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Plan of the talk

1. KPZ universality class
2. Solvability of TASEP & the KPZ fixed point

3. Convergence of KPZ eg/exclusion processes to fixed pt






Off-lattice Eden

Starting from half space same scaling, different universal
process at the bounda
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Directed Models: Ballistic aggregation
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Kardar-Parisi-Zhang equation (d=1)

Orh = (0.h)* + 0*h + ¢
~—— ~— =~

lateral growth relaxation space—time
@ white noise
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1:2:3 Scaling € 1/2 h(8_3/2t g x) — C.t
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Kardar-Parisi-Zhang equation (d=1)

Orh = (0xh)> + 0°h + ¢
F(t,r) = lim P(eY2h(e=3/%t,e71x) — .t < r)

e—0

¢ = 0?log F' satisfies KP (1) 0r(0r¢ + 3 ° 4 LO2P) + 102 =0

|
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Tracy-Widom GUE (GOE) distributions are
simply similarity solutions of KP (KdV)

Fgup(s) = e~ s de@=s)*c*(@) Foog(s) = e 2 ) 49 /Fgyg(s)
o(t,z,7) = 02 logP(h(t,z) <)

Narrow wedge initial o(t, x,r) = t_2/31,b(t_1/3('r + “;—2))
"+ 1200 —Ary — 20 =0 1 = —¢*> gives Painleve Il ¢’ = rq + 2¢°

Flat initial data ~ ¢(t,r) = (t/4)~*3¢((t/4)~/*r) _
0, (0 + $0rp + O39) + 026 =0 > Orp+ ¢0rdp+ 07 =0

v = 2(¢' — ¢*) again gives Painleve II
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KPZ fixed pt
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TASEP Transition probabilities (vatetski, Q, Remenik ‘17)

(y2,b2)  (y3,b3)

(y1,b1) (44, ba)
ic = initial condition

P(h(t,X,') <a,I=1,..., m) = det (l — Ric Qd”_sle%v_ Rfc e_%v_ Qsl_dn)

1
5 = %(x,- +a;)) di=3(i+b) Qlxy)= Sy Lx>y

RiC

(1-1c, Q% %11,y , --- Q= %1, Q%)

(' — Q™1 QT L e Q52_511>x1)

\ .

Rfc

Y.

Trans. Prob.s of geometric walk
staying above final condition



Where does this formula come from?

(97 Schutz) N particle trans prob’s given by NXN determinant full of contour integrals

(00 Johansson) Large N limit for wedge i.d. (Toeplitz)

(05 Sasamoto,Borodin,..) Biorthogonalization problem for Charlier polynomials shifted by i.c.
(17 Matetski,Q,Remenik) Solve biorthog problem by rw hitting times

(19 Nica,Q,Remenik) Unique solution of forward/backward eqgn



Where does this formula come from?

(21 Matetski, Remenik) Similar formulas for a number of versions of discrete time TASEP

(97 Schutz) N particle trans prob’s given by NXN determinant full of contour integrals

(00 Johansson) Large N limit for wedge i.d. (Toeplitz)

(05 Sasamoto,Borodin,..) Biorthogonalization problem for Charlier polynomials shifted by i.c.
(17 Matetski,Q,Remenik) Solve biorthog problem by rw hitting times

(19 Nica,Q,Remenik) Unique solution of forward/backward eqgn



What can you do with such a
complicated exact formula?

(21 Q, LI-Cheng Tsal) Large deviations for TASEP with Jensen-Varadhan rate function
(18 Q, Mustazee Rahman) Statistics at shocks (Ferrari - Nejjar)

(17 Matetski, Q, Remenik) 1:2:3 limit exact formula for KPZ fixed point trans. probs
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In 1:2:3 limit, “generator” becomes 9>

For 1:2:3 KPZ asymptotics use Q'=1/+2V" towrite

—6_3/2tV_Q—6_3/2t/2 _ 6_3/2t[iv_+% |0§(l+2v+)]

e €

~ 10°

f —2m m-— 2m— -
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Becomes Trans. Prob.s of Brownian
motion staying above final condition



KPZ fixed point

Pho(h(taxl) <ai,..., h(t,xm) < aM) — det(l - Kho,t,f,é’) M. 12[0,00)
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ho — K, t x5 continuous bijection [upper semi-cont fns] «= [trace class]
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KPZ fixed point (Kadomtsev-Petviashvilli version) (Remenik-Q 2019)

F(t,x1,...,Zn,71,---,7n) =Py (b(t,z1) <71,...,0(t zn) < 7p)

qg=0,Q OJ,logF =trQ satisfy the matrix KP Equationin x=x3+---x, r=n+---r,
0eq + 3(q0rq +9:9q) + 1307 + 30Q + 3(99xQ — 9xQq) =0
ifn=1 ¢ = 02 log I satisfies KP 0,(0:$ + $0,¢ + 507¢) + 2056 = 0

This, and the previous description using det’'s show KPZ fixed point is
integrable Markov process ( = trans prob’s are a completely integrable system)

Third description, as a Variational Formula

b(t,x; ho) = sup (18 A2 3%, t723y) — L(x — y)? + ho(y)}
Y

.A(X, y) = Airy sheet
Constructed by Dauvergne-Virag as a strong limit of a special last passage percolation model



KPZ fixed pt
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KPZ fixed pt How to prove convergence to
‘ the KPZ fixed point?

