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Solitons: fundamental solutions of nonlinear evolution equations

Integrable nonlinear PDEs possess solutions with many solitons

Example: the two-soliton solution
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The solution procedure for many integrable PDEs:

• Discover e↵ective Lax pair, spectral data linearizes the flow

• Analyze direct spectral transform to identify key spectral features of initial
data

• Evolve forward in time or consider singular limits of parameters

• Analyze inverse spectral transform to obtain phenomena (often asymp-
totic) about the solution.
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Modified focusing KdV equation:
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The two soliton solution
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The two soliton solution
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The two soliton solution



<latexit sha1_base64="i3StFZ4X/WN2pDZ8KaYFDVbDwNI="></latexit>

res�=ik1M(�) = lim
�!ik1

M(�)


0 2ik1e2xk1�8tk3

1

0 0

�

<latexit sha1_base64="deo81flz0iE0itUflXjX9jOzCzY="></latexit>

res�=ik2M(�) = lim
�!ik2

M(�)


0 0

2ik2e�(2xk2�8tk3
2) 0

�

<latexit sha1_base64="WJYlOA2u4GbEn54GW9uupSbUq3Y=">AAACAXicdVDLSgMxFM34rPVVdSO4CRbBVZkpY2t3RTcuK/QFbSmZNG1DM8mQ3FFKqRt/xY0LRdz6F+78G9NpBRU9cLmHc+4luSeIBDfguh/O0vLK6tp6aiO9ubW9s5vZ268bFWvKalQJpZsBMUxwyWrAQbBmpBkJA8Eawehy5jdumDZcySqMI9YJyUDyPqcErNTNHFaHDMOtwkYJDkrOejy3sm6uVDzzSx5OSKHoz4nvF7CXcxNk0QKVbua93VM0DpkEKogxLc+NoDMhGjgVbJpux4ZFhI7IgLUslSRkpjNJLpjiE6v0cF9pWxJwon7fmJDQmHEY2MmQwND89mbiX14rhv55Z8JlFAOTdP5QPxYYFJ7FgXtcMwpibAmhmtu/YjokmlCwoaVtCF+X4v9JPZ/zCjn/Op8tXyziSKEjdIxOkYeKqIyuUAXVEEV36AE9oWfn3nl0XpzX+eiSs9g5QD/gvH0COE+Xbg==</latexit>

The two soliton solution



<latexit sha1_base64="i3StFZ4X/WN2pDZ8KaYFDVbDwNI="></latexit>

res�=ik1M(�) = lim
�!ik1

M(�)


0 2ik1e2xk1�8tk3

1

0 0

�

<latexit sha1_base64="deo81flz0iE0itUflXjX9jOzCzY="></latexit>

res�=ik2M(�) = lim
�!ik2

M(�)


0 0

2ik2e�(2xk2�8tk3
2) 0

�

<latexit sha1_base64="IgTLlncKlvMGGMcZDKZBvOfVV/o=">AAAB83icdVDLSgNBEOyNrxhfUY9eBhPBi8tuWBPjKejFYwTzgOwSZiezyZDZBzOzQgj5DS8eFPHqz3jzb5xsIqhoQUNR1U13l59wJpVlfRi5ldW19Y38ZmFre2d3r7h/0JZxKghtkZjHoutjSTmLaEsxxWk3ERSHPqcdf3w99zv3VEgWR3dqklAvxMOIBYxgpSW3rJDLOTqzUfmyXyxZZr127tRtlJFqzVkQx6ki27QylGCJZr/47g5ikoY0UoRjKXu2lShvioVihNNZwU0lTTAZ4yHtaRrhkEpvmt08QydaGaAgFroihTL1+8QUh1JOQl93hliN5G9vLv7l9VIVXHhTFiWpohFZLApSjlSM5gGgAROUKD7RBBPB9K2IjLDAROmYCjqEr0/R/6RdMe2q6dxWSo2rZRx5OIJjOAUbatCAG2hCCwgk8ABP8GykxqPxYrwuWnPGcuYQfsB4+wTfLpBN</latexit>

t ⌧ �1:
<latexit sha1_base64="FDYtDsQR6KBeiFdnx6UoSNvMN4Y=">AAAB+HicdVDLSsNAFJ34rPXRqEs3g0VwFRKJrd0V3bisYB/QhDKZTtqhkwczN0IN/RI3LhRx66e482+cphVU9MCFwzn3cu89QSq4Atv+MFZW19Y3Nktb5e2d3b2KuX/QUUkmKWvTRCSyFxDFBI9ZGzgI1kslI1EgWDeYXM397h2TiifxLUxT5kdkFPOQUwJaGpgVT7AQvBn2JB+NwRqYVdtq1M/dhoMLUqu7C+K6NexYdoEqWqI1MN+9YUKziMVABVGq79gp+DmRwKlgs7KXKZYSOiEj1tc0JhFTfl4cPsMnWhniMJG6YsCF+n0iJ5FS0yjQnRGBsfrtzcW/vH4G4YWf8zjNgMV0sSjMBIYEz1PAQy4ZBTHVhFDJ9a2YjokkFHRWZR3C16f4f9I5s5ya5d641eblMo4SOkLH6BQ5qI6a6Bq1UBtRlKEH9ISejXvj0XgxXhetK8Zy5hD9gPH2CQijk14=</latexit>

