Fredholm Determinant Solutions of the Painlevé 11
Hierarchy and Gap Probabilities of Determinantal Point
Processes

Manuela Girotti
joint with Mattia Cafasso (Univ. Angers) and Tom Claeys (UC Louvain)

| 1]
OR Saint Mary's
‘i’ Universitry

Universality and Integrability in Random Matrix Theory and Interacting Particle Systems,
September 21st, 2021

1/48



Overview

Momentum edge statistics DPP Fredholm determinant
P(max < ) det(Id — Kliy 4 o))

Riemann—Hilbert
D —
problem IIKS operators

steepest descent .
Painlevé II hierarchy asymptotics
Lax pair

2/48



Introduction
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Motivation (LeDoussal, Majumdar, Schehr, ’18)

Joint statistics of the momenta {p;} of N non-interacting fermions in 1-dimension
and of the largest one pmax in a trap

V(z) ~ z", n>1
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Harmonic trap (n = 1)

There is a one-to-one correspondence with the eigenvalues of GUE:
e macroscopic density = Wigner semicircle law;

1
e edge behaviour p(p) ~ (pmax — p) 2, Tracy—Widom distribution.

Fa(a) = exp {— / - m)q2<s)ds}

‘Tracy-Widom distribution

Gor
PoF
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Flat trap (n > 1)

@ macroscopic density related to matrix models with multicritical points
(Di Francesco, Ginsparg, Zinn-Justin, '95; Brézin, Kazakov, Eynard, ...);

e edge behaviour p(p) ~ (Pmax — P)ﬁ
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Flat trap (n > 1)

@ macroscopic density related to matrix models with multicritical points
(Di Francesco, Ginsparg, Zinn-Justin, '95; Brézin, Kazakov, Eynard, ...);

1
e edge behaviour p(p) ~ (Pmax — p) 27

What is the equivalent of the Tracy—Widom distribution?
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Statistical setup

@ The set of momenta of the N fermions is a point process on R.

o (gap probability) The distribution of the largest momentum is P (pmax < )

The same arguments hold in the limit as N — oo:

(generalized) TW distribution infinitesimal oscillations
=
= P(¢max < ) at the edge of the spectrum
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Theorem (LeDoussal, Majumdar, Schehr, '18)

The set of momenta {p;}i=1,.. N and the rescaled fermion momenta near the
edge Cmax are both Determinantal Point Processes.
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Theorem (LeDoussal, Majumdar, Schehr, '18)

The set of momenta {p;}i=1,.. N and the rescaled fermion momenta near the
edge Cmax are both Determinantal Point Processes.

The n-point correlation function reads

K(z1,z1) K(zi1,z2) ... K(zi,zn)
K(z2,z1) K(z2,22)

p(x1,...,xn) = det

K(zn,z1) K(zn,zn)

for some kernel K (z,y) — containing all the statistical information —.
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In particular, the gap probability over I = (s,+00) C R becomes:

P (Cmax < 5) = det (Id - IC|(S,+OO>>

the Fredholm determinant of an integral operator with universal kernel

2n41 2n+1
+1( A .
e(fl)n ( 2nt1  2n+l )71’**9)‘

K(z,y) / i / ar
x? = . .
Y g 2w Sy 2mi A—u

which depends on the order of the potential V(z) =z

2n

)

YL

TR

_
= 21"
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P (Cmax < s) = det (Id - ’Cl(sy+00>)

Remark

o the largest point (max in the process exists almost surely, since the Fredholm
determinant is well-defined;

@ in general, we can analyze the quantity

F(s; Q) = det(ld - Q’C|[s7+oo))’ o€ (07 1]’

which represents the probability distribution of the largest particle c,(,fgx in
the associated thinned process, which is obtained from the original process by
removing each of the particles independently with probability 1 — o.

v
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The higher-order Airy kernel

2n41 2n+1
+1( A
-n" ( 2nt1  2ntl )‘x“+y>‘

K(z,y) / dp / dX e
T,Y) = o 5
Y ~r 27 Sy 27 A—u

o0
= / Aigpt1(z + t)Ai2n+1(y +t)dt
0

where
(=nntt

B py d
O
R 2mi

solves dd;;n d(x) = (=1)"*lzg(z) (Kohno, ’79).
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The higher-order Airy kernel

2n41 2n+1
+1( A
-n" ( 2nt1  2ntl )‘x“+y>‘

K(z,y) / dp / dX e
T,Y) = o 5
Y ~r 27 Sy 27 A—u

o0
= / Aigpt1(z + t)Ai2n+1(y +t)dt
0

where “
oty o d
N R
R 27
solves dd;;n d(x) = (=1)"*lzg(z) (Kohno, ’79).

