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Outline

Disussion of local properties of the chGUE (= complex Wishart
= Laguerre Unitary Ensemble) at the hard edge

» Part |: spacing distribution between kth and (k + 1)st:
determinantal expression ~ fk dety for finite-N & — oo
VERY close to GUE bulk spacing for k = 1



Outline

Disussion of local properties of the chGUE (= complex Wishart
= Laguerre Unitary Ensemble) at the hard edge

» Part |: spacing distribution between kth and (k + 1)st:
determinantal expression ~ fk dety for finite-N & — oo
VERY close to GUE bulk spacing for k = 1

» Part Il: chGUE + external field A = polynomial ensemble:
correlation functions Ry universal, agree with A= 0

3 determinantal expressions for Ry of different sizes,
all equivalent



Part | - Spacing Distributions



Global density = Marchenko-Pastur law

» GauBian random matrix W of size N x (N + v),
density of eigenvalues xj, ..., xy of WW*

with v = O(1)



Global density = Marchenko-Pastur law

» GauBian random matrix W of size N x (N + v),

density of eigenvalues xj, ..., xy of WW*
with v = O(1) x — x2 quartercircle
"unfolding”

» here: zoom into hard edge = origin with scale 1/N



Local correlations = Bessel, Sine, Airy

» distinguish hard edge, bulk and soft edge scaling limits:

hard edge = Bessel soft edge = Airy

> Bessel density (v = 0):

Ri(x) = 5(B(x) + () ~ 1 (1- =22 1 0(1/x2))

Pi(x) = ge—"z/“ smallest eigenvalue distribution



Local correlations = Bessel, Sine, Airy

» distinguish hard edge, bulk and soft edge scaling limits:

hard edge = Bessel soft edge = Airy
> Bessel density (v = 0):
Ri(x) = 5(B(x) + () ~ 1 (1- =22 1 0(1/x2))

Pi(x) = ge—"z/“ smallest eigenvalue distribution
» What is the kth spacing distribution? application QCD

» similarly Airy density and Tracy-Widom (+ unfold)
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Nr, N N 2u+1 o2 TN
PN ({x3) = TTeas (P = x0)? TTiZ4 ijr e f:f1(Xj2+m%)

» motivated by application to QCD add
N; characteristic polynomials Dy(—m?) = [N ,(x? + m?)

» normalising partition function
Z0 = [ dxg - dawPy Y ({X)) ~ E [ M, DN(_m?)]
> explicitly known at finite and large-N:

ZA/\I/f,u({m}) — CAN,({mZ})_1det [Ls\ﬁjq (_mIZ)] Z’:1

3 formulae with kernels [Baik, Deift, Strahov '03; GA, Vernizzi '03]



Joint density of WW* eigenvalues? = singular values

Ny, N N  _2v+1.—x2 N,
P (000 = TR — P T 7o T O+ )

>

motivated by application to QCD add
N; characteristic polynomials Dy(—m?) = [N ,(x? + m?)

normalising partition function
ZI’VVf,V — fooo ax; ...dXNpA/\I/f,V({X}) ~E [ f,v:f1 DN(—m?)]
explicitly known at finite and large-N:

ZA/\I/f,V({m}) — CAN,({mZ})_1det [Ls\ﬁjq (_mIZ)] Z’:1

3 formulae with kernels [Baik, Deift, Strahov '03; GA, Vernizzi '03]

Why not spacing from Fredholm det?
— orthogonal polynomials wrt N¢-dependent weight
here use Zy""



Spacing px n(S) between kth and (k + 1)st

» kth gap probability: b > a

Eu(la.b]) ~ |

axq ... dxg / ka+1 R dXNPAI\IIl’V({X})
(0.2) (b,oo)N=k



Spacing px n(S) between kth and (k + 1)st

> kth gap probability: b > a
Ex([a, b]) N/ adxq ...dxk/ Xy - - dXNPN’”({x})
(0,a)k (b,oc0)N—k

> kth spacing: - 8bEk([a b))atb—a=s

Pen(s / ol / / P ({x})
(0,xx )k (Xk+8,00)N—k—1 Xk+1=Xk+S



Spacing px n(S) between kth and (k + 1)st
» kth gap probability: b > a
E,([a,b]) ~ / dx; ... dxe / Bert - . PN ((x)
(0,2)k (b,o0)N—k

> kth spacing: - 8bEk([a b))atb—a=s

Pen(s / ol / / P ({x})
(0,xx )k (Xk+8,00)N—k—1 Xk+1=Xk+S

> idea:

shift [, sy~ Jo = integrate: Z\ . x rest

and Z,\A/Ql,;_1 = detp,+,1k Of fixed size known



Closed form results

kth spacing distribution at finite-N (GA, Gorski, Kieburg '21):
For N¢,v = 0 it holds