}<latexit sha1_base64="E6+paB02R5UIPWqnRgzHX+WAoHU=">AAACAXicdVDLSsNAFJ3UV62vqBvBzWARXIWkxNbuim5cVrAPaGOYTKft0EkmzEykJdSNv+LGhSJu/Qt3/o3TtIKKHrhwOOde7r0niBmVyrY/jNzS8srqWn69sLG5tb1j7u41JU8EJg3MGRftAEnCaEQaiipG2rEgKAwYaQWji5nfuiVCUh5dq0lMvBANItqnGCkt+ebBGHZRHAs+htCFIz8tTW90QeWbRduqVk7dqgMzUq64c+K6ZehYdoYiWKDum+/dHsdJSCKFGZKy49ix8lIkFMWMTAvdRJIY4REakI6mEQqJ9NLsgyk81koP9rnQFSmYqd8nUhRKOQkD3RkiNZS/vZn4l9dJVP/MS2kUJ4pEeL6onzCoOJzFAXtUEKzYRBOEBdW3QjxEAmGlQyvoEL4+hf+TZslyypZ75RZr54s48uAQHIET4IAKqIFLUAcNgMEdeABP4Nm4Nx6NF+N13pozFjP74AeMt09mdZZC</latexit>

x ⇡ 4k22t

<latexit sha1_base64="WJYlOA2u4GbEn54GW9uupSbUq3Y=">AAACAXicdVDLSgMxFM34rPVVdSO4CRbBVZkpY2t3RTcuK/QFbSmZNG1DM8mQ3FFKqRt/xY0LRdz6F+78G9NpBRU9cLmHc+4luSeIBDfguh/O0vLK6tp6aiO9ubW9s5vZ268bFWvKalQJpZsBMUxwyWrAQbBmpBkJA8Eawehy5jdumDZcySqMI9YJyUDyPqcErNTNHFaHDMOtwkYJDkrOejy3sm6uVDzzSx5OSKHoz4nvF7CXcxNk0QKVbua93VM0DpkEKogxLc+NoDMhGjgVbJpux4ZFhI7IgLUslSRkpjNJLpjiE6v0cF9pWxJwon7fmJDQmHEY2MmQwND89mbiX14rhv55Z8JlFAOTdP5QPxYYFJ7FgXtcMwpibAmhmtu/YjokmlCwoaVtCF+X4v9JPZ/zCjn/Op8tXyziSKEjdIxOkYeKqIyuUAXVEEV36AE9oWfn3nl0XpzX+eiSs9g5QD/gvH0COE+Xbg==</latexit>
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<latexit sha1_base64="deo81flz0iE0itUflXjX9jOzCzY="></latexit>

res�=ik2M(�) = lim
�!ik2

M(�)


0 0

2ik2e�(2xk2�8tk3
2) 0

�

<latexit sha1_base64="IgTLlncKlvMGGMcZDKZBvOfVV/o=">AAAB83icdVDLSgNBEOyNrxhfUY9eBhPBi8tuWBPjKejFYwTzgOwSZiezyZDZBzOzQgj5DS8eFPHqz3jzb5xsIqhoQUNR1U13l59wJpVlfRi5ldW19Y38ZmFre2d3r7h/0JZxKghtkZjHoutjSTmLaEsxxWk3ERSHPqcdf3w99zv3VEgWR3dqklAvxMOIBYxgpSW3rJDLOTqzUfmyXyxZZr127tRtlJFqzVkQx6ki27QylGCJZr/47g5ikoY0UoRjKXu2lShvioVihNNZwU0lTTAZ4yHtaRrhkEpvmt08QydaGaAgFroihTL1+8QUh1JOQl93hliN5G9vLv7l9VIVXHhTFiWpohFZLApSjlSM5gGgAROUKD7RBBPB9K2IjLDAROmYCjqEr0/R/6RdMe2q6dxWSo2rZRx5OIJjOAUbatCAG2hCCwgk8ABP8GykxqPxYrwuWnPGcuYQfsB4+wTfLpBN</latexit>

t ⌧ �1:
<latexit sha1_base64="FDYtDsQR6KBeiFdnx6UoSNvMN4Y=">AAAB+HicdVDLSsNAFJ34rPXRqEs3g0VwFRKJrd0V3bisYB/QhDKZTtqhkwczN0IN/RI3LhRx66e482+cphVU9MCFwzn3cu89QSq4Atv+MFZW19Y3Nktb5e2d3b2KuX/QUUkmKWvTRCSyFxDFBI9ZGzgI1kslI1EgWDeYXM397h2TiifxLUxT5kdkFPOQUwJaGpgVT7AQvBn2JB+NwRqYVdtq1M/dhoMLUqu7C+K6NexYdoEqWqI1MN+9YUKziMVABVGq79gp+DmRwKlgs7KXKZYSOiEj1tc0JhFTfl4cPsMnWhniMJG6YsCF+n0iJ5FS0yjQnRGBsfrtzcW/vH4G4YWf8zjNgMV0sSjMBIYEz1PAQy4ZBTHVhFDJ9a2YjokkFHRWZR3C16f4f9I5s5ya5d641eblMo4SOkLH6BQ5qI6a6Bq1UBtRlKEH9ISejXvj0XgxXhetK8Zy5hD9gPH2CQijk14=</latexit>

} <latexit sha1_base64="oINXa68eceRKfffWIy8KLafcyEY=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g61QNyEpsbW7oht3VrAPaEOZTKft0MkkzEwKJfRP3LhQxK1/4s6/cZJWUNEDA4dz7uWeOX7EqFS2/WHk1tY3Nrfy24Wd3b39A/PwqC3DWGDSwiELRddHkjDKSUtRxUg3EgQFPiMdf3qd+p0ZEZKG/F7NI+IFaMzpiGKktDQwzVI/QGqCEUtuF2XnvDQwi7ZVr124dQdmpFpzl8R1q9Cx7AxFsEJzYL73hyGOA8IVZkjKnmNHykuQUBQzsij0Y0kihKdoTHqachQQ6SVZ8gU808oQjkKhH1cwU79vJCiQch74ejKNKX97qfiX14vV6NJLKI9iRTheHhrFDKoQpjXAIRUEKzbXBGFBdVaIJ0ggrHRZBV3C10/h/6RdsZyq5d5Vio2rVR15cAJOQRk4oAYa4AY0QQtgMAMP4Ak8G4nxaLwYr8vRnLHaOQY/YLx9ApyCkwU=</latexit>