For n = 1 we recover the Airy kernel:

Ai(z)Ai (y) — Ai(y)Ai'(z)
z—y

KAi(CE, y) =
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Our results

More generally, we will be interested in the following
Fredholm determinant:

det(Id — K|[s,+oo))
with kernel

)" (p2nt1 (1) —p2nt1 (V) —zutyr

K(z,y) / dp / di et
z‘, = — —_—
Y g 270 Sy, 2mi A—p

YL

)

TR

_ _n
= 2"

where z,y € R, n € N and

g2n+1 Tl 7 .
)= — — J+17
P2n+1(7) 2n+1+7_Z:1 2 +1

with 71,...,7h—1 € R.
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Tracy-Widom-like identity

Theorem (Cafasso, Claeys, G., '19)

Letn €N, 71,...,7—1 €R and let F(s) = det(Id — K|}, , ), then

F(s) = exp {— /S-&-w(x —s) q2((—1)"+1cc) dz} ,

where q(s) = q(s;71,...,Tn—1) is the solution to the equation of order 2n in the
Painlevé II hierarchy with prescribed asymptotics.

Note: the same result holds also for F(s; ¢) := det(Id — o K|(, 1)), ¢ € (0,1].
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A little detour: Painlevé equations and their hierarchy

In the quest for classifying 2nd-order ODEs of the type
=R (s q,q )

(R a rational function) whose solutions have no movable singularities other than
poles (Painlevé property), Painlevé (1902) and Gambier (1910) found 50 different
classes.

Only 6 of them are irreducible (i.e. their solutions cannot be expressed in terms of
elementary functions or previously known transcendental functions):

" =2¢° + sq+ a, a € R (Painlevé II).
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In the quest for classifying 2nd-order ODEs of the type
=R (s q,q )

(R a rational function) whose solutions have no movable singularities other than
poles (Painlevé property), Painlevé (1902) and Gambier (1910) found 50 different
classes.

Only 6 of them are irreducible (i.e. their solutions cannot be expressed in terms of
elementary functions or previously known transcendental functions):

" =2¢° + sq+ a, a € R (Painlevé II).

Furthermore, the Painlevé equations are integrable systems (Lax pair!).
In fact, they are connected to solutions of integrable non-linear PDEs
(Ablowitz—Segur, ’77).
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The Painlevé II hierarchy

The Painlevé II hierarchy (Flaschka, Newell, ’80) is a sequence of ODEs obtained
from the equations of the KdV hierarchy via self-similar reduction.

The n-th member of the Painlevé II hierarchy is an equation for ¢ = ¢(s) defined
as follows:

d =4
(— +2q> Lolgs — a1+ > 7 (— + 2q) Lilgs — ¢’ =s¢—a, n>1,
ds = ds

where o, 71,...,Tn—1 € R and the operators {Ln},>0 are the Lenard operators
defined recursively by
d d3 d 1
—L; =—+4f—+2 L;f, Lof ==,
ds J+1f (d83 + de + fs) ]f Uf 2
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The first members of the hierarchy are

n=1
" —2¢> =sq—a  (Painlevé II)
n=2
q"" —10q(q')* — 10¢°q" + 6¢° + 11(¢" — 2¢°) = s¢ —
n=23
q////// 141]2 1n 56qq/q/// 70( )2 1 42(]( ) +70(14 //+140q (q )2 7

+7_2(q////710q(q )2710(]2 N+6q5)+’r1(q”f2q ):sqfa,
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The first members of the hierarchy are

n=1
" —2¢3 = sq— g{ (Painlevé II)
n=2
q"" —10q(q")? = 10¢%q" +64° + 71(¢" — 2¢°) = s¢ —
n=23
q////// 141]2 1n 56qq/q/// 70( )2 1 42(]( ) +70(14 //+140q (q )2 7

