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The arboreal gas
G- = a ,E) finite graph
F- CA

,
E(F)KG is a forest if it has no cycles

PptF) = 1-zp.pk#ll1lF is a forest)
• Fatuin- Kasteleyn : q to limit of random cluster model
• Lubensky- Isaacson : model for gelation of polymers
• Caracciolo-Jacobsen- saleur- Sokal - Sportiello : SUSY
• Luczak -Pitted

,
Martin- Yeo : analysis on complete graph

• PemanHe
,
Kahn

,
Grimmett-Winkler : conj . negative dependence

• Brandeis - Huh
,
Anan

'

etat
.

:a main example of Lorentzian polyn .
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When does the arboreal gas percolate ?

Thm
.
IBCHSI

.

Let 01=2
.

For any 13>0, 7431>Ost .
Ppi0 ☒ X ) I 04×1

-"P') for all ACK?

Thm
. IBCHI . Let d23 .

There are Bo C- (0,01 and
3431=1-01413) set . for B ? Bo

,

Pp" 10$ * ✗1=3431-1 ¥¥yd -2 -104311×10-2+1<+131*14)
if A is a torus 11=7-4/4424 1- I told 1

.
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Nonlinear o- model CNLSM )
Haar measure

spins

ui.it/llFp=EfFe-IEf=-Ui-Uitlui-uj1y-duk
Ising model : a. c- 4=11
XY model : UiE$

Heisenberg model : a. c- $2
%

Hyperbolic o - models ; a. c- Ain
spins take values in
asymmetric space



Nonlinear o- model CNLSM )
Zj=Uj•e, some fixed

spins ui.it/l directions

( ftp.n-z-n/Fe-IEf=-Ui-Uitlui-ujle-trEaEi1Idui
Ising model : a. c- 4=11
XY model : UiE$

Heisenberg model : a. c- $2

Hyperbolic o - models : a. c- HM



☒ 2

Hyperbolic plane IH
'

Vectors ui-lxi.y.az;) in 1123

$2. >0 A
⇐g)

with Uiui = -1

where ui-uj-xixj-yiyj-zizjfisn%aFia.int
Concretely zi= 1+1%2+9?

'

SF = Sdxidyilz. F
At

Lebesgue integral $5012,1 ) inv. volume form



Fermionic hyperbolic plane 11-1012

Supervectors a- = Bi ,Zi , I;) in R' '2

FEI Tien

with Ui -Ui = -1

where Ui -Uj=Zi3j+zj } ; -zizj / 0%(1/2)invariant

concretely zi= I -2}iRi' = 1-Zizi
SF = 52%2%12; F
11-1012

Grassmann integral 0%412) inv. volume form



11-10" model i arboreal gas

(F)
13h
" ,§µyne¥(41¥

- h#Zip
(Urdu)=§(Ui -uj )•qlui - u;)

Infinite lattice) Osplllhlinnerprod .

-1hm
.
KJSSS

,
BCHS) Nonlinear Matrix Tree Thm .

Pp,o(O*×)= (Uo•U×)p,o •

pp.ole.EE , . . . . ,ekEF)=(¥Ñ ! Neill)•Pei#o
:
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11-102 model i arboreal gas

Pp,o( 0# X) = (Uo • Ux>p.co
⇒ percolation * spontaneously broken symmetry

"

spins point in same direction overlarge dist.
"

A

Continuous symmetry
• expect diffusive corrections

€# (free field)

Ward identity: "" = Biz;)pin



'

Magic formula
'

• No percolation in d--2

Mermin-Wagner theorem :
"continuous symmetries

cannot be spontaneously broken in 2d
.

"

• Does not directly apply to superspaces , but . . .
'

Magic formula
'

-1hm CBCHS )
.

For the arboreal gas , at
. sabot-tames

./ Pp / 0$ * ×) afetx e-¥. pcoshlti
- t;) ←

☐"" is>

ldetl-dp.nl/%Ebe-3tidti .
* Versions of Merrin-Wagner can be adapted to RHS .



Review of Anderson transition
AL = Zd / LZD

,
d ?2

Hi
-

= - +14
,
vii.d. (or other finite range RM)

DOS : BE,n= Elm CH- E- ih)-40,0)
2-ptfunct : TE.in/j1--1EKH-E-itD-YO.j)Bjc-A
Ward identity : toE.h = FIEND
Non-linear
o-model : & Edp § Ho✗ j>pin



Review of Anderson transition
N=Zd1LZd

,
d ?2

1-1<=-1+111
,
vii.d. Gaussian

DOS : BE,n=Elm(H-E-ihJYO.02-ptfuncti-E.in/x1--1EKH-E-itD-YO.x)P
Localisation :TE.in/x1Ife-M/llFs:txDDelocalisation:-E.nco1IlastiathenhtO
Diffusion : TE.hu/~D(E11x1-ld-2lkonj.: -1*1,9=>01



Many questions
Universality . Is the order statistics of the
component sizes on Id/ LED , 01>-3, B>Po, the same
as on the complete graph ?

Expected similarly to universality of Wigner -Dyson .
Distributions known explicitly for complete graph :

4-" 1 am) N
-"3

* limiting distribution
k- th largest→TH N-"3 * limiting distributioncomponent



Many questions
Negative correlation conjecture .

(Pemantk
,
Grimmett-Winkle,
Kahn )

Pple, c- F, ezC-F) I Pple, c-F) Pple,c- F)

Known only in limit 13→a 1USD
.

Branden - Huh proved
Pple, c- F, ezC-F) I 2 Pple, c-F) Pple,c- F)

and the partition function with edge dependent
weights is log concave (Lorentzian polynomial ) .



Thank you !



Magic formula for ERRW and VRJP

ERRW : Edge e has weight at Melt•

9/# of crossings of edge e
parameter
a small : strong reinforcement
a large : weak reinforcement
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random

ERRW : Edge e has weight at Nettl conductance

¥
Diaconis- Freedman
& Coppersmith-Diaconis : ¥ERRWM=fP§RWk ' day (c)t

mixing measurewalk starting given by
'

magic formula
'

at vertex 0

VRJP : Vertex reinforced version

sabot - Tarries : PINNA =/ posrwcdthc.ly, (f)



-1hm (sabot - tarred
. Mixing measure for VRJP :

dup.lt/xe-E;Pcoshlti-tjYdetT-Apa,DkfIe-tidti
I

pit > f) i =¥, Beti
+tiff. - f;)

-1hm CBCHS )
.

For the arboreal gas ,

Pp / 0$ * ×) a / etx e- E; Pcoshlti-tjlldett-dp.nl/%1Eoe-3tidti
.

Three sources for the magic .
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Hyperbolic o- model

✗ e-I .¥¥Ui -uitlui-uilltdui-e-B.EE/coshlti-t;1+Ieti+tisi-sj)4iTe-M-" tidtids;
F
Gaussian ins !

Thus t-marginal is

e- ¥; Pcoshlti
-

tjlfdeti-dp.it , ))
-"""

4¥ e-Mtltidti
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-1hm (sabot - tarred
. Mixing measure for VRJP :

dup.lt/xe-E;PcsHti*tjYdetT-Apu-,1Y4Ioe-tidti/
17=0 pit , f) i=¥,Betittifj - f;)

-1hm CBCHS )
.

For the arboreal gas ,
17=-2

Ppl 0$ * ×) afetx e- ¥; Pcoshlti
-tj•

ldeti-dp.nl/%1Eoe-3tidti .
What is HM if NIO ? IH"" has dim

.
n=p -2g .