O(1)

<latexit sha1_base64="E6+paB02R5UIPWqnRgzHX+WAoHU=">AAACAXicdVDLSsNAFJ3UV62vqBvBzWARXIWkxNbuim5cVrAPaGOYTKft0EkmzEykJdSNv+LGhSJu/Qt3/o3TtIKKHrhwOOde7r0niBmVyrY/jNzS8srqWn69sLG5tb1j7u41JU8EJg3MGRftAEnCaEQaiipG2rEgKAwYaQWji5nfuiVCUh5dq0lMvBANItqnGCkt+ebBGHZRHAs+htCFIz8tTW90QeWbRduqVk7dqgMzUq64c+K6ZehYdoYiWKDum+/dHsdJSCKFGZKy49ix8lIkFMWMTAvdRJIY4REakI6mEQqJ9NLsgyk81koP9rnQFSmYqd8nUhRKOQkD3RkiNZS/vZn4l9dJVP/MS2kUJ4pEeL6onzCoOJzFAXtUEKzYRBOEBdW3QjxEAmGlQyvoEL4+hf+TZslyypZ75RZr54s48uAQHIET4IAKqIFLUAcNgMEdeABP4Nm4Nx6NF+N13pozFjP74AeMt09mdZZC</latexit>

x ⇡ 4k22t

<latexit sha1_base64="WJYlOA2u4GbEn54GW9uupSbUq3Y=">AAACAXicdVDLSgMxFM34rPVVdSO4CRbBVZkpY2t3RTcuK/QFbSmZNG1DM8mQ3FFKqRt/xY0LRdz6F+78G9NpBRU9cLmHc+4luSeIBDfguh/O0vLK6tp6aiO9ubW9s5vZ268bFWvKalQJpZsBMUxwyWrAQbBmpBkJA8Eawehy5jdumDZcySqMI9YJyUDyPqcErNTNHFaHDMOtwkYJDkrOejy3sm6uVDzzSx5OSKHoz4nvF7CXcxNk0QKVbua93VM0DpkEKogxLc+NoDMhGjgVbJpux4ZFhI7IgLUslSRkpjNJLpjiE6v0cF9pWxJwon7fmJDQmHEY2MmQwND89mbiX14rhv55Z8JlFAOTdP5QPxYYFJ7FgXtcMwpibAmhmtu/YjokmlCwoaVtCF+X4v9JPZ/zCjn/Op8tXyziSKEjdIxOkYeKqIyuUAXVEEV36AE9oWfn3nl0XpzX+eiSs9g5QD/gvH0COE+Xbg==</latexit>

The two soliton solution



<latexit sha1_base64="i3StFZ4X/WN2pDZ8KaYFDVbDwNI="></latexit>

res�=ik1M(�) = lim
�!ik1

M(�)


0 2ik1e2xk1�8tk3

1

0 0

�

<latexit sha1_base64="deo81flz0iE0itUflXjX9jOzCzY="></latexit>

res�=ik2M(�) = lim
�!ik2

M(�)


0 0

2ik2e�(2xk2�8tk3
2) 0

�

<latexit sha1_base64="IgTLlncKlvMGGMcZDKZBvOfVV/o=">AAAB83icdVDLSgNBEOyNrxhfUY9eBhPBi8tuWBPjKejFYwTzgOwSZiezyZDZBzOzQgj5DS8eFPHqz3jzb5xsIqhoQUNR1U13l59wJpVlfRi5ldW19Y38ZmFre2d3r7h/0JZxKghtkZjHoutjSTmLaEsxxWk3ERSHPqcdf3w99zv3VEgWR3dqklAvxMOIBYxgpSW3rJDLOTqzUfmyXyxZZr127tRtlJFqzVkQx6ki27QylGCJZr/47g5ikoY0UoRjKXu2lShvioVihNNZwU0lTTAZ4yHtaRrhkEpvmt08QydaGaAgFroihTL1+8QUh1JOQl93hliN5G9vLv7l9VIVXHhTFiWpohFZLApSjlSM5gGgAROUKD7RBBPB9K2IjLDAROmYCjqEr0/R/6RdMe2q6dxWSo2rZRx5OIJjOAUbatCAG2hCCwgk8ABP8GykxqPxYrwuWnPGcuYQfsB4+wTfLpBN</latexit>

t ⌧ �1:
<latexit sha1_base64="FDYtDsQR6KBeiFdnx6UoSNvMN4Y=">AAAB+HicdVDLSsNAFJ34rPXRqEs3g0VwFRKJrd0V3bisYB/QhDKZTtqhkwczN0IN/RI3LhRx66e482+cphVU9MCFwzn3cu89QSq4Atv+MFZW19Y3Nktb5e2d3b2KuX/QUUkmKWvTRCSyFxDFBI9ZGzgI1kslI1EgWDeYXM397h2TiifxLUxT5kdkFPOQUwJaGpgVT7AQvBn2JB+NwRqYVdtq1M/dhoMLUqu7C+K6NexYdoEqWqI1MN+9YUKziMVABVGq79gp+DmRwKlgs7KXKZYSOiEj1tc0JhFTfl4cPsMnWhniMJG6YsCF+n0iJ5FS0yjQnRGBsfrtzcW/vH4G4YWf8zjNgMV0sSjMBIYEz1PAQy4ZBTHVhFDJ9a2YjokkFHRWZR3C16f4f9I5s5ya5d641eblMo4SOkLH6BQ5qI6a6Bq1UBtRlKEH9ISejXvj0XgxXhetK8Zy5hD9gPH2CQijk14=</latexit>

