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(The Soliton vs. the Gas)
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Solitons: fundamental solutions of nonlinear evolution equations

Integrable nonlinear PDESs possess solutions with many solitons

Example: the two-soliton solution
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The solution procedure for many integrable PDEs:
e Discover effective Lax pair, spectral data linearizes the flow

e Analyze direct spectral transform to identify key spectral features of initial
data

e Lvolve forward in time or consider singular limits of parameters

e Analyze inverse spectral transform to obtain phenomena (often asymp-
totic) about the solution.

Modified focusing KdV equation: KdV Equation
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The two soliton solution
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Flip triangularity of the residue conditions
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A new meromorphic RHP for A...
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In 1971, Zakharov considered the interaction of a dilute gas of solitons.

Solitons with different velocities interact by exchanging their velocities,
but: they emerge atter the interaction with slightly shifted positions.

The fundamental calculation: prepare 2 solitons:
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Dilute gas of solitons with ”density” f(n,x,t). Launch a ”tracer”:

isolated pairwise interactions: accumulated shifts alter tracer velocity.

Derives an equation for tracer velocity:

4 (7 \m+n
s(n) = 4n° + = / In (n* — i) fdm
0 N — 17

Continuity equation for f: ft+(sn)f),=0.
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Fast soliton is cruising... Encounters a dilute gas of slow solitons

Gas: well-separated solitons, described by a density f(n, X)

In time AT": accumulated shift in the position of the fast soliton:
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Yielding a shift in the velocity of the fast soliton

1 No + N
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Gennady El (2003) extracted integral eqn for tracer velocity for a dense gas:

s() =47+ [ 1| ) s() = s

Extended in several directions, by El & Kamchatnov, El & Tovbis, Pelinovsky
& Shurgalina, Pelinovsky & Dutykh, and others...
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s() =47+ [ 1| ) s() = s

Extended in several directions, by El & Kamchatnov, El & Tovbis, Pelinovsky
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These same equations describe a reqular gas of solitons.

1983: Lax and Levermore described the small dispersion limit of KdV:
Up — 6UUy + EUggr =0, u(x,0) = ug(x) .

Fact: the (infinite) solitonic component of the spectral data drives the dynamics.

The point: a well-prepared ”gas” of solitions yields similar kinetic equations.



2016: Dyachenko, Zakharov, and Zakharov: constructed new class of potentials

A continuum limit of solitons with a spectral gap:
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Actually one case in Dyachenko, Zakharov, and Zakharov, adapted to MKdV

Subsequent work by P. Nabelek, and Nabelek, Zakharov, and Zakharov (2020-21)



A Riemann-Hilbert problem emerges in the limit
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This 1s the MKdV case.

KdV is very similar

Claim: these are really soliton gasses.

Justification: long-time asymptotics produces densities solving kinetic equation.
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Long time behavior of u(x,t) solving KdV, obtained from above RHP

Dynamics driven by g-function.
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Dynamics driven by g-function.
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Soliton vs Gas
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Soliton vs Gas

Soliton initialized asymptotically far from the soliton gas Elliptic wave region

Modulated elliptic wave region



Soliton vs Gas

Soliton peak location

alter subtracting location of vacuum soliton

Velocity of peak location
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Resk—ix, S(k,x,t) = lim S(k,z,t)

ki—)’ili()

Asymptotic parameters: y, x, t.

—ixf(iko,z,t)%e

0

—2ip(k,xz,t) 0

o(k,z,t) = g(k,xz,t) + 4tk> + xk

Intuition: small residue conditions are negligible. Large ones are negligible.

Soliton peak can be isolated by refining this intuition with hard analysis.

Averaged soliton velocity is obtained by the equation

Averaged soliton velocity:

(1Ko, x,t) = Const.

K(nt/a”)
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Averaged soliton velocity:

) 2 Kmi/a?)
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satisfies the tracer equation

| k—s —p
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Interaction with a reqular gas of solitons...same velocity equation
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Solitons are characterized via a meromorphic Riemann Hilbert problem.

M = (M, M) satisfies

1. M()) is meromorphic in C, with simple poles at {\; and \;}

2. M satisfies the residue conditions
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Solitons are characterized via a meromorphic Riemann Hilbert problem.

Modified focusing KdV equation:

Find 2x2 matrix M (k;z,1):

1. M is meromorphic in C, with simple poles at { 1K }j\f 1]

2. M satisfies the residue conditions
) 0 0 0 —1X; 6219(k,m,t)-
resp—irn, M (k) = lim M(K) | =IX; _o0(k.z.t) resy——in, M (k) lim M (k) N

k—)ilij I N & . O_ 7 k—)—iﬁ)j _O O

where 0(x, k,t) = 4tk® + zk, and x; € R;

] |
3. M(k) = (1) (1)+(9(—>ask%oo. - -
- - k u(x,t) = E% logdet(I + M) — 3% log det(I + M),
The N-soliton potential u(x,t) is determined from M via M, XjXE6_22(9:;%22(;6,x’t))
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