+7_2(q////710q(q )2710(]2 N+6q5)+’r1(q”f2q )ZS(]7¢,

We will be interested in the homogeneous Painlevé II hierarchy (o = 0).
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Back to our Fredholm Determinant

d?
2((~1)"Hs) = -3 logdet(ld — K|}, 4o0)):

o from the Physical point of view, we provide a rigorous description of the
statistics of the fluctuations of the largest momentum of a collection of
fermions in a “flat trap”;
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Back to our Fredholm Determinant

d?
2((~1)"Hs) = -3 logdet(ld — K|}, 4o0)):

o from the Physical point of view, we provide a rigorous description of the
statistics of the fluctuations of the largest momentum of a collection of
fermions in a “flat trap”;

o from the Mathematical point of view, we construct a family of solutions to
the Painlevé II hierarchy in terms of Fredholm determinants (which can be
numerically computed with high accuracy; Bornemann, ’10).
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. a2
(1)) = — T logdet(ld — K, o)),

Remark

e the occurrence of the Painlevé-II hierarchy for the monic potential was first
established for selected values of n in the arXiv version of LeDoussal,
Majumdar, Schehr’s paper.

o this family of solutions contains natural generalizations of the
Hastings—McLeod (p = 1) and the Ablowitz—Segur (p < 1) solutions to the
Painlevé II equation.

o generalizations of the TW-distribution were also obtained by Claeys, Its,
Krasovsky (’10) for extreme eigenvalues of unitary random matrices with

critical edge points, but a = %

.

18 /48



TW identity
O00000@000000

Treasure map

@ establish the equality

gap probability <  Fredholm determinant of IIKS integral operator
P(Cmax <8) = det(Id— Ls)
@ build up the corresponding
RH problem

© prove the link
RH problem < Malgrange-Bertola 7-function;

@ derive some meaningful/explicit conclusions (Painlevé hierarchy +
asymptotics)
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The proof

We follow a general method introduced by Bertola-Cafasso (’11).

Proposition

Via a conjugation with a Fourier-type transform, we obtain
det (Id - Kll[s,m)) = det (Id — L),

where L is an integral operator in the sense of Its-Izergin-Korepin-Slavnov (’90)
with kernel of the form

£ "g(n)

LS(A7H’): >\_[J ’ A?ME’YLU’YR

f(\), g(A\) € C2X1 | with regularity condition f(A\)Tg()\) = 0.

.

Note: the original operator K has IIKS kernel, but it’s not practical.
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A Riemann—Hilbert problem

The IIKS operator £ naturally carries an associated Riemann—Hilbert
problem:

RH problem

Find a matriz-valued function T'(z) € C2*2 such that

(a) T 4s analytic on C\ (yL Ur)

(b) T has continuous boundary values T'+ as ¢ € yr, Uyg is approached from the
left () or right (—) side, and they are related by

() =T-() [I-2mif(QgT ()]  ¢enur,

—_——
Jump J

(c) there exists a matriz T'y independent of ¢ (but depending on n,T; and s) such
that T' satisfies

r(Q) =T+ % +OE?), (oo
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The jump condition:

1
P40 == (- ipmma(orrac

0
1

)

,c(*l)"sznJrl(()*EC)

P =10} .
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Why do we care about the RHP?

It can be proven (Bertola, '10 and Bertola, Cafasso, '11) that

d
— log F(s) = / Tr
ds YRYUYL

where I is the derivative of T and J is the jump matrix.

d¢
omi’

r_l(c)r’_«)(as.f)(c)Jl(c)}

Proposition

The Fredholm determinant F'(s) satisfies the differential identity

d
—log F(s) =T111,
ds
where I'; is the first coefficient in the expansion of the RHP solution I' at infinity:

L) =1+ % +0(™2), ¢— o
v
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Via an invertible transformation, we define
U(¢) := o3 T(2i¢) o3 eTo (3O

with T5(¢) := (%pznﬂ(c) - ésc) o3 and 03 = ((1) ,01)-

The RHP for ¥ has constant jumps!

w0-v-©(] 7)

— |~
| T

w0-v-0( 7
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We can easily find ¥’s Lax pair

U, = AV
¥, = BU

which turns out to be same one as the one for the Painlevé II hierarchy in the case
o = 0, with Stokes parameters s; = —son4+1 =1, s2 = ... = 52, = 0.
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We can easily find ¥’s Lax pair

U, = AV
¥, = BU

which turns out to be same one as the one for the Painlevé II hierarchy in the case
o = 0, with Stokes parameters s; = —son4+1 =1, s2 = ... = 52, = 0.