} <latexit sha1_base64="RgjWvG02BAcK7rwNWGY9VuC8eoU=">AAAB/XicdVDLSgMxFM3UV62v8bFzEy2Cq2GmjK3dFUVwWcE+oB1KJpO2oZnMkGTEOhR/xY0LRdz6H+78G9NpBRU9EHI4597k3uPHjEpl2x9GbmFxaXklv1pYW9/Y3DK3d5oySgQmDRyxSLR9JAmjnDQUVYy0Y0FQ6DPS8kfnU791Q4SkEb9W45h4IRpw2qcYKS31zL2L2zjihCuKGBtDGerroGcWbataOXGrDsxIueLOiOuWoWPZGYpgjnrPfO8GEU5C/Q5mSMqOY8fKS5FQFDMyKXQTSWKER2hAOppyFBLppdn0E3iklQD2I6EPVzBTv3ekKJRyHPq6MkRqKH97U/Evr5Oo/qmXUh4ninA8+6ifMKgiOI0CBlQQrPTWAUVYUD0rxEMkEFY6sIIO4WtT+D9pliynbLlXpWLtbB5HHuyDQ3AMHFABNXAJ6qABMLgDD+AJPBv3xqPxYrzOSnPGvGcX/IDx9gkbiJWs</latexit>

Exponentially small!

<latexit sha1_base64="oINXa68eceRKfffWIy8KLafcyEY=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g61QNyEpsbW7oht3VrAPaEOZTKft0MkkzEwKJfRP3LhQxK1/4s6/cZJWUNEDA4dz7uWeOX7EqFS2/WHk1tY3Nrfy24Wd3b39A/PwqC3DWGDSwiELRddHkjDKSUtRxUg3EgQFPiMdf3qd+p0ZEZKG/F7NI+IFaMzpiGKktDQwzVI/QGqCEUtuF2XnvDQwi7ZVr124dQdmpFpzl8R1q9Cx7AxFsEJzYL73hyGOA8IVZkjKnmNHykuQUBQzsij0Y0kihKdoTHqachQQ6SVZ8gU808oQjkKhH1cwU79vJCiQch74ejKNKX97qfiX14vV6NJLKI9iRTheHhrFDKoQpjXAIRUEKzbXBGFBdVaIJ0ggrHRZBV3C10/h/6RdsZyq5d5Vio2rVR15cAJOQRk4oAYa4AY0QQtgMAMP4Ak8G4nxaLwYr8vRnLHaOQY/YLx9ApyCkwU=</latexit>

O(1)

<latexit sha1_base64="E6+paB02R5UIPWqnRgzHX+WAoHU=">AAACAXicdVDLSsNAFJ3UV62vqBvBzWARXIWkxNbuim5cVrAPaGOYTKft0EkmzEykJdSNv+LGhSJu/Qt3/o3TtIKKHrhwOOde7r0niBmVyrY/jNzS8srqWn69sLG5tb1j7u41JU8EJg3MGRftAEnCaEQaiipG2rEgKAwYaQWji5nfuiVCUh5dq0lMvBANItqnGCkt+ebBGHZRHAs+htCFIz8tTW90QeWbRduqVk7dqgMzUq64c+K6ZehYdoYiWKDum+/dHsdJSCKFGZKy49ix8lIkFMWMTAvdRJIY4REakI6mEQqJ9NLsgyk81koP9rnQFSmYqd8nUhRKOQkD3RkiNZS/vZn4l9dJVP/MS2kUJ4pEeL6onzCoOJzFAXtUEKzYRBOEBdW3QjxEAmGlQyvoEL4+hf+TZslyypZ75RZr54s48uAQHIET4IAKqIFLUAcNgMEdeABP4Nm4Nx6NF+N13pozFjP74AeMt09mdZZC</latexit>

x ⇡ 4k22t
<latexit sha1_base64="t4GMgPxoBNANx8E3MY7H0TAI21Q=">AAAB73icdVBNS8NAEN3Ur1q/qh69LBbBU0gktvZW9OKxgv2ANpTNdtIu3U3i7kYooX/CiwdFvPp3vPlv3KYVVPTBwOO9GWbmBQlnSjvOh1VYWV1b3yhulra2d3b3yvsHbRWnkkKLxjyW3YAo4CyClmaaQzeRQETAoRNMruZ+5x6kYnF0q6cJ+IKMIhYySrSRun0mzBZQg3LFseu1c6/u4pxUa96CeF4Vu7aTo4KWaA7K7/1hTFMBkaacKNVznUT7GZGaUQ6zUj9VkBA6ISPoGRoRAcrP8ntn+MQoQxzG0lSkca5+n8iIUGoqAtMpiB6r395c/MvrpTq88DMWJamGiC4WhSnHOsbz5/GQSaCaTw0hVDJzK6ZjIgnVJqKSCeHrU/w/aZ/ZbtX2brxK43IZRxEdoWN0ilxUQw10jZqohSji6AE9oWfrznq0XqzXRWvBWs4coh+w3j4B4ZGQjg==</latexit>

