZBJmTsQa8h7uRN/FnbgVX8WV0zYL2/rDgY//nMM5/F4suAbH+bYKa+sbm1vFbXtnd2//oHR41NRRoihr0EhEqu0RzQSXrAEcBGvHipHQE6zljW+n/dYDU5pH8h4mMeuFZCh5wCkBY/Vr/bQL7BFSGsVZNiiVnYozE14FN4cyylUflH66fkSTkEmggmjdcZ0YeilRwKlgmd1NNIsJHZMh6xiUJGS6l86+zvCZcXwcRMqUBDxz/26kJNR6EnpmMiQw0su9qflfr5NAcN1LuYwTYJLODwWJwBDhaQTY54pREBMDhCpufsV0RBShYIKyF84AHz9lK84F9TPbhOUuR7MKzcuKa/jOLVdv8tiK6ASdonPkoitURTVURw1EkULP6BW9WS/Wu/Vhfc5HC1a+c4wWZH39Aqw7o1w=</latexit>
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If there is only one type of legs and the tensor is neither a (1, 0) tensor nor a (0, 1) tensor,
we mark the leg labeled by 1 explicitly to avoid ambiguities:
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If V = H is a Hopf algebra, the tensor diagrams of the structure maps are represented by
those with the corresponding labels in Figure 1. Relations of between these maps can also
be illustrated in tensor diagrams. For instance, the equations (� ⌦ id) �� = (id ⌦�) ��
and � �M = (M ⌦M) � (id⌦ P ⌦ id) � (�⌦�) are represented by:

�
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M � =
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M

where P : H ⌦H �! H ⌦H is the swap map. For n � 1, denote the tensor diagrams for
the maps (�⌦ id

⌦(n�2)) � · · · � (�⌦ id) �� and M � (M ⌦ id) � · · · � (M ⌦ id
⌦(n�2)) by:
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(8)

An (m,n) tensor T in V can also be viewed as an (n,m) tensor T ⇤ in V
⇤ by

T ⇤i1,··· ,im
j1,··· ,jn := T j1,··· ,jn

i1,··· ,im . (9)

If T is interpreted as a map from V
⌦m to V

⌦n, then T ⇤ is the dual map of T . For instance,
if V = H is a Hopf algebra, then �⇤ is a (2, 1) tensor representing the multiplication in V

⇤

and for f, f 0 2 V
⇤, �⇤(f ⌦ f

0) is given by:

�

f
0

f

(10)

Note that there is a swap of the two outgoing legs in the above diagram because of our
convention for the implicit ordering of the incoming/outgoing legs. The dual notion of
tensors will be used in Section 2.4 when dealing with the quantum double of Hopf algebras.
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If there is only one type of legs and the tensor is neither a (1, 0) tensor nor a (0, 1) tensor,
we mark the leg labeled by 1 explicitly to avoid ambiguities:
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If V = H is a Hopf algebra, the tensor diagrams of the structure maps are represented by
those with the corresponding labels in Figure 1. Relations of between these maps can also
be illustrated in tensor diagrams. For instance, the equations (� ⌦ id) �� = (id ⌦�) ��
and � �M = (M ⌦M) � (id⌦ P ⌦ id) � (�⌦�) are represented by:
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where P : H ⌦H �! H ⌦H is the swap map. For n � 1, denote the tensor diagrams for
the maps (�⌦ id

⌦(n�2)) � · · · � (�⌦ id) �� and M � (M ⌦ id) � · · · � (M ⌦ id
⌦(n�2)) by:

�

1

2

n
···

M

1

2

n
···

(8)

An (m,n) tensor T in V can also be viewed as an (n,m) tensor T ⇤ in V
⇤ by

T ⇤i1,··· ,im
j1,··· ,jn := T j1,··· ,jn

i1,··· ,im . (9)

If T is interpreted as a map from V
⌦m to V

⌦n, then T ⇤ is the dual map of T . For instance,
if V = H is a Hopf algebra, then �⇤ is a (2, 1) tensor representing the multiplication in V

⇤

and for f, f 0 2 V
⇤, �⇤(f ⌦ f

0) is given by:

�

f
0

f

(10)

Note that there is a swap of the two outgoing legs in the above diagram because of our
convention for the implicit ordering of the incoming/outgoing legs. The dual notion of
tensors will be used in Section 2.4 when dealing with the quantum double of Hopf algebras.
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the purview of the dichromatic invariants via Theorem 1.2 (and the more formally
stated Theorem 5.7). That is, these invariants do not arise from the Hopf triplet
associated to a quasi-triangular Hopf algebra.

Each of the constituent Hopf algebras in the triplets of interest in this section will
be isomorphic to a fixed Hopf algebra H8, which admits the following description.

Notation 4.14 (8d Hopf Algebra). Denote by H8 the unique semisimple Hopf
algebra over C with dim(H) = 8 that is neither commutative nor cocommutative.

More explicitly, H8 may be presented as a quotient algebra H8 = Chx, y, zi/I of
the free, unital associative algebra Chx, y, zi generated by 3 variables. The ideal I
in the quotient is generated by the relations

I = hxy � yx, xz � zy, yz � zx, x
2 � 1, y2 � 1, z

2 � 1

2
(1 + x+ y � xy)i (4.4)

This defines the algebra structure on H8 and implies that the set of elements B =
{1, x, y, xy, z, xz, yz, xyz} form a basis of H8 as a C vector space. The coalgebra
structure (�, ✏) can be specified as follows.

�(x) = x⌦ x, �(y) = y ⌦ y, �(z) =
1

2
(z ⌦ z + yz ⌦ z + z ⌦ xz � yz ⌦ xz) (4.5)

The coproduct of the remaining basis elements of B can be deduced from (4.5) and
the bialgebra property. The counit may likewise be specified as follows.

✏(w) = 1 for w 2 B (4.6)

Finally, the antipode tensor S can be specified by

S(w) = w for w 2 {x, y, z} (4.7)

The antipode of the remaining basis elements of B can be deduced from (4.5) and
the anti-homomorphism property of S.

Next, we fix notation for a curated collection of skew pairings on H8, each of
which give the pair (H8, H8) the structure of a Hopf doublet.

Notation 4.15 (Pairings). We denote by h�ii for i 2 {0, 1, 2, 3} the pairings H8 ⇥
H8 ! C specified by the following matrices Mi in the basis B of Notation 4.14.

M0 :=

0

BBBBBBBBBB@

1 1 1 1 1 1 1 1
1 �1 �1 1 i �i �i i

1 �1 �1 1 i �i �i i

1 1 1 1 1 1 1 1
1 i i 1 �1� i 0 0 �1� i

1 �i �i 1 0 �1 + i �1 + i 0
1 �i �i 1 0 �1 + i �1 + i 0
1 i i 1 �1� i 0 0 �1� i

1

CCCCCCCCCCA

43
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the purview of the dichromatic invariants via Theorem 1.2 (and the more formally
stated Theorem 5.7). That is, these invariants do not arise from the Hopf triplet
associated to a quasi-triangular Hopf algebra.

Each of the constituent Hopf algebras in the triplets of interest in this section will
be isomorphic to a fixed Hopf algebra H8, which admits the following description.

Notation 4.14 (8d Hopf Algebra). Denote by H8 the unique semisimple Hopf
algebra over C with dim(H) = 8 that is neither commutative nor cocommutative.

More explicitly, H8 may be presented as a quotient algebra H8 = Chx, y, zi/I of
the free, unital associative algebra Chx, y, zi generated by 3 variables. The ideal I
in the quotient is generated by the relations
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2 � 1, y2 � 1, z

2 � 1
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(1 + x+ y � xy)i (4.4)

This defines the algebra structure on H8 and implies that the set of elements B =
{1, x, y, xy, z, xz, yz, xyz} form a basis of H8 as a C vector space. The coalgebra
structure (�, ✏) can be specified as follows.

�(x) = x⌦ x, �(y) = y ⌦ y, �(z) =
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(z ⌦ z + yz ⌦ z + z ⌦ xz � yz ⌦ xz) (4.5)

The coproduct of the remaining basis elements of B can be deduced from (4.5) and
the bialgebra property. The counit may likewise be specified as follows.

✏(w) = 1 for w 2 B (4.6)

Finally, the antipode tensor S can be specified by

S(w) = w for w 2 {x, y, z} (4.7)

The antipode of the remaining basis elements of B can be deduced from (4.5) and
the anti-homomorphism property of S.

Next, we fix notation for a curated collection of skew pairings on H8, each of
which give the pair (H8, H8) the structure of a Hopf doublet.

Notation 4.15 (Pairings). We denote by h�ii for i 2 {0, 1, 2, 3} the pairings H8 ⇥
H8 ! C specified by the following matrices Mi in the basis B of Notation 4.14.

M0 :=
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associated to a quasi-triangular Hopf algebra.

Each of the constituent Hopf algebras in the triplets of interest in this section will
be isomorphic to a fixed Hopf algebra H8, which admits the following description.

Notation 4.14 (8d Hopf Algebra). Denote by H8 the unique semisimple Hopf
algebra over C with dim(H) = 8 that is neither commutative nor cocommutative.

More explicitly, H8 may be presented as a quotient algebra H8 = Chx, y, zi/I of
the free, unital associative algebra Chx, y, zi generated by 3 variables. The ideal I
in the quotient is generated by the relations

I = hxy � yx, xz � zy, yz � zx, x
2 � 1, y2 � 1, z

2 � 1

2
(1 + x+ y � xy)i (4.4)

This defines the algebra structure on H8 and implies that the set of elements B =
{1, x, y, xy, z, xz, yz, xyz} form a basis of H8 as a C vector space. The coalgebra
structure (�, ✏) can be specified as follows.

�(x) = x⌦ x, �(y) = y ⌦ y, �(z) =
1

2
(z ⌦ z + yz ⌦ z + z ⌦ xz � yz ⌦ xz) (4.5)

The coproduct of the remaining basis elements of B can be deduced from (4.5) and
the bialgebra property. The counit may likewise be specified as follows.

✏(w) = 1 for w 2 B (4.6)

Finally, the antipode tensor S can be specified by

S(w) = w for w 2 {x, y, z} (4.7)

The antipode of the remaining basis elements of B can be deduced from (4.5) and
the anti-homomorphism property of S.

Next, we fix notation for a curated collection of skew pairings on H8, each of
which give the pair (H8, H8) the structure of a Hopf doublet.

Notation 4.15 (Pairings). We denote by h�ii for i 2 {0, 1, 2, 3} the pairings H8 ⇥
H8 ! C specified by the following matrices Mi in the basis B of Notation 4.14.

M0 :=

0

BBBBBBBBBB@

1 1 1 1 1 1 1 1
1 �1 �1 1 i �i �i i

1 �1 �1 1 i �i �i i

1 1 1 1 1 1 1 1
1 i i 1 �1� i 0 0 �1� i

1 �i �i 1 0 �1 + i �1 + i 0
1 �i �i 1 0 �1 + i �1 + i 0
1 i i 1 �1� i 0 0 �1� i

1
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• Let       be the unique Hopf algebra in dim 8 that is neither 
commutative nor cocommutative: 

H8
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H8 = C[x, y, z]/I
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the purview of the dichromatic invariants via Theorem 1.2 (and the more formally
stated Theorem 5.7). That is, these invariants do not arise from the Hopf triplet
associated to a quasi-triangular Hopf algebra.

Each of the constituent Hopf algebras in the triplets of interest in this section will
be isomorphic to a fixed Hopf algebra H8, which admits the following description.

Notation 4.14 (8d Hopf Algebra). Denote by H8 the unique semisimple Hopf
algebra over C with dim(H) = 8 that is neither commutative nor cocommutative.

More explicitly, H8 may be presented as a quotient algebra H8 = Chx, y, zi/I of
the free, unital associative algebra Chx, y, zi generated by 3 variables. The ideal I
in the quotient is generated by the relations

I = hxy � yx, xz � zy, yz � zx, x
2 � 1, y2 � 1, z

2 � 1

2
(1 + x+ y � xy)i (4.4)

This defines the algebra structure on H8 and implies that the set of elements B =
{1, x, y, xy, z, xz, yz, xyz} form a basis of H8 as a C vector space. The coalgebra
structure (�, ✏) can be specified as follows.

�(x) = x⌦ x, �(y) = y ⌦ y, �(z) =
1

2
(z ⌦ z + yz ⌦ z + z ⌦ xz � yz ⌦ xz) (4.5)

The coproduct of the remaining basis elements of B can be deduced from (4.5) and
the bialgebra property. The counit may likewise be specified as follows.

✏(w) = 1 for w 2 B (4.6)

Finally, the antipode tensor S can be specified by

S(w) = w for w 2 {x, y, z} (4.7)

The antipode of the remaining basis elements of B can be deduced from (4.5) and
the anti-homomorphism property of S.

Next, we fix notation for a curated collection of skew pairings on H8, each of
which give the pair (H8, H8) the structure of a Hopf doublet.

Notation 4.15 (Pairings). We denote by h�ii for i 2 {0, 1, 2, 3} the pairings H8 ⇥
H8 ! C specified by the following matrices Mi in the basis B of Notation 4.14.

M0 :=

0

BBBBBBBBBB@

1 1 1 1 1 1 1 1
1 �1 �1 1 i �i �i i

1 �1 �1 1 i �i �i i

1 1 1 1 1 1 1 1
1 i i 1 �1� i 0 0 �1� i

1 �i �i 1 0 �1 + i �1 + i 0
1 �i �i 1 0 �1 + i �1 + i 0
1 i i 1 �1� i 0 0 �1� i

1
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• Let       be the unique Hopf algebra in dim 8 that is neither 
commutative nor cocommutative: 

H8
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the purview of the dichromatic invariants via Theorem 1.2 (and the more formally
stated Theorem 5.7). That is, these invariants do not arise from the Hopf triplet
associated to a quasi-triangular Hopf algebra.

Each of the constituent Hopf algebras in the triplets of interest in this section will
be isomorphic to a fixed Hopf algebra H8, which admits the following description.

Notation 4.14 (8d Hopf Algebra). Denote by H8 the unique semisimple Hopf
algebra over C with dim(H) = 8 that is neither commutative nor cocommutative.

More explicitly, H8 may be presented as a quotient algebra H8 = Chx, y, zi/I of
the free, unital associative algebra Chx, y, zi generated by 3 variables. The ideal I
in the quotient is generated by the relations

I = hxy � yx, xz � zy, yz � zx, x
2 � 1, y2 � 1, z

2 � 1

2
(1 + x+ y � xy)i (4.4)

This defines the algebra structure on H8 and implies that the set of elements B =
{1, x, y, xy, z, xz, yz, xyz} form a basis of H8 as a C vector space. The coalgebra
structure (�, ✏) can be specified as follows.

�(x) = x⌦ x, �(y) = y ⌦ y, �(z) =
1

2
(z ⌦ z + yz ⌦ z + z ⌦ xz � yz ⌦ xz) (4.5)

The coproduct of the remaining basis elements of B can be deduced from (4.5) and
the bialgebra property. The counit may likewise be specified as follows.

✏(w) = 1 for w 2 B (4.6)

Finally, the antipode tensor S can be specified by

S(w) = w for w 2 {x, y, z} (4.7)

The antipode of the remaining basis elements of B can be deduced from (4.5) and
the anti-homomorphism property of S.

Next, we fix notation for a curated collection of skew pairings on H8, each of
which give the pair (H8, H8) the structure of a Hopf doublet.

Notation 4.15 (Pairings). We denote by h�ii for i 2 {0, 1, 2, 3} the pairings H8 ⇥
H8 ! C specified by the following matrices Mi in the basis B of Notation 4.14.

M0 :=

0

BBBBBBBBBB@

1 1 1 1 1 1 1 1
1 �1 �1 1 i �i �i i

1 �1 �1 1 i �i �i i

1 1 1 1 1 1 1 1
1 i i 1 �1� i 0 0 �1� i

1 �i �i 1 0 �1 + i �1 + i 0
1 �i �i 1 0 �1 + i �1 + i 0
1 i i 1 �1� i 0 0 �1� i

1
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p
2 i

p
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2 0 0 �

p
2

1
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Finally, we construct three triplets by combining the pairings given above. We
emphasize that these triplets are just a selection of examples, and there are many
more pairings and pairing combinations that are possible.

Notation 4.16 (Triplets). We denote by H⇤ for ⇤ 2 {A,B,C} the Hopf triplet
defined as follows. The consistituent ↵, � and  Hopf algebras are, for each triplet,
simply equal to the 8-dimensional algebra H8. The pairings are given as so.

(a) For HA, the pairings are defined to be the pairings h�i1. That is

h�i↵� = h�i� = h�i↵ = h�i1

(b) For HB, the pairings are defined to vary as follows.

h�i↵� = h�i1 h�i� = h�i2 h�i↵ = h�i3
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(H8, H8, H8; h�i)
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There are MANY choices for     
      , e.g.h�i
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Given      , choose a 
trisection diagram
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(⌃g,↵,�, �)
<latexit sha1_base64="2hRgYzi8H/A6GGLh8cYP+R/59N0=">AAACNHicbVBNTwIxEO3iN36hHr00ggkmSna56JHoxaNGURIgZLaUpaHd3bSzJkj4Af4ab0Z/iok349Uf4MkCexDwJc28vDeTmT4/lsKg6747mYXFpeWV1bXs+sbm1nZuZ/fORIlmvMoiGemaD4ZLEfIqCpS8FmsOypf83u9djPz7B66NiMJb7Me8qSAIRUcwQCu1cvlCsXEjAgWt4Jg2QMZdsNXnOCoBKAVHBdvlltwx6DzxUpInKa5auZ9GO2KJ4iEyCcbUPTfG5gA0Cib5MNtIDI+B9SDgdUtDUNw0B+PPDOmhVdq0E2n7QqRj9e/EAJQxfeXbTgXYNbPeSPzPqyfYOWsORBgnyEM2WdRJJMWIjpKhbaE5Q9m3BJgW9lbKuqCBoc0vO7UGRe9xOKecsPYwa8PyZqOZJ3flkmf5dTlfOU9jWyX75IAUiUdOSYVckitSJYw8kWfySt6cF+fD+XS+Jq0ZJ53ZI1Nwvn8BtxipsA==</latexit><latexit sha1_base64="2hRgYzi8H/A6GGLh8cYP+R/59N0=">AAACNHicbVBNTwIxEO3iN36hHr00ggkmSna56JHoxaNGURIgZLaUpaHd3bSzJkj4Af4ab0Z/iok349Uf4MkCexDwJc28vDeTmT4/lsKg6747mYXFpeWV1bXs+sbm1nZuZ/fORIlmvMoiGemaD4ZLEfIqCpS8FmsOypf83u9djPz7B66NiMJb7Me8qSAIRUcwQCu1cvlCsXEjAgWt4Jg2QMZdsNXnOCoBKAVHBdvlltwx6DzxUpInKa5auZ9GO2KJ4iEyCcbUPTfG5gA0Cib5MNtIDI+B9SDgdUtDUNw0B+PPDOmhVdq0E2n7QqRj9e/EAJQxfeXbTgXYNbPeSPzPqyfYOWsORBgnyEM2WdRJJMWIjpKhbaE5Q9m3BJgW9lbKuqCBoc0vO7UGRe9xOKecsPYwa8PyZqOZJ3flkmf5dTlfOU9jWyX75IAUiUdOSYVckitSJYw8kWfySt6cF+fD+XS+Jq0ZJ53ZI1Nwvn8BtxipsA==</latexit><latexit sha1_base64="2hRgYzi8H/A6GGLh8cYP+R/59N0=">AAACNHicbVBNTwIxEO3iN36hHr00ggkmSna56JHoxaNGURIgZLaUpaHd3bSzJkj4Af4ab0Z/iok349Uf4MkCexDwJc28vDeTmT4/lsKg6747mYXFpeWV1bXs+sbm1nZuZ/fORIlmvMoiGemaD4ZLEfIqCpS8FmsOypf83u9djPz7B66NiMJb7Me8qSAIRUcwQCu1cvlCsXEjAgWt4Jg2QMZdsNXnOCoBKAVHBdvlltwx6DzxUpInKa5auZ9GO2KJ4iEyCcbUPTfG5gA0Cib5MNtIDI+B9SDgdUtDUNw0B+PPDOmhVdq0E2n7QqRj9e/EAJQxfeXbTgXYNbPeSPzPqyfYOWsORBgnyEM2WdRJJMWIjpKhbaE5Q9m3BJgW9lbKuqCBoc0vO7UGRe9xOKecsPYwa8PyZqOZJ3flkmf5dTlfOU9jWyX75IAUiUdOSYVckitSJYw8kWfySt6cF+fD+XS+Jq0ZJ53ZI1Nwvn8BtxipsA==</latexit><latexit sha1_base64="2hRgYzi8H/A6GGLh8cYP+R/59N0=">AAACNHicbVBNTwIxEO3iN36hHr00ggkmSna56JHoxaNGURIgZLaUpaHd3bSzJkj4Af4ab0Z/iok349Uf4MkCexDwJc28vDeTmT4/lsKg6747mYXFpeWV1bXs+sbm1nZuZ/fORIlmvMoiGemaD4ZLEfIqCpS8FmsOypf83u9djPz7B66NiMJb7Me8qSAIRUcwQCu1cvlCsXEjAgWt4Jg2QMZdsNXnOCoBKAVHBdvlltwx6DzxUpInKa5auZ9GO2KJ4iEyCcbUPTfG5gA0Cib5MNtIDI+B9SDgdUtDUNw0B+PPDOmhVdq0E2n7QqRj9e/EAJQxfeXbTgXYNbPeSPzPqyfYOWsORBgnyEM2WdRJJMWIjpKhbaE5Q9m3BJgW9lbKuqCBoc0vO7UGRe9xOKecsPYwa8PyZqOZJ3flkmf5dTlfOU9jWyX75IAUiUdOSYVckitSJYw8kWfySt6cF+fD+XS+Jq0ZJ53ZI1Nwvn8BtxipsA==</latexit>

Invariant of 4-manifolds from Hopf triplets
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H↵