The compatibility conditions
T =W,, <& 63A76A3+[A,B]:O

yields

%\111,11 = —2i (\111,12)2

PN

—Llog F(s) q((—=1)™*1s) solution to PII hierarchy
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P(Cmax < 8)
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Asymptotics as s = +0o0

Theorem (Cafasso, Claeys, G., ’19)

Letn €N, 71,...,7n—1 € R. There is a real solution q(s) = q(s;71,...,Tn—1) to
the equation of order 2n in the Painlevé II hierarchy which has no poles for real
s, such that

(1)) = — 55 logdet(ld = Ky o)),

and with asymptotic behaviour

2n41

(=)t =0 (e_cs o ) , as s — +o00, for some C > 0,
n!? 2n

g((—1)"s) ~ ((2n)' \s\) , as s — —oo.
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Asymptotics as s = +0o0

Theorem (Cafasso, Claeys, G., 19

Letn €N, 71,...,7n—1 € R. There is a real solution q(s) = q(s;T1,...,Tn—1) to
the equation of order 2n in the Painlevé II hierarchy which has no poles for real

s, such that
" d2
q2((—1) Jr15) = —d—logdet(ld IC| [s,+ )

and with asymptotic behaviour

2n+1
g((—1)" sy =0 (6763 2 ) , as s — +oo, for some C > 0,
1
n!? 2n
g((—=1)"*Hs) ~ ((271)! \s\) , as s — —oo.
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Sketch of the proof

Consider a rescaled and rotated version = of our RHP T':

\//

With@(sﬁc;s,ﬂ?) :522:{1 ( %4.4) +@(822’7;1C2n—1>.
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g (| 2070

T2 +C )+O(s S C2n 1)

We would like to smartly choose the contours in such a way that

. {(24)2““ . {(24)2““

+¢| <0, ¢ep.
dn +2 dn+2 C} ¢€

+<:| >0, CE'YU:

so that the off-diagonal terms in the jumps et2® — 0 as s — +oo0.

\//
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We can actually do so:

4

\
N7

3

(a)yn=1 (by n =2 (c)n=23

Figure: The white areas are the zones where Im > 0 while the grey areas are the zones
where Im < 0.
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This way, the jump matrices are asymptotically equal to the identity matrix:

2n+1
e—Cs 2n
= Q=2 (1+0|—5—]] cewum

By the Small Norm Theorem, we can infer
2n41
e—Cs 2n
EQ)=I+0 — as s — +o00,

for some C > 0.
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This way, the jump matrices are asymptotically equal to the identity matrix:

2n+1
e—Cs 2n

Er(Q)=E_() |I+0 —= | ¢€vw U

By the Small Norm Theorem, we can infer

2n+41
—Cs 2n

E()=1+0 34?4, as s — 400,

for some C > 0.

Getting back to q: as s — 400,

a((—1)"*1s) ~ Z112(5) = O (*Ci) |

31/48
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Finer asymptotics for higher order Airy

From the integral formula

o E_(w) [I = J(w,s;7)] dw
H(C)_IJF/YUU’YD w—¢ 27’

and its asymptotic expansion in ¢, we obtain

fri=..=7,_1=0,

q ((—1)”+1s) = Aigp+1(s)(1 + o(1)), as s — +oo.
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Finer asymptotics for higher order Airy

From the integral formula

= (w) [ - J(w,57)] dw

= =1
© " /YU Uvp w—¢ 2mi’

and its asymptotic expansion in ¢, we obtain

Ifrn=...=m7m-1=0,
q ((—1)”+1s) = Aigp+1(s)(1 + o(1)), as s — +oo.
(we suspect this holds also for general 71,...,7n—1 # 0)
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Asymptotics as s = —o0

Theorem (Cafasso, Claeys, G., '19)

Letn €N, 71,...,7n—1 €ER, and let F(s) = det(Id — IC\[SHFOO)). There is a Teal

solution q(s) = q(s;71,...,Tn—1) to the equation of order 2n in the Painlevé II
hierarchy which has no poles for real s, such that

d2
qz((—l)"'Hs) = s log F(s),

and with asymptotic behaviour

2n41
g((—1)"s) =0 (efcs n ) , as s — +oo, for some C > 0,

|-

|

n

q((—l)n+1s>~((;f)!|s|) C asso oo

33 /48



Asymptotics as s — —oo

O@000000000000

Large gap asymptotics for the pure potential

In the case 71 = ... = Tn—1 = 0 (higher-order Airy)

Theorem (Cafasso, Claeys, G., ’19

There exists a constant C > 0, possibly depending on n, such that

2

n 2n
log F(s) =~ DEn+ 1 (n )

1
n

\s|2+% + clog|s| 4+ log C + o(1),

as s = —oo,with ¢ = —é ifn=1and c= —% otherwise. Moreover, the
asymptotics can be improved to

a((=1)"Hs) = <(2 e |) ” +;<<2”’> js1 72727 +0 (Js]727 %),

as s — —O0Q.