(0,0) 2N > * : 2 2\2, X

Px n (s) = (k—1)!/0 dxk/0 axq ... dXg_1 H((Xk+s) —xj) xje i
=1

k

x (e s)er MRV det KGOS (xf — (e + )% 0P — (it 9)P)]

» corresponding results hold for N¢, v = 0 with larger det’s



Closed form results

kth spacing distribution at finite-N (GA, Gorski, Kieburg '21):
For N¢,v = 0 it holds

(0,0) 2N > * : 2 2\2, X
Py (S) = = 1)!/0 dxk/0 axq ... dxk_1 | |((xk+s) —X7)°xje
=1

k
X(Xk_*_s)e*(ka)(XkJrS)Zdet|:KKIh_G1UE(Xi2 — (X + S)27)(/2 — (X + 3)2) "
ij=
» corresponding results hold for N¢, v = 0 with larger det’s
» hard edge limit straight forward
limnoo NLY (=5) = 270, (22)

» example limiting spacing k = 1 (62 = Ns?)

pP0(0) = 4 [ dxx(x + o)~ T (y)2 — I(y)h(y))

y=24/0(2x+0)




Example spacing distribution k = 1

> Left: k =1 spacing for N = 2 (blue) vs. N — oo (yellow
dashed)
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Example spacing distribution k = 1

» Left: k = 1 spacing for N = 2 (blue) vs. N — oo (yellow
dashed)

L L L
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s

» Right: limiting k = 1 spacing (red) vs. limiting GUE bulk
spacing (black dashed)



Convergence k " to bulk spacing
» Left: spacings k = 1 (blue), k = 2 (orange), k = 3 (green)

vs. GUE bulk (black dashed)
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» Right: difference to GUE bulk spacing k = 1 (blue), k = 2

(orange), k = 3 (green)



Convergence k " to bulk spacing
» Left: spacings k = 1 (blue), k = 2 (orange), k = 3 (green)

vs. GUE bulk (black dashed)
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Right: difference to GUE bulk spacing kK = 1 (blue), k =2

>
(orange), k = 3 (green) vs.
GUE Wigner surmise pgug(s) ~ s>e %25 (black dashed)



Soft edge spacing

» numerically generated spacing for N = 50 with kK = 49,
10° realisations
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> same phenomenon: spacing between largest
(Tracy-Widom) and second largest VERY close to bulk

spacing



Comparison with real data - can we see this?

» GOE spacing distribution p(s) [Bohigas et al. 83]:
neutron scattering (left) and billiards (right)
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» hard (and soft) edge spacing as close as surmise
= spacing is not a good measure to distinguish edges

» we have a closed form result at the hard edge




Part Il - chGUE with external field



RMT for QCD with temperature T # 0

» chGUE W e CNx(N+v) 4 external field A~ 7T
[Jackson, Verbaarschot '96; Wettig, Schafer, Weidenmdller '96]

ZN = [ d[W]exp[—Tr WW1] H;V:’1 det[D(A) + melany, ]

0 W+A>

» "QCD" Dirac operator D(A) = (WT LAt 0
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RMT for QCD with temperature T # 0

» chGUE W e CN*(N+v) | external field A~ =T
[Jackson, Verbaarschot '96; Wettig, Schéafer, Weidenmller '96]

ZN = [ d[W]exp[—Tr WW1] H;V:’1 det[D(A) + melany, ]

0 W+A>

» "QCD" Dirac operator D(A) = (WT L AT 0

> shift W— W =W+ A

ZN o [ d[W)eTEW W T (WAL WA TN er m2q 4 W]

> use group integral [Jackson, Sener, Verbaarschot '96; Guhr, Wettig '96]

[ d[U] [ d[v]etrwxviarsvxiutay el @yanli,
I (3%) 2 An({ah) An({x})

singular values (&, ..., ay) of A; (xq,...,xy) of W = UXV1



chGUE + A = polynomial ensemble
> Py~ An({x}) detlp(ar, X)]N_q kuilaars ‘6]

> subset of bi-orthogonal ensembles [Borodin '98]

det [(xj/a,-)”/2 e s IV(Z\/TX/)] N

N, vV i,j= N,
PN~ An({x}) An(ian = 11, Hj,\;(xj + m?)




chGUE + A = polynomial ensemble
> Py~ An({x}) detlp(ar, X)]N_q kuilaars ‘6]

> subset of bi-orthogonal ensembles [Borodin '98]

det (X'/a,')y/zeixjiai Iu(zm)] N
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> determinantal point process
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kernel K,S,Afg): bi-orthogonal functions or G~ Gram matrix



chGUE + A = polynomial ensemble

> Py~ An({x}) detlp(ar, X)]N_q kuilaars ‘6]

> subset of bi-orthogonal ensembles [Borodin '98]

det|(x;/ &))" /2”971, (2%)]