H� H�

h�i↵�

h�i��

h�i�↵

H = (H↵, H� , H� ; h�i)
<latexit sha1_base64="fJw30JRoZbfBPYzJKFN0mUrhfsM="></latexit><latexit sha1_base64="fJw30JRoZbfBPYzJKFN0mUrhfsM="></latexit><latexit sha1_base64="fJw30JRoZbfBPYzJKFN0mUrhfsM="></latexit><latexit sha1_base64="fJw30JRoZbfBPYzJKFN0mUrhfsM="></latexit>

Given      , choose a 
trisection diagram

M4
<latexit sha1_base64="YcMje0Zwy1nkaF54kkqLPZUgB04=">AAACFXicbZDLSsNAFIYnXmu8VV26GWwFN5akCLosunEjVLAXaGOZTCbt2MmFmROhhryDO9F3cSduXfsqrpy0XdjWHwY+/nMO58zvxoIrsKxvY2l5ZXVtvbBhbm5t7+wW9/abKkokZQ0aiUi2XaKY4CFrAAfB2rFkJHAFa7nDq7zeemRS8Si8g1HMnID0Q+5zSkBbzfLN/VnZ7BVLVsUaCy+CPYUSmqreK/50vYgmAQuBCqJUx7ZicFIigVPBMrObKBYTOiR91tEYkoApJx1fm+Fj7XjYj6R+IeCx+3ciJYFSo8DVnQGBgZqv5eZ/tU4C/oWT8jBOgIV0sshPBIYI51/HHpeMghhpIFRyfSumAyIJBR2QObMG+PApW3BOqZflYdnz0SxCs1qxNd9WS7XLaWwFdIiO0Amy0TmqoWtURw1E0QN6Rq/ozXgx3o0P43PSumRMZw7QjIyvX2OAnkU=</latexit><latexit sha1_base64="YcMje0Zwy1nkaF54kkqLPZUgB04=">AAACFXicbZDLSsNAFIYnXmu8VV26GWwFN5akCLosunEjVLAXaGOZTCbt2MmFmROhhryDO9F3cSduXfsqrpy0XdjWHwY+/nMO58zvxoIrsKxvY2l5ZXVtvbBhbm5t7+wW9/abKkokZQ0aiUi2XaKY4CFrAAfB2rFkJHAFa7nDq7zeemRS8Si8g1HMnID0Q+5zSkBbzfLN/VnZ7BVLVsUaCy+CPYUSmqreK/50vYgmAQuBCqJUx7ZicFIigVPBMrObKBYTOiR91tEYkoApJx1fm+Fj7XjYj6R+IeCx+3ciJYFSo8DVnQGBgZqv5eZ/tU4C/oWT8jBOgIV0sshPBIYI51/HHpeMghhpIFRyfSumAyIJBR2QObMG+PApW3BOqZflYdnz0SxCs1qxNd9WS7XLaWwFdIiO0Amy0TmqoWtURw1E0QN6Rq/ozXgx3o0P43PSumRMZw7QjIyvX2OAnkU=</latexit><latexit sha1_base64="YcMje0Zwy1nkaF54kkqLPZUgB04=">AAACFXicbZDLSsNAFIYnXmu8VV26GWwFN5akCLosunEjVLAXaGOZTCbt2MmFmROhhryDO9F3cSduXfsqrpy0XdjWHwY+/nMO58zvxoIrsKxvY2l5ZXVtvbBhbm5t7+wW9/abKkokZQ0aiUi2XaKY4CFrAAfB2rFkJHAFa7nDq7zeemRS8Si8g1HMnID0Q+5zSkBbzfLN/VnZ7BVLVsUaCy+CPYUSmqreK/50vYgmAQuBCqJUx7ZicFIigVPBMrObKBYTOiR91tEYkoApJx1fm+Fj7XjYj6R+IeCx+3ciJYFSo8DVnQGBgZqv5eZ/tU4C/oWT8jBOgIV0sshPBIYI51/HHpeMghhpIFRyfSumAyIJBR2QObMG+PApW3BOqZflYdnz0SxCs1qxNd9WS7XLaWwFdIiO0Amy0TmqoWtURw1E0QN6Rq/ozXgx3o0P43PSumRMZw7QjIyvX2OAnkU=</latexit><latexit sha1_base64="YcMje0Zwy1nkaF54kkqLPZUgB04=">AAACFXicbZDLSsNAFIYnXmu8VV26GWwFN5akCLosunEjVLAXaGOZTCbt2MmFmROhhryDO9F3cSduXfsqrpy0XdjWHwY+/nMO58zvxoIrsKxvY2l5ZXVtvbBhbm5t7+wW9/abKkokZQ0aiUi2XaKY4CFrAAfB2rFkJHAFa7nDq7zeemRS8Si8g1HMnID0Q+5zSkBbzfLN/VnZ7BVLVsUaCy+CPYUSmqreK/50vYgmAQuBCqJUx7ZicFIigVPBMrObKBYTOiR91tEYkoApJx1fm+Fj7XjYj6R+IeCx+3ciJYFSo8DVnQGBgZqv5eZ/tU4C/oWT8jBOgIV0sshPBIYI51/HHpeMghhpIFRyfSumAyIJBR2QObMG+PApW3BOqZflYdnz0SxCs1qxNd9WS7XLaWwFdIiO0Amy0TmqoWtURw1E0QN6Rq/ozXgx3o0P43PSumRMZw7QjIyvX2OAnkU=</latexit>

(⌃g,↵,�, �)
<latexit sha1_base64="2hRgYzi8H/A6GGLh8cYP+R/59N0=">AAACNHicbVBNTwIxEO3iN36hHr00ggkmSna56JHoxaNGURIgZLaUpaHd3bSzJkj4Af4ab0Z/iok349Uf4MkCexDwJc28vDeTmT4/lsKg6747mYXFpeWV1bXs+sbm1nZuZ/fORIlmvMoiGemaD4ZLEfIqCpS8FmsOypf83u9djPz7B66NiMJb7Me8qSAIRUcwQCu1cvlCsXEjAgWt4Jg2QMZdsNXnOCoBKAVHBdvlltwx6DzxUpInKa5auZ9GO2KJ4iEyCcbUPTfG5gA0Cib5MNtIDI+B9SDgdUtDUNw0B+PPDOmhVdq0E2n7QqRj9e/EAJQxfeXbTgXYNbPeSPzPqyfYOWsORBgnyEM2WdRJJMWIjpKhbaE5Q9m3BJgW9lbKuqCBoc0vO7UGRe9xOKecsPYwa8PyZqOZJ3flkmf5dTlfOU9jWyX75IAUiUdOSYVckitSJYw8kWfySt6cF+fD+XS+Jq0ZJ53ZI1Nwvn8BtxipsA==</latexit><latexit sha1_base64="2hRgYzi8H/A6GGLh8cYP+R/59N0=">AAACNHicbVBNTwIxEO3iN36hHr00ggkmSna56JHoxaNGURIgZLaUpaHd3bSzJkj4Af4ab0Z/iok349Uf4MkCexDwJc28vDeTmT4/lsKg6747mYXFpeWV1bXs+sbm1nZuZ/fORIlmvMoiGemaD4ZLEfIqCpS8FmsOypf83u9djPz7B66NiMJb7Me8qSAIRUcwQCu1cvlCsXEjAgWt4Jg2QMZdsNXnOCoBKAVHBdvlltwx6DzxUpInKa5auZ9GO2KJ4iEyCcbUPTfG5gA0Cib5MNtIDI+B9SDgdUtDUNw0B+PPDOmhVdq0E2n7QqRj9e/EAJQxfeXbTgXYNbPeSPzPqyfYOWsORBgnyEM2WdRJJMWIjpKhbaE5Q9m3BJgW9lbKuqCBoc0vO7UGRe9xOKecsPYwa8PyZqOZJ3flkmf5dTlfOU9jWyX75IAUiUdOSYVckitSJYw8kWfySt6cF+fD+XS+Jq0ZJ53ZI1Nwvn8BtxipsA==</latexit><latexit sha1_base64="2hRgYzi8H/A6GGLh8cYP+R/59N0=">AAACNHicbVBNTwIxEO3iN36hHr00ggkmSna56JHoxaNGURIgZLaUpaHd3bSzJkj4Af4ab0Z/iok349Uf4MkCexDwJc28vDeTmT4/lsKg6747mYXFpeWV1bXs+sbm1nZuZ/fORIlmvMoiGemaD4ZLEfIqCpS8FmsOypf83u9djPz7B66NiMJb7Me8qSAIRUcwQCu1cvlCsXEjAgWt4Jg2QMZdsNXnOCoBKAVHBdvlltwx6DzxUpInKa5auZ9GO2KJ4iEyCcbUPTfG5gA0Cib5MNtIDI+B9SDgdUtDUNw0B+PPDOmhVdq0E2n7QqRj9e/EAJQxfeXbTgXYNbPeSPzPqyfYOWsORBgnyEM2WdRJJMWIjpKhbaE5Q9m3BJgW9lbKuqCBoc0vO7UGRe9xOKecsPYwa8PyZqOZJ3flkmf5dTlfOU9jWyX75IAUiUdOSYVckitSJYw8kWfySt6cF+fD+XS+Jq0ZJ53ZI1Nwvn8BtxipsA==</latexit><latexit sha1_base64="2hRgYzi8H/A6GGLh8cYP+R/59N0=">AAACNHicbVBNTwIxEO3iN36hHr00ggkmSna56JHoxaNGURIgZLaUpaHd3bSzJkj4Af4ab0Z/iok349Uf4MkCexDwJc28vDeTmT4/lsKg6747mYXFpeWV1bXs+sbm1nZuZ/fORIlmvMoiGemaD4ZLEfIqCpS8FmsOypf83u9djPz7B66NiMJb7Me8qSAIRUcwQCu1cvlCsXEjAgWt4Jg2QMZdsNXnOCoBKAVHBdvlltwx6DzxUpInKa5auZ9GO2KJ4iEyCcbUPTfG5gA0Cib5MNtIDI+B9SDgdUtDUNw0B+PPDOmhVdq0E2n7QqRj9e/EAJQxfeXbTgXYNbPeSPzPqyfYOWsORBgnyEM2WdRJJMWIjpKhbaE5Q9m3BJgW9lbKuqCBoc0vO7UGRe9xOKecsPYwa8PyZqOZJ3flkmf5dTlfOU9jWyX75IAUiUdOSYVckitSJYw8kWfySt6cF+fD+XS+Jq0ZJ53ZI1Nwvn8BtxipsA==</latexit>

�µeµ ···

1

2

n

⇤

µi

µ 2 {↵,�, �}
<latexit sha1_base64="4ZZsOfwTgsWS3tPjSVjhf6OaC0k=">AAACM3icbZDLSgMxFIYzXmu9VV26CVbBhcqMG12KblxWsK3QKeVMmrahSWZIzgh1mL1P4070VcSduPUFXJleFtZ6IOHj/8/hJH+USGHR99+8ufmFxaXlwkpxdW19Y7O0tV2zcWoYr7JYxuYuAsul0LyKAiW/SwwHFUlej/pXQ79+z40Vsb7FQcKbCrpadAQDdFKrtLcfqpSGQtMwC0EmPTgKI47u7oJSEOb7xVap7J/4o6KzEEygTCZVaZW+w3bMUsU1MgnWNgI/wWYGBgWTPC+GqeUJsD50ecOhBsVtMxv9JacHTmnTTmzc0UhH6u+JDJS1AxW5TgXYs3+9ofif10ixc97MhE5S5JqNF3VSSTGmw2BoWxjOUA4cADPCvZWyHhhg6OIrTq1B0X/IZ5Rj1s6HYQV/o5mF2ulJ4PjmtHxxOYmtQHbJHjkkATkjF+SaVEiVMPJInsgLefWevXfvw/sct855k5kdMlXe1w9i4Koh</latexit><latexit sha1_base64="4ZZsOfwTgsWS3tPjSVjhf6OaC0k=">AAACM3icbZDLSgMxFIYzXmu9VV26CVbBhcqMG12KblxWsK3QKeVMmrahSWZIzgh1mL1P4070VcSduPUFXJleFtZ6IOHj/8/hJH+USGHR99+8ufmFxaXlwkpxdW19Y7O0tV2zcWoYr7JYxuYuAsul0LyKAiW/SwwHFUlej/pXQ79+z40Vsb7FQcKbCrpadAQDdFKrtLcfqpSGQtMwC0EmPTgKI47u7oJSEOb7xVap7J/4o6KzEEygTCZVaZW+w3bMUsU1MgnWNgI/wWYGBgWTPC+GqeUJsD50ecOhBsVtMxv9JacHTmnTTmzc0UhH6u+JDJS1AxW5TgXYs3+9ofif10ixc97MhE5S5JqNF3VSSTGmw2BoWxjOUA4cADPCvZWyHhhg6OIrTq1B0X/IZ5Rj1s6HYQV/o5mF2ulJ4PjmtHxxOYmtQHbJHjkkATkjF+SaVEiVMPJInsgLefWevXfvw/sct855k5kdMlXe1w9i4Koh</latexit><latexit sha1_base64="4ZZsOfwTgsWS3tPjSVjhf6OaC0k=">AAACM3icbZDLSgMxFIYzXmu9VV26CVbBhcqMG12KblxWsK3QKeVMmrahSWZIzgh1mL1P4070VcSduPUFXJleFtZ6IOHj/8/hJH+USGHR99+8ufmFxaXlwkpxdW19Y7O0tV2zcWoYr7JYxuYuAsul0LyKAiW/SwwHFUlej/pXQ79+z40Vsb7FQcKbCrpadAQDdFKrtLcfqpSGQtMwC0EmPTgKI47u7oJSEOb7xVap7J/4o6KzEEygTCZVaZW+w3bMUsU1MgnWNgI/wWYGBgWTPC+GqeUJsD50ecOhBsVtMxv9JacHTmnTTmzc0UhH6u+JDJS1AxW5TgXYs3+9ofif10ixc97MhE5S5JqNF3VSSTGmw2BoWxjOUA4cADPCvZWyHhhg6OIrTq1B0X/IZ5Rj1s6HYQV/o5mF2ulJ4PjmtHxxOYmtQHbJHjkkATkjF+SaVEiVMPJInsgLefWevXfvw/sct855k5kdMlXe1w9i4Koh</latexit><latexit sha1_base64="4ZZsOfwTgsWS3tPjSVjhf6OaC0k=">AAACM3icbZDLSgMxFIYzXmu9VV26CVbBhcqMG12KblxWsK3QKeVMmrahSWZIzgh1mL1P4070VcSduPUFXJleFtZ6IOHj/8/hJH+USGHR99+8ufmFxaXlwkpxdW19Y7O0tV2zcWoYr7JYxuYuAsul0LyKAiW/SwwHFUlej/pXQ79+z40Vsb7FQcKbCrpadAQDdFKrtLcfqpSGQtMwC0EmPTgKI47u7oJSEOb7xVap7J/4o6KzEEygTCZVaZW+w3bMUsU1MgnWNgI/wWYGBgWTPC+GqeUJsD50ecOhBsVtMxv9JacHTmnTTmzc0UhH6u+JDJS1AxW5TgXYs3+9ofif10ixc97MhE5S5JqNF3VSSTGmw2BoWxjOUA4cADPCvZWyHhhg6OIrTq1B0X/IZ5Rj1s6HYQV/o5mF2ulJ4PjmtHxxOYmtQHbJHjkkATkjF+SaVEiVMPJInsgLefWevXfvw/sct855k5kdMlXe1w9i4Koh</latexit>

Invariant of 4-manifolds from Hopf triplets
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H↵

H� H�

h�i↵�

h�i��

h�i�↵

H = (H↵, H� , H� ; h�i)
<latexit sha1_base64="fJw30JRoZbfBPYzJKFN0mUrhfsM="></latexit><latexit sha1_base64="fJw30JRoZbfBPYzJKFN0mUrhfsM="></latexit><latexit sha1_base64="fJw30JRoZbfBPYzJKFN0mUrhfsM="></latexit><latexit sha1_base64="fJw30JRoZbfBPYzJKFN0mUrhfsM="></latexit>

Given      , choose a 
trisection diagram

M4
<latexit sha1_base64="YcMje0Zwy1nkaF54kkqLPZUgB04=">AAACFXicbZDLSsNAFIYnXmu8VV26GWwFN5akCLosunEjVLAXaGOZTCbt2MmFmROhhryDO9F3cSduXfsqrpy0XdjWHwY+/nMO58zvxoIrsKxvY2l5ZXVtvbBhbm5t7+wW9/abKkokZQ0aiUi2XaKY4CFrAAfB2rFkJHAFa7nDq7zeemRS8Si8g1HMnID0Q+5zSkBbzfLN/VnZ7BVLVsUaCy+CPYUSmqreK/50vYgmAQuBCqJUx7ZicFIigVPBMrObKBYTOiR91tEYkoApJx1fm+Fj7XjYj6R+IeCx+3ciJYFSo8DVnQGBgZqv5eZ/tU4C/oWT8jBOgIV0sshPBIYI51/HHpeMghhpIFRyfSumAyIJBR2QObMG+PApW3BOqZflYdnz0SxCs1qxNd9WS7XLaWwFdIiO0Amy0TmqoWtURw1E0QN6Rq/ozXgx3o0P43PSumRMZw7QjIyvX2OAnkU=</latexit><latexit sha1_base64="YcMje0Zwy1nkaF54kkqLPZUgB04=">AAACFXicbZDLSsNAFIYnXmu8VV26GWwFN5akCLosunEjVLAXaGOZTCbt2MmFmROhhryDO9F3cSduXfsqrpy0XdjWHwY+/nMO58zvxoIrsKxvY2l5ZXVtvbBhbm5t7+wW9/abKkokZQ0aiUi2XaKY4CFrAAfB2rFkJHAFa7nDq7zeemRS8Si8g1HMnID0Q+5zSkBbzfLN/VnZ7BVLVsUaCy+CPYUSmqreK/50vYgmAQuBCqJUx7ZicFIigVPBMrObKBYTOiR91tEYkoApJx1fm+Fj7XjYj6R+IeCx+3ciJYFSo8DVnQGBgZqv5eZ/tU4C/oWT8jBOgIV0sshPBIYI51/HHpeMghhpIFRyfSumAyIJBR2QObMG+PApW3BOqZflYdnz0SxCs1qxNd9WS7XLaWwFdIiO0Amy0TmqoWtURw1E0QN6Rq/ozXgx3o0P43PSumRMZw7QjIyvX2OAnkU=</latexit><latexit sha1_base64="YcMje0Zwy1nkaF54kkqLPZUgB04=">AAACFXicbZDLSsNAFIYnXmu8VV26GWwFN5akCLosunEjVLAXaGOZTCbt2MmFmROhhryDO9F3cSduXfsqrpy0XdjWHwY+/nMO58zvxoIrsKxvY2l5ZXVtvbBhbm5t7+wW9/abKkokZQ0aiUi2XaKY4CFrAAfB2rFkJHAFa7nDq7zeemRS8Si8g1HMnID0Q+5zSkBbzfLN/VnZ7BVLVsUaCy+CPYUSmqreK/50vYgmAQuBCqJUx7ZicFIigVPBMrObKBYTOiR91tEYkoApJx1fm+Fj7XjYj6R+IeCx+3ciJYFSo8DVnQGBgZqv5eZ/tU4C/oWT8jBOgIV0sshPBIYI51/HHpeMghhpIFRyfSumAyIJBR2QObMG+PApW3BOqZflYdnz0SxCs1qxNd9WS7XLaWwFdIiO0Amy0TmqoWtURw1E0QN6Rq/ozXgx3o0P43PSumRMZw7QjIyvX2OAnkU=</latexit><latexit sha1_base64="YcMje0Zwy1nkaF54kkqLPZUgB04=">AAACFXicbZDLSsNAFIYnXmu8VV26GWwFN5akCLosunEjVLAXaGOZTCbt2MmFmROhhryDO9F3cSduXfsqrpy0XdjWHwY+/nMO58zvxoIrsKxvY2l5ZXVtvbBhbm5t7+wW9/abKkokZQ0aiUi2XaKY4CFrAAfB2rFkJHAFa7nDq7zeemRS8Si8g1HMnID0Q+5zSkBbzfLN/VnZ7BVLVsUaCy+CPYUSmqreK/50vYgmAQuBCqJUx7ZicFIigVPBMrObKBYTOiR91tEYkoApJx1fm+Fj7XjYj6R+IeCx+3ciJYFSo8DVnQGBgZqv5eZ/tU4C/oWT8jBOgIV0sshPBIYI51/HHpeMghhpIFRyfSumAyIJBR2QObMG+PApW3BOqZflYdnz0SxCs1qxNd9WS7XLaWwFdIiO0Amy0TmqoWtURw1E0QN6Rq/ozXgx3o0P43PSumRMZw7QjIyvX2OAnkU=</latexit>