=)
<latexit sha1_base64="77X+Ygh4GaYwFSgPNnHqKYXhJN8=">AAACBXicdZDLSsNAFIYn9VbrLepSF4Ot4KokJbZ2VxTEZQV7gTaWyXTSDp1MwsxELKEbN76KGxeKuPUd3Pk2TtMKKvrDwMd/zmHO+b2IUaks68PILCwuLa9kV3Nr6xubW+b2TlOGscCkgUMWiraHJGGUk4aiipF2JAgKPEZa3uhsWm/dECFpyK/UOCJugAac+hQjpa2euX8eCli4LUBOkAYHjnpJaXKtH1SFnpm3itXKsVO1YQrlijMDxylDu2ilyoO56j3zvdsPcRwQrjBDUnZsK1JugoSimJFJrhtLEiE8QgPS0chRQKSbpFdM4KF2+tDX+/ghVzB1v08kKJByHHi6M0BqKH/XpuZftU6s/BM3oTyKFeF49pEfM6hCOI0E9qkgWLGxBoQF1btCPEQCYaWDy+kQvi6F/0OzVLTLReeylK+dzuPIgj1wAI6ADSqgBi5AHTQABnfgATyBZ+PeeDRejNdZa8aYz+yCHzLePgGp6ZbP</latexit>

For x near 4k22t

<latexit sha1_base64="JyXVncpdXYHOz5jULBIYrC33rws="></latexit>

u ⇡ 2k22sech
2 �k2

�
x� 4k22t

��

<latexit sha1_base64="WJYlOA2u4GbEn54GW9uupSbUq3Y=">AAACAXicdVDLSgMxFM34rPVVdSO4CRbBVZkpY2t3RTcuK/QFbSmZNG1DM8mQ3FFKqRt/xY0LRdz6F+78G9NpBRU9cLmHc+4luSeIBDfguh/O0vLK6tp6aiO9ubW9s5vZ268bFWvKalQJpZsBMUxwyWrAQbBmpBkJA8Eawehy5jdumDZcySqMI9YJyUDyPqcErNTNHFaHDMOtwkYJDkrOejy3sm6uVDzzSx5OSKHoz4nvF7CXcxNk0QKVbua93VM0DpkEKogxLc+NoDMhGjgVbJpux4ZFhI7IgLUslSRkpjNJLpjiE6v0cF9pWxJwon7fmJDQmHEY2MmQwND89mbiX14rhv55Z8JlFAOTdP5QPxYYFJ7FgXtcMwpibAmhmtu/YjokmlCwoaVtCF+X4v9JPZ/zCjn/Op8tXyziSKEjdIxOkYeKqIyuUAXVEEV36AE9oWfn3nl0XpzX+eiSs9g5QD/gvH0COE+Xbg==</latexit>

The two soliton solution



<latexit sha1_base64="i3StFZ4X/WN2pDZ8KaYFDVbDwNI="></latexit>

res�=ik1M(�) = lim
�!ik1

M(�)


0 2ik1e2xk1�8tk3

1

0 0

�

<latexit sha1_base64="deo81flz0iE0itUflXjX9jOzCzY="></latexit>

res�=ik2M(�) = lim
�!ik2

M(�)


0 0

2ik2e�(2xk2�8tk3
2) 0

�

<latexit sha1_base64="IgTLlncKlvMGGMcZDKZBvOfVV/o=">AAAB83icdVDLSgNBEOyNrxhfUY9eBhPBi8tuWBPjKejFYwTzgOwSZiezyZDZBzOzQgj5DS8eFPHqz3jzb5xsIqhoQUNR1U13l59wJpVlfRi5ldW19Y38ZmFre2d3r7h/0JZxKghtkZjHoutjSTmLaEsxxWk3ERSHPqcdf3w99zv3VEgWR3dqklAvxMOIBYxgpSW3rJDLOTqzUfmyXyxZZr127tRtlJFqzVkQx6ki27QylGCJZr/47g5ikoY0UoRjKXu2lShvioVihNNZwU0lTTAZ4yHtaRrhkEpvmt08QydaGaAgFroihTL1+8QUh1JOQl93hliN5G9vLv7l9VIVXHhTFiWpohFZLApSjlSM5gGgAROUKD7RBBPB9K2IjLDAROmYCjqEr0/R/6RdMe2q6dxWSo2rZRx5OIJjOAUbatCAG2hCCwgk8ABP8GykxqPxYrwuWnPGcuYQfsB4+wTfLpBN</latexit>

t ⌧ �1:
<latexit sha1_base64="FDYtDsQR6KBeiFdnx6UoSNvMN4Y=">AAAB+HicdVDLSsNAFJ34rPXRqEs3g0VwFRKJrd0V3bisYB/QhDKZTtqhkwczN0IN/RI3LhRx66e482+cphVU9MCFwzn3cu89QSq4Atv+MFZW19Y3Nktb5e2d3b2KuX/QUUkmKWvTRCSyFxDFBI9ZGzgI1kslI1EgWDeYXM397h2TiifxLUxT5kdkFPOQUwJaGpgVT7AQvBn2JB+NwRqYVdtq1M/dhoMLUqu7C+K6NexYdoEqWqI1MN+9YUKziMVABVGq79gp+DmRwKlgs7KXKZYSOiEj1tc0JhFTfl4cPsMnWhniMJG6YsCF+n0iJ5FS0yjQnRGBsfrtzcW/vH4G4YWf8zjNgMV0sSjMBIYEz1PAQy4ZBTHVhFDJ9a2YjokkFHRWZR3C16f4f9I5s5ya5d641eblMo4SOkLH6BQ5qI6a6Bq1UBtRlKEH9ISejXvj0XgxXhetK8Zy5hD9gPH2CQijk14=</latexit>

} <latexit sha1_base64="RgjWvG02BAcK7rwNWGY9VuC8eoU=">AAAB/XicdVDLSgMxFM3UV62v8bFzEy2Cq2GmjK3dFUVwWcE+oB1KJpO2oZnMkGTEOhR/xY0LRdz6H+78G9NpBRU9EHI4597k3uPHjEpl2x9GbmFxaXklv1pYW9/Y3DK3d5oySgQmDRyxSLR9JAmjnDQUVYy0Y0FQ6DPS8kfnU791Q4SkEb9W45h4IRpw2qcYKS31zL2L2zjihCuKGBtDGerroGcWbataOXGrDsxIueLOiOuWoWPZGYpgjnrPfO8GEU5C/Q5mSMqOY8fKS5FQFDMyKXQTSWKER2hAOppyFBLppdn0E3iklQD2I6EPVzBTv3ekKJRyHPq6MkRqKH97U/Evr5Oo/qmXUh4ninA8+6ifMKgiOI0CBlQQrPTWAUVYUD0rxEMkEFY6sIIO4WtT+D9pliynbLlXpWLtbB5HHuyDQ3AMHFABNXAJ6qABMLgDD+AJPBv3xqPxYrzOSnPGvGcX/IDx9gkbiJWs</latexit>

Exponentially small!