Py ~ An({x})

An({a})

TN T (0 + m2)

> determinantal point process

RI((I,\IIZ\)(Xh‘ .

k
Xx) = det [K,E,N/’\)(x,,x/)] e

kernel K,S,Afg): bi-orthogonal functions or G~ Gram matrix

> or ratio of characteristic polynomials [Desrosiers, Forrester '08]

K\ (x,y) =

Res E |:DNEZH




chGUE + A = polynomial ensemble

> Py~ An({x}) detlp(ar, X)]N_q kuilaars ‘6]

> subset of bi-orthogonal ensembles [Borodin '98]

det|(x;/ &))" /2”971, (2%)]

N:,v
PN~ An({x}) M CED) H Hj,\;(xj + m?)
> determinantal point process
k
R,(({\z)(x1,...,xk) = det [K,E,NA)(X,,X/)] e

kernel K,S,Afg): bi-orthogonal functions or G~ Gram matrix

> or ratio of characteristic polynomials [Desrosiers, Forrester '08]

N
K,S,ﬁ/’\)(x,y) Res E [DNEZH

» has application in overlaps of eigenvectors [Fyodorov, Grela,
Strahov ’18]



Kernel for invertible polynomial ensembles

» Definition invertible polynomial ensemble:

P ~ An({x}) det[p(a;, %)]H—

and F(s, z) such that

mk(@) = [, dxx¥o(a, x) monic polynomials
I

zK = [, dsF (s, z)mk(s)

> inour case: mx = L} Laguerre, F(s,z) = ¢(—s,—z) and

| =—I =R, (for Ny =0)



Kernel for invertible polynomial ensembles

» Definition invertible polynomial ensemble:

Pn ~ An({x}) det[¢(a;, x;)])_; |and F(s, z) such that

mr(a) = [, dxx¥¢(a, x) monic polynomials
= [, dsF(s, z)m(s)

> inour case: mx = L} Laguerre, F(s,z) = ¢(—s,—z) and
| =—I =R, (for Ny =0)

» Proposition (GA, Strahov, Wrfel '20)

e(u.y)
Kn(x,y) = fdsF (8, ) IV, (s — an jidu(S OO (o e

where C encircles ay, ..., ay counter clockwise



Hard edge limit: Saddle point analysis

» for simplicity Ny = 0, hard edge scaling of

P 1 v
NA(N ) f dttr/2, (Z\F) e—NLa(1) C2d7g:u 12(1312{)9NL‘2( u)

> saddle point e M, (t + a,) = e NE2()
|
Loty =1- 3 ni gz =0

» for critical f; = %Zﬁﬂ aln € (0,1) (else no hard edge!):
3! saddle point t = =(A) on integration domain




Hard edge limit: Saddle point analysis

» for simplicity Ny = 0, hard edge scaling of

du u="/?l, (Z\ﬁ)eNL‘g( u)

f dtty/z‘j (Z\F) _N£2(t C 2ri —(s+u)

> saddle point e M, (t + a,) = e NE2()
|
Loty =1- 3 ni gz =0

» for critical f; = %Zﬁﬂ aln € (0,1) (else no hard edge!):
3! saddle point t = =(A) on integration domain
> final answer = universal Bessel kernel /C"CUE(¢, n)

©( & 2 )
I NANINER) SNZA ) i1 () (n) =0y 1 (m) o (<)
"MN-—00 = aN=(A) (=P)

using SUSsY [Guhr, Wettig '97, Jackson, Sener, Verbaarschot '97]

» generalisation to N¢, v # 0 [GA, Wiirfel '21]



Nt #£ 0O flavours - previous results for A= 0

» Christoffel Theorem: orthogonal polynomial

PO (x) for w(x) = P (x) for w(x) =

(x + m?)w(x)

POOPZ (m

m)—P)

)P (=

m?)

P,((”(x; m?) =

)(+m2

2 x 2 det



Nt #£ 0O flavours - previous results for A= 0

» Christoffel Theorem: orthogonal polynomial
PO (x) for w(x) = P (x) for w)(x) = (x + m?)w(x)

©) ()P0
P (x; m?) = POCOREL ) POCORRL 1) | 5 5 et

)(+m2

Christoffel-Darboux kernel

p) (D p(1) (1)
K(1)( X,y) = PnZ1(X)Py (y)Z,}I/DN71(X)PN ) P,(\12)1(X —y.m )




Nt #£ 0O flavours - previous results for A= 0

» Christoffel Theorem: orthogonal polynomial
PO (x) for w(x) = P (x) for w)(x) = (x + m?)w(x)

PO ()P, (—m?) P (x) P

k+1(_m2)
X+m?