(⌃g,↵,�, �)
<latexit sha1_base64="2hRgYzi8H/A6GGLh8cYP+R/59N0=">AAACNHicbVBNTwIxEO3iN36hHr00ggkmSna56JHoxaNGURIgZLaUpaHd3bSzJkj4Af4ab0Z/iok349Uf4MkCexDwJc28vDeTmT4/lsKg6747mYXFpeWV1bXs+sbm1nZuZ/fORIlmvMoiGemaD4ZLEfIqCpS8FmsOypf83u9djPz7B66NiMJb7Me8qSAIRUcwQCu1cvlCsXEjAgWt4Jg2QMZdsNXnOCoBKAVHBdvlltwx6DzxUpInKa5auZ9GO2KJ4iEyCcbUPTfG5gA0Cib5MNtIDI+B9SDgdUtDUNw0B+PPDOmhVdq0E2n7QqRj9e/EAJQxfeXbTgXYNbPeSPzPqyfYOWsORBgnyEM2WdRJJMWIjpKhbaE5Q9m3BJgW9lbKuqCBoc0vO7UGRe9xOKecsPYwa8PyZqOZJ3flkmf5dTlfOU9jWyX75IAUiUdOSYVckitSJYw8kWfySt6cF+fD+XS+Jq0ZJ53ZI1Nwvn8BtxipsA==</latexit><latexit sha1_base64="2hRgYzi8H/A6GGLh8cYP+R/59N0=">AAACNHicbVBNTwIxEO3iN36hHr00ggkmSna56JHoxaNGURIgZLaUpaHd3bSzJkj4Af4ab0Z/iok349Uf4MkCexDwJc28vDeTmT4/lsKg6747mYXFpeWV1bXs+sbm1nZuZ/fORIlmvMoiGemaD4ZLEfIqCpS8FmsOypf83u9djPz7B66NiMJb7Me8qSAIRUcwQCu1cvlCsXEjAgWt4Jg2QMZdsNXnOCoBKAVHBdvlltwx6DzxUpInKa5auZ9GO2KJ4iEyCcbUPTfG5gA0Cib5MNtIDI+B9SDgdUtDUNw0B+PPDOmhVdq0E2n7QqRj9e/EAJQxfeXbTgXYNbPeSPzPqyfYOWsORBgnyEM2WdRJJMWIjpKhbaE5Q9m3BJgW9lbKuqCBoc0vO7UGRe9xOKecsPYwa8PyZqOZJ3flkmf5dTlfOU9jWyX75IAUiUdOSYVckitSJYw8kWfySt6cF+fD+XS+Jq0ZJ53ZI1Nwvn8BtxipsA==</latexit><latexit sha1_base64="2hRgYzi8H/A6GGLh8cYP+R/59N0=">AAACNHicbVBNTwIxEO3iN36hHr00ggkmSna56JHoxaNGURIgZLaUpaHd3bSzJkj4Af4ab0Z/iok349Uf4MkCexDwJc28vDeTmT4/lsKg6747mYXFpeWV1bXs+sbm1nZuZ/fORIlmvMoiGemaD4ZLEfIqCpS8FmsOypf83u9djPz7B66NiMJb7Me8qSAIRUcwQCu1cvlCsXEjAgWt4Jg2QMZdsNXnOCoBKAVHBdvlltwx6DzxUpInKa5auZ9GO2KJ4iEyCcbUPTfG5gA0Cib5MNtIDI+B9SDgdUtDUNw0B+PPDOmhVdq0E2n7QqRj9e/EAJQxfeXbTgXYNbPeSPzPqyfYOWsORBgnyEM2WdRJJMWIjpKhbaE5Q9m3BJgW9lbKuqCBoc0vO7UGRe9xOKecsPYwa8PyZqOZJ3flkmf5dTlfOU9jWyX75IAUiUdOSYVckitSJYw8kWfySt6cF+fD+XS+Jq0ZJ53ZI1Nwvn8BtxipsA==</latexit><latexit sha1_base64="2hRgYzi8H/A6GGLh8cYP+R/59N0=">AAACNHicbVBNTwIxEO3iN36hHr00ggkmSna56JHoxaNGURIgZLaUpaHd3bSzJkj4Af4ab0Z/iok349Uf4MkCexDwJc28vDeTmT4/lsKg6747mYXFpeWV1bXs+sbm1nZuZ/fORIlmvMoiGemaD4ZLEfIqCpS8FmsOypf83u9djPz7B66NiMJb7Me8qSAIRUcwQCu1cvlCsXEjAgWt4Jg2QMZdsNXnOCoBKAVHBdvlltwx6DzxUpInKa5auZ9GO2KJ4iEyCcbUPTfG5gA0Cib5MNtIDI+B9SDgdUtDUNw0B+PPDOmhVdq0E2n7QqRj9e/EAJQxfeXbTgXYNbPeSPzPqyfYOWsORBgnyEM2WdRJJMWIjpKhbaE5Q9m3BJgW9lbKuqCBoc0vO7UGRe9xOKecsPYwa8PyZqOZJ3flkmf5dTlfOU9jWyX75IAUiUdOSYVckitSJYw8kWfySt6cF+fD+XS+Jq0ZJ53ZI1Nwvn8BtxipsA==</latexit>

�µeµ ···

1

2

n

⇤

µi

µ 2 {↵,�, �}
<latexit sha1_base64="4ZZsOfwTgsWS3tPjSVjhf6OaC0k=">AAACM3icbZDLSgMxFIYzXmu9VV26CVbBhcqMG12KblxWsK3QKeVMmrahSWZIzgh1mL1P4070VcSduPUFXJleFtZ6IOHj/8/hJH+USGHR99+8ufmFxaXlwkpxdW19Y7O0tV2zcWoYr7JYxuYuAsul0LyKAiW/SwwHFUlej/pXQ79+z40Vsb7FQcKbCrpadAQDdFKrtLcfqpSGQtMwC0EmPTgKI47u7oJSEOb7xVap7J/4o6KzEEygTCZVaZW+w3bMUsU1MgnWNgI/wWYGBgWTPC+GqeUJsD50ecOhBsVtMxv9JacHTmnTTmzc0UhH6u+JDJS1AxW5TgXYs3+9ofif10ixc97MhE5S5JqNF3VSSTGmw2BoWxjOUA4cADPCvZWyHhhg6OIrTq1B0X/IZ5Rj1s6HYQV/o5mF2ulJ4PjmtHxxOYmtQHbJHjkkATkjF+SaVEiVMPJInsgLefWevXfvw/sct855k5kdMlXe1w9i4Koh</latexit><latexit sha1_base64="4ZZsOfwTgsWS3tPjSVjhf6OaC0k=">AAACM3icbZDLSgMxFIYzXmu9VV26CVbBhcqMG12KblxWsK3QKeVMmrahSWZIzgh1mL1P4070VcSduPUFXJleFtZ6IOHj/8/hJH+USGHR99+8ufmFxaXlwkpxdW19Y7O0tV2zcWoYr7JYxuYuAsul0LyKAiW/SwwHFUlej/pXQ79+z40Vsb7FQcKbCrpadAQDdFKrtLcfqpSGQtMwC0EmPTgKI47u7oJSEOb7xVap7J/4o6KzEEygTCZVaZW+w3bMUsU1MgnWNgI/wWYGBgWTPC+GqeUJsD50ecOhBsVtMxv9JacHTmnTTmzc0UhH6u+JDJS1AxW5TgXYs3+9ofif10ixc97MhE5S5JqNF3VSSTGmw2BoWxjOUA4cADPCvZWyHhhg6OIrTq1B0X/IZ5Rj1s6HYQV/o5mF2ulJ4PjmtHxxOYmtQHbJHjkkATkjF+SaVEiVMPJInsgLefWevXfvw/sct855k5kdMlXe1w9i4Koh</latexit><latexit sha1_base64="4ZZsOfwTgsWS3tPjSVjhf6OaC0k=">AAACM3icbZDLSgMxFIYzXmu9VV26CVbBhcqMG12KblxWsK3QKeVMmrahSWZIzgh1mL1P4070VcSduPUFXJleFtZ6IOHj/8/hJH+USGHR99+8ufmFxaXlwkpxdW19Y7O0tV2zcWoYr7JYxuYuAsul0LyKAiW/SwwHFUlej/pXQ79+z40Vsb7FQcKbCrpadAQDdFKrtLcfqpSGQtMwC0EmPTgKI47u7oJSEOb7xVap7J/4o6KzEEygTCZVaZW+w3bMUsU1MgnWNgI/wWYGBgWTPC+GqeUJsD50ecOhBsVtMxv9JacHTmnTTmzc0UhH6u+JDJS1AxW5TgXYs3+9ofif10ixc97MhE5S5JqNF3VSSTGmw2BoWxjOUA4cADPCvZWyHhhg6OIrTq1B0X/IZ5Rj1s6HYQV/o5mF2ulJ4PjmtHxxOYmtQHbJHjkkATkjF+SaVEiVMPJInsgLefWevXfvw/sct855k5kdMlXe1w9i4Koh</latexit><latexit sha1_base64="4ZZsOfwTgsWS3tPjSVjhf6OaC0k=">AAACM3icbZDLSgMxFIYzXmu9VV26CVbBhcqMG12KblxWsK3QKeVMmrahSWZIzgh1mL1P4070VcSduPUFXJleFtZ6IOHj/8/hJH+USGHR99+8ufmFxaXlwkpxdW19Y7O0tV2zcWoYr7JYxuYuAsul0LyKAiW/SwwHFUlej/pXQ79+z40Vsb7FQcKbCrpadAQDdFKrtLcfqpSGQtMwC0EmPTgKI47u7oJSEOb7xVap7J/4o6KzEEygTCZVaZW+w3bMUsU1MgnWNgI/wWYGBgWTPC+GqeUJsD50ecOhBsVtMxv9JacHTmnTTmzc0UhH6u+JDJS1AxW5TgXYs3+9ofif10ixc97MhE5S5JqNF3VSSTGmw2BoWxjOUA4cADPCvZWyHhhg6OIrTq1B0X/IZ5Rj1s6HYQV/o5mF2ulJ4PjmtHxxOYmtQHbJHjkkATkjF+SaVEiVMPJInsgLefWevXfvw/sct855k5kdMlXe1w9i4Koh</latexit>

µi

⌫j

�⌫

e⌫

�µ

eµ

µ⌫ 2 {↵�,��, �↵}
<latexit sha1_base64="TD5WeGRC37btwwN9UOVSpWQnHss="></latexit><latexit sha1_base64="TD5WeGRC37btwwN9UOVSpWQnHss="></latexit><latexit sha1_base64="TD5WeGRC37btwwN9UOVSpWQnHss="></latexit><latexit sha1_base64="TD5WeGRC37btwwN9UOVSpWQnHss="></latexit>

Invariant of 4-manifolds from Hopf triplets
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H↵

H� H�

h�i↵�

h�i��

h�i�↵

H = (H↵, H� , H� ; h�i)
<latexit sha1_base64="fJw30JRoZbfBPYzJKFN0mUrhfsM="></latexit><latexit sha1_base64="fJw30JRoZbfBPYzJKFN0mUrhfsM="></latexit><latexit sha1_base64="fJw30JRoZbfBPYzJKFN0mUrhfsM="></latexit><latexit sha1_base64="fJw30JRoZbfBPYzJKFN0mUrhfsM="></latexit>

Given      , choose a 
trisection diagram

M4
<latexit sha1_base64="YcMje0Zwy1nkaF54kkqLPZUgB04=">AAACFXicbZDLSsNAFIYnXmu8VV26GWwFN5akCLosunEjVLAXaGOZTCbt2MmFmROhhryDO9F3cSduXfsqrpy0XdjWHwY+/nMO58zvxoIrsKxvY2l5ZXVtvbBhbm5t7+wW9/abKkokZQ0aiUi2XaKY4CFrAAfB2rFkJHAFa7nDq7zeemRS8Si8g1HMnID0Q+5zSkBbzfLN/VnZ7BVLVsUaCy+CPYUSmqreK/50vYgmAQuBCqJUx7ZicFIigVPBMrObKBYTOiR91tEYkoApJx1fm+Fj7XjYj6R+IeCx+3ciJYFSo8DVnQGBgZqv5eZ/tU4C/oWT8jBOgIV0sshPBIYI51/HHpeMghhpIFRyfSumAyIJBR2QObMG+PApW3BOqZflYdnz0SxCs1qxNd9WS7XLaWwFdIiO0Amy0TmqoWtURw1E0QN6Rq/ozXgx3o0P43PSumRMZw7QjIyvX2OAnkU=</latexit><latexit sha1_base64="YcMje0Zwy1nkaF54kkqLPZUgB04=">AAACFXicbZDLSsNAFIYnXmu8VV26GWwFN5akCLosunEjVLAXaGOZTCbt2MmFmROhhryDO9F3cSduXfsqrpy0XdjWHwY+/nMO58zvxoIrsKxvY2l5ZXVtvbBhbm5t7+wW9/abKkokZQ0aiUi2XaKY4CFrAAfB2rFkJHAFa7nDq7zeemRS8Si8g1HMnID0Q+5zSkBbzfLN/VnZ7BVLVsUaCy+CPYUSmqreK/50vYgmAQuBCqJUx7ZicFIigVPBMrObKBYTOiR91tEYkoApJx1fm+Fj7XjYj6R+IeCx+3ciJYFSo8DVnQGBgZqv5eZ/tU4C/oWT8jBOgIV0sshPBIYI51/HHpeMghhpIFRyfSumAyIJBR2QObMG+PApW3BOqZflYdnz0SxCs1qxNd9WS7XLaWwFdIiO0Amy0TmqoWtURw1E0QN6Rq/ozXgx3o0P43PSumRMZw7QjIyvX2OAnkU=</latexit><latexit sha1_base64="YcMje0Zwy1nkaF54kkqLPZUgB04=">AAACFXicbZDLSsNAFIYnXmu8VV26GWwFN5akCLosunEjVLAXaGOZTCbt2MmFmROhhryDO9F3cSduXfsqrpy0XdjWHwY+/nMO58zvxoIrsKxvY2l5ZXVtvbBhbm5t7+wW9/abKkokZQ0aiUi2XaKY4CFrAAfB2rFkJHAFa7nDq7zeemRS8Si8g1HMnID0Q+5zSkBbzfLN/VnZ7BVLVsUaCy+CPYUSmqreK/50vYgmAQuBCqJUx7ZicFIigVPBMrObKBYTOiR91tEYkoApJx1fm+Fj7XjYj6R+IeCx+3ciJYFSo8DVnQGBgZqv5eZ/tU4C/oWT8jBOgIV0sshPBIYI51/HHpeMghhpIFRyfSumAyIJBR2QObMG+PApW3BOqZflYdnz0SxCs1qxNd9WS7XLaWwFdIiO0Amy0TmqoWtURw1E0QN6Rq/ozXgx3o0P43PSumRMZw7QjIyvX2OAnkU=</latexit><latexit sha1_base64="YcMje0Zwy1nkaF54kkqLPZUgB04=">AAACFXicbZDLSsNAFIYnXmu8VV26GWwFN5akCLosunEjVLAXaGOZTCbt2MmFmROhhryDO9F3cSduXfsqrpy0XdjWHwY+/nMO58zvxoIrsKxvY2l5ZXVtvbBhbm5t7+wW9/abKkokZQ0aiUi2XaKY4CFrAAfB2rFkJHAFa7nDq7zeemRS8Si8g1HMnID0Q+5zSkBbzfLN/VnZ7BVLVsUaCy+CPYUSmqreK/50vYgmAQuBCqJUx7ZicFIigVPBMrObKBYTOiR91tEYkoApJx1fm+Fj7XjYj6R+IeCx+3ciJYFSo8DVnQGBgZqv5eZ/tU4C/oWT8jBOgIV0sshPBIYI51/HHpeMghhpIFRyfSumAyIJBR2QObMG+PApW3BOqZflYdnz0SxCs1qxNd9WS7XLaWwFdIiO0Amy0TmqoWtURw1E0QN6Rq/ozXgx3o0P43PSumRMZw7QjIyvX2OAnkU=</latexit>

(⌃g,↵,�, �)
<latexit sha1_base64="2hRgYzi8H/A6GGLh8cYP+R/59N0=">AAACNHicbVBNTwIxEO3iN36hHr00ggkmSna56JHoxaNGURIgZLaUpaHd3bSzJkj4Af4ab0Z/iok349Uf4MkCexDwJc28vDeTmT4/lsKg6747mYXFpeWV1bXs+sbm1nZuZ/fORIlmvMoiGemaD4ZLEfIqCpS8FmsOypf83u9djPz7B66NiMJb7Me8qSAIRUcwQCu1cvlCsXEjAgWt4Jg2QMZdsNXnOCoBKAVHBdvlltwx6DzxUpInKa5auZ9GO2KJ4iEyCcbUPTfG5gA0Cib5MNtIDI+B9SDgdUtDUNw0B+PPDOmhVdq0E2n7QqRj9e/EAJQxfeXbTgXYNbPeSPzPqyfYOWsORBgnyEM2WdRJJMWIjpKhbaE5Q9m3BJgW9lbKuqCBoc0vO7UGRe9xOKecsPYwa8PyZqOZJ3flkmf5dTlfOU9jWyX75IAUiUdOSYVckitSJYw8kWfySt6cF+fD+XS+Jq0ZJ53ZI1Nwvn8BtxipsA==</latexit><latexit sha1_base64="2hRgYzi8H/A6GGLh8cYP+R/59N0=">AAACNHicbVBNTwIxEO3iN36hHr00ggkmSna56JHoxaNGURIgZLaUpaHd3bSzJkj4Af4ab0Z/iok349Uf4MkCexDwJc28vDeTmT4/lsKg6747mYXFpeWV1bXs+sbm1nZuZ/fORIlmvMoiGemaD4ZLEfIqCpS8FmsOypf83u9djPz7B66NiMJb7Me8qSAIRUcwQCu1cvlCsXEjAgWt4Jg2QMZdsNXnOCoBKAVHBdvlltwx6DzxUpInKa5auZ9GO2KJ4iEyCcbUPTfG5gA0Cib5MNtIDI+B9SDgdUtDUNw0B+PPDOmhVdq0E2n7QqRj9e/EAJQxfeXbTgXYNbPeSPzPqyfYOWsORBgnyEM2WdRJJMWIjpKhbaE5Q9m3BJgW9lbKuqCBoc0vO7UGRe9xOKecsPYwa8PyZqOZJ3flkmf5dTlfOU9jWyX75IAUiUdOSYVckitSJYw8kWfySt6cF+fD+XS+Jq0ZJ53ZI1Nwvn8BtxipsA==</latexit><latexit sha1_base64="2hRgYzi8H/A6GGLh8cYP+R/59N0=">AAACNHicbVBNTwIxEO3iN36hHr00ggkmSna56JHoxaNGURIgZLaUpaHd3bSzJkj4Af4ab0Z/iok349Uf4MkCexDwJc28vDeTmT4/lsKg6747mYXFpeWV1bXs+sbm1nZuZ/fORIlmvMoiGemaD4ZLEfIqCpS8FmsOypf83u9djPz7B66NiMJb7Me8qSAIRUcwQCu1cvlCsXEjAgWt4Jg2QMZdsNXnOCoBKAVHBdvlltwx6DzxUpInKa5auZ9GO2KJ4iEyCcbUPTfG5gA0Cib5MNtIDI+B9SDgdUtDUNw0B+PPDOmhVdq0E2n7QqRj9e/EAJQxfeXbTgXYNbPeSPzPqyfYOWsORBgnyEM2WdRJJMWIjpKhbaE5Q9m3BJgW9lbKuqCBoc0vO7UGRe9xOKecsPYwa8PyZqOZJ3flkmf5dTlfOU9jWyX75IAUiUdOSYVckitSJYw8kWfySt6cF+fD+XS+Jq0ZJ53ZI1Nwvn8BtxipsA==</latexit><latexit sha1_base64="2hRgYzi8H/A6GGLh8cYP+R/59N0=">AAACNHicbVBNTwIxEO3iN36hHr00ggkmSna56JHoxaNGURIgZLaUpaHd3bSzJkj4Af4ab0Z/iok349Uf4MkCexDwJc28vDeTmT4/lsKg6747mYXFpeWV1bXs+sbm1nZuZ/fORIlmvMoiGemaD4ZLEfIqCpS8FmsOypf83u9djPz7B66NiMJb7Me8qSAIRUcwQCu1cvlCsXEjAgWt4Jg2QMZdsNXnOCoBKAVHBdvlltwx6DzxUpInKa5auZ9GO2KJ4iEyCcbUPTfG5gA0Cib5MNtIDI+B9SDgdUtDUNw0B+PPDOmhVdq0E2n7QqRj9e/EAJQxfeXbTgXYNbPeSPzPqyfYOWsORBgnyEM2WdRJJMWIjpKhbaE5Q9m3BJgW9lbKuqCBoc0vO7UGRe9xOKecsPYwa8PyZqOZJ3flkmf5dTlfOU9jWyX75IAUiUdOSYVckitSJYw8kWfySt6cF+fD+XS+Jq0ZJ53ZI1Nwvn8BtxipsA==</latexit>

�µeµ ···

1

2

n

⇤

µi

µ 2 {↵,�, �}
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               is defined to be the contraction of the tensors 
with some normalization factor.
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Remark 4.1 (E�ciency of a Diagram). Consider a simply connected, closed 4-
manifold X. The genus g(T ) of any trisection T admits a lower bound of the form
g(T ) � b2(X) where b2(X) is the rank of H2(X). An e�cient trisection T is a
trisection for which this lower bound is an equality, i.e. g(T ) = b2(X) (see [23]).

Many of the trisection diagrams given in this section are e�cient in this sense,
making them particularly suitable for computations of the trisection invariant.

The first four examples that we introduce here, namely CP 2, S1⇥S
3 and sphere

bundles over S2, are all very simple and provide easy sources of example calculations.

Example 4.2 (Projective Space CP 2). Complex projective space admits a standard
(1, 0)-trisection, which can be written as in Figure 3 below.

�↵

��

�

•

•

•

Figure 3: A trisection diagram for CP 2.

Example 4.3 (S1 ⇥ S
3). Another very simple trisection is that of the product

manifold S
1 ⇥ S

3, which admits a (1, 0)-trisection as in Figure 4 below.

C↵ C� C

✏↵ ✏� ✏

Figure 4: A trisection diagram for S1 ⇥ S
3.

Example 4.4 (S2 ⇥ S
2). The product S2 ⇥ S

2 of two 2-spheres admits a genus 2
trisection diagram as in Figure 5 below.

Example 4.5 (S2⇥̃S
2). The twisted product S2⇥̃S

2 (that is, the total space of the
non-trivial oriented sphere bundle over S2) admits a genus 2 trisection diagram as
in Figure 6 below.

Example 4.6 (T 2⇥S
2). The product T 2⇥S

2 admits a genus 4 trisection diagram
as in Figure 7 below. We omit the corresponding trisection bracket, as it is quite
complicated in this case.
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Figure 6: A trisection diagram for S2⇥̃S
2.

The final (and most non-trivial) example of a trisection that we will include in
this section is the following, of the Kummer surface.

Example 4.7 (Kummer Surface K). The Kummer surface (or K3 surface) K is the
unique Calabi-Yau surface aside from T

4, up to deformation. By representing the
Kummer surface as a certain branched cover of CP 2, Lambert-Cole and Meier give
an e�cient trisection diagram for K in [23]. See Figure 8.

Although this trisection is currently beyond the computation abilities of our
script [8], the diagram can be tabulated and easily stored as a trisection datum (see
Definition 4.8 below) and is included in [8]. Improvements in the e�ciency of [8]
or enhancements to the properties of the invariant (e.g. gluing formulae) may make
calculations with this trisection tractable in the near future.

