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¥ Selberg-Witten/Donaldson theory.
¥ Categoribcation [lots of research].

¥ TQFT from Khovanov-Rozansky homology
[Morrison, Walker, Wedrich, O19]

¥ elc.
dim=3 dim=4
Turaev-Viro invariants from Invariants from
fusion 1-categories fusion 2-categories

nonsemisimple generalization

Kuperberg invariants from

2777
(nonsemisimple) Hopf algebras e

Goal: Construct Kuperberg-type 4-manifold invariants
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Hopf Algebras H(M,i, ! ,!,S)

M:H®XH—H ANA:H—-HXH
1 :C! H l-H! C S:H !

H (M, 1) Is an associative algebra,;

H (A, ¢) Is an associative coalgebra;

(rr )yt =)l (It =rr ) =1
I Is an algebra morphism;

IM=(M! M)(I!" Flip! )¢ t 1)

The antipode S Is compatible.
M@! S)! =M(S! ) =1"

Flip: H! H" H! H, x! y#'y! x



G a Pnite group
C[G]= C{g:g! G}

M(g! g)= g9
(1) =1c

' (@=9"9
'(g) =1

S(g9)= g*




21 1

G a Pnite group g=er
C[G]= C{g:g! G} Uq(sly) = CIE,F,K * 1"/ #,

v KK 1=K K =1, KE = g?EK,

M(g! ¢)= gd KF = q' FK, EF %FE = KL
i()=1¢ E'=F' = K"%1=0;

(@ =9! g

1(g)=1

S(g9)= g*



21 1

G a Pnite group g=er

C[G]= C{g:g! G} Uq(sly) = CIE,F,K * 1"/ #,
N — ~ v KK 1= K"K =1, KE = g?EK,
M(g* g) =99 KF = q" 2FK, EF %FE = *gii KT
(1) =1 E' = F' = K" %1 = 0;
- | (E)=1" E+ E" K,
@=9'9 | (F)=K'1" F+F" 1,
I (K)= K" K;
(g) =1 ()
I(E)= I(F)=0, !(K)=1;
S(g) = g* SE)=" EK'L, F)=" KF,

SK) =K
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Semisimple Non-semisimple

21 1

G a Pnite group g=er
C[G]= C{g:g! G} Uq(sly) = CIE,F,K * 1"/ #,

v KK 1=K K =1, KE = g?EK,

M(g! g)= g9 KF = g 2FK, EF %FE = K/ K 1
(1) =1g Er= F = K %1=0;
- | (EY=1" E+ E" K,
@=9r 9 I (F)=K"''" F+F" 1,
() = 1 I (K)= K" K;
I(E) = I(F)=0, !(K)=1;
S(g) = g* SE)=" EK'L, F)=" KF,

K) = K" 2
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Tensor diagram representations

I e | !
e I

Tensors can be composed (contracted):

I M =
M — | =

. o T M
P '~ _>!>_><M_> (M1 M)I! Flipt 1) ! 1)

General M, | tensors:

N, A
Y N

MM ! 1)aa@gv ! | (" 2) (R F-F-T- DY

6
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e ! H (resp. er ! H) is aleft (resp. right) integral if

X Er

N N

e e

€L
Fact: {left integrals} and {right integral} 1-dimensional.
€L = ER = g!' G g | C[G]

\ O p— CO/ = —
M= XM AP AT
If H(M,i, ! ,!,S) is Hopf,soare H' (! *,I" ,M",i",S")
HOP(M P i, 11,8 1) HOP(M,i, | “P 1,8 1)

HUp,CUp, H +,COP — HOp,! , etC.

v
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The Drinfeld double of H:

D(H)= H'P 1 H

(MP,iP,1 P 1P sP)

V N i

v! H flH

f 1]

—h
N

v! DH

V
i

v f 1 (DH)'




The Drinfeld double of H: D(H)= H P 1 H

(MP,iP,1 P 1P sP)

f < : Y
V S > f \Y; S > f
v!I H f1H f" v! DH v'" f 1 (DH)
! < ¢ I
P —— = D =

- [
AN u
s
| ? > |




The Drinfeld double of H:

D(H)= H'P 1 H

(MP,iP,1 P 1P sP)

Y f
v H fl1 H
|D4> :%
|
—>|D/ ::IYIQ
N o~

f < \ Y
Y > > f
f" v! DH v f 1 (DH)'
2
_ %Slk M «——




The Drinfeld double of H: D(H)= H P 1 H

(MP,iP,1 P 1P sP)

f < \Y;
Y, > f \Y; > f
v!I H f1H f" v! DH v'" f 1 (DH)
!
¥
— cl1 -
. D/ _ —M — —gb —— = SSHI M >
) — | .
—>Aﬁ\
\ D, .-— | M \/A
/'Z\/[ L M ——