<latexit sha1_base64="oINXa68eceRKfffWIy8KLafcyEY=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g61QNyEpsbW7oht3VrAPaEOZTKft0MkkzEwKJfRP3LhQxK1/4s6/cZJWUNEDA4dz7uWeOX7EqFS2/WHk1tY3Nrfy24Wd3b39A/PwqC3DWGDSwiELRddHkjDKSUtRxUg3EgQFPiMdf3qd+p0ZEZKG/F7NI+IFaMzpiGKktDQwzVI/QGqCEUtuF2XnvDQwi7ZVr124dQdmpFpzl8R1q9Cx7AxFsEJzYL73hyGOA8IVZkjKnmNHykuQUBQzsij0Y0kihKdoTHqachQQ6SVZ8gU808oQjkKhH1cwU79vJCiQch74ejKNKX97qfiX14vV6NJLKI9iRTheHhrFDKoQpjXAIRUEKzbXBGFBdVaIJ0ggrHRZBV3C10/h/6RdsZyq5d5Vio2rVR15cAJOQRk4oAYa4AY0QQtgMAMP4Ak8G4nxaLwYr8vRnLHaOQY/YLx9ApyCkwU=</latexit>

O(1)

<latexit sha1_base64="dvg+gtI1aIivq4Ik5emy3VvXQ/4=">AAACAXicdVDLSsNAFJ3UV62vqBvBzWARXIWkxNbuim5cVrAPaGOYTCft0MmDmYm0hLjxV9y4UMStf+HOv3GaVlDRAxcO59zLvfd4MaNCmuaHVlhaXlldK66XNja3tnf03b22iBKOSQtHLOJdDwnCaEhakkpGujEnKPAY6Xjji5nfuSVc0Ci8ltOYOAEahtSnGEklufrBBPZRHPNoAqENx25qZTdpJYPS1cumUa+d2nUL5qRas+fEtqvQMswcZbBA09Xf+4MIJwEJJWZIiJ5lxtJJEZcUM5KV+okgMcJjNCQ9RUMUEOGk+QcZPFbKAPoRVxVKmKvfJ1IUCDENPNUZIDkSv72Z+JfXS6R/5qQ0jBNJQjxf5CcMygjO4oADygmWbKoIwpyqWyEeIY6wVKGVVAhfn8L/SbtiWFXDvrLLjfNFHEVwCI7ACbBADTTAJWiCFsDgDjyAJ/Cs3WuP2ov2Om8taIuZffAD2tsnZOqWQQ==</latexit>

x ⇡ 4k21t
<latexit sha1_base64="t4GMgPxoBNANx8E3MY7H0TAI21Q=">AAAB73icdVBNS8NAEN3Ur1q/qh69LBbBU0gktvZW9OKxgv2ANpTNdtIu3U3i7kYooX/CiwdFvPp3vPlv3KYVVPTBwOO9GWbmBQlnSjvOh1VYWV1b3yhulra2d3b3yvsHbRWnkkKLxjyW3YAo4CyClmaaQzeRQETAoRNMruZ+5x6kYnF0q6cJ+IKMIhYySrSRun0mzBZQg3LFseu1c6/u4pxUa96CeF4Vu7aTo4KWaA7K7/1hTFMBkaacKNVznUT7GZGaUQ6zUj9VkBA6ISPoGRoRAcrP8ntn+MQoQxzG0lSkca5+n8iIUGoqAtMpiB6r395c/MvrpTq88DMWJamGiC4WhSnHOsbz5/GQSaCaTw0hVDJzK6ZjIgnVJqKSCeHrU/w/aZ/ZbtX2brxK43IZRxEdoWN0ilxUQw10jZqohSji6AE9oWfrznq0XqzXRWvBWs4coh+w3j4B4ZGQjg==</latexit>

=)

<latexit sha1_base64="77X+Ygh4GaYwFSgPNnHqKYXhJN8=">AAACBXicdZDLSsNAFIYn9VbrLepSF4Ot4KokJbZ2VxTEZQV7gTaWyXTSDp1MwsxELKEbN76KGxeKuPUd3Pk2TtMKKvrDwMd/zmHO+b2IUaks68PILCwuLa9kV3Nr6xubW+b2TlOGscCkgUMWiraHJGGUk4aiipF2JAgKPEZa3uhsWm/dECFpyK/UOCJugAac+hQjpa2euX8eCli4LUBOkAYHjnpJaXKtH1SFnpm3itXKsVO1YQrlijMDxylDu2ilyoO56j3zvdsPcRwQrjBDUnZsK1JugoSimJFJrhtLEiE8QgPS0chRQKSbpFdM4KF2+tDX+/ghVzB1v08kKJByHHi6M0BqKH/XpuZftU6s/BM3oTyKFeF49pEfM6hCOI0E9qkgWLGxBoQF1btCPEQCYaWDy+kQvi6F/0OzVLTLReeylK+dzuPIgj1wAI6ADSqgBi5AHTQABnfgATyBZ+PeeDRejNdZa8aYz+yCHzLePgGp6ZbP</latexit>