4.2 Computational Methods

Most trisection diagrams produce tensor diagram expressions for the corresponding
trisection invariant that are too large and complicated to evaluate by hand. However,
it is relatively straightforward to write computer code to calculate the invariant,
essentially directly from the definition. Here we briefly outline how this is done.
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S2⇥̃S2
<latexit sha1_base64="1pAsm/hfmLHrXPNz1QTow7UlJnA=">AAAB/3icbVC7TsMwFHV4tuUVQGJhsaiQmKqkDDBWsDAWQR+iLZXjOK1Vx4nsG0QVOvAZrCwMIGDlN9j4GnAfA7QcyfLROffq3nu8WHANjvNlzc0vLC4tZ7K5ldW19Q17c6uqo0RRVqGRiFTdI5oJLlkFOAhWjxUjoSdYzeudDv3aDVOaR/IS+jFrhaQjecApASO17Z2L6yJuAhc+S80XMj3ARmrbeafgjIBniTsh+VI2frh6u/0ut+3Pph/RJGQSqCBaN1wnhlZKFHAq2CDXTDSLCe2RDmsYKomZ1EpH+w/wvlF8HETKPAl4pP7uSEmodT/0TGVIoKunvaH4n9dIIDhupVzGCTBJx4OCRGCI8DAM7HPFKIi+IYQqbnbFtEsUoWAiy5kQ3OmTZ0m1WHAPC8VzN186QWNk0C7aQwfIRUeohM5QGVUQRXfoET2jF+veerJerfdx6Zw16dlGf2B9/AAkLZlE</latexit>
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Theorem [Chaidez, Cotler, C-]
               is an invariant of closed oriented smooth 
4-manifolds.
Z(M ;H)

<latexit sha1_base64="UvtKZ661Uhc26Hk5NGWAw4tpVdE=">AAACJHicbVDLSsNAFJ3UV42vaJdugq1QF5akGwU3RTfdCBXsA9tQJpNJO3QyCTMToYZ8izvRf3EnLtz4Ia6ctFnY1gMXDufcyz0cN6JESMv60gpr6xubW8VtfWd3b//AODzqiDDmCLdRSEPec6HAlDDclkRS3Is4hoFLcded3GR+9xFzQUJ2L6cRdgI4YsQnCEolDY1S5aF6ezUIoBwjSJNmelbRh0bZqlkzmKvEzkkZ5GgNjZ+BF6I4wEwiCoXo21YknQRySRDFqT6IBY4gmsAR7ivKYICFk8zCp+apUjzTD7kaJs2Z+vcigYEQ08BVm1lKsexl4n9eP5b+pZMQFsUSMzR/5MfUlKGZNWF6hGMk6VQRiDhRWU00hhwiqfrSF95IMnlKV5Rz5KVZWfZyNaukU6/Zit/Vy43rvLYiOAYnoApscAEaoAlaoA0QmIJn8AretBftXfvQPuerBS2/KYEFaN+/+KCjwg==</latexit><latexit sha1_base64="UvtKZ661Uhc26Hk5NGWAw4tpVdE=">AAACJHicbVDLSsNAFJ3UV42vaJdugq1QF5akGwU3RTfdCBXsA9tQJpNJO3QyCTMToYZ8izvRf3EnLtz4Ia6ctFnY1gMXDufcyz0cN6JESMv60gpr6xubW8VtfWd3b//AODzqiDDmCLdRSEPec6HAlDDclkRS3Is4hoFLcded3GR+9xFzQUJ2L6cRdgI4YsQnCEolDY1S5aF6ezUIoBwjSJNmelbRh0bZqlkzmKvEzkkZ5GgNjZ+BF6I4wEwiCoXo21YknQRySRDFqT6IBY4gmsAR7ivKYICFk8zCp+apUjzTD7kaJs2Z+vcigYEQ08BVm1lKsexl4n9eP5b+pZMQFsUSMzR/5MfUlKGZNWF6hGMk6VQRiDhRWU00hhwiqfrSF95IMnlKV5Rz5KVZWfZyNaukU6/Zit/Vy43rvLYiOAYnoApscAEaoAlaoA0QmIJn8AretBftXfvQPuerBS2/KYEFaN+/+KCjwg==</latexit><latexit sha1_base64="UvtKZ661Uhc26Hk5NGWAw4tpVdE=">AAACJHicbVDLSsNAFJ3UV42vaJdugq1QF5akGwU3RTfdCBXsA9tQJpNJO3QyCTMToYZ8izvRf3EnLtz4Ia6ctFnY1gMXDufcyz0cN6JESMv60gpr6xubW8VtfWd3b//AODzqiDDmCLdRSEPec6HAlDDclkRS3Is4hoFLcded3GR+9xFzQUJ2L6cRdgI4YsQnCEolDY1S5aF6ezUIoBwjSJNmelbRh0bZqlkzmKvEzkkZ5GgNjZ+BF6I4wEwiCoXo21YknQRySRDFqT6IBY4gmsAR7ivKYICFk8zCp+apUjzTD7kaJs2Z+vcigYEQ08BVm1lKsexl4n9eP5b+pZMQFsUSMzR/5MfUlKGZNWF6hGMk6VQRiDhRWU00hhwiqfrSF95IMnlKV5Rz5KVZWfZyNaukU6/Zit/Vy43rvLYiOAYnoApscAEaoAlaoA0QmIJn8AretBftXfvQPuerBS2/KYEFaN+/+KCjwg==</latexit><latexit sha1_base64="UvtKZ661Uhc26Hk5NGWAw4tpVdE=">AAACJHicbVDLSsNAFJ3UV42vaJdugq1QF5akGwU3RTfdCBXsA9tQJpNJO3QyCTMToYZ8izvRf3EnLtz4Ia6ctFnY1gMXDufcyz0cN6JESMv60gpr6xubW8VtfWd3b//AODzqiDDmCLdRSEPec6HAlDDclkRS3Is4hoFLcded3GR+9xFzQUJ2L6cRdgI4YsQnCEolDY1S5aF6ezUIoBwjSJNmelbRh0bZqlkzmKvEzkkZ5GgNjZ+BF6I4wEwiCoXo21YknQRySRDFqT6IBY4gmsAR7ivKYICFk8zCp+apUjzTD7kaJs2Z+vcigYEQ08BVm1lKsexl4n9eP5b+pZMQFsUSMzR/5MfUlKGZNWF6hGMk6VQRiDhRWU00hhwiqfrSF95IMnlKV5Rz5KVZWfZyNaukU6/Zit/Vy43rvLYiOAYnoApscAEaoAlaoA0QmIJn8AretBftXfvQPuerBS2/KYEFaN+/+KCjwg==</latexit>
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               is an invariant of closed oriented smooth 
4-manifolds.
Z(M ;H)

<latexit sha1_base64="UvtKZ661Uhc26Hk5NGWAw4tpVdE=">AAACJHicbVDLSsNAFJ3UV42vaJdugq1QF5akGwU3RTfdCBXsA9tQJpNJO3QyCTMToYZ8izvRf3EnLtz4Ia6ctFnY1gMXDufcyz0cN6JESMv60gpr6xubW8VtfWd3b//AODzqiDDmCLdRSEPec6HAlDDclkRS3Is4hoFLcded3GR+9xFzQUJ2L6cRdgI4YsQnCEolDY1S5aF6ezUIoBwjSJNmelbRh0bZqlkzmKvEzkkZ5GgNjZ+BF6I4wEwiCoXo21YknQRySRDFqT6IBY4gmsAR7ivKYICFk8zCp+apUjzTD7kaJs2Z+vcigYEQ08BVm1lKsexl4n9eP5b+pZMQFsUSMzR/5MfUlKGZNWF6hGMk6VQRiDhRWU00hhwiqfrSF95IMnlKV5Rz5KVZWfZyNaukU6/Zit/Vy43rvLYiOAYnoApscAEaoAlaoA0QmIJn8AretBftXfvQPuerBS2/KYEFaN+/+KCjwg==</latexit><latexit sha1_base64="UvtKZ661Uhc26Hk5NGWAw4tpVdE=">AAACJHicbVDLSsNAFJ3UV42vaJdugq1QF5akGwU3RTfdCBXsA9tQJpNJO3QyCTMToYZ8izvRf3EnLtz4Ia6ctFnY1gMXDufcyz0cN6JESMv60gpr6xubW8VtfWd3b//AODzqiDDmCLdRSEPec6HAlDDclkRS3Is4hoFLcded3GR+9xFzQUJ2L6cRdgI4YsQnCEolDY1S5aF6ezUIoBwjSJNmelbRh0bZqlkzmKvEzkkZ5GgNjZ+BF6I4wEwiCoXo21YknQRySRDFqT6IBY4gmsAR7ivKYICFk8zCp+apUjzTD7kaJs2Z+vcigYEQ08BVm1lKsexl4n9eP5b+pZMQFsUSMzR/5MfUlKGZNWF6hGMk6VQRiDhRWU00hhwiqfrSF95IMnlKV5Rz5KVZWfZyNaukU6/Zit/Vy43rvLYiOAYnoApscAEaoAlaoA0QmIJn8AretBftXfvQPuerBS2/KYEFaN+/+KCjwg==</latexit><latexit sha1_base64="UvtKZ661Uhc26Hk5NGWAw4tpVdE=">AAACJHicbVDLSsNAFJ3UV42vaJdugq1QF5akGwU3RTfdCBXsA9tQJpNJO3QyCTMToYZ8izvRf3EnLtz4Ia6ctFnY1gMXDufcyz0cN6JESMv60gpr6xubW8VtfWd3b//AODzqiDDmCLdRSEPec6HAlDDclkRS3Is4hoFLcded3GR+9xFzQUJ2L6cRdgI4YsQnCEolDY1S5aF6ezUIoBwjSJNmelbRh0bZqlkzmKvEzkkZ5GgNjZ+BF6I4wEwiCoXo21YknQRySRDFqT6IBY4gmsAR7ivKYICFk8zCp+apUjzTD7kaJs2Z+vcigYEQ08BVm1lKsexl4n9eP5b+pZMQFsUSMzR/5MfUlKGZNWF6hGMk6VQRiDhRWU00hhwiqfrSF95IMnlKV5Rz5KVZWfZyNaukU6/Zit/Vy43rvLYiOAYnoApscAEaoAlaoA0QmIJn8AretBftXfvQPuerBS2/KYEFaN+/+KCjwg==</latexit><latexit sha1_base64="UvtKZ661Uhc26Hk5NGWAw4tpVdE=">AAACJHicbVDLSsNAFJ3UV42vaJdugq1QF5akGwU3RTfdCBXsA9tQJpNJO3QyCTMToYZ8izvRf3EnLtz4Ia6ctFnY1gMXDufcyz0cN6JESMv60gpr6xubW8VtfWd3b//AODzqiDDmCLdRSEPec6HAlDDclkRS3Is4hoFLcded3GR+9xFzQUJ2L6cRdgI4YsQnCEolDY1S5aF6ezUIoBwjSJNmelbRh0bZqlkzmKvEzkkZ5GgNjZ+BF6I4wEwiCoXo21YknQRySRDFqT6IBY4gmsAR7ivKYICFk8zCp+apUjzTD7kaJs2Z+vcigYEQ08BVm1lKsexl4n9eP5b+pZMQFsUSMzR/5MfUlKGZNWF6hGMk6VQRiDhRWU00hhwiqfrSF95IMnlKV5Rz5KVZWfZyNaukU6/Zit/Vy43rvLYiOAYnoApscAEaoAlaoA0QmIJn8AretBftXfvQPuerBS2/KYEFaN+/+KCjwg==</latexit>

=
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Theorem [Chaidez, Cotler, C-]
               is an invariant of closed oriented smooth 
4-manifolds.
Z(M ;H)

<latexit sha1_base64="UvtKZ661Uhc26Hk5NGWAw4tpVdE=">AAACJHicbVDLSsNAFJ3UV42vaJdugq1QF5akGwU3RTfdCBXsA9tQJpNJO3QyCTMToYZ8izvRf3EnLtz4Ia6ctFnY1gMXDufcyz0cN6JESMv60gpr6xubW8VtfWd3b//AODzqiDDmCLdRSEPec6HAlDDclkRS3Is4hoFLcded3GR+9xFzQUJ2L6cRdgI4YsQnCEolDY1S5aF6ezUIoBwjSJNmelbRh0bZqlkzmKvEzkkZ5GgNjZ+BF6I4wEwiCoXo21YknQRySRDFqT6IBY4gmsAR7ivKYICFk8zCp+apUjzTD7kaJs2Z+vcigYEQ08BVm1lKsexl4n9eP5b+pZMQFsUSMzR/5MfUlKGZNWF6hGMk6VQRiDhRWU00hhwiqfrSF95IMnlKV5Rz5KVZWfZyNaukU6/Zit/Vy43rvLYiOAYnoApscAEaoAlaoA0QmIJn8AretBftXfvQPuerBS2/KYEFaN+/+KCjwg==</latexit><latexit sha1_base64="UvtKZ661Uhc26Hk5NGWAw4tpVdE=">AAACJHicbVDLSsNAFJ3UV42vaJdugq1QF5akGwU3RTfdCBXsA9tQJpNJO3QyCTMToYZ8izvRf3EnLtz4Ia6ctFnY1gMXDufcyz0cN6JESMv60gpr6xubW8VtfWd3b//AODzqiDDmCLdRSEPec6HAlDDclkRS3Is4hoFLcded3GR+9xFzQUJ2L6cRdgI4YsQnCEolDY1S5aF6ezUIoBwjSJNmelbRh0bZqlkzmKvEzkkZ5GgNjZ+BF6I4wEwiCoXo21YknQRySRDFqT6IBY4gmsAR7ivKYICFk8zCp+apUjzTD7kaJs2Z+vcigYEQ08BVm1lKsexl4n9eP5b+pZMQFsUSMzR/5MfUlKGZNWF6hGMk6VQRiDhRWU00hhwiqfrSF95IMnlKV5Rz5KVZWfZyNaukU6/Zit/Vy43rvLYiOAYnoApscAEaoAlaoA0QmIJn8AretBftXfvQPuerBS2/KYEFaN+/+KCjwg==</latexit><latexit sha1_base64="UvtKZ661Uhc26Hk5NGWAw4tpVdE=">AAACJHicbVDLSsNAFJ3UV42vaJdugq1QF5akGwU3RTfdCBXsA9tQJpNJO3QyCTMToYZ8izvRf3EnLtz4Ia6ctFnY1gMXDufcyz0cN6JESMv60gpr6xubW8VtfWd3b//AODzqiDDmCLdRSEPec6HAlDDclkRS3Is4hoFLcded3GR+9xFzQUJ2L6cRdgI4YsQnCEolDY1S5aF6ezUIoBwjSJNmelbRh0bZqlkzmKvEzkkZ5GgNjZ+BF6I4wEwiCoXo21YknQRySRDFqT6IBY4gmsAR7ivKYICFk8zCp+apUjzTD7kaJs2Z+vcigYEQ08BVm1lKsexl4n9eP5b+pZMQFsUSMzR/5MfUlKGZNWF6hGMk6VQRiDhRWU00hhwiqfrSF95IMnlKV5Rz5KVZWfZyNaukU6/Zit/Vy43rvLYiOAYnoApscAEaoAlaoA0QmIJn8AretBftXfvQPuerBS2/KYEFaN+/+KCjwg==</latexit><latexit sha1_base64="UvtKZ661Uhc26Hk5NGWAw4tpVdE=">AAACJHicbVDLSsNAFJ3UV42vaJdugq1QF5akGwU3RTfdCBXsA9tQJpNJO3QyCTMToYZ8izvRf3EnLtz4Ia6ctFnY1gMXDufcyz0cN6JESMv60gpr6xubW8VtfWd3b//AODzqiDDmCLdRSEPec6HAlDDclkRS3Is4hoFLcded3GR+9xFzQUJ2L6cRdgI4YsQnCEolDY1S5aF6ezUIoBwjSJNmelbRh0bZqlkzmKvEzkkZ5GgNjZ+BF6I4wEwiCoXo21YknQRySRDFqT6IBY4gmsAR7ivKYICFk8zCp+apUjzTD7kaJs2Z+vcigYEQ08BVm1lKsexl4n9eP5b+pZMQFsUSMzR/5MfUlKGZNWF6hGMk6VQRiDhRWU00hhwiqfrSF95IMnlKV5Rz5KVZWfZyNaukU6/Zit/Vy43rvLYiOAYnoApscAEaoAlaoA0QmIJn8AretBftXfvQPuerBS2/KYEFaN+/+KCjwg==</latexit>

=
��

<latexit sha1_base64="lmDsS81GNh0YBYmeK3tz2rQpI/U=">AAACIHicbZC7SgNREIZn4y3GS6KWNotRsDHs2mgZ1MIygrlAEsLZk0lyyNkL58wKccmT2Im+grWlnVjqe9hYeXIpTOIPAx//zDDD70VSaHKcTyu1tLyyupZez2xsbm1nczu7FR3GimOZhzJUNY9plCLAMgmSWIsUMt+TWPX6l6N+9Q6VFmFwS4MImz7rBqIjOCNjtXLZxhVKYq2k4SGxYaaVyzsFZyx7Edwp5IuH3y+vAFBq5X4a7ZDHPgbEJdO67joRNROmSHCJw0wj1hgx3mddrBsMmI+6mYwfH9pHxmnbnVCZCsgeu383EuZrPfA9M+kz6un53sj8r1ePqXPeTEQQxYQBnxzqxNKm0B6lYLeFQk5yYIBxJcyvNu8xxTiZrDIzZ0j074cLzglvj8Ny56NZhMppwTV84+aLFzBRGvbhAI7BhTMowjWUoAwcYniAJ3i2Hq036936mIymrOnOHszI+voF9demDA==</latexit><latexit sha1_base64="HZyR49DOwwjQ0ZiNONxPAoKzyUI=">AAACIHicbZC7SgNREIbPeo2JmlVLm8Uo2Bh2bbQMamEZwVwgG5azJ5PkkLMXzpkNxCVPYif6Cr6AjZ1Y6ntoYeXJpTCJPwx8/DPDDL8fC67Qtj+MpeWV1bX1zEY2t7m1nTd3dqsqSiSDCotEJOs+VSB4CBXkKKAeS6CBL6Dm9y5H/VofpOJReIuDGJoB7YS8zRlFbXlm3r0CgdRLXR+QDrOeWbCL9ljWIjhTKJQOv55f+rnvsmf+uK2IJQGEyARVquHYMTZTKpEzAcOsmyiIKevRDjQ0hjQA1UzHjw+tI+20rHYkdYVojd2/GykNlBoEvp4MKHbVfG9k/tdrJNg+b6Y8jBOEkE0OtRNhYWSNUrBaXAJDMdBAmeT6V4t1qaQMdVbZmTPIe3fDBeeEtcZhOfPRLEL1tOhovnEKpQsyUYbskwNyTBxyRkrkmpRJhTCSkHvySJ6MB+PVeDPeJ6NLxnRnj8zI+PwFKZanhg==</latexit><latexit sha1_base64="HZyR49DOwwjQ0ZiNONxPAoKzyUI=">AAACIHicbZC7SgNREIbPeo2JmlVLm8Uo2Bh2bbQMamEZwVwgG5azJ5PkkLMXzpkNxCVPYif6Cr6AjZ1Y6ntoYeXJpTCJPwx8/DPDDL8fC67Qtj+MpeWV1bX1zEY2t7m1nTd3dqsqSiSDCotEJOs+VSB4CBXkKKAeS6CBL6Dm9y5H/VofpOJReIuDGJoB7YS8zRlFbXlm3r0CgdRLXR+QDrOeWbCL9ljWIjhTKJQOv55f+rnvsmf+uK2IJQGEyARVquHYMTZTKpEzAcOsmyiIKevRDjQ0hjQA1UzHjw+tI+20rHYkdYVojd2/GykNlBoEvp4MKHbVfG9k/tdrJNg+b6Y8jBOEkE0OtRNhYWSNUrBaXAJDMdBAmeT6V4t1qaQMdVbZmTPIe3fDBeeEtcZhOfPRLEL1tOhovnEKpQsyUYbskwNyTBxyRkrkmpRJhTCSkHvySJ6MB+PVeDPeJ6NLxnRnj8zI+PwFKZanhg==</latexit><latexit sha1_base64="0g/213BEL5FXSTZnCflup8GEnfY=">AAACIHicbZBNS8NAEIY39avGj0Y9egkWwYsl8aLHoh48VrAf0Jay2UzapZsPdidCDf0l3kT/izfxqD/Fk9s0B9v6wsDDOzPM8HqJ4Aod58sora1vbG6Vt82d3b39inVw2FJxKhk0WSxi2fGoAsEjaCJHAZ1EAg09AW1vfDPrtx9BKh5HDzhJoB/SYcQDzihqa2BVercgkA6yngdIp+bAqjo1J5e9Cm4BVVKoMbB+en7M0hAiZIIq1XWdBPsZlciZgKnZSxUklI3pELoaIxqC6mf541P7VDu+HcRSV4R27v7dyGio1CT09GRIcaSWezPzv143xeCqn/EoSREiNj8UpMLG2J6lYPtcAkMx0UCZ5PpXm42opAx1VubCGeTjp+mKc878PCx3OZpVaF3UXM33brV+XcRWJsfkhJwRl1ySOrkjDdIkjKTkmbySN+PFeDc+jM/5aMkodo7IgozvX7sPoz0=</latexit>