1= —-h&t— -t

Industrial scale effort on solvable models (Schur processes, etc. 2000-
2010) and partially solvable models (MacDonald processes, ASEP, Six
vertex, etc. 2010-present). Find a formula, take its limit

2 2
O:h = /\(axh) s axh + f\ Virag and Sarkar-Q independently found proofs that KPZ equation

converges to fixed point
. Both start with the fact that one only needs convergence on a dense
Discrete Phase bounc class of initial data
time TASEP dynamlc IS'_n' Virag uses a fantastic symmetry of certain last passage models +
- er Veftex ‘with magnet approximate version of variational formula. Requires at least partial
| —~ ,j >y — / solvability
= G f >4 ‘;.'f" —_— .
WASEP Y T, / Y | WlthOUt Mag Ours based on energy estimates. Works for at least one class of not
MIC/ field solvable models, finite range exclusion processes. But initial data needs
GaUS5|an (EW) fixed Dt N to be randomized a little
hes —hort-—s -t =

-
- 3
-






Comparing two Markov processes

pi(h,t, B) = P(h;(t) € B| h(0) = h), i =1,2

Oipi = Zipi %, = generator v =invariant measure

/ £i(t, hydv(h f (hit) € B | h(0) = h)£(0, k)dv = pi(f(0)dv, , B)

PT'OOf. asz(t -5 h)pl(hv SaB) — _ZZ*fZ(t -5 h’)pl(h’a S, B) + fZ(t — 5, h’)glpl(hv SJB)

Take p, to be TASEP. Difference of generators is generator of symmetric simple exclusion

t
p™SE (£ (0)dy, t, B) — p*S¥(f£(0)dw, t, B) = e 3/2 / ] > Vo At — 5, h)Vap™ S (h, s, B)dv(h)ds.
0 xr

v = two sided random walk x Lebesgue measure in /2 (0)



Energy method (Q-Sarkar 20)
p™SE£(0)dy, t, B) — p*S™(£(0)dv, t, B) = e 3/2 fo f Z Vo fAER(t — 5, h)Vp™¥¥(h, s, B)dv(h)ds
/ A2y — / f(0)*dv = —&=%/2 / / > (Vaf ™™t = s))” dvds

t
[P O) v, t, B) — p*(f(0)dw, t, B)[ < || fol 3 ™ 2/0 / D (Vap™)" duds

B=1{h:h(z) <g(x),x € R}
Vap™ = lP’TASEP(arg max{h:(y; —g) + h(y)} = =, max{h:(y; —g) + h(y)} = 0)

If you do a little average over shifts of B then [ 3 (V,p™)* dv < Ce2a2

|ﬁTASEP(f(O)dV, t, B) — p*SER(£(0)du, ¢, B)|2 < 51/2||f0||§ a2 a = range of little average






For KPZ egn

Same computation gives difference between the (little averaged) TASEP probs
and the WASEP (weakly asymmetric simple exclusion) probs. Approximating KPZ
equation by WASEP gives

PT(F(0)dv,t, B) — P FO)dv,t, B) < 6 fol3a=?  Beh = }(8:h)® + 503+ 8'/%¢

For finite range exclusions
The key fact we used was % ffz(.i’l — Z)p1dv < 5—3/2\/2 f(meg)gdv\/Z f(Vmpl)ng

% generator of finite range exclusion -Z7 generator of TASEP, same mean
Then .4 — %> generator of mean zero exclusion

Xu, Varadhan (93) Mean zero exclusions satisfy the strong sector condition %



arXiv:1701.00018 [pdf, other] math-ph
The KPZ fixed point

Authors: Konstantin Matetski, Jeremy Quastel, Daniel Remenik

arXiv:1908.10353 [pdf, other] math-ph
KP governs random growth off a one dimensional substrate

Authors: Jeremy Quastel, Daniel Remenik

arXiv:2008.06584 [pdf, other] math-ph
Convergence of exclusion processes and KPZ equation to the KPZ fixed point

Authors: Jeremy Quastel, Sourav Sarkar




