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Moments of the Riemann Zeta Function
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(Hardy and Littlewood, 1918)
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Moments of the Riemann Zeta Function: Conjecture
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Moments of characteristic polynomials: Theorem
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Random Unitary Matrices

N x N unitary matrix
etfn _ eigenvalues

chosen randomly with
respect to Haar
measure on U(N)

density of eigenphases: -

N
Characteristic

z —10;
polynomial: (1 —e7e 9)

j=1
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Moments of the Riemann Zeta Function: Conjecture
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Random matrix theory conjectures:

for A = k, an integer (Keating and Snaith, 2000)
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Moments of the Riemann Zeta Function: Conjecture

1 [T , 2
—/ C(1/2 4 it)|2Adt ~ ax/, log” T
0

T
Random matrix
theory
Random matrix theory conjectures:
k—1 |
fo=11+

. k ' 9

o U+ k)

for A = k, an integer (Keating and Snaith, 2000)
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=lliptic curve L-functions: /\/

eg.

y’=x-x+1

Eqq: y2 = 423 — 42° — 402 — 79

L-function:

LEll(S) — o) :1/2

an, determined by Fq1
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Conjecture: (Conrey, Keating, Rubinstein, Snaith)
Fraction of f?an dom matrix

elliptic curves

i - —1/4 3/8  theory

the famil . :
Lﬂat f\a?/g] :rgnk ™~ CET (lOg T) conjectures this
2 or higher exponent
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Random Unitary Matrices

N x N unitary matrix

etn _ eigenvalues

chosen randomly with
respect to Haar
measure on U(N)

density of eigenphases: -
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Averages over random unitary matrices
/ f<017027°"70N)dUHaar
U(N)

1 2m 2T i 0.
:(QW)NN!/O o fOr, - On) H % — i ddy - dby

1<j<k<N
1 21 2T
v/ f(Or....0n) det [Sw(0k —0;)]db: - by
with 1 SiIlNTQ
Sn(0) = 27 gin &
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Statistics of eigenvalues

7’17 azn

/ / fb,.-. ,,2152[5(9% —0;)]do; - - - do,

with

sin 6

eg. mean density R = 1

eg. 2-point correlation:

sin? (w(0y — 67) S
772(‘92 — 91)2 Emma Watson in

Beauty and the Beast
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Statistics of Riemann zeros
Density of zeros:

1 t
d(t) ~ —I1log—
() 27 . 27 |
1 tn _ th o
wnp = thn—1log—, t, = N- Riemann zero
27 27

scale the Riemann zeros so that their average
spacing is 1
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. Two point
correlation function
of the Riemann
ZelroS (Odlyzko)
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Sk
10> Zeros
< around the
1012th zero
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Picture by
10 - A. Odlyzko
08l 79 million zeros
around the
06} 1020th zero
041
sin(mwx)y2
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Proving the connection??

Rudnick and Sarnak (1996) showed for the Riemann zeta
function (and other individual L-functions) that for test functions
with restricted support, the n-point correlation functions of zeros
high on the critical line agree with those of the eigenvalues of
large, random unitary matrices.

So, for example, with the t's the heights of the Riemann zeros
and £ a suitable test function:

Z f(lOthl,-o-, 102g7TTtn)

0<tq1,...,t, <T
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Statistics of eigenvalues

7’17 azn

/ / fb,.-. ,,2152[5(9% —0;)]do; - - - do,

with

sin 6

eg. mean density R = 1

eg. 2-point correlation:

sin? (w(0y — 67) S
772(‘92 — 91)2 Emma Watson in

Beauty and the Beast
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Families of L-functions:

Each L-function like Riemann zeta:
* Dirichlet series and Euler product

« functional equation

* Riemann hypothesis

172
@

Natural families of L-functions:

* vary parameter(s) to obtain different L-functions
 family ordered by the parameter

* look at statistics of zeros averaged over the family
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Statistics of zeros in families:
Katz and Sarnak (1999):