��
<latexit sha1_base64="Q7+35wN6tIacuaHSrs+okBVeTFg=">AAACIXicbZA9SwNBEIbn/DZ+nVraHEbBRrmz0TKohWUEEwNJCHObTbJk9+7YnRPikX9iJ/oTrG3txE78HTZWbhILk/jCwMM7M8zwhokUhnz/w5mZnZtfWFxazq2srq1vuJtbZROnmvESi2WsKyEaLkXESyRI8kqiOapQ8puwez7o39xybUQcXVMv4XWF7Ui0BEOyVsN1axdcEjayWhuVwn6u4eb9I38obxqCX8gX9r6eXwCg2HC/a82YpYpHxCQaUw38hOoZahJM8n6ulhqeIOtim1ctRqi4qWfDz/vevnWaXivWtiLyhu7fjQyVMT0V2kmF1DGTvYH5X6+aUuu0nokoSYlHbHSolUqPYm8Qg9cUmjOSPQvItLC/eqyDGhnZsHJjZ0h07/pTziFrDsMKJqOZhvLxUWD5KsgXzmCkJdiBXTiAAE6gAJdQhBIwuIV7eIQn58F5dd6c99HojPO7sw1jcj5/AM1Npn0=</latexit><latexit sha1_base64="raWOx4772sN4AuCIzftelct0LnQ=">AAACIXicbZC7SgNBFIZn4y0mXlYtbRajYGPYtdEyqIVlBHOBJISzk0kyZGZ3mTkbiEvexE70EXwBKzuxE59DCysnl8Ik/nDg4z/ncA6/Hwmu0XU/rNTS8srqWno9k93Y3Nq2d3bLOowVZSUailBVfdBM8ICVkKNg1UgxkL5gFb93OepX+kxpHga3OIhYQ0In4G1OAY3VtO36FRMIzaTeASlhmGnaOTfvjuUsgjeFXOHw6/mln/0uNu2feiuksWQBUgFa1zw3wkYCCjkVbJipx5pFQHvQYTWDAUimG8n486FzZJyW0w6VqQCdsft3IwGp9UD6ZlICdvV8b2T+16vF2D5vJDyIYmQBnRxqx8LB0BnF4LS4YhTFwABQxc2vDu2CAoomrMzMGeS9u+GCc0Jb47C8+WgWoXya9wzfeLnCBZkoTfbJATkmHjkjBXJNiqREKOmTe/JInqwH69V6s94noylrurNHZmR9/gIBDKf3</latexit><latexit sha1_base64="raWOx4772sN4AuCIzftelct0LnQ=">AAACIXicbZC7SgNBFIZn4y0mXlYtbRajYGPYtdEyqIVlBHOBJISzk0kyZGZ3mTkbiEvexE70EXwBKzuxE59DCysnl8Ik/nDg4z/ncA6/Hwmu0XU/rNTS8srqWno9k93Y3Nq2d3bLOowVZSUailBVfdBM8ICVkKNg1UgxkL5gFb93OepX+kxpHga3OIhYQ0In4G1OAY3VtO36FRMIzaTeASlhmGnaOTfvjuUsgjeFXOHw6/mln/0uNu2feiuksWQBUgFa1zw3wkYCCjkVbJipx5pFQHvQYTWDAUimG8n486FzZJyW0w6VqQCdsft3IwGp9UD6ZlICdvV8b2T+16vF2D5vJDyIYmQBnRxqx8LB0BnF4LS4YhTFwABQxc2vDu2CAoomrMzMGeS9u+GCc0Jb47C8+WgWoXya9wzfeLnCBZkoTfbJATkmHjkjBXJNiqREKOmTe/JInqwH69V6s94noylrurNHZmR9/gIBDKf3</latexit><latexit sha1_base64="AVHXbGkyQtR2/ktaQCCw8dPiV2c=">AAACIXicbZBNS8NAEIY39avGr6hHL8EieLEkXvRY1IPHCvYD2lIm2227dDcJu5NCDf0n3kT/izfxJv4TT27THGzrCwMP78wwwxvEgmv0vC+rsLa+sblV3LZ3dvf2D5zDo7qOEkVZjUYiUs0ANBM8ZDXkKFgzVgxkIFgjGN3O+o0xU5pH4SNOYtaRMAh5n1NAY3Udp33HBEI3bQ9ASpjaXafklb1M7ir4OZRIrmrX+Wn3IppIFiIVoHXL92LspKCQU8GmdjvRLAY6ggFrGQxBMt1Js8+n7plxem4/UqZCdDP370YKUuuJDMykBBzq5d7M/K/XSrB/3Ul5GCfIQjo/1E+Ei5E7i8HtccUoiokBoIqbX106BAUUTVj2whnko6fpinNBe1lY/nI0q1C/LPuGH/xS5SaPrUhOyCk5Jz65IhVyT6qkRigZk2fySt6sF+vd+rA+56MFK985Jguyvn8BkoWjrg==</latexit>

�op
�

<latexit sha1_base64="aI2gpcHa8/LT+5kJggzt7nyer/E="></latexit><latexit sha1_base64="n6iCi5IE86sjF8loCaplvSKppFE=">AAACLXicbZA9SwNBEIb3/DZ+RS21OAyCIMqdjZZBLSwVjAq5GOY2k7hk9+7YnRPjcY2tf8PCTvS/WAhi6y+wsXKTWKjxhYWHd2aY2TdMpDDkeS/O0PDI6Nj4xGRhanpmdq44v3Bi4lRzrPBYxvosBINSRFghQRLPEo2gQomnYXuvWz+9RG1EHB1TJ8GaglYkmoIDWateXA72URLUs6AFSkF+ngWEV5TFSZ4X6sWSt+n15A6C/w2l8vrH3S2WksN68TNoxDxVGBGXYEzV9xKqZaBJcIl5IUgNJsDb0MKqxQgUmlrW+0Xurlqn4TZjbV9Ebs/9OZGBMqajQtupgC7M31rX/K9WTam5U8tElKSEEe8vaqbSpdjtRuI2hEZOsmMBuBb2VpdfgAZONrjCrzUk2tf5gLPBG72w/L/RDMLJ1qZv+cgvlXdZXxNsia2wNeazbVZmB+yQVRhnN+yePbIn58F5dl6dt37rkPM9s8h+yXn/AuegrPs=</latexit><latexit sha1_base64="n6iCi5IE86sjF8loCaplvSKppFE=">AAACLXicbZA9SwNBEIb3/DZ+RS21OAyCIMqdjZZBLSwVjAq5GOY2k7hk9+7YnRPjcY2tf8PCTvS/WAhi6y+wsXKTWKjxhYWHd2aY2TdMpDDkeS/O0PDI6Nj4xGRhanpmdq44v3Bi4lRzrPBYxvosBINSRFghQRLPEo2gQomnYXuvWz+9RG1EHB1TJ8GaglYkmoIDWateXA72URLUs6AFSkF+ngWEV5TFSZ4X6sWSt+n15A6C/w2l8vrH3S2WksN68TNoxDxVGBGXYEzV9xKqZaBJcIl5IUgNJsDb0MKqxQgUmlrW+0Xurlqn4TZjbV9Ebs/9OZGBMqajQtupgC7M31rX/K9WTam5U8tElKSEEe8vaqbSpdjtRuI2hEZOsmMBuBb2VpdfgAZONrjCrzUk2tf5gLPBG72w/L/RDMLJ1qZv+cgvlXdZXxNsia2wNeazbVZmB+yQVRhnN+yePbIn58F5dl6dt37rkPM9s8h+yXn/AuegrPs=</latexit><latexit sha1_base64="CAu1fDnClTb2X7M8KWn2vqBt43c=">AAACLXicbZA9SwNBEIb3/IzxK2qpxWEQbJQ7Gy2DWlhGMCrkYpjbTOKS3btjd06MxzX+GjvR/2IhiK3/wcrNR6GJLyw8vDPDzL5hIoUhz3t3pqZnZufmCwvFxaXlldXS2vqliVPNscZjGevrEAxKEWGNBEm8TjSCCiVehd2Tfv3qDrURcXRBvQQbCjqRaAsOZK1maSs4RUnQzIIOKAX5TRYQ3lMWJ3lebJbK3r43kDsJ/gjKbKRqs/QdtGKeKoyISzCm7nsJNTLQJLjEvBikBhPgXehg3WIECk0jG/wid3es03LbsbYvInfg/p7IQBnTU6HtVEC3ZrzWN/+r1VNqHzUyESUpYcSHi9qpdCl2+5G4LaGRk+xZAK6FvdXlt6CBkw2u+GcNie5DPuHs8dYgLH88mkm4PNj3LZ/75crxKLYC22TbbJf57JBV2Bmrshrj7JE9sRf26jw7b86H8zlsnXJGMxvsj5yvH5rBqXQ=</latexit>

�op
�

<latexit sha1_base64="HL3HqT43LF3FckXmkCEOhXsmA5k=">AAACLHicbZA9SwNBEIbn/IzxK2pp4WIQbNQ7Gy2DWlgqGA3kYtjbTHTJ3ge7c2I8rvDX2In+FxsRCxt/hJWbj0KNLyw8vDPDzL5BoqQh1311xsYnJqemCzPF2bn5hcXS0vK5iVMtsCpiFetawA0qGWGVJCmsJRp5GCi8CDqHvfrFDWoj4+iMugk2Qn4VybYUnKzVLK36R6iINzM/QOL5ZeYT3lIWJ3lebJbK7rbbFxsFbwjlys7HGgOAk2bpy2/FIg0xIqG4MXXPTaiRcU1SKMyLfmow4aLDr7BuMeIhmkbW/0TONqzTYu1Y2xcR67s/JzIeGtMNA9sZcro2f2s9879aPaX2fiOTUZISRmKwqJ0qRjHrJcJaUqMg1bXAhZb2ViauueaCbG7FX2tIdu7yEWdLtPpheX+jGYXz3W3P8qlXrhzAQAVYhXXYBA/2oALHcAJVEHAPD/AEz86j8+K8Oe+D1jFnOLMCv+R8fgMYeqqS</latexit><latexit sha1_base64="DPssh1R72dmO76/lptZEVH3oB8Y="></latexit><latexit sha1_base64="DPssh1R72dmO76/lptZEVH3oB8Y="></latexit><latexit sha1_base64="dVfBEdaywZTD0NIA74R0S+b1XWs=">AAACLHicbZC7TsNAEEXXPEN4BSjTWERINEQ2DZQRUFAGiTyk2ETrzSRZZf3Q7hgRLBd8DR2Cf6FBiJaPoGLjuCAJV1rp6M6MZvZ6keAKLevDWFpeWV1bL2wUN7e2d3ZLe/tNFcaSQYOFIpRtjyoQPIAGchTQjiRQ3xPQ8kaXk3rrHqTiYXCL4whcnw4C3ueMora6pbJzBQJpN3E8QJreJQ7CAyZhlKbFbqliVa1M5iLYOVRIrnq39OP0Qhb7ECATVKmObUXoJlQiZwLSohMriCgb0QF0NAbUB+Um2SdS80g7PbMfSv0CNDP370RCfaXGvqc7fYpDNV+bmP/VOjH2z92EB1GMELDpon4sTAzNSSJmj0tgKMYaKJNc32qyIZWUoc6tOLMG+egxXXBOWC8Ly56PZhGap1Vb841dqV3ksRVImRySY2KTM1Ij16ROGoSRJ/JMXsmb8WK8G5/G17R1ychnDsiMjO9fvl+pAw==</latexit>

�op
↵

<latexit sha1_base64="B+7sH7D+5FurN8WJH5lUPQQcfdA=">AAACLXicbZDLSitBEIZrvBw16jHqUheDQXCjzLjRZTi6cKlgNJDJCTWdimnSc6G7RswZZuPTuBN9FxeCiDvfwZWdy0LN+aHh468qqvoPUyUNe96zMzU9M/trbn6htLi0/HulvLp2YZJMC6qJRCW6HqIhJWOqsWRF9VQTRqGiy7B3NKhfXpM2MonPuZ9SM8KrWHakQLZWq7wZHJNibOUBqrSLxd88YLrhPEmLotQqV7w9byh3EvwxVKpbOy9vAHDaKn8E7URkEcUsFBrT8L2UmzlqlkJRUQoyQymKHl5Rw2KMEZlmPvxF4W5bp+12Em1fzO7Q/TqRY2RMPwptZ4TcNT9rA/N/tUbGncNmLuM0Y4rFaFEnUy4n7iASty01CVZ9Cyi0tLe6oosaBdvgSt/WsOz9KyacXdEehuX/jGYSLvb3fMtnfqX6B0aahw3Ygh3w4QCqcAKnUAMBt3AHD/Do3DtPzovzOmqdcsYz6/BNzvsnC8ervQ==</latexit><latexit sha1_base64="sOrme+qPzPTonbLSrowIu63Vjn8="></latexit><latexit sha1_base64="sOrme+qPzPTonbLSrowIu63Vjn8="></latexit><latexit sha1_base64="YnjfAAyo5EHjVHokPzc0UR40T5c=">AAACLXicbZA9SwNBEIb3/DZ+RS21OAyCjeHORsugFpYK5gNyMcxtJsmSvQ9258R4XOOvsRP9LxaC2PofrNycKYzxhYWHd2aY2dePpdDkOG/WzOzc/MLi0nJhZXVtfaO4uVXTUaI4VnkkI9XwQaMUIVZJkMRGrBACX2LdH5yN6vVbVFpE4TUNY2wF0AtFV3AgY7WLu945SoJ26oGM+5DdpB7hHaVRnGWFdrHklJ1c9jS4YyixsS7bxS+vE/EkwJC4BK2brhNTKwVFgkvMCl6iMQY+gB42DYYQoG6l+S8ye984HbsbKfNCsnP390QKgdbDwDedAVBf/62NzP9qzYS6J61UhHFCGPKfRd1E2hTZo0jsjlDISQ4NAFfC3GrzPijgZIIrTKwhMbjPppxD3snDcv9GMw21o7Jr+MotVU7HsS2xHbbHDpjLjlmFXbBLVmWcPbBH9sxerCfr1Xq3Pn5aZ6zxzDabkPX5DZ/5qXc=</latexit>

�↵
<latexit sha1_base64="2aoik9jlTwzixAAo0fiNU9usES4=">AAACIXicbZA9SwNBEIbn4nf8OhVsbA6DYKPc2WgZ1MLSgIlCLsS5zZ5ZsvfB7lwgHvkndqL/xU7sRPCHWLm5pFDjCwMP78wwwxukUmhy3XerNDM7N7+wuFReXlldW7c3Nhs6yRTjdZbIRN0EqLkUMa+TIMlvUsUxCiS/Dnpno/51nystkviKBilvRXgXi1AwJGO1bds/55Kwnfso0y4Oy2274h66hZxp8CZQqW7XPm8B4LJtf/mdhGURj4lJ1LrpuSm1clQkmOTDsp9pniLr4R1vGowx4rqVF58PnT3jdJwwUaZicgr350aOkdaDKDCTEVJX/+2NzP96zYzCk1Yu4jQjHrPxoTCTDiXOKAanIxRnJAcGkClhfnVYFxUyMmGVf50h0bsfTjkHrFOE5f2NZhoaR4ee4ZpXqZ7CWIuwA7uwDx4cQxUu4BLqwKAPD/AEz9aj9WK9Wm/j0ZI12dmCX7I+vgFyCKWW</latexit><latexit sha1_base64="AbnOaOdQ4JvFBPLNin2EVc6GHB4=">AAACIXicbZA7SwNBEMf34iuer1PBxuYwCDaGOxstQ7SwTMA8IAnH3GaTLNl7sDsXiEe+iZ1o57ewsRM7EfwgVm4ehUn8w8CP/8www9+PBVfoOJ9GZmV1bX0ju2lube/s7ln7B1UVJZKyCo1EJOs+KCZ4yCrIUbB6LBkEvmA1v3897tcGTCoehXc4jFkrgG7IO5wCasuzrOYNEwhe2gQR92BkelbOyTsT2cvgziBXOCp/85fia8mzfprtiCYBC5EKUKrhOjG2UpDIqWAjs5koFgPtQ5c1NIYQMNVKJ5+P7FPttO1OJHWFaE/cvxspBEoNA19PBoA9tdgbm//1Ggl2rlopD+MEWUinhzqJsDGyxzHYbS4ZRTHUAFRy/atNeyCBog7LnDuDvH8/WnLOaXsSlrsYzTJUL/Ku5rKbKxTJVFlyTE7IGXHJJSmQW1IiFULJgDyQJ/JsPBpvxrvxMR3NGLOdQzIn4+sXCLinUg==</latexit><latexit sha1_base64="AbnOaOdQ4JvFBPLNin2EVc6GHB4=">AAACIXicbZA7SwNBEMf34iuer1PBxuYwCDaGOxstQ7SwTMA8IAnH3GaTLNl7sDsXiEe+iZ1o57ewsRM7EfwgVm4ehUn8w8CP/8www9+PBVfoOJ9GZmV1bX0ju2lube/s7ln7B1UVJZKyCo1EJOs+KCZ4yCrIUbB6LBkEvmA1v3897tcGTCoehXc4jFkrgG7IO5wCasuzrOYNEwhe2gQR92BkelbOyTsT2cvgziBXOCp/85fia8mzfprtiCYBC5EKUKrhOjG2UpDIqWAjs5koFgPtQ5c1NIYQMNVKJ5+P7FPttO1OJHWFaE/cvxspBEoNA19PBoA9tdgbm//1Ggl2rlopD+MEWUinhzqJsDGyxzHYbS4ZRTHUAFRy/atNeyCBog7LnDuDvH8/WnLOaXsSlrsYzTJUL/Ku5rKbKxTJVFlyTE7IGXHJJSmQW1IiFULJgDyQJ/JsPBpvxrvxMR3NGLOdQzIn4+sXCLinUg==</latexit><latexit sha1_base64="zpAiWYIK4hHZBNkzuvlsRzldu50=">AAACIXicbZBNS8NAEIY39avGr6hHL8EieLEkXvRY1IPHCvYDmlIm2227dPPB7qRQQ/6JN9H/4k28if/Ek9s0B9v6wsDDOzPM8Pqx4Aod58sora1vbG6Vt82d3b39A+vwqKmiRFLWoJGIZNsHxQQPWQM5CtaOJYPAF6zlj29n/daEScWj8BGnMesGMAz5gFNAbfUsy7tjAqGXeiDiEWRmz6o4VSeXvQpuARVSqN6zfrx+RJOAhUgFKNVxnRi7KUjkVLDM9BLFYqBjGLKOxhACprpp/nlmn2mnbw8iqStEO3f/bqQQKDUNfD0ZAI7Ucm9m/tfrJDi47qY8jBNkIZ0fGiTCxsiexWD3uWQUxVQDUMn1rzYdgQSKOixz4Qzy8VO24lzQfh6WuxzNKjQvq67mB7dSuyliK5MTckrOiUuuSI3ckzppEEom5Jm8kjfjxXg3PozP+WjJKHaOyYKM71+XmaOx</latexit>

=,
<latexit sha1_base64="bKAsU4Px1z53dr3brOnMAZaXqo4=">AAACIHicbZA7SwNBEMfnfMbzkVNLm8Mg2BjubLQRgzYWFhHMA5Ij7G32kiV7D3bnlHgE/B52op9FO7HUj2Ll5lGYxD8M/PjPDDP8/URwhY7zZSwsLi2vrObWzPWNza28tb1TVXEqKavQWMSy7hPFBI9YBTkKVk8kI6EvWM3vXQ77tTsmFY+jW+wnzAtJJ+IBpwS11bLyzWsWoOSdLhIp4/uWVXCKzkj2PLgTKJy/mWePAFBuWT/NdkzTkEVIBVGq4ToJehmRyKlgA7OZKpYQ2iMd1tAYkZApLxs9PrAPtNO2g1jqitAeuX83MhIq1Q99PRkS7KrZ3tD8r9dIMTj1Mh4lKbKIjg8FqbAxtocp2G0uGUXR10Co5PpXm3aJJBR1VubUGeS9h8Gcc0TbA1OH5c5GMw/V46Kr+cYtlC5grBzswT4cggsnUIIrKEMFKKTwBC/wajwb78aH8TkeXTAmO7swJeP7F2X8pZs=</latexit><latexit sha1_base64="J8X/g7wuFMRiddwDmZ5J+YBoMyY=">AAACIHicbZDLSsNAFIYn9VbjpVGXboJFcGNJ3OhGLLpx4aKCvUAbymQyaYdOJmHmRKklT+LOy7PoTlyJPoorp5eFbf3hwMd/zuEcfj/hTIHjfBm5hcWl5ZX8qrm2vrFZsLa2aypOJaFVEvNYNnysKGeCVoEBp41EUhz5nNb93sWwX7+lUrFY3EA/oV6EO4KFjGDQVtsqtK5oCJJ1uoCljO/aVtEpOSPZ8+BOoHj2ap4mT59mpW39tIKYpBEVQDhWquk6CXgDLIERTjOzlSqaYNLDHdrUKHBElTcYPZ7Z+9oJ7DCWugTYI/fvxgBHSvUjX09GGLpqtjc0/+s1UwhPvAETSQpUkPGhMOU2xPYwBTtgkhLgfQ2YSKZ/tUkXS0xAZ2VOnQHWu8/mnEMSZKYOy52NZh5qRyVX87VbLJ+jsfJoF+2hA+SiY1RGl6iCqoigFD2gZ/RiPBpvxrvxMR7NGZOdHTQl4/sXkaunDw==</latexit><latexit sha1_base64="J8X/g7wuFMRiddwDmZ5J+YBoMyY=">AAACIHicbZDLSsNAFIYn9VbjpVGXboJFcGNJ3OhGLLpx4aKCvUAbymQyaYdOJmHmRKklT+LOy7PoTlyJPoorp5eFbf3hwMd/zuEcfj/hTIHjfBm5hcWl5ZX8qrm2vrFZsLa2aypOJaFVEvNYNnysKGeCVoEBp41EUhz5nNb93sWwX7+lUrFY3EA/oV6EO4KFjGDQVtsqtK5oCJJ1uoCljO/aVtEpOSPZ8+BOoHj2ap4mT59mpW39tIKYpBEVQDhWquk6CXgDLIERTjOzlSqaYNLDHdrUKHBElTcYPZ7Z+9oJ7DCWugTYI/fvxgBHSvUjX09GGLpqtjc0/+s1UwhPvAETSQpUkPGhMOU2xPYwBTtgkhLgfQ2YSKZ/tUkXS0xAZ2VOnQHWu8/mnEMSZKYOy52NZh5qRyVX87VbLJ+jsfJoF+2hA+SiY1RGl6iCqoigFD2gZ/RiPBpvxrvxMR7NGZOdHTQl4/sXkaunDw==</latexit><latexit sha1_base64="iT6EMB4MiQVjgKpcYjv+YPd7z0c=">AAACIHicbZBNS8NAEIY3ftb40ahHL4tF8GJJvOix6MWDhwr2A9pQNptNu3SzCbsTpYb+Em+i/8WbeNSf4sltm4NtfWHg4Z0ZZniDVHANrvtlrayurW9slrbs7Z3dvbKzf9DUSaYoa9BEJKodEM0El6wBHARrp4qROBCsFQyvJ/3WA1OaJ/IeRinzY9KXPOKUgLF6Trl7yyJQvD8AolTy2HMqbtWdCi+DV0AFFar3nJ9umNAsZhKoIFp3PDcFPycKOBVsbHczzVJCh6TPOgYliZn28+njY3xinBBHiTIlAU/dvxs5ibUexYGZjAkM9GJvYv7X62QQXfo5l2kGTNLZoSgTGBI8SQGHXDEKYmSAUMXNr5gOiCIUTFb23Bngw6fxknNGw7FtwvIWo1mG5nnVM3znVWpXRWwldISO0Sny0AWqoRtURw1EUYae0St6s16sd+vD+pyNrljFziGak/X9C66to84=</latexit>
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Theorem [Chaidez, Cotler, C-]
               is an invariant of closed oriented smooth 
4-manifolds.
Z(M ;H)