Note: our method does not allow to evaluate the overall constant C. In the Airy

case n = 1, it was proved that C = o371 log2+¢' (— 1), where ¢’ is the derivative of
the Rlemann ¢ function (Deift, Its, Krasovsky, 2008).
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In the general case with 71,...,7,—1 € R consider

Az) = zn:(_n"—k(ik)w%, Az) = zn:(_n"—k(Q:)Wk,
k=1 k=1

and define 64, ...,02, and 9[12], AU 951 as follows:
1
2n\ " 2n
o)
ai(Tl,...,Tn)Eei = Tl1 2i1

2 ;>
TS T (2), i>1,
where the residue at infinity is minus the coefficient of z—! in the large z
2i—1
expansion of the branch of A™2n (z) which is positive for large z > 0, and similarly
9(2)7 1 =0,
Tn—1

O (1, ) =07 =0 4
~i—1
res A (z), ©i>2.

i—17=00
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Large gap asymptotics for generic potential

Theorem (Cafasso, Claeys, G., '19)

Letn €N, 11,...,7h—1 € R. As s = —o0, there exists a constant
C =C(n;T) > 0, such that we have the asymptotics

2n

n? (2], 2n=j+l
log F(s) = — - —0:"|s n + clog |s| 4+ log C' + o(1),
©O=- % eripari e s M
j#n+1
with ¢ = —é ifn=1and c= —% otherwise. Moreover, the asymptotics can be

improved to

2n .
q((-1)"*1s) = ZOHS\ﬁf% + i\er*ﬁ + 0O (|s|727%) ,  ass— —oo.
i=0 200
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The nitty gritty

n = 1 There are no parameters of deformation 7; and our result gives: as s = —oo

31
log F'(s) = —% “3 log |s| +log C + o(1) (Tracy—Widom distribution).
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The nitty gritty

n = 1 There are no parameters of deformation 7; and our result gives: as s = —oo

3
log F'(s) = —% — —log|s| +1og C + o(1) (Tracy—Widom distribution).

n = 2 In the first non-trivial case, we obtain as s — —oo

R R L REIN
54

log F(s) = = V615l 2~ —mi]s ED

1
-3 log |s|4+1log C+o(1).
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The nitty gritty

n = 1 There are no parameters of deformation 7; and our result gives: as s = —oo

Is|?

log F'(s) = ~15 "3 log |s| +log C' + o(1) (Tracy—Widom distribution).

n = 2 In the first non-trivial case, we obtain as s — —oo

V6 3

log F(8) = = 2 VBlaf*/ 2 5 o2 = L L1512 20 o] 2

n = 3 We have two deformation parameters 71,72: as s = —o0
9 502773 _ L 3920 5/3
log F(s) = — —203s|"/3 — —7. 2V (10m — 3 /
0g F(s) = = 22208 |s["/% = malsf? + S22 (10 — 37) Is
V20
5000

1
-3 log |s|4+1log C+o(1).

3 2 24 |.14/3
——203712 (571 —75) |s —
+ 5000207 72 (571 = 72) s

2

203
900000

T2 (507’12 — 257'227'1 + 37'51) |s|2/3

(100075 — 18007272 4 6307571 — 6375) [s|*/3

— 5 log |s| +log C + o(1)
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Sketch of the proof

Like in the s — +o00, we would love to have a RHP with jumps of the type
J(¢) =TI+ 0J(¢), however, the phases O in the jumps diverge as s — —o0.

We will recur to the steepest descent method (Deift, Zhou, ’92).

38 /48
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Like in the s — +o00, we would love to have a RHP with jumps of the type
J(¢) =TI+ 0J(¢), however, the phases O in the jumps diverge as s — —o0.