The Drinfeld double of H: D(H)= H P 1 H

(MP,iP,1 P 1P sP)

f < ¢ V
Vv N s f Vv N s f
v!I H f1H f" v! DH v'" f 1 (DH)
! i

—1 D = | ﬁsﬁl
—>Aﬁ\
N ' M A

Generalized Drinfeld double: D(H;,Ho; ') = Hy ! H>

' ,Cop

given ! :Hi! H,
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Kuperberg Invariant = Zgy, (M3;f)
First assume H semisimple.
Choose two-sided integrals €! H,p! H'

For a 3-manifold M*, choose a Heegaard diagram
('g.! ={'1r,8ad ¢}," = {"1,44d"¢}). The ! i 'S are disjoint,

g\ (1 I'y) Is apunctured sphere; so are the ! 's.

Glue a disk along each ! i on
one side of | , and glue a disk
along each !'; on the other side,
and Pll the rest with balls.
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e —! —S—M  —H

e — 1 —S—>M — H

|
— 1

5; —

f!/

L“f“”«

e

Z.n (M?) is the contraction
of the tensor diagrams
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87) /8] — 4>'I

f!/

L“f“”«

e

e —! —S—M  —H

Z.n (M?) is the contraction
of the tensor diagrams

e — 1 —S—>M — H

H non-semisimple, Zg,(M?; f) is an invariant of
framed manifolds.
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f!/

L“f“”«

e

e —! —S—M  —H

Z.n (M?) is the contraction
of the tensor diagrams

e — 1 —S—>M — H

H non-semisimple, Kup(M3 f) is an invariant of
framed manifolds.

¥ H can be taken to be a Hopf object in any symmetric
tensor category [Kashaev, Virelizier, 018

10

 N—



87) /8] — 4>'I

f!/

L“f“”«

e

e —! —S—M  —H

Z.n (M?) is the contraction
of the tensor diagrams

e — 1 —S—>M — H

H non-semisimple, Zg,(M?; f) is an invariant of
framed manifolds.

¥ H can be taken to be a Hopf object in any symmetric
tensor category [Kashaev, Virelizier, 018
ZKUlp recovers Selberg-Witten invariant for certain g

IN sVec [Lopez-Neumann, O1¢
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- ~
- ~
7 N
7 \
7 \
\
- by
\ g
\
I |
|
|
!
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DePnition
A Hopf tripletis H = (Ha, Hg, Hy; (—)),

- Hy ,H+ H4 are semi-simple Hopf algebras;
. foreach K!' ! {"#.,#3,3"}
!éé'u! :HIJ# H, $ C
such that the induced map 'ad; :Hy # H; P
Is a Hopf algebra morphism.

Ha N H;’COP | H!Op ! H' ,COP,0p ( H"cup)! cop
Hy | Hicop HP 1 H:
Hy I HiP HeP I H.

- D(HPP,HPY Y Hy  is a Hopf algebra morphism.
(= HPP 1 H.™F)
"~. ____— Generalized Drinfeld double

12
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M, — —
v
— —



H, TS ! -
"4 I/ *’-‘ﬁ #1 /( ' \
Y
H- Hy e e

Lemma [chaidez, cotler, c-]
The third condition in the debPnition Is equivalent to

} }
N o
/N _ /N
/ \ / \
!! > 0 < !! Aop_>,<_AOp

o b
/ \ / \
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Examples of Hopf triplets
¥ Let (H,R) be a semisimple quasi-triangular Hopf algebra

1 R—M —— — s P M ——
R LHH X TR
2 s — M — R—mM —
e e R—mM —
I /
P R _
R\ o i >< R\!0'0/ R
R—mM — \ \
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Examples of Hopf triplets
¥ Let (H,R) be a semisimple quasi-triangular Hopf algebra

y R—M —— — s P M ——
R ' H" H =
N %!KM% R>%<|\/|%
e 7 R— M —
| R e _
SO T
R—M — S S

HH — (H!,cop,op,Hcop,H!)
IS a Hopf triplet.

H ! .cop,op

- o
canonlcy \ Ng
H !