<latexit sha1_base64="UvtKZ661Uhc26Hk5NGWAw4tpVdE=">AAACJHicbVDLSsNAFJ3UV42vaJdugq1QF5akGwU3RTfdCBXsA9tQJpNJO3QyCTMToYZ8izvRf3EnLtz4Ia6ctFnY1gMXDufcyz0cN6JESMv60gpr6xubW8VtfWd3b//AODzqiDDmCLdRSEPec6HAlDDclkRS3Is4hoFLcded3GR+9xFzQUJ2L6cRdgI4YsQnCEolDY1S5aF6ezUIoBwjSJNmelbRh0bZqlkzmKvEzkkZ5GgNjZ+BF6I4wEwiCoXo21YknQRySRDFqT6IBY4gmsAR7ivKYICFk8zCp+apUjzTD7kaJs2Z+vcigYEQ08BVm1lKsexl4n9eP5b+pZMQFsUSMzR/5MfUlKGZNWF6hGMk6VQRiDhRWU00hhwiqfrSF95IMnlKV5Rz5KVZWfZyNaukU6/Zit/Vy43rvLYiOAYnoApscAEaoAlaoA0QmIJn8AretBftXfvQPuerBS2/KYEFaN+/+KCjwg==</latexit><latexit sha1_base64="UvtKZ661Uhc26Hk5NGWAw4tpVdE=">AAACJHicbVDLSsNAFJ3UV42vaJdugq1QF5akGwU3RTfdCBXsA9tQJpNJO3QyCTMToYZ8izvRf3EnLtz4Ia6ctFnY1gMXDufcyz0cN6JESMv60gpr6xubW8VtfWd3b//AODzqiDDmCLdRSEPec6HAlDDclkRS3Is4hoFLcded3GR+9xFzQUJ2L6cRdgI4YsQnCEolDY1S5aF6ezUIoBwjSJNmelbRh0bZqlkzmKvEzkkZ5GgNjZ+BF6I4wEwiCoXo21YknQRySRDFqT6IBY4gmsAR7ivKYICFk8zCp+apUjzTD7kaJs2Z+vcigYEQ08BVm1lKsexl4n9eP5b+pZMQFsUSMzR/5MfUlKGZNWF6hGMk6VQRiDhRWU00hhwiqfrSF95IMnlKV5Rz5KVZWfZyNaukU6/Zit/Vy43rvLYiOAYnoApscAEaoAlaoA0QmIJn8AretBftXfvQPuerBS2/KYEFaN+/+KCjwg==</latexit><latexit sha1_base64="UvtKZ661Uhc26Hk5NGWAw4tpVdE=">AAACJHicbVDLSsNAFJ3UV42vaJdugq1QF5akGwU3RTfdCBXsA9tQJpNJO3QyCTMToYZ8izvRf3EnLtz4Ia6ctFnY1gMXDufcyz0cN6JESMv60gpr6xubW8VtfWd3b//AODzqiDDmCLdRSEPec6HAlDDclkRS3Is4hoFLcded3GR+9xFzQUJ2L6cRdgI4YsQnCEolDY1S5aF6ezUIoBwjSJNmelbRh0bZqlkzmKvEzkkZ5GgNjZ+BF6I4wEwiCoXo21YknQRySRDFqT6IBY4gmsAR7ivKYICFk8zCp+apUjzTD7kaJs2Z+vcigYEQ08BVm1lKsexl4n9eP5b+pZMQFsUSMzR/5MfUlKGZNWF6hGMk6VQRiDhRWU00hhwiqfrSF95IMnlKV5Rz5KVZWfZyNaukU6/Zit/Vy43rvLYiOAYnoApscAEaoAlaoA0QmIJn8AretBftXfvQPuerBS2/KYEFaN+/+KCjwg==</latexit><latexit sha1_base64="UvtKZ661Uhc26Hk5NGWAw4tpVdE=">AAACJHicbVDLSsNAFJ3UV42vaJdugq1QF5akGwU3RTfdCBXsA9tQJpNJO3QyCTMToYZ8izvRf3EnLtz4Ia6ctFnY1gMXDufcyz0cN6JESMv60gpr6xubW8VtfWd3b//AODzqiDDmCLdRSEPec6HAlDDclkRS3Is4hoFLcded3GR+9xFzQUJ2L6cRdgI4YsQnCEolDY1S5aF6ezUIoBwjSJNmelbRh0bZqlkzmKvEzkkZ5GgNjZ+BF6I4wEwiCoXo21YknQRySRDFqT6IBY4gmsAR7ivKYICFk8zCp+apUjzTD7kaJs2Z+vcigYEQ08BVm1lKsexl4n9eP5b+pZMQFsUSMzR/5MfUlKGZNWF6hGMk6VQRiDhRWU00hhwiqfrSF95IMnlKV5Rz5KVZWfZyNaukU6/Zit/Vy43rvLYiOAYnoApscAEaoAlaoA0QmIJn8AretBftXfvQPuerBS2/KYEFaN+/+KCjwg==</latexit>

=
��

<latexit sha1_base64="lmDsS81GNh0YBYmeK3tz2rQpI/U=">AAACIHicbZC7SgNREIZn4y3GS6KWNotRsDHs2mgZ1MIygrlAEsLZk0lyyNkL58wKccmT2Im+grWlnVjqe9hYeXIpTOIPAx//zDDD70VSaHKcTyu1tLyyupZez2xsbm1nczu7FR3GimOZhzJUNY9plCLAMgmSWIsUMt+TWPX6l6N+9Q6VFmFwS4MImz7rBqIjOCNjtXLZxhVKYq2k4SGxYaaVyzsFZyx7Edwp5IuH3y+vAFBq5X4a7ZDHPgbEJdO67joRNROmSHCJw0wj1hgx3mddrBsMmI+6mYwfH9pHxmnbnVCZCsgeu383EuZrPfA9M+kz6un53sj8r1ePqXPeTEQQxYQBnxzqxNKm0B6lYLeFQk5yYIBxJcyvNu8xxTiZrDIzZ0j074cLzglvj8Ny56NZhMppwTV84+aLFzBRGvbhAI7BhTMowjWUoAwcYniAJ3i2Hq036936mIymrOnOHszI+voF9demDA==</latexit><latexit sha1_base64="HZyR49DOwwjQ0ZiNONxPAoKzyUI=">AAACIHicbZC7SgNREIbPeo2JmlVLm8Uo2Bh2bbQMamEZwVwgG5azJ5PkkLMXzpkNxCVPYif6Cr6AjZ1Y6ntoYeXJpTCJPwx8/DPDDL8fC67Qtj+MpeWV1bX1zEY2t7m1nTd3dqsqSiSDCotEJOs+VSB4CBXkKKAeS6CBL6Dm9y5H/VofpOJReIuDGJoB7YS8zRlFbXlm3r0CgdRLXR+QDrOeWbCL9ljWIjhTKJQOv55f+rnvsmf+uK2IJQGEyARVquHYMTZTKpEzAcOsmyiIKevRDjQ0hjQA1UzHjw+tI+20rHYkdYVojd2/GykNlBoEvp4MKHbVfG9k/tdrJNg+b6Y8jBOEkE0OtRNhYWSNUrBaXAJDMdBAmeT6V4t1qaQMdVbZmTPIe3fDBeeEtcZhOfPRLEL1tOhovnEKpQsyUYbskwNyTBxyRkrkmpRJhTCSkHvySJ6MB+PVeDPeJ6NLxnRnj8zI+PwFKZanhg==</latexit><latexit sha1_base64="HZyR49DOwwjQ0ZiNONxPAoKzyUI=">AAACIHicbZC7SgNREIbPeo2JmlVLm8Uo2Bh2bbQMamEZwVwgG5azJ5PkkLMXzpkNxCVPYif6Cr6AjZ1Y6ntoYeXJpTCJPwx8/DPDDL8fC67Qtj+MpeWV1bX1zEY2t7m1nTd3dqsqSiSDCotEJOs+VSB4CBXkKKAeS6CBL6Dm9y5H/VofpOJReIuDGJoB7YS8zRlFbXlm3r0CgdRLXR+QDrOeWbCL9ljWIjhTKJQOv55f+rnvsmf+uK2IJQGEyARVquHYMTZTKpEzAcOsmyiIKevRDjQ0hjQA1UzHjw+tI+20rHYkdYVojd2/GykNlBoEvp4MKHbVfG9k/tdrJNg+b6Y8jBOEkE0OtRNhYWSNUrBaXAJDMdBAmeT6V4t1qaQMdVbZmTPIe3fDBeeEtcZhOfPRLEL1tOhovnEKpQsyUYbskwNyTBxyRkrkmpRJhTCSkHvySJ6MB+PVeDPeJ6NLxnRnj8zI+PwFKZanhg==</latexit><latexit sha1_base64="0g/213BEL5FXSTZnCflup8GEnfY=">AAACIHicbZBNS8NAEIY39avGj0Y9egkWwYsl8aLHoh48VrAf0Jay2UzapZsPdidCDf0l3kT/izfxqD/Fk9s0B9v6wsDDOzPM8HqJ4Aod58sora1vbG6Vt82d3b39inVw2FJxKhk0WSxi2fGoAsEjaCJHAZ1EAg09AW1vfDPrtx9BKh5HDzhJoB/SYcQDzihqa2BVercgkA6yngdIp+bAqjo1J5e9Cm4BVVKoMbB+en7M0hAiZIIq1XWdBPsZlciZgKnZSxUklI3pELoaIxqC6mf541P7VDu+HcRSV4R27v7dyGio1CT09GRIcaSWezPzv143xeCqn/EoSREiNj8UpMLG2J6lYPtcAkMx0UCZ5PpXm42opAx1VubCGeTjp+mKc878PCx3OZpVaF3UXM33brV+XcRWJsfkhJwRl1ySOrkjDdIkjKTkmbySN+PFeDc+jM/5aMkodo7IgozvX7sPoz0=</latexit>

��
<latexit sha1_base64="Q7+35wN6tIacuaHSrs+okBVeTFg=">AAACIXicbZA9SwNBEIbn/DZ+nVraHEbBRrmz0TKohWUEEwNJCHObTbJk9+7YnRPikX9iJ/oTrG3txE78HTZWbhILk/jCwMM7M8zwhokUhnz/w5mZnZtfWFxazq2srq1vuJtbZROnmvESi2WsKyEaLkXESyRI8kqiOapQ8puwez7o39xybUQcXVMv4XWF7Ui0BEOyVsN1axdcEjayWhuVwn6u4eb9I38obxqCX8gX9r6eXwCg2HC/a82YpYpHxCQaUw38hOoZahJM8n6ulhqeIOtim1ctRqi4qWfDz/vevnWaXivWtiLyhu7fjQyVMT0V2kmF1DGTvYH5X6+aUuu0nokoSYlHbHSolUqPYm8Qg9cUmjOSPQvItLC/eqyDGhnZsHJjZ0h07/pTziFrDsMKJqOZhvLxUWD5KsgXzmCkJdiBXTiAAE6gAJdQhBIwuIV7eIQn58F5dd6c99HojPO7sw1jcj5/AM1Npn0=</latexit><latexit sha1_base64="raWOx4772sN4AuCIzftelct0LnQ=">AAACIXicbZC7SgNBFIZn4y0mXlYtbRajYGPYtdEyqIVlBHOBJISzk0kyZGZ3mTkbiEvexE70EXwBKzuxE59DCysnl8Ik/nDg4z/ncA6/Hwmu0XU/rNTS8srqWno9k93Y3Nq2d3bLOowVZSUailBVfdBM8ICVkKNg1UgxkL5gFb93OepX+kxpHga3OIhYQ0In4G1OAY3VtO36FRMIzaTeASlhmGnaOTfvjuUsgjeFXOHw6/mln/0uNu2feiuksWQBUgFa1zw3wkYCCjkVbJipx5pFQHvQYTWDAUimG8n486FzZJyW0w6VqQCdsft3IwGp9UD6ZlICdvV8b2T+16vF2D5vJDyIYmQBnRxqx8LB0BnF4LS4YhTFwABQxc2vDu2CAoomrMzMGeS9u+GCc0Jb47C8+WgWoXya9wzfeLnCBZkoTfbJATkmHjkjBXJNiqREKOmTe/JInqwH69V6s94noylrurNHZmR9/gIBDKf3</latexit><latexit sha1_base64="raWOx4772sN4AuCIzftelct0LnQ=">AAACIXicbZC7SgNBFIZn4y0mXlYtbRajYGPYtdEyqIVlBHOBJISzk0kyZGZ3mTkbiEvexE70EXwBKzuxE59DCysnl8Ik/nDg4z/ncA6/Hwmu0XU/rNTS8srqWno9k93Y3Nq2d3bLOowVZSUailBVfdBM8ICVkKNg1UgxkL5gFb93OepX+kxpHga3OIhYQ0In4G1OAY3VtO36FRMIzaTeASlhmGnaOTfvjuUsgjeFXOHw6/mln/0uNu2feiuksWQBUgFa1zw3wkYCCjkVbJipx5pFQHvQYTWDAUimG8n486FzZJyW0w6VqQCdsft3IwGp9UD6ZlICdvV8b2T+16vF2D5vJDyIYmQBnRxqx8LB0BnF4LS4YhTFwABQxc2vDu2CAoomrMzMGeS9u+GCc0Jb47C8+WgWoXya9wzfeLnCBZkoTfbJATkmHjkjBXJNiqREKOmTe/JInqwH69V6s94noylrurNHZmR9/gIBDKf3</latexit><latexit sha1_base64="AVHXbGkyQtR2/ktaQCCw8dPiV2c=">AAACIXicbZBNS8NAEIY39avGr6hHL8EieLEkXvRY1IPHCvYD2lIm2227dDcJu5NCDf0n3kT/izfxJv4TT27THGzrCwMP78wwwxvEgmv0vC+rsLa+sblV3LZ3dvf2D5zDo7qOEkVZjUYiUs0ANBM8ZDXkKFgzVgxkIFgjGN3O+o0xU5pH4SNOYtaRMAh5n1NAY3Udp33HBEI3bQ9ASpjaXafklb1M7ir4OZRIrmrX+Wn3IppIFiIVoHXL92LspKCQU8GmdjvRLAY6ggFrGQxBMt1Js8+n7plxem4/UqZCdDP370YKUuuJDMykBBzq5d7M/K/XSrB/3Ul5GCfIQjo/1E+Ei5E7i8HtccUoiokBoIqbX106BAUUTVj2whnko6fpinNBe1lY/nI0q1C/LPuGH/xS5SaPrUhOyCk5Jz65IhVyT6qkRigZk2fySt6sF+vd+rA+56MFK985Jguyvn8BkoWjrg==</latexit>

�op
�

<latexit sha1_base64="aI2gpcHa8/LT+5kJggzt7nyer/E="></latexit><latexit sha1_base64="n6iCi5IE86sjF8loCaplvSKppFE=">AAACLXicbZA9SwNBEIb3/DZ+RS21OAyCIMqdjZZBLSwVjAq5GOY2k7hk9+7YnRPjcY2tf8PCTvS/WAhi6y+wsXKTWKjxhYWHd2aY2TdMpDDkeS/O0PDI6Nj4xGRhanpmdq44v3Bi4lRzrPBYxvosBINSRFghQRLPEo2gQomnYXuvWz+9RG1EHB1TJ8GaglYkmoIDWateXA72URLUs6AFSkF+ngWEV5TFSZ4X6sWSt+n15A6C/w2l8vrH3S2WksN68TNoxDxVGBGXYEzV9xKqZaBJcIl5IUgNJsDb0MKqxQgUmlrW+0Xurlqn4TZjbV9Ebs/9OZGBMqajQtupgC7M31rX/K9WTam5U8tElKSEEe8vaqbSpdjtRuI2hEZOsmMBuBb2VpdfgAZONrjCrzUk2tf5gLPBG72w/L/RDMLJ1qZv+cgvlXdZXxNsia2wNeazbVZmB+yQVRhnN+yePbIn58F5dl6dt37rkPM9s8h+yXn/AuegrPs=</latexit><latexit sha1_base64="n6iCi5IE86sjF8loCaplvSKppFE=">AAACLXicbZA9SwNBEIb3/DZ+RS21OAyCIMqdjZZBLSwVjAq5GOY2k7hk9+7YnRPjcY2tf8PCTvS/WAhi6y+wsXKTWKjxhYWHd2aY2TdMpDDkeS/O0PDI6Nj4xGRhanpmdq44v3Bi4lRzrPBYxvosBINSRFghQRLPEo2gQomnYXuvWz+9RG1EHB1TJ8GaglYkmoIDWateXA72URLUs6AFSkF+ngWEV5TFSZ4X6sWSt+n15A6C/w2l8vrH3S2WksN68TNoxDxVGBGXYEzV9xKqZaBJcIl5IUgNJsDb0MKqxQgUmlrW+0Xurlqn4TZjbV9Ebs/9OZGBMqajQtupgC7M31rX/K9WTam5U8tElKSEEe8vaqbSpdjtRuI2hEZOsmMBuBb2VpdfgAZONrjCrzUk2tf5gLPBG72w/L/RDMLJ1qZv+cgvlXdZXxNsia2wNeazbVZmB+yQVRhnN+yePbIn58F5dl6dt37rkPM9s8h+yXn/AuegrPs=</latexit><latexit sha1_base64="CAu1fDnClTb2X7M8KWn2vqBt43c=">AAACLXicbZA9SwNBEIb3/IzxK2qpxWEQbJQ7Gy2DWlhGMCrkYpjbTOKS3btjd06MxzX+GjvR/2IhiK3/wcrNR6GJLyw8vDPDzL5hIoUhz3t3pqZnZufmCwvFxaXlldXS2vqliVPNscZjGevrEAxKEWGNBEm8TjSCCiVehd2Tfv3qDrURcXRBvQQbCjqRaAsOZK1maSs4RUnQzIIOKAX5TRYQ3lMWJ3lebJbK3r43kDsJ/gjKbKRqs/QdtGKeKoyISzCm7nsJNTLQJLjEvBikBhPgXehg3WIECk0jG/wid3es03LbsbYvInfg/p7IQBnTU6HtVEC3ZrzWN/+r1VNqHzUyESUpYcSHi9qpdCl2+5G4LaGRk+xZAK6FvdXlt6CBkw2u+GcNie5DPuHs8dYgLH88mkm4PNj3LZ/75crxKLYC22TbbJf57JBV2Bmrshrj7JE9sRf26jw7b86H8zlsnXJGMxvsj5yvH5rBqXQ=</latexit>

�op
�

<latexit sha1_base64="HL3HqT43LF3FckXmkCEOhXsmA5k=">AAACLHicbZA9SwNBEIbn/IzxK2pp4WIQbNQ7Gy2DWlgqGA3kYtjbTHTJ3ge7c2I8rvDX2In+FxsRCxt/hJWbj0KNLyw8vDPDzL5BoqQh1311xsYnJqemCzPF2bn5hcXS0vK5iVMtsCpiFetawA0qGWGVJCmsJRp5GCi8CDqHvfrFDWoj4+iMugk2Qn4VybYUnKzVLK36R6iINzM/QOL5ZeYT3lIWJ3lebJbK7rbbFxsFbwjlys7HGgOAk2bpy2/FIg0xIqG4MXXPTaiRcU1SKMyLfmow4aLDr7BuMeIhmkbW/0TONqzTYu1Y2xcR67s/JzIeGtMNA9sZcro2f2s9879aPaX2fiOTUZISRmKwqJ0qRjHrJcJaUqMg1bXAhZb2ViauueaCbG7FX2tIdu7yEWdLtPpheX+jGYXz3W3P8qlXrhzAQAVYhXXYBA/2oALHcAJVEHAPD/AEz86j8+K8Oe+D1jFnOLMCv+R8fgMYeqqS</latexit><latexit sha1_base64="DPssh1R72dmO76/lptZEVH3oB8Y="></latexit><latexit sha1_base64="DPssh1R72dmO76/lptZEVH3oB8Y="></latexit><latexit sha1_base64="dVfBEdaywZTD0NIA74R0S+b1XWs=">AAACLHicbZC7TsNAEEXXPEN4BSjTWERINEQ2DZQRUFAGiTyk2ETrzSRZZf3Q7hgRLBd8DR2Cf6FBiJaPoGLjuCAJV1rp6M6MZvZ6keAKLevDWFpeWV1bL2wUN7e2d3ZLe/tNFcaSQYOFIpRtjyoQPIAGchTQjiRQ3xPQ8kaXk3rrHqTiYXCL4whcnw4C3ueMora6pbJzBQJpN3E8QJreJQ7CAyZhlKbFbqliVa1M5iLYOVRIrnq39OP0Qhb7ECATVKmObUXoJlQiZwLSohMriCgb0QF0NAbUB+Um2SdS80g7PbMfSv0CNDP370RCfaXGvqc7fYpDNV+bmP/VOjH2z92EB1GMELDpon4sTAzNSSJmj0tgKMYaKJNc32qyIZWUoc6tOLMG+egxXXBOWC8Ly56PZhGap1Vb841dqV3ksRVImRySY2KTM1Ij16ROGoSRJ/JMXsmb8WK8G5/G17R1ychnDsiMjO9fvl+pAw==</latexit>