We will recur to the steepest descent method (Deift, Zhou, ’92).

The strategy is to apply a sequence of invertible transformations

'-¥+—...—-S—R
—_——

g-function
in such away that, within the regime s < —1, the final RHP
R(Q) =527

has jumps close to the identity. We can then apply a small norm argument again:
R(¢) = I + {small} and

5() =+ {small})- ()
N——— SN—~—
R(¢) “model”

problem
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Sketch of the proof

We solve the RHP I with the use of a global parametrix P> (and an explicit
g-function) and two local Airy parametrices P*eo,

Step O: the original problem I
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We solve the RHP I with the use of a global parametrix P> (and an explicit
g-function) and two local Airy parametrices P+,

Step 1: T" — ¥, rotation
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Sketch of the proof

We solve the RHP I with the use of a global parametrix P> (and an explicit
g-function) and two local Airy parametrices P+,

Step 2: ¥ — S, jump merging and rescaling; introduction of a g-function

P P
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Sketch of the proof

We solve the RHP I with the use of a global parametrix P> (and an explicit
g-function) and two local Airy parametrices P+,

Step 3: the magic of the g-function
10
)
0 -1
—Co (1 ) <o

39 /48



0000000 ®

A note on the g-function

Ansatz:
n
2j+1
9(Gs) = (=)
=1
with (¢ — ¢2) 2 analytic on C \ [~(o, (o] and such that it behaves like (2911 as
¢ — oo.

We fix the constants ¢; and the branch point (o > 0 by imposing the asymptotic
behaviour

2n+41
2n

N ao:mmﬁo+%?+0@4L as ¢ = oo.

jump phase
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A note on the g-function

Ansatz:
n
6. 2741
9(Gs) =D (¢ —¢5) 2
=1
with (¢ — ¢2) 2 analytic on C \ [~(o, (o] and such that it behaves like (2911 as
¢ — oo.

We fix the constants ¢; and the branch point (o > 0 by imposing the asymptotic
behaviour

9(Q) = O(Js|73¢) +GT<) LOC),  asC oo

jump phase

2n+41
s 2n
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This gives:
m mkl—‘(N—m"'kJ" 3) 2
P (_1)m7k22("*m+k)71 —m+kls|” —C
- I;} kT (n—m+ 3)
1 2k 2k+1l op
5 Z <k, 1)|3| 2n <§k+2.

and (o = (o(s) defined implicitly as

n

S ()bl =

k=1
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This gives:
UL 7nk1"(n—m+k+ )
enom = D (-1 RO s 25
k=0 KID (n—m+ 3)
1 2k 2k+1 opio
52 (), el G

and (o = (o(s) defined implicitly as

S0 ()l S @ = 1

k=1

‘We just need to solve the equation for (o, at least in the s — —oo regime...
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Asymptotics as s
000000000 ®0000

and define
2n\ ~ 2n
GO
0; = n
1 2i—1
- res A 2n (z), ©>1.
21 — 12=00
0o, 1=0,
Tn—1
(2 ._ n =1
07 =\ 1n—2’ T
1 ~i—1
res A n (z), i>2
i — 1 z=oc0
Then,
§o(s)~29i|s|_ﬁ and Cg(s)wzez[]\s\_ﬁ, as s — —oo.
i=0 i
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and define

(2n) 2n
0= n/
' 1 2i—
- res A\ 2n (z),
21 —1z=00
907
Tn—1
(2] ._ n
07 = m—2
1 <=1
- res A n (2),
i — 1 z=oc0

Then,

oo

Co(s) ~ > 0sls| ™% and  (3(s) ~ > 01|57,
i=0

=0

as s — —o0.

Note: the coefficients {6;}52 and {61[2] o, are related to topological minimal
models of type A, and to flat coordinates for the corresponding Frobenius

manifolds.
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Sketch of the proof

We solve the RHP I with the use of a global parametrix P> (and an explicit
g-function) and two local Airy parametrices P+,

Step 3: the magic of the g-function
10
)
0 -1
—Co (1 ) <o
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Sketch of the proof

We solve the RHP I with the use of a global parametrix P> (and an explicit
g-function) and two local Airy parametrices P+,

Step 3: the magic of the g-function

@)
—¢o 0 ¢o

43 /48



Sketch of the proof

We solve the RHP I with the use of a global parametrix P> (and an explicit
g-function) and two local Airy parametrices P+,