2 x 2 det

P,((”(x; m?) =

Christoffel-Darboux kernel

(1) (M) p() (1)
K,S;)(XUV) _ Py (X)Py (Y)Ziqu(X)PN ) -~ P/(\/221 (X; —y, m2)
» iterate = kernel , hard edge limit:
Ju(€) ¢do41(€) .. N Join1(€)
Jl/(n) 77Jl/+1 (77) e an+1 Jl/+Nf+1 (77)
b)) —pihga(pn) o ()N N ()
IC,(L\Aif) (C.n) = /u(/li\lf) _:uNfI{IV-H (/’LNf) e (_IL’LNf)Nf+1 Iz/+N,+1 (,UNf)
-0 Vil (A=) I V(i) i), _det | [(=u07 g1 ()]

IDamaaard, Nishigaki '98: Wilke, Guhr, Wettig '98] at v = 0



N¢ #£ 0O flavours - results for A # 0

» polynomial ensemble: kernel A-independent in units =(A)

(M) oIl ey (B P
Ka(Cm) = Jim . aN=(A) N <4NE(A)’ 4NE(A)>
,CChGUE(C, 77) l&chGUE('u1 , 77) o ,@chGUE(MNf7 77)
(<) (1) SN AT
Cs1() “riheaalu) e =i ()

MM (O )M 1 (1)

VG det [(—pg " g 1(uf)],’-flf’:1

kernel | size Nf + 1 |[GA, Warfel 21]



N¢ #£ 0O flavours - results for A # 0

» polynomial ensemble: kernel A-independent in units =(A)

KM (¢, = im V<] K(Nf)< ¢® Ui >

L oN=(A) N\ aNZ(4) aNZ(A)
iCd‘GUE(C,n) KGYE (114, m) R ()
JV(C) /I/(/‘l’1) cee IV(I"LNf)
Cds1(€) — 1 hyg1(p21) oo =N by ()
. CquJv-i—Nf (C) ( /“)N 71/V+Nf_ (M1)

N
V !CU det [ ] ', v+j— 1(,[1,()]/.7;:1
kernel [GA, Wiirfel '21]

» from SUSY Rk((1,. .., (k) = dety, 1k # det[kernel]
[Seif, Guhr, Wettig '99], numerical agreementto A= 0

» Do these 3 forms all agree?




|dentity relating det’s

» Product of characteristic polynomials (GA,Vernizzi '03)
For ensemble with OP pi, norms hi, kernel Ky with K > L:

Knio(vi,un) oo Kngr(vis br)
Knyr(va,u) oo Kngo(ve, up)
Pnec(ve) oo Prae(Vk)
K L bnik—1(v1) o PNik—1(VK)
[ [T Ow(vo T11- Duw)| = T AV AL

» RHS of size K x K, many possibilities to split K + L



|dentity relating det’s

» Product of characteristic polynomials (GA,Vernizzi '03)
For ensemble with OP pi, norms hi, kernel Ky with K > L:

Kntr(va, uy)

Kntr(ve,up)
PN+L(V1)

KntL(vk, uy)

KntL(vi, up)
PN+L(Vk)

PN+k—1(Vk)

£ [T, Du(vi) T, Duun)] = 1PV t)

5T Ak ({vDAL({u})

» RHS of size K x K, many possibilities to split K + L

> choice |[K = N;+2, L=0|vs.|[K=N;+1, L=1]proves

equivalence of kernels at A= 0and A # 0 when N — oo

K(x,y) = Z9K(x, y)




Identity relating det’s of det’s

» Consistency conditions (GA, Damgaard '98) Among
limiting partition functions it holds [Braden, Mironov, Morozov '01]

({x}) '({uh)

(Ng+2k) Np+2
Dr({E1) Ak({n}) Bt shmtitine) = det [ms)} g
14 a .

» choice of ,=naVa=1,..., k and express

SUSY R(&s, ..., &) in terms of 2829 () {ic})



|dentity relating det’s of det’s

» Consistency conditions (GA, Damgaard '98) Among
limiting partition functions it holds [Braden, Mironov, Morozov '01]

" () "qud)

(N+2K) Np+2 k
A({EN)A({n}) Bt Srowslimecen) — g [ms)} .
v a .

» choice of ,=naVa=1,..., k and express

SUSY R(&s, ..., &) in terms of 2829 () {ic})

> identify
N,
K (x, ) ~ ELON COD DT Dun D] 2002 1 ey

~

E[IT}Y, Du(—m?)] 2™ ()

= equivalence for SUSY to Ry = det[kernellat A=0, #0



Conclusions

» Novel features of the chGUE at the hard edge:

> Part I
- spacing distribution at hard edge in closed form N < co
— almost identical to bulk spacing

- ditto at soft edge (numerics)

- spacing NOT useful to detect vicinity of an edge
» Part Il

- chGUE +Nj universal for A# 0

- point process enjoys different representations for kernel
and correlation functions

- next step: tune to criticality via A: hard meets soft edge
— expect different spacing