For x near 4k22t

<latexit sha1_base64="tI8CkHm5af+Fm2+q/YSfj0TXm8Q=">AAACBXicdZDLSsNAFIYn9VbrLepSF4Ot4KokJbZ2VxTEZQV7gbaWyXTSDp1MwsxELCEbN76KGxeKuPUd3Pk2TtMKKnpWH/9/Duec3w0ZlcqyPozMwuLS8kp2Nbe2vrG5ZW7vNGUQCUwaOGCBaLtIEkY5aSiqGGmHgiDfZaTljs+mfuuGCEkDfqUmIen5aMipRzFSWuqb++eBgIXbAuQEaXDguB/byXVcSqAq9M28VaxWjp2qDVMoV5wZOE4Z2kUrrTyYV71vvncHAY58whVmSMqObYWqFyOhKGYkyXUjSUKEx2hIOho58onsxekXCTzUygB6+h4v4Aqm6veJGPlSTnxXd/pIjeRvbyr+5XUi5Z30YsrDSBGOZ4u8iEEVwGkkcEAFwYpNNCAsqL4V4hESCCsdXE6H8PUp/B+apaJdLjqXpXztdB5HFuyBA3AEbFABNXAB6qABMLgDD+AJPBv3xqPxYrzOWjPGfGYX/Cjj7ROoXZbO</latexit>

For x near 4k21t

<latexit sha1_base64="JyXVncpdXYHOz5jULBIYrC33rws="></latexit>

u ⇡ 2k22sech
2 �k2

�
x� 4k22t

��

<latexit sha1_base64="FSECPfW9uONo649B6gieZrgf7bc="></latexit>

u ⇡ 2k21sech
2 �k1

�
x� 4k21t

��

<latexit sha1_base64="WJYlOA2u4GbEn54GW9uupSbUq3Y=">AAACAXicdVDLSgMxFM34rPVVdSO4CRbBVZkpY2t3RTcuK/QFbSmZNG1DM8mQ3FFKqRt/xY0LRdz6F+78G9NpBRU9cLmHc+4luSeIBDfguh/O0vLK6tp6aiO9ubW9s5vZ268bFWvKalQJpZsBMUxwyWrAQbBmpBkJA8Eawehy5jdumDZcySqMI9YJyUDyPqcErNTNHFaHDMOtwkYJDkrOejy3sm6uVDzzSx5OSKHoz4nvF7CXcxNk0QKVbua93VM0DpkEKogxLc+NoDMhGjgVbJpux4ZFhI7IgLUslSRkpjNJLpjiE6v0cF9pWxJwon7fmJDQmHEY2MmQwND89mbiX14rhv55Z8JlFAOTdP5QPxYYFJ7FgXtcMwpibAmhmtu/YjokmlCwoaVtCF+X4v9JPZ/zCjn/Op8tXyziSKEjdIxOkYeKqIyuUAXVEEV36AE9oWfn3nl0XpzX+eiSs9g5QD/gvH0COE+Xbg==</latexit>

The two soliton solution



<latexit sha1_base64="i3StFZ4X/WN2pDZ8KaYFDVbDwNI="></latexit>

res�=ik1M(�) = lim
�!ik1

M(�)


0 2ik1e2xk1�8tk3

1

0 0

�

<latexit sha1_base64="deo81flz0iE0itUflXjX9jOzCzY="></latexit>

res�=ik2M(�) = lim
�!ik2

M(�)


0 0

2ik2e�(2xk2�8tk3
2) 0

�

<latexit sha1_base64="77X+Ygh4GaYwFSgPNnHqKYXhJN8=">AAACBXicdZDLSsNAFIYn9VbrLepSF4Ot4KokJbZ2VxTEZQV7gTaWyXTSDp1MwsxELKEbN76KGxeKuPUd3Pk2TtMKKvrDwMd/zmHO+b2IUaks68PILCwuLa9kV3Nr6xubW+b2TlOGscCkgUMWiraHJGGUk4aiipF2JAgKPEZa3uhsWm/dECFpyK/UOCJugAac+hQjpa2euX8eCli4LUBOkAYHjnpJaXKtH1SFnpm3itXKsVO1YQrlijMDxylDu2ilyoO56j3zvdsPcRwQrjBDUnZsK1JugoSimJFJrhtLEiE8QgPS0chRQKSbpFdM4KF2+tDX+/ghVzB1v08kKJByHHi6M0BqKH/XpuZftU6s/BM3oTyKFeF49pEfM6hCOI0E9qkgWLGxBoQF1btCPEQCYaWDy+kQvi6F/0OzVLTLReeylK+dzuPIgj1wAI6ADSqgBi5AHTQABnfgATyBZ+PeeDRejNdZa8aYz+yCHzLePgGp6ZbP</latexit>

For x near 4k22t

<latexit sha1_base64="tI8CkHm5af+Fm2+q/YSfj0TXm8Q=">AAACBXicdZDLSsNAFIYn9VbrLepSF4Ot4KokJbZ2VxTEZQV7gbaWyXTSDp1MwsxELCEbN76KGxeKuPUd3Pk2TtMKKnpWH/9/Duec3w0ZlcqyPozMwuLS8kp2Nbe2vrG5ZW7vNGUQCUwaOGCBaLtIEkY5aSiqGGmHgiDfZaTljs+mfuuGCEkDfqUmIen5aMipRzFSWuqb++eBgIXbAuQEaXDguB/byXVcSqAq9M28VaxWjp2qDVMoV5wZOE4Z2kUrrTyYV71vvncHAY58whVmSMqObYWqFyOhKGYkyXUjSUKEx2hIOho58onsxekXCTzUygB6+h4v4Aqm6veJGPlSTnxXd/pIjeRvbyr+5XUi5Z30YsrDSBGOZ4u8iEEVwGkkcEAFwYpNNCAsqL4V4hESCCsdXE6H8PUp/B+apaJdLjqXpXztdB5HFuyBA3AEbFABNXAB6qABMLgDD+AJPBv3xqPxYrzOWjPGfGYX/Cjj7ROoXZbO</latexit>