Averaged over a family of L-functions, zeros
close to s = 1/2 show statistics like ONE of

1/2

U(N),O(N),USp(2N),

depending on the family, when the ordering

parameter becomes large.
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Families of L-functions
Eg. Dirichlet L-functions:

I e xan)
(Sa Xd) — nS
n=1
Kronecker symbol: ( ) d :,2
d\n) = (—) I
X o :
extension of Legendre symbol:
q 0 if p|d
(_>: 1 ifd=2? modp
p —1 else
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Unitary symplectic matrices
For X € USp(2N

)
XX =1 K
and
X'"JX = J Kj
with

0 I
J = ( —I 0 ) Eigenvalues:
—101 10N —10n

el e ..., eN e
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Statistics of eigenvalues

[im / f(ﬂez'l, veey ﬂein)dﬂHaar
N =00 USp(2N Z ! !

1 0.9 .9
=l [0, 0n) det [S(0) —0;) = S0 +;)]d -~ dbly
with 5(6) sin 76
eg. 1-level density:
sin(270)
Ri(0) =1
1(6) 210 crma Wason
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One level density
of Dirichlet
L-functions:

Figures by Michael
Rubinstein

Solid curve:
sin(276)

10—

Us-

O -

uu

Ra(0) =1 - 276
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1-level density for Lis.chi_d),
10E9 < |dl < 1029-385414. 18550 d's,
mean of 1st zero abova 0 equals 0.8373

10—

oA

1-Jevel density for Lis.chu_d).
10E12 <|d < 10E12+200000, 7243 d's,
mean of 15t zero above 0 equals 0.8268

00 -

0

1-leval density for Lis,cle_d).
10EQ < |d < 1029+383414, 18550d's,
mazn of st zero 2bove 0 aquals 0.8373,
renormalized to have maan 0.78

L}
0 0us Lo

1-leval density for L{s,cle_d).
10E12 < |d| < 10E12+200000, 7243 d’s,
ma2n of 1st zero 2bove 0 aquals 08248,
renormalized to have maan 0.78




Proving the connection??

Theorem (Ozluk and Snyder,1999): 1-level density where the
support of the Fourier transform of the test functionflies in [-2,2]:

Ry e X Z Zf(%llogw )

[ (-

— OO

vq: heights of zeros of L(s, xq)
X *: number of terms in the sum over d
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Proving the connection??

Theorem (Ozluk and Snyder,1999): 1-level density where the
support of the Fourier transform of the test functionflies in [-2,2]:

Ry e X Z Zf(%llogw )

- /OO f(:c)(l sz(ige)’)dx

— 00 \

'RI\/IT one-level density

vq: heights of zeros of L(s, xq)
X *: number of terms in the sum over d
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Theorem (Rubinstein, 2001):

With the product of the Fourier transforms of the test functions, [/, f;(us),
having support in Y ., |Ju;| < 1,

Z Z f (1o2g7TX ,yc(ljl)) s <102g7TX %(lyn))

dED(X) .717 ,jn——OO

= > n}(H oofm(a:)dx>

X —00 |D

QUM ={1,..., meM ¥ —
1\ 152l RGN
(X, (9" [ o)
S2CQ e Ss
|S2| even
|S2]/2

( 2|S2|/2 H / |U|fa3 fb( )dU)>
(A;B)
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n-level density of unitary symplectic matrices

/ z f 217 T zn>d,uHaar
N—>oo USp(2N)

1y ﬂn

nv/ / U detl (Ok—H)— S(6 +6;))d6, - - - db,

nxXn

Emma Watson in
Beauty and the Beast
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Eigenvalue statistics from ratios

[Tocafx(e™)
/ IX

Sp(2N) HﬁeB Ax (e F)

where N

Ax(e”) = ][(1—e*e)(1 - e*e™%)

j=1
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Theorem (Mason and Snaith, 2015):