Step 4: build the model problem € with parametrices P> and P*¢o

P“’:%G i)v(é)’“ (,li ’f), with  4(¢) = (&2}

—Co Co
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Sketch of the proof

We solve the RHP I with the use of a global parametrix P> (and an explicit
g-function) and two local Airy parametrices P+,

Step 4: build the model problem € with parametrices P> and P*¢o

P>

P % Pt
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Sketch of the proof

We solve the RHP I with the use of a global parametrix P> (and an explicit
g-function) and two local Airy parametrices P+,

Step 4: build the model problem € with parametrices P> and P*¢o

P>

S~ \
B Y .
Airy parametrix
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Sketch of the proof

We solve the RHP I with the use of a global parametrix P> (and an explicit
g-function) and two local Airy parametrices P¥¢0,

Step 5: taking care of the other small-norm jumps (the remainder R := SQ~1)

—Go Co

43 /48



Asymptotics
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A note on the remainder problem

We can compute the asymptotic expansion of the remainder to arbitrary order of
accuracy:

2n+1 2n+1

R(Q) = I+ ROl 5 + ROl 5 0 (1o %),

for some matrices R (¢), R (¢), ... which can be computed via a recursive
procedure.

In particular,

1
I—Jr(w) dw R§)+O(1

MWy = YRV = —
RY(C0) = ~/3(7+<0U3C_<0 w—C 2m ¢ Cz) , as ¢ — oo.
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Asymptotics
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Back to gap probabilities

Following backwards all the transformations T' ++ ¥ — S +— R = SQ~! we have
d gL L
= log F(s) =T1;11 = ... = 2i|s|2n Ry,11 + 2|s| 27 g1 (s)

where g1 is the residue of the g function at { = oo.
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Back to gap probabilities

Following backwards all the transformations T' ++ ¥ — S +— R = SQ~! we have

d . 1
= log F(s) =T1;11 = ... = 2i|s|2n Ry,11 + 2|s| 27 g1 (s)

where g1 is the residue of the g function at { = oo.

By explicitly calculating the terms involved (in the regime s — —00), we obtain

2n

n2 2],  2n—i+l
log F'(s) = —clog |s| — Z - —07s|” n  +1logC +o(1).
= (n+1-5)C2n+1-7)"
j#nt1

with ¢ = % forn=1and c= % otherwise.
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Asymptotics as s — —oo

O000000000000e

Back to ¢ ((—1)"1s)

Similarly, we have

1 1
a((=1)"Fts) = ... = Co(s)|s| 27 + 2i[s| 2 Ry12.

Explicitly,

2n .
q((—l)”+1s) _ Z@i‘sp%fﬁ + L|S|*2*2%,, + 0 (|s\727%) , as s— —oo.
1=0 290
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Epilogu
[ 1]

Conclusion
Momentum edge statistics DPP Fredholm determinant
P(¢max < 8) det(Id — K, 4 o))
Riemann—Hilbert
problem IIKS operators
steepest descent
Painlevé II hierarchy asymptotics
Lax pair
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Epilc
oe

Food for thought

Higher-order Airy kernels and their Fredholm determinant are ubiquitous...

- universality:
o (Betea—Bouttier—Walsh, '20) Fredholm Determinant of higher-order Airy is
connected to Schur measures (random partitions) where the edge fluctuation
is of the order ﬁ;

o (Kimura—Zahabi, ’20-’21) further work on random partition and generating
functions in gauge theory.
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Food for thought

Higher-order Airy kernels and their Fredholm determinant are ubiquitous...

- universality:
o (Betea—Bouttier—Walsh, '20) Fredholm Determinant of higher-order Airy is
connected to Schur measures (random partitions) where the edge fluctuation
is of the order 7271.11»1;
o (Kimura—Zahabi, ’20-’21) further work on random partition and generating
functions in gauge theory.

- recent developments:
e (Tarricone, '20) matrix-valued version of the higher-order Airy function and
non-commutative PII hierarchy;
o (Krajenbrink, ’20; Bothner—Cafasso—Tarricone, 21) higher-order finite
temperature Airy kernel and integro-differential Painlevé-II hierarchy.

- open problems:
o what about the integration constant C'?
o interpretation of generalized kernel (7;’s # 0) as non-interacting fermions?

o connection of higher-order (finite-temperature) Airy determinant with RMT?

Thank you!
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