For x near 4k21t

<latexit sha1_base64="JyXVncpdXYHOz5jULBIYrC33rws="></latexit>

u ⇡ 2k22sech
2 �k2

�
x� 4k22t

��

<latexit sha1_base64="FSECPfW9uONo649B6gieZrgf7bc="></latexit>

u ⇡ 2k21sech
2 �k1

�
x� 4k21t

��

<latexit sha1_base64="WJYlOA2u4GbEn54GW9uupSbUq3Y=">AAACAXicdVDLSgMxFM34rPVVdSO4CRbBVZkpY2t3RTcuK/QFbSmZNG1DM8mQ3FFKqRt/xY0LRdz6F+78G9NpBRU9cLmHc+4luSeIBDfguh/O0vLK6tp6aiO9ubW9s5vZ268bFWvKalQJpZsBMUxwyWrAQbBmpBkJA8Eawehy5jdumDZcySqMI9YJyUDyPqcErNTNHFaHDMOtwkYJDkrOejy3sm6uVDzzSx5OSKHoz4nvF7CXcxNk0QKVbua93VM0DpkEKogxLc+NoDMhGjgVbJpux4ZFhI7IgLUslSRkpjNJLpjiE6v0cF9pWxJwon7fmJDQmHEY2MmQwND89mbiX14rhv55Z8JlFAOTdP5QPxYYFJ7FgXtcMwpibAmhmtu/YjokmlCwoaVtCF+X4v9JPZ/zCjn/Op8tXyziSKEjdIxOkYeKqIyuUAXVEEV36AE9oWfn3nl0XpzX+eiSs9g5QD/gvH0COE+Xbg==</latexit>

The two soliton solution



<latexit sha1_base64="i3StFZ4X/WN2pDZ8KaYFDVbDwNI="></latexit>

res�=ik1M(�) = lim
�!ik1

M(�)


0 2ik1e2xk1�8tk3

1

0 0

�

<latexit sha1_base64="deo81flz0iE0itUflXjX9jOzCzY="></latexit>

res�=ik2M(�) = lim
�!ik2

M(�)


0 0

2ik2e�(2xk2�8tk3
2) 0

�

<latexit sha1_base64="FDYtDsQR6KBeiFdnx6UoSNvMN4Y=">AAAB+HicdVDLSsNAFJ34rPXRqEs3g0VwFRKJrd0V3bisYB/QhDKZTtqhkwczN0IN/RI3LhRx66e482+cphVU9MCFwzn3cu89QSq4Atv+MFZW19Y3Nktb5e2d3b2KuX/QUUkmKWvTRCSyFxDFBI9ZGzgI1kslI1EgWDeYXM397h2TiifxLUxT5kdkFPOQUwJaGpgVT7AQvBn2JB+NwRqYVdtq1M/dhoMLUqu7C+K6NexYdoEqWqI1MN+9YUKziMVABVGq79gp+DmRwKlgs7KXKZYSOiEj1tc0JhFTfl4cPsMnWhniMJG6YsCF+n0iJ5FS0yjQnRGBsfrtzcW/vH4G4YWf8zjNgMV0sSjMBIYEz1PAQy4ZBTHVhFDJ9a2YjokkFHRWZR3C16f4f9I5s5ya5d641eblMo4SOkLH6BQ5qI6a6Bq1UBtRlKEH9ISejXvj0XgxXhetK8Zy5hD9gPH2CQijk14=</latexit>

}<latexit sha1_base64="E6+paB02R5UIPWqnRgzHX+WAoHU=">AAACAXicdVDLSsNAFJ3UV62vqBvBzWARXIWkxNbuim5cVrAPaGOYTKft0EkmzEykJdSNv+LGhSJu/Qt3/o3TtIKKHrhwOOde7r0niBmVyrY/jNzS8srqWn69sLG5tb1j7u41JU8EJg3MGRftAEnCaEQaiipG2rEgKAwYaQWji5nfuiVCUh5dq0lMvBANItqnGCkt+ebBGHZRHAs+htCFIz8tTW90QeWbRduqVk7dqgMzUq64c+K6ZehYdoYiWKDum+/dHsdJSCKFGZKy49ix8lIkFMWMTAvdRJIY4REakI6mEQqJ9NLsgyk81koP9rnQFSmYqd8nUhRKOQkD3RkiNZS/vZn4l9dJVP/MS2kUJ4pEeL6onzCoOJzFAXtUEKzYRBOEBdW3QjxEAmGlQyvoEL4+hf+TZslyypZ75RZr54s48uAQHIET4IAKqIFLUAcNgMEdeABP4Nm4Nx6NF+N13pozFjP74AeMt09mdZZC</latexit>

x ⇡ 4k22t

<latexit sha1_base64="uXKvZ9KSmAWskm0tDoiAMpWIJt4=">AAAB8nicdVBNS8NAEN3Ur1q/qh69LLaCp5CU2FpPRS8eK9haSEPZbDfp0s0HuxOhlP4MLx4U8eqv8ea/cZtWUNEHA4/3ZpiZ56eCK7CsD6Owsrq2vlHcLG1t7+zulfcPuirJJGUdmohE9nyimOAx6wAHwXqpZCTyBbvzx1