N ’ ' “The Beast”
USp(2N) G1, 0 ,Jm=—00
jl ----- ]n#o

- (2732')” > em

QUM:{la 7n}

QI j* PO,
X/(5)IQI ./(O)IM|2 Jospiany (2Q) F (iz1, 12 ) dzy - - dzy,.

where 2N S d Z(D D)Z(D_ D_)Y(D_)
(*]Sp(QN)(A> _ Z e deD (1)D\/ 7Y(D)ZT(Z7)_,D)2

R
X > [[Eo(W

A/D:W1U"'UWR r=1
W[ <2 (and previously with Brian Conrey for U(N))

.% University of

B BRISTOL



Theorem (Rubinstein 2001):
dm ooy, o > () ()
)]17 7]n— oo
It
QUM {1 me M

.....

( (7 o)

S2CQ Less
| S2| even
|S2[/2
(S L[ s @i ) )
(A;B)

H?zl f’z(u@), having support in Z?:l lui| < 1
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Theorem (Mason and Snaith, 2016):

]\;gnoo Z fl( ) fn( Jn)d,UHaar

AT N
— Z ( H fm(aj)daf;>
QUM={1,....n} \meM "~
Sz | oo
(3 () L[ s
S2CQ LeSs Y T
|S2| even
S2|/2
( Z 9152/2 H / |U‘fa3 fb ( )dU>>
(4:B)

H?zl f’z(u@), having support in Z?:l lui| < 1
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Theorem (Gao, 2014): Assuming GRH Also Entin, Roditty-

() ) Gershon and Rudnick
- J1 ,]'n,
)ggnoo4X SN A@AEY) - fIAG)

dED(X).717 SJIn

-y (1w )[z( ) L[ o

QUM={1,....n} \meM S.CQ LeSs

, 55]/2
« (<1+( 1)|S |)252|/2 Z H / ‘Uz’fa (uz fb (uz)duz

So=(A:B) i=1 Y~

|Ss]/2
Z 2|S3|/2 ( Z H / |uz|fc uz)fd (uz)qu,)

S3CS2 53 (C D) 1 =1
|S3| even
|I| |SC £ (a1 .
X Z -1) / (R>0)°5 H fi(ui) H du;
I¢S3 Dicr Wil cqeui)—1 €83 1€5%

H _ fz(uz , having support in 2?21 u;| <@)
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Theorem (Mason and Snaith, 2016):

Jim_ > A(X0) 1(R6 ) ditan

USp(2N) .

a0 e
- (H/ e ){z( I fe(u)dU)
QUM={1,....n} \meM S2CQ 0eSS

2 152]/2
o« (<1+( 1)' |)252|/2 Z H / ‘Uz’fa (uz fb (uz)duz
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SgCSQ
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Theorem (Mason and Snaith, 2015):

oo ’ ' “The Beast”
/ S P (0 0,) dirian
USp(2N) 1 =00
jl aaaa .]n#o

B (2732')” > e

QUM:{l) 7n}

X 21Q| F(izy, - ,izy,)dzy - - dz,.
Joyon g 29 sy () G
S0 span) (A) = Z e  dep (1)D\/ 7Y(D)ZT(Z’)— b

DCA ,

|D‘ < q When X Z ﬁHD(W
A/D=W1U--UWg r=1

n
Zj:l |’U/] | < q. Wrl=2 (and previously with Brian Conrey for U(N))
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Conjecture (Conrey, Keating, Rubinstein, Snaith
2002):

Let E be an elliptic curve defined over Q. Then
there is a constant cg > 0 such that

Z p<T, prime
Lp(1/2,xp)=0

L (s, Random matrix
BBt 4 eyT Y4 (log T)3/8

12

. Z p<T, prime the(_)ry -

- Lp(sxp)eF 4 conjectures this
exponent

Conjecture (Birch and Swinnerton-Dyer):

Lg(1/2,xy) = 0 if and only if E; has infinitely
many rational points (ie. rank greater than
Zero)
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