�op
↵

<latexit sha1_base64="B+7sH7D+5FurN8WJH5lUPQQcfdA=">AAACLXicbZDLSitBEIZrvBw16jHqUheDQXCjzLjRZTi6cKlgNJDJCTWdimnSc6G7RswZZuPTuBN9FxeCiDvfwZWdy0LN+aHh468qqvoPUyUNe96zMzU9M/trbn6htLi0/HulvLp2YZJMC6qJRCW6HqIhJWOqsWRF9VQTRqGiy7B3NKhfXpM2MonPuZ9SM8KrWHakQLZWq7wZHJNibOUBqrSLxd88YLrhPEmLotQqV7w9byh3EvwxVKpbOy9vAHDaKn8E7URkEcUsFBrT8L2UmzlqlkJRUQoyQymKHl5Rw2KMEZlmPvxF4W5bp+12Em1fzO7Q/TqRY2RMPwptZ4TcNT9rA/N/tUbGncNmLuM0Y4rFaFEnUy4n7iASty01CVZ9Cyi0tLe6oosaBdvgSt/WsOz9KyacXdEehuX/jGYSLvb3fMtnfqX6B0aahw3Ygh3w4QCqcAKnUAMBt3AHD/Do3DtPzovzOmqdcsYz6/BNzvsnC8ervQ==</latexit><latexit sha1_base64="sOrme+qPzPTonbLSrowIu63Vjn8="></latexit><latexit sha1_base64="sOrme+qPzPTonbLSrowIu63Vjn8="></latexit><latexit sha1_base64="YnjfAAyo5EHjVHokPzc0UR40T5c=">AAACLXicbZA9SwNBEIb3/DZ+RS21OAyCjeHORsugFpYK5gNyMcxtJsmSvQ9258R4XOOvsRP9LxaC2PofrNycKYzxhYWHd2aY2dePpdDkOG/WzOzc/MLi0nJhZXVtfaO4uVXTUaI4VnkkI9XwQaMUIVZJkMRGrBACX2LdH5yN6vVbVFpE4TUNY2wF0AtFV3AgY7WLu945SoJ26oGM+5DdpB7hHaVRnGWFdrHklJ1c9jS4YyixsS7bxS+vE/EkwJC4BK2brhNTKwVFgkvMCl6iMQY+gB42DYYQoG6l+S8ye984HbsbKfNCsnP390QKgdbDwDedAVBf/62NzP9qzYS6J61UhHFCGPKfRd1E2hTZo0jsjlDISQ4NAFfC3GrzPijgZIIrTKwhMbjPppxD3snDcv9GMw21o7Jr+MotVU7HsS2xHbbHDpjLjlmFXbBLVmWcPbBH9sxerCfr1Xq3Pn5aZ6zxzDabkPX5DZ/5qXc=</latexit>

�↵
<latexit sha1_base64="2aoik9jlTwzixAAo0fiNU9usES4=">AAACIXicbZA9SwNBEIbn4nf8OhVsbA6DYKPc2WgZ1MLSgIlCLsS5zZ5ZsvfB7lwgHvkndqL/xU7sRPCHWLm5pFDjCwMP78wwwxukUmhy3XerNDM7N7+wuFReXlldW7c3Nhs6yRTjdZbIRN0EqLkUMa+TIMlvUsUxCiS/Dnpno/51nystkviKBilvRXgXi1AwJGO1bds/55Kwnfso0y4Oy2274h66hZxp8CZQqW7XPm8B4LJtf/mdhGURj4lJ1LrpuSm1clQkmOTDsp9pniLr4R1vGowx4rqVF58PnT3jdJwwUaZicgr350aOkdaDKDCTEVJX/+2NzP96zYzCk1Yu4jQjHrPxoTCTDiXOKAanIxRnJAcGkClhfnVYFxUyMmGVf50h0bsfTjkHrFOE5f2NZhoaR4ee4ZpXqZ7CWIuwA7uwDx4cQxUu4BLqwKAPD/AEz9aj9WK9Wm/j0ZI12dmCX7I+vgFyCKWW</latexit><latexit sha1_base64="AbnOaOdQ4JvFBPLNin2EVc6GHB4=">AAACIXicbZA7SwNBEMf34iuer1PBxuYwCDaGOxstQ7SwTMA8IAnH3GaTLNl7sDsXiEe+iZ1o57ewsRM7EfwgVm4ehUn8w8CP/8www9+PBVfoOJ9GZmV1bX0ju2lube/s7ln7B1UVJZKyCo1EJOs+KCZ4yCrIUbB6LBkEvmA1v3897tcGTCoehXc4jFkrgG7IO5wCasuzrOYNEwhe2gQR92BkelbOyTsT2cvgziBXOCp/85fia8mzfprtiCYBC5EKUKrhOjG2UpDIqWAjs5koFgPtQ5c1NIYQMNVKJ5+P7FPttO1OJHWFaE/cvxspBEoNA19PBoA9tdgbm//1Ggl2rlopD+MEWUinhzqJsDGyxzHYbS4ZRTHUAFRy/atNeyCBog7LnDuDvH8/WnLOaXsSlrsYzTJUL/Ku5rKbKxTJVFlyTE7IGXHJJSmQW1IiFULJgDyQJ/JsPBpvxrvxMR3NGLOdQzIn4+sXCLinUg==</latexit><latexit sha1_base64="AbnOaOdQ4JvFBPLNin2EVc6GHB4=">AAACIXicbZA7SwNBEMf34iuer1PBxuYwCDaGOxstQ7SwTMA8IAnH3GaTLNl7sDsXiEe+iZ1o57ewsRM7EfwgVm4ehUn8w8CP/8www9+PBVfoOJ9GZmV1bX0ju2lube/s7ln7B1UVJZKyCo1EJOs+KCZ4yCrIUbB6LBkEvmA1v3897tcGTCoehXc4jFkrgG7IO5wCasuzrOYNEwhe2gQR92BkelbOyTsT2cvgziBXOCp/85fia8mzfprtiCYBC5EKUKrhOjG2UpDIqWAjs5koFgPtQ5c1NIYQMNVKJ5+P7FPttO1OJHWFaE/cvxspBEoNA19PBoA9tdgbm//1Ggl2rlopD+MEWUinhzqJsDGyxzHYbS4ZRTHUAFRy/atNeyCBog7LnDuDvH8/WnLOaXsSlrsYzTJUL/Ku5rKbKxTJVFlyTE7IGXHJJSmQW1IiFULJgDyQJ/JsPBpvxrvxMR3NGLOdQzIn4+sXCLinUg==</latexit><latexit sha1_base64="zpAiWYIK4hHZBNkzuvlsRzldu50=">AAACIXicbZBNS8NAEIY39avGr6hHL8EieLEkXvRY1IPHCvYDmlIm2227dPPB7qRQQ/6JN9H/4k28if/Ek9s0B9v6wsDDOzPM8Pqx4Aod58sora1vbG6Vt82d3b39A+vwqKmiRFLWoJGIZNsHxQQPWQM5CtaOJYPAF6zlj29n/daEScWj8BGnMesGMAz5gFNAbfUsy7tjAqGXeiDiEWRmz6o4VSeXvQpuARVSqN6zfrx+RJOAhUgFKNVxnRi7KUjkVLDM9BLFYqBjGLKOxhACprpp/nlmn2mnbw8iqStEO3f/bqQQKDUNfD0ZAI7Ucm9m/tfrJDi47qY8jBNkIZ0fGiTCxsiexWD3uWQUxVQDUMn1rzYdgQSKOixz4Qzy8VO24lzQfh6WuxzNKjQvq67mB7dSuyliK5MTckrOiUuuSI3ckzppEEom5Jm8kjfjxXg3PozP+WjJKHaOyYKM71+XmaOx</latexit>

=,
<latexit sha1_base64="bKAsU4Px1z53dr3brOnMAZaXqo4=">AAACIHicbZA7SwNBEMfnfMbzkVNLm8Mg2BjubLQRgzYWFhHMA5Ij7G32kiV7D3bnlHgE/B52op9FO7HUj2Ll5lGYxD8M/PjPDDP8/URwhY7zZSwsLi2vrObWzPWNza28tb1TVXEqKavQWMSy7hPFBI9YBTkKVk8kI6EvWM3vXQ77tTsmFY+jW+wnzAtJJ+IBpwS11bLyzWsWoOSdLhIp4/uWVXCKzkj2PLgTKJy/mWePAFBuWT/NdkzTkEVIBVGq4ToJehmRyKlgA7OZKpYQ2iMd1tAYkZApLxs9PrAPtNO2g1jqitAeuX83MhIq1Q99PRkS7KrZ3tD8r9dIMTj1Mh4lKbKIjg8FqbAxtocp2G0uGUXR10Co5PpXm3aJJBR1VubUGeS9h8Gcc0TbA1OH5c5GMw/V46Kr+cYtlC5grBzswT4cggsnUIIrKEMFKKTwBC/wajwb78aH8TkeXTAmO7swJeP7F2X8pZs=</latexit><latexit sha1_base64="J8X/g7wuFMRiddwDmZ5J+YBoMyY=">AAACIHicbZDLSsNAFIYn9VbjpVGXboJFcGNJ3OhGLLpx4aKCvUAbymQyaYdOJmHmRKklT+LOy7PoTlyJPoorp5eFbf3hwMd/zuEcfj/hTIHjfBm5hcWl5ZX8qrm2vrFZsLa2aypOJaFVEvNYNnysKGeCVoEBp41EUhz5nNb93sWwX7+lUrFY3EA/oV6EO4KFjGDQVtsqtK5oCJJ1uoCljO/aVtEpOSPZ8+BOoHj2ap4mT59mpW39tIKYpBEVQDhWquk6CXgDLIERTjOzlSqaYNLDHdrUKHBElTcYPZ7Z+9oJ7DCWugTYI/fvxgBHSvUjX09GGLpqtjc0/+s1UwhPvAETSQpUkPGhMOU2xPYwBTtgkhLgfQ2YSKZ/tUkXS0xAZ2VOnQHWu8/mnEMSZKYOy52NZh5qRyVX87VbLJ+jsfJoF+2hA+SiY1RGl6iCqoigFD2gZ/RiPBpvxrvxMR7NGZOdHTQl4/sXkaunDw==</latexit><latexit sha1_base64="J8X/g7wuFMRiddwDmZ5J+YBoMyY=">AAACIHicbZDLSsNAFIYn9VbjpVGXboJFcGNJ3OhGLLpx4aKCvUAbymQyaYdOJmHmRKklT+LOy7PoTlyJPoorp5eFbf3hwMd/zuEcfj/hTIHjfBm5hcWl5ZX8qrm2vrFZsLa2aypOJaFVEvNYNnysKGeCVoEBp41EUhz5nNb93sWwX7+lUrFY3EA/oV6EO4KFjGDQVtsqtK5oCJJ1uoCljO/aVtEpOSPZ8+BOoHj2ap4mT59mpW39tIKYpBEVQDhWquk6CXgDLIERTjOzlSqaYNLDHdrUKHBElTcYPZ7Z+9oJ7DCWugTYI/fvxgBHSvUjX09GGLpqtjc0/+s1UwhPvAETSQpUkPGhMOU2xPYwBTtgkhLgfQ2YSKZ/tUkXS0xAZ2VOnQHWu8/mnEMSZKYOy52NZh5qRyVX87VbLJ+jsfJoF+2hA+SiY1RGl6iCqoigFD2gZ/RiPBpvxrvxMR7NGZOdHTQl4/sXkaunDw==</latexit><latexit sha1_base64="iT6EMB4MiQVjgKpcYjv+YPd7z0c=">AAACIHicbZBNS8NAEIY3ftb40ahHL4tF8GJJvOix6MWDhwr2A9pQNptNu3SzCbsTpYb+Em+i/8WbeNSf4sltm4NtfWHg4Z0ZZniDVHANrvtlrayurW9slrbs7Z3dvbKzf9DUSaYoa9BEJKodEM0El6wBHARrp4qROBCsFQyvJ/3WA1OaJ/IeRinzY9KXPOKUgLF6Trl7yyJQvD8AolTy2HMqbtWdCi+DV0AFFar3nJ9umNAsZhKoIFp3PDcFPycKOBVsbHczzVJCh6TPOgYliZn28+njY3xinBBHiTIlAU/dvxs5ibUexYGZjAkM9GJvYv7X62QQXfo5l2kGTNLZoSgTGBI8SQGHXDEKYmSAUMXNr5gOiCIUTFb23Bngw6fxknNGw7FtwvIWo1mG5nnVM3znVWpXRWwldISO0Sny0AWqoRtURw1EUYae0St6s16sd+vD+pyNrljFziGak/X9C66to84=</latexit>

Proposition [Chaidez, Cotler, C-]

Z(M1#M2;H) = Z(M1;H)Z(M2;H)
<latexit sha1_base64="YPekM3rCsl/S08Is3ZUS6Ht8XGA="></latexit><latexit sha1_base64="4/DjGwzp6GkCGZjKq5Qpybmg6dE="></latexit><latexit sha1_base64="4/DjGwzp6GkCGZjKq5Qpybmg6dE="></latexit><latexit sha1_base64="DIvCXCZQGcQygZl1aMGckXXvwzY="></latexit>

Z(M ;H1 ⌦H2) = Z(M ;H1)Z(M ;H2)
<latexit sha1_base64="vY6kwWasA1uFcNNU5EV7rEf6q4c="></latexit><latexit sha1_base64="Y1gUZ2ZGxGx621QZufMAR5snpcc="></latexit><latexit sha1_base64="Y1gUZ2ZGxGx621QZufMAR5snpcc="></latexit><latexit sha1_base64="ciiIA1om7+UPL21yzZn39gurWlo="></latexit>
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<latexit sha1_base64="po3VJNWvGoKgt9i6HWi66aCGRr0=">AAACEHicbZC7SgNBFIbPxltcb1FLm8Eg2Bh2bbQRgzYpEzAXSJYwOzubDJmdXWZmhRgW7O1E38VOrATfwFexcnIpTOIPAx//OYdz5vcTzpR2nG8rt7K6tr6R37S3tnd29wr7Bw0Vp5LQOol5LFs+VpQzQeuaaU5biaQ48jlt+oPbcb15T6VisbjTw4R6Ee4JFjKCtbFqlW6h6JScidAyuDMoXn/aV48AUO0WfjpBTNKICk04VqrtOon2RlhqRjjN7E6qaILJAPdo26DAEVXeaHJohk6ME6AwluYJjSbu34kRjpQaRr7pjLDuq8Xa2Pyv1k51eOmNmEhSTQWZLgpTjnSMxr9GAZOUaD40gIlk5lZE+lhiok029twazQYP2ZJzRoLMNmG5i9EsQ+O85BquucXyDUyVhyM4hlNw4QLKUIEq1IEAhSd4gVfr2Xqz3q2PaWvOms0cwpysr1/X6J72</latexit><latexit sha1_base64="OPTtJP8MUKStVI7SoM4s8hSbnrQ=">AAACEHicbZDLSsNAFIYnXmu8VV26GSyCG0viRjdi0U2XLdgLtKVMJift0MkkzEyEGvIE7kSfwJdwJ64EX0B8FVdOLwvb+sPAx3/O4Zz5vZgzpR3n21paXlldW89t2Jtb2zu7+b39uooSSaFGIx7JpkcUcCagppnm0IwlkNDj0PAGN6N64w6kYpG41cMYOiHpCRYwSrSxquVuvuAUnbHwIrhTKFx92Jfxy5dd6eZ/2n5EkxCEppwo1XKdWHdSIjWjHDK7nSiICR2QHrQMChKC6qTjQzN8bBwfB5E0T2g8dv9OpCRUahh6pjMkuq/mayPzv1or0cFFJ2UiTjQIOlkUJBzrCI9+jX0mgWo+NECoZOZWTPtEEqpNNvbMGs0G99mCc0r9zDZhufPRLEL9rOgarrqF0jWaKIcO0RE6QS46RyVURhVUQxQBekBP6Nl6tF6tN+t90rpkTWcO0Iysz18DpqBq</latexit><latexit sha1_base64="OPTtJP8MUKStVI7SoM4s8hSbnrQ=">AAACEHicbZDLSsNAFIYnXmu8VV26GSyCG0viRjdi0U2XLdgLtKVMJift0MkkzEyEGvIE7kSfwJdwJ64EX0B8FVdOLwvb+sPAx3/O4Zz5vZgzpR3n21paXlldW89t2Jtb2zu7+b39uooSSaFGIx7JpkcUcCagppnm0IwlkNDj0PAGN6N64w6kYpG41cMYOiHpCRYwSrSxquVuvuAUnbHwIrhTKFx92Jfxy5dd6eZ/2n5EkxCEppwo1XKdWHdSIjWjHDK7nSiICR2QHrQMChKC6qTjQzN8bBwfB5E0T2g8dv9OpCRUahh6pjMkuq/mayPzv1or0cFFJ2UiTjQIOlkUJBzrCI9+jX0mgWo+NECoZOZWTPtEEqpNNvbMGs0G99mCc0r9zDZhufPRLEL9rOgarrqF0jWaKIcO0RE6QS46RyVURhVUQxQBekBP6Nl6tF6tN+t90rpkTWcO0Iysz18DpqBq</latexit><latexit sha1_base64="8g57HaonRgztDaKedM4By8vf4aU=">AAACEHicbZC7TsMwFIadcivhVmBksaiQWKgSFhgrWDq2Er1IbVQ5zklr1XEi20EqUZ6ADcG7sCFW3oBXYcJtM9CWX7L06T/n6Bz/fsKZ0o7zbZU2Nre2d8q79t7+weFR5fiko+JUUmjTmMey5xMFnAloa6Y59BIJJPI5dP3J/azefQSpWCwe9DQBLyIjwUJGiTZWqzGsVJ2aMxdeB7eAKirUHFZ+BkFM0wiEppwo1XedRHsZkZpRDrk9SBUkhE7ICPoGBYlAedn80BxfGCfAYSzNExrP3b8TGYmUmka+6YyIHqvV2sz8r9ZPdXjrZUwkqQZBF4vClGMd49mvccAkUM2nBgiVzNyK6ZhIQrXJxl5ao9nkKV9zrmiQ2yYsdzWadehc11zDLbdavytiK6MzdI4ukYtuUB01UBO1EUWAntErerNerHfrw/pctJasYuYULcn6+gUgqJ0p</latexit>
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<latexit sha1_base64="3KIIOj2xkK7lAIEPYH4J+pkvuNk=">AAACIXicbVDLSsNAFJ3UV62vqEs3g63gxpJ0o8uim66kgn1AG8JkMmmHTiZhZlKoIX/iTvRf3Ik78U9cOWmzsK0HLhzOuZd7OF7MqFSW9WWUNja3tnfKu5W9/YPDI/P4pCujRGDSwRGLRN9DkjDKSUdRxUg/FgSFHiM9b3KX+70pEZJG/FHNYuKEaMRpQDFSWnJNszYMkRpjxNJW5t7XKq5ZterWHHCd2AWpggJt1/wZ+hFOQsIVZkjKgW3FykmRUBQzklWGiSQxwhM0IgNNOQqJdNJ58gxeaMWHQST0cAXn6t+LFIVSzkJPb+Yx5aqXi/95g0QFN05KeZwowvHiUZAwqCKY1wB9KghWbKYJwoLqrBCPkUBY6bIqS28UnTxla8oV9rO8LHu1mnXSbdRtzR8a1eZtUVsZnIFzcAlscA2aoAXaoAMwmIJn8ArejBfj3fgwPherJaO4OQVLML5/AZ3iox4=</latexit><latexit sha1_base64="3KIIOj2xkK7lAIEPYH4J+pkvuNk=">AAACIXicbVDLSsNAFJ3UV62vqEs3g63gxpJ0o8uim66kgn1AG8JkMmmHTiZhZlKoIX/iTvRf3Ik78U9cOWmzsK0HLhzOuZd7OF7MqFSW9WWUNja3tnfKu5W9/YPDI/P4pCujRGDSwRGLRN9DkjDKSUdRxUg/FgSFHiM9b3KX+70pEZJG/FHNYuKEaMRpQDFSWnJNszYMkRpjxNJW5t7XKq5ZterWHHCd2AWpggJt1/wZ+hFOQsIVZkjKgW3FykmRUBQzklWGiSQxwhM0IgNNOQqJdNJ58gxeaMWHQST0cAXn6t+LFIVSzkJPb+Yx5aqXi/95g0QFN05KeZwowvHiUZAwqCKY1wB9KghWbKYJwoLqrBCPkUBY6bIqS28UnTxla8oV9rO8LHu1mnXSbdRtzR8a1eZtUVsZnIFzcAlscA2aoAXaoAMwmIJn8ArejBfj3fgwPherJaO4OQVLML5/AZ3iox4=</latexit><latexit sha1_base64="3KIIOj2xkK7lAIEPYH4J+pkvuNk=">AAACIXicbVDLSsNAFJ3UV62vqEs3g63gxpJ0o8uim66kgn1AG8JkMmmHTiZhZlKoIX/iTvRf3Ik78U9cOWmzsK0HLhzOuZd7OF7MqFSW9WWUNja3tnfKu5W9/YPDI/P4pCujRGDSwRGLRN9DkjDKSUdRxUg/FgSFHiM9b3KX+70pEZJG/FHNYuKEaMRpQDFSWnJNszYMkRpjxNJW5t7XKq5ZterWHHCd2AWpggJt1/wZ+hFOQsIVZkjKgW3FykmRUBQzklWGiSQxwhM0IgNNOQqJdNJ58gxeaMWHQST0cAXn6t+LFIVSzkJPb+Yx5aqXi/95g0QFN05KeZwowvHiUZAwqCKY1wB9KghWbKYJwoLqrBCPkUBY6bIqS28UnTxla8oV9rO8LHu1mnXSbdRtzR8a1eZtUVsZnIFzcAlscA2aoAXaoAMwmIJn8ArejBfj3fgwPherJaO4OQVLML5/AZ3iox4=</latexit><latexit sha1_base64="3KIIOj2xkK7lAIEPYH4J+pkvuNk=">AAACIXicbVDLSsNAFJ3UV62vqEs3g63gxpJ0o8uim66kgn1AG8JkMmmHTiZhZlKoIX/iTvRf3Ik78U9cOWmzsK0HLhzOuZd7OF7MqFSW9WWUNja3tnfKu5W9/YPDI/P4pCujRGDSwRGLRN9DkjDKSUdRxUg/FgSFHiM9b3KX+70pEZJG/FHNYuKEaMRpQDFSWnJNszYMkRpjxNJW5t7XKq5ZterWHHCd2AWpggJt1/wZ+hFOQsIVZkjKgW3FykmRUBQzklWGiSQxwhM0IgNNOQqJdNJ58gxeaMWHQST0cAXn6t+LFIVSzkJPb+Yx5aqXi/95g0QFN05KeZwowvHiUZAwqCKY1wB9KghWbKYJwoLqrBCPkUBY6bIqS28UnTxla8oV9rO8LHu1mnXSbdRtzR8a1eZtUVsZnIFzcAlscA2aoAXaoAMwmIJn8ArejBfj3fgwPherJaO4OQVLML5/AZ3iox4=</latexit>
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<latexit sha1_base64="JRd3oEE+eEnuDrrSJm7ik62XvwE=">AAACIHicbVDLSsNAFJ3UV42PRl26GWwFN5akG10W3biSCvaBbQiTybQdOpmEmYlQQ77Enei/uBOX+imunLRZ2NYDFw7n3Ms9HD9mVCrb/jJKa+sbm1vlbXNnd2+/Yh0cdmSUCEzaOGKR6PlIEkY5aSuqGOnFgqDQZ6TrT65zv/tIhKQRv1fTmLghGnE6pBgpLXlWpTYIkRr7fvqQebc107Oqdt2eAa4SpyBVUKDlWT+DIMJJSLjCDEnZd+xYuSkSimJGMnOQSBIjPEEj0teUo5BIN50Fz+CpVgI4jIQeruBM/XuRolDKaejrzTylXPZy8T+vn6jhpZtSHieKcDx/NEwYVBHMW4ABFQQrNtUEYUF1VojHSCCsdFfmwhtFJ0/ZinKOgywvy1muZpV0GnVH87tGtXlV1FYGx+AEnAEHXIAmuAEt0AYYJOAZvII348V4Nz6Mz/lqyShujsACjO9f3Iuiug==</latexit><latexit sha1_base64="JRd3oEE+eEnuDrrSJm7ik62XvwE=">AAACIHicbVDLSsNAFJ3UV42PRl26GWwFN5akG10W3biSCvaBbQiTybQdOpmEmYlQQ77Enei/uBOX+imunLRZ2NYDFw7n3Ms9HD9mVCrb/jJKa+sbm1vlbXNnd2+/Yh0cdmSUCEzaOGKR6PlIEkY5aSuqGOnFgqDQZ6TrT65zv/tIhKQRv1fTmLghGnE6pBgpLXlWpTYIkRr7fvqQebc107Oqdt2eAa4SpyBVUKDlWT+DIMJJSLjCDEnZd+xYuSkSimJGMnOQSBIjPEEj0teUo5BIN50Fz+CpVgI4jIQeruBM/XuRolDKaejrzTylXPZy8T+vn6jhpZtSHieKcDx/NEwYVBHMW4ABFQQrNtUEYUF1VojHSCCsdFfmwhtFJ0/ZinKOgywvy1muZpV0GnVH87tGtXlV1FYGx+AEnAEHXIAmuAEt0AYYJOAZvII348V4Nz6Mz/lqyShujsACjO9f3Iuiug==</latexit><latexit sha1_base64="JRd3oEE+eEnuDrrSJm7ik62XvwE=">AAACIHicbVDLSsNAFJ3UV42PRl26GWwFN5akG10W3biSCvaBbQiTybQdOpmEmYlQQ77Enei/uBOX+imunLRZ2NYDFw7n3Ms9HD9mVCrb/jJKa+sbm1vlbXNnd2+/Yh0cdmSUCEzaOGKR6PlIEkY5aSuqGOnFgqDQZ6TrT65zv/tIhKQRv1fTmLghGnE6pBgpLXlWpTYIkRr7fvqQebc107Oqdt2eAa4SpyBVUKDlWT+DIMJJSLjCDEnZd+xYuSkSimJGMnOQSBIjPEEj0teUo5BIN50Fz+CpVgI4jIQeruBM/XuRolDKaejrzTylXPZy8T+vn6jhpZtSHieKcDx/NEwYVBHMW4ABFQQrNtUEYUF1VojHSCCsdFfmwhtFJ0/ZinKOgywvy1muZpV0GnVH87tGtXlV1FYGx+AEnAEHXIAmuAEt0AYYJOAZvII348V4Nz6Mz/lqyShujsACjO9f3Iuiug==</latexit><latexit sha1_base64="JRd3oEE+eEnuDrrSJm7ik62XvwE=">AAACIHicbVDLSsNAFJ3UV42PRl26GWwFN5akG10W3biSCvaBbQiTybQdOpmEmYlQQ77Enei/uBOX+imunLRZ2NYDFw7n3Ms9HD9mVCrb/jJKa+sbm1vlbXNnd2+/Yh0cdmSUCEzaOGKR6PlIEkY5aSuqGOnFgqDQZ6TrT65zv/tIhKQRv1fTmLghGnE6pBgpLXlWpTYIkRr7fvqQebc107Oqdt2eAa4SpyBVUKDlWT+DIMJJSLjCDEnZd+xYuSkSimJGMnOQSBIjPEEj0teUo5BIN50Fz+CpVgI4jIQeruBM/XuRolDKaejrzTylXPZy8T+vn6jhpZtSHieKcDx/NEwYVBHMW4ABFQQrNtUEYUF1VojHSCCsdFfmwhtFJ0/ZinKOgywvy1muZpV0GnVH87tGtXlV1FYGx+AEnAEHXIAmuAEt0AYYJOAZvII348V4Nz6Mz/lqyShujsACjO9f3Iuiug==</latexit>

