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Moments of the Riemann Zeta Function: Conjecture
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Random Unitary Matrices
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Moments of the Riemann Zeta Function: Conjecture
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Random matrix 
theory 
conjectures this 
exponent
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Random Unitary Matrices



Averages over random unitary matrices

SN (✓) =
1

2⇡

sin N✓
2

sin ✓
2

with

Z

U(N)

f(✓1, ✓2, . . . , ✓N )dµHaar

=
1

(2⇡)N N !

Z
2⇡

0

· · ·
Z

2⇡

0

f(✓1, . . . , ✓N )
Y

1j<kN

|ei✓k � ei✓j |2d✓1 · · · d✓N

=
1

N !

Z
2⇡

0

· · ·
Z

2⇡

0

f(✓1, . . . , ✓N ) det
N⇥N

[SN (✓k � ✓j)]d✓1 · · · d✓N



Statistics of eigenvalues
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Statistics of Riemann zeros
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Proving the connection??
Rudnick and Sarnak (1996) showed for the Riemann zeta
function (and other individual L-functions) that for test functions 
with restricted support, the n-point correlation functions of zeros 
high on the critical line agree with those of the eigenvalues of 
large, random unitary matrices. 

So, for example, with the t’s the heights of the Riemann zeros 
and f a suitable test function:
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Families of L-functions:

Each L-function like Riemann zeta: 
• Dirichlet series and Euler product
• functional equation 
• Riemann hypothesis

Natural families of L-functions:
• vary parameter(s) to obtain different L-functions
• family ordered by the parameter
• look at statistics of zeros averaged over the family



Statistics of zeros in families:



Families of L-functions
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Unitary symplectic matrices
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Statistics of eigenvalues
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One level density
of Dirichlet 
L-functions:

Solid curve:
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Proving the connection??
Theorem (Ozluk and Snyder,1999): 1-level density where the 
support of the Fourier transform of the test function f lies in [-2,2]:  
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Theorem (Rubinstein, 2001):
With the product of the Fourier transforms of the test functions,
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Eigenvalue statistics from ratios
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Theorem (Gao, 2014): Assuming GRH Also Entin, Roditty-
Gershon and Rudnick
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