H cop

canonical
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Examples of Hopf triplets
¥ Let (H,R) be a semisimple quasi-triangular Hopf algebra

1 R—mM — s M —
SELEL X T
? — ! — M — R—M —
e e R—M —
| R 7 _
SO R
R——M — . .
HH :(H!,cop,op’Hcop,H!)
IS a Hopf triplet. C[Zn] = Cla"/(aN # 1)
IS quasi-triangular with

' ,COpP,0p
H 2/ —1ij

Mf . N—1 . .
canonical R R=% > e ~¥ add
Sy ij=0
H cop H

canonical
14
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l(w) =1 S(w)=w for w %{X,Yy, Z}
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1
[=\oy# yxr, oz # 2y, yz # zo,0°# Ly*# 1, 2° # §(1+ x+ y# ry)"

Hg has a basis: {1,X,y,Xy,z,xz,yz, xyz}
I (X)=x$X ' (Y=VYSyY, ! @)= %(z$ z+yz$z+ 2z xz# yz$ xz)
l(w) =1 S(w)=w for w %{X,Yy, Z}
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(Hg,Hg,Hg; "# )

'#/ \
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¥ Let Hg be the unique Hopf algebra in dim 8 that is neither
commutative nor cocommutative: Hg = C[X,y, z]/Il

1
[=\oy# yxr, oz # 2y, yz # zo,0°# Ly*# 1, 2° # §(1+ x+ y# ry)"

Hg has a basis: {1,X,y,Xy,z,xz,yz, xyz}
I (X)=x$X ' (Y=VYSyY, ! @)= %(z$ z+yz$z+ 2z xz# yz$ xz)
l(w) =1 S(w)=w for w %{X,Yy, Z}

Consider triplet of the form There are MANY choices for
(Hs,Hg, Hg; "# ) 7. eg.

101 01 1 1 1 1 1 °
11101 1 b i R
o "1 1111 1 i i ?
11 (/)
"1 1 1 1 L1 11 11 .!.1%
"1 ] 1i 111 2 0 .0 é?
T 00 i 1100 143 j.D og
#1019 i 11 .0 i2!'i2 0
1 i 'i 11 2 0 o ! 2

15
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Invariant of 4-manifolds from Hopf triplets

H,
ARG Given M * choose a
’ e trisection diagram
" #

H = (HaaH57H73 <_>)

ul {1, #)

* Q
Q Q
& U
& »
u .
- .
. .
s .
\d .
L3
. \d

(297&7577)
ul I {"# ,#%$,%"}

j &

v/

At

Cu
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Invariant of 4-manifolds from Hopf triplets

R Q
Q .
- »
L .
. .
. .
.
. %
L3
. \d

H,
ARG Given M * choose a
’ e trisection diagram
" #

H = (Ho, Hg, Hy; (—)) (X9, 8,7)
TR LRSS
* ﬂl '\Z.
/L
° > Hi
v/
A

Z (M ;H) Is debned to be the contraction of the tensors
with some normalization factor.
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CP?

S21 G2

S2H G2

o O/ O

17

! ¥
!
}é< II#

Ly =¥l ¥ 1,
N\ /
e

L, S ¥l ¥,

Ly ¥« 1w ¥ 1,
N oy S

¥ ¥
) S ¥ ¥y



Theorem [chaidez, Cotler, C-]

Z(M ;H) is an invariant of closed oriented smooth
4-manifolds.
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Theorem [chaidez, Cotler, C-]

Z(M ;H) is an invariant of closed oriented smooth
4-manifolds.

Proposition [chaidez, Cotler, C-]
ZMi# M2 H)= Z(M1;H) Z(M2;H)
Z(M;Hy! Hz)=2Z(M;H1)Z(M;H2)
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Theorem [chaidez, Cotler, C-]
If H is quasi-triangular semisimple, then

Z(M;Hy)=dim( H)Y ' ™M) CY(M :Rep(H))

Hn : Hopf triplet
from Zy

\ Crane-Yetter

Z(aHn) . Z(@Hn)
5 1 113+ 1 I2N)
st s N CP? LT e
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Z(M;Hy)=dim( H)Y ' ™M) CY(M :Rep(H))
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Z(@HN) | Z(aHn)

H : Hopf triplet S 1 [ ] 3+ DV I@N)

LN

from Zy st1 | N CPp? LTN e

Conjecture [chaidez, Cotler, C-]
Z(M;Hy)= N IM) K (M)

\ Kashaev invariant
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Theorem [chaidez, Cotler, C-]
If H is quasi-triangular semisimple, then

Z(M:Hy)=dm(H)! " M) CY(M ;Rep(H))
\ Crane-Yetter

: Z(aH Z(aH
Fn: Hopf triplet s (al 5 F1 & |:«a+g'(il)“M/)(2,N)
from ZN Sl| SB N sz Ni# E:1 ezll\ilkz

Conjecture [chaidez, Cotler, C-]
Z(M;Hy)= N IM) K (M)

\ Kashaev invariant
If the above conjecture Is right, then

Corollary : Crane-Yetter contains Kashaev invariant.
(conjectured by Willlamson-Wang)
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Questions/Future directions

FiInd more Interesting examples of Hopf triplets.

- Recover other categorical invariants, e.g.,
iInvariants from fusion 2-categories, etc.

Generalize to NON-SEMISIMPLE Hopf triplets.

. Rebne the invariants to include Spin“ structures.

Thank You

arxiv:1910.14662 "
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