      : Hopf triplet 
 from 
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Theorem [Chaidez, Cotler, C-]
If       is quasi-triangular semisimple, then 

Z(M ;HH) = dim(H)1��(M) CY(M ; Rep(H))
<latexit sha1_base64="eG8HYe290rRBJL/55YEFjq7PWJA="></latexit><latexit sha1_base64="ZNkTvSaDeFQQO15u+BrcqIWYKds="></latexit><latexit sha1_base64="ZNkTvSaDeFQQO15u+BrcqIWYKds="></latexit><latexit sha1_base64="6WatKX/yS/+vGtPnanBgYEpsjaU="></latexit>

Crane-Yetter 

H
<latexit sha1_base64="po3VJNWvGoKgt9i6HWi66aCGRr0=">AAACEHicbZC7SgNBFIbPxltcb1FLm8Eg2Bh2bbQRgzYpEzAXSJYwOzubDJmdXWZmhRgW7O1E38VOrATfwFexcnIpTOIPAx//OYdz5vcTzpR2nG8rt7K6tr6R37S3tnd29wr7Bw0Vp5LQOol5LFs+VpQzQeuaaU5biaQ48jlt+oPbcb15T6VisbjTw4R6Ee4JFjKCtbFqlW6h6JScidAyuDMoXn/aV48AUO0WfjpBTNKICk04VqrtOon2RlhqRjjN7E6qaILJAPdo26DAEVXeaHJohk6ME6AwluYJjSbu34kRjpQaRr7pjLDuq8Xa2Pyv1k51eOmNmEhSTQWZLgpTjnSMxr9GAZOUaD40gIlk5lZE+lhiok029twazQYP2ZJzRoLMNmG5i9EsQ+O85BquucXyDUyVhyM4hlNw4QLKUIEq1IEAhSd4gVfr2Xqz3q2PaWvOms0cwpysr1/X6J72</latexit><latexit sha1_base64="OPTtJP8MUKStVI7SoM4s8hSbnrQ=">AAACEHicbZDLSsNAFIYnXmu8VV26GSyCG0viRjdi0U2XLdgLtKVMJift0MkkzEyEGvIE7kSfwJdwJ64EX0B8FVdOLwvb+sPAx3/O4Zz5vZgzpR3n21paXlldW89t2Jtb2zu7+b39uooSSaFGIx7JpkcUcCagppnm0IwlkNDj0PAGN6N64w6kYpG41cMYOiHpCRYwSrSxquVuvuAUnbHwIrhTKFx92Jfxy5dd6eZ/2n5EkxCEppwo1XKdWHdSIjWjHDK7nSiICR2QHrQMChKC6qTjQzN8bBwfB5E0T2g8dv9OpCRUahh6pjMkuq/mayPzv1or0cFFJ2UiTjQIOlkUJBzrCI9+jX0mgWo+NECoZOZWTPtEEqpNNvbMGs0G99mCc0r9zDZhufPRLEL9rOgarrqF0jWaKIcO0RE6QS46RyVURhVUQxQBekBP6Nl6tF6tN+t90rpkTWcO0Iysz18DpqBq</latexit><latexit sha1_base64="OPTtJP8MUKStVI7SoM4s8hSbnrQ=">AAACEHicbZDLSsNAFIYnXmu8VV26GSyCG0viRjdi0U2XLdgLtKVMJift0MkkzEyEGvIE7kSfwJdwJ64EX0B8FVdOLwvb+sPAx3/O4Zz5vZgzpR3n21paXlldW89t2Jtb2zu7+b39uooSSaFGIx7JpkcUcCagppnm0IwlkNDj0PAGN6N64w6kYpG41cMYOiHpCRYwSrSxquVuvuAUnbHwIrhTKFx92Jfxy5dd6eZ/2n5EkxCEppwo1XKdWHdSIjWjHDK7nSiICR2QHrQMChKC6qTjQzN8bBwfB5E0T2g8dv9OpCRUahh6pjMkuq/mayPzv1or0cFFJ2UiTjQIOlkUJBzrCI9+jX0mgWo+NECoZOZWTPtEEqpNNvbMGs0G99mCc0r9zDZhufPRLEL9rOgarrqF0jWaKIcO0RE6QS46RyVURhVUQxQBekBP6Nl6tF6tN+t90rpkTWcO0Iysz18DpqBq</latexit><latexit sha1_base64="8g57HaonRgztDaKedM4By8vf4aU=">AAACEHicbZC7TsMwFIadcivhVmBksaiQWKgSFhgrWDq2Er1IbVQ5zklr1XEi20EqUZ6ADcG7sCFW3oBXYcJtM9CWX7L06T/n6Bz/fsKZ0o7zbZU2Nre2d8q79t7+weFR5fiko+JUUmjTmMey5xMFnAloa6Y59BIJJPI5dP3J/azefQSpWCwe9DQBLyIjwUJGiTZWqzGsVJ2aMxdeB7eAKirUHFZ+BkFM0wiEppwo1XedRHsZkZpRDrk9SBUkhE7ICPoGBYlAedn80BxfGCfAYSzNExrP3b8TGYmUmka+6YyIHqvV2sz8r9ZPdXjrZUwkqQZBF4vClGMd49mvccAkUM2nBgiVzNyK6ZhIQrXJxl5ao9nkKV9zrmiQ2yYsdzWadehc11zDLbdavytiK6MzdI4ukYtuUB01UBO1EUWAntErerNerHfrw/pctJasYuYULcn6+gUgqJ0p</latexit>

Conjecture [Chaidez, Cotler, C-] 
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<latexit sha1_base64="JRd3oEE+eEnuDrrSJm7ik62XvwE=">AAACIHicbVDLSsNAFJ3UV42PRl26GWwFN5akG10W3biSCvaBbQiTybQdOpmEmYlQQ77Enei/uBOX+imunLRZ2NYDFw7n3Ms9HD9mVCrb/jJKa+sbm1vlbXNnd2+/Yh0cdmSUCEzaOGKR6PlIEkY5aSuqGOnFgqDQZ6TrT65zv/tIhKQRv1fTmLghGnE6pBgpLXlWpTYIkRr7fvqQebc107Oqdt2eAa4SpyBVUKDlWT+DIMJJSLjCDEnZd+xYuSkSimJGMnOQSBIjPEEj0teUo5BIN50Fz+CpVgI4jIQeruBM/XuRolDKaejrzTylXPZy8T+vn6jhpZtSHieKcDx/NEwYVBHMW4ABFQQrNtUEYUF1VojHSCCsdFfmwhtFJ0/ZinKOgywvy1muZpV0GnVH87tGtXlV1FYGx+AEnAEHXIAmuAEt0AYYJOAZvII348V4Nz6Mz/lqyShujsACjO9f3Iuiug==</latexit><latexit sha1_base64="JRd3oEE+eEnuDrrSJm7ik62XvwE=">AAACIHicbVDLSsNAFJ3UV42PRl26GWwFN5akG10W3biSCvaBbQiTybQdOpmEmYlQQ77Enei/uBOX+imunLRZ2NYDFw7n3Ms9HD9mVCrb/jJKa+sbm1vlbXNnd2+/Yh0cdmSUCEzaOGKR6PlIEkY5aSuqGOnFgqDQZ6TrT65zv/tIhKQRv1fTmLghGnE6pBgpLXlWpTYIkRr7fvqQebc107Oqdt2eAa4SpyBVUKDlWT+DIMJJSLjCDEnZd+xYuSkSimJGMnOQSBIjPEEj0teUo5BIN50Fz+CpVgI4jIQeruBM/XuRolDKaejrzTylXPZy8T+vn6jhpZtSHieKcDx/NEwYVBHMW4ABFQQrNtUEYUF1VojHSCCsdFfmwhtFJ0/ZinKOgywvy1muZpV0GnVH87tGtXlV1FYGx+AEnAEHXIAmuAEt0AYYJOAZvII348V4Nz6Mz/lqyShujsACjO9f3Iuiug==</latexit><latexit sha1_base64="JRd3oEE+eEnuDrrSJm7ik62XvwE=">AAACIHicbVDLSsNAFJ3UV42PRl26GWwFN5akG10W3biSCvaBbQiTybQdOpmEmYlQQ77Enei/uBOX+imunLRZ2NYDFw7n3Ms9HD9mVCrb/jJKa+sbm1vlbXNnd2+/Yh0cdmSUCEzaOGKR6PlIEkY5aSuqGOnFgqDQZ6TrT65zv/tIhKQRv1fTmLghGnE6pBgpLXlWpTYIkRr7fvqQebc107Oqdt2eAa4SpyBVUKDlWT+DIMJJSLjCDEnZd+xYuSkSimJGMnOQSBIjPEEj0teUo5BIN50Fz+CpVgI4jIQeruBM/XuRolDKaejrzTylXPZy8T+vn6jhpZtSHieKcDx/NEwYVBHMW4ABFQQrNtUEYUF1VojHSCCsdFfmwhtFJ0/ZinKOgywvy1muZpV0GnVH87tGtXlV1FYGx+AEnAEHXIAmuAEt0AYYJOAZvII348V4Nz6Mz/lqyShujsACjO9f3Iuiug==</latexit><latexit sha1_base64="JRd3oEE+eEnuDrrSJm7ik62XvwE=">AAACIHicbVDLSsNAFJ3UV42PRl26GWwFN5akG10W3biSCvaBbQiTybQdOpmEmYlQQ77Enei/uBOX+imunLRZ2NYDFw7n3Ms9HD9mVCrb/jJKa+sbm1vlbXNnd2+/Yh0cdmSUCEzaOGKR6PlIEkY5aSuqGOnFgqDQZ6TrT65zv/tIhKQRv1fTmLghGnE6pBgpLXlWpTYIkRr7fvqQebc107Oqdt2eAa4SpyBVUKDlWT+DIMJJSLjCDEnZd+xYuSkSimJGMnOQSBIjPEEj0teUo5BIN50Fz+CpVgI4jIQeruBM/XuRolDKaejrzTylXPZy8T+vn6jhpZtSHieKcDx/NEwYVBHMW4ABFQQrNtUEYUF1VojHSCCsdFfmwhtFJ0/ZinKOgywvy1muZpV0GnVH87tGtXlV1FYGx+AEnAEHXIAmuAEt0AYYJOAZvII348V4Nz6Mz/lqyShujsACjO9f3Iuiug==</latexit>

      : Hopf triplet 
 from 

Z(M ;HN ) = N1+�(M) KN (M)
<latexit sha1_base64="zO43XXRDb4ZJIWrXTAa5tlNyRM4="></latexit><latexit sha1_base64="d+Q9jCjTzuWHDZHlNlEWCVK8W1Q="></latexit><latexit sha1_base64="d+Q9jCjTzuWHDZHlNlEWCVK8W1Q="></latexit><latexit sha1_base64="olMjk3V61SbzyZjDkJ+ei4kIO6A="></latexit>
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Theorem [Chaidez, Cotler, C-]
If       is quasi-triangular semisimple, then 

Z(M ;HH) = dim(H)1��(M) CY(M ; Rep(H))
<latexit sha1_base64="eG8HYe290rRBJL/55YEFjq7PWJA="></latexit><latexit sha1_base64="ZNkTvSaDeFQQO15u+BrcqIWYKds="></latexit><latexit sha1_base64="ZNkTvSaDeFQQO15u+BrcqIWYKds="></latexit><latexit sha1_base64="6WatKX/yS/+vGtPnanBgYEpsjaU="></latexit>

Crane-Yetter 

H
<latexit sha1_base64="po3VJNWvGoKgt9i6HWi66aCGRr0=">AAACEHicbZC7SgNBFIbPxltcb1FLm8Eg2Bh2bbQRgzYpEzAXSJYwOzubDJmdXWZmhRgW7O1E38VOrATfwFexcnIpTOIPAx//OYdz5vcTzpR2nG8rt7K6tr6R37S3tnd29wr7Bw0Vp5LQOol5LFs+VpQzQeuaaU5biaQ48jlt+oPbcb15T6VisbjTw4R6Ee4JFjKCtbFqlW6h6JScidAyuDMoXn/aV48AUO0WfjpBTNKICk04VqrtOon2RlhqRjjN7E6qaILJAPdo26DAEVXeaHJohk6ME6AwluYJjSbu34kRjpQaRr7pjLDuq8Xa2Pyv1k51eOmNmEhSTQWZLgpTjnSMxr9GAZOUaD40gIlk5lZE+lhiok029twazQYP2ZJzRoLMNmG5i9EsQ+O85BquucXyDUyVhyM4hlNw4QLKUIEq1IEAhSd4gVfr2Xqz3q2PaWvOms0cwpysr1/X6J72</latexit><latexit sha1_base64="OPTtJP8MUKStVI7SoM4s8hSbnrQ=">AAACEHicbZDLSsNAFIYnXmu8VV26GSyCG0viRjdi0U2XLdgLtKVMJift0MkkzEyEGvIE7kSfwJdwJ64EX0B8FVdOLwvb+sPAx3/O4Zz5vZgzpR3n21paXlldW89t2Jtb2zu7+b39uooSSaFGIx7JpkcUcCagppnm0IwlkNDj0PAGN6N64w6kYpG41cMYOiHpCRYwSrSxquVuvuAUnbHwIrhTKFx92Jfxy5dd6eZ/2n5EkxCEppwo1XKdWHdSIjWjHDK7nSiICR2QHrQMChKC6qTjQzN8bBwfB5E0T2g8dv9OpCRUahh6pjMkuq/mayPzv1or0cFFJ2UiTjQIOlkUJBzrCI9+jX0mgWo+NECoZOZWTPtEEqpNNvbMGs0G99mCc0r9zDZhufPRLEL9rOgarrqF0jWaKIcO0RE6QS46RyVURhVUQxQBekBP6Nl6tF6tN+t90rpkTWcO0Iysz18DpqBq</latexit><latexit sha1_base64="OPTtJP8MUKStVI7SoM4s8hSbnrQ=">AAACEHicbZDLSsNAFIYnXmu8VV26GSyCG0viRjdi0U2XLdgLtKVMJift0MkkzEyEGvIE7kSfwJdwJ64EX0B8FVdOLwvb+sPAx3/O4Zz5vZgzpR3n21paXlldW89t2Jtb2zu7+b39uooSSaFGIx7JpkcUcCagppnm0IwlkNDj0PAGN6N64w6kYpG41cMYOiHpCRYwSrSxquVuvuAUnbHwIrhTKFx92Jfxy5dd6eZ/2n5EkxCEppwo1XKdWHdSIjWjHDK7nSiICR2QHrQMChKC6qTjQzN8bBwfB5E0T2g8dv9OpCRUahh6pjMkuq/mayPzv1or0cFFJ2UiTjQIOlkUJBzrCI9+jX0mgWo+NECoZOZWTPtEEqpNNvbMGs0G99mCc0r9zDZhufPRLEL9rOgarrqF0jWaKIcO0RE6QS46RyVURhVUQxQBekBP6Nl6tF6tN+t90rpkTWcO0Iysz18DpqBq</latexit><latexit sha1_base64="8g57HaonRgztDaKedM4By8vf4aU=">AAACEHicbZC7TsMwFIadcivhVmBksaiQWKgSFhgrWDq2Er1IbVQ5zklr1XEi20EqUZ6ADcG7sCFW3oBXYcJtM9CWX7L06T/n6Bz/fsKZ0o7zbZU2Nre2d8q79t7+weFR5fiko+JUUmjTmMey5xMFnAloa6Y59BIJJPI5dP3J/azefQSpWCwe9DQBLyIjwUJGiTZWqzGsVJ2aMxdeB7eAKirUHFZ+BkFM0wiEppwo1XedRHsZkZpRDrk9SBUkhE7ICPoGBYlAedn80BxfGCfAYSzNExrP3b8TGYmUmka+6YyIHqvV2sz8r9ZPdXjrZUwkqQZBF4vClGMd49mvccAkUM2nBgiVzNyK6ZhIQrXJxl5ao9nkKV9zrmiQ2yYsdzWadehc11zDLbdavytiK6MzdI4ukYtuUB01UBO1EUWAntErerNerHfrw/pctJasYuYULcn6+gUgqJ0p</latexit>

Conjecture [Chaidez, Cotler, C-] 
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      : Hopf triplet 
 from 

Z(M ;HN ) = N1+�(M) KN (M)
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If the above conjecture is right, then 
Corollary: Crane-Yetter contains Kashaev invariant. 

(conjectured by Williamson-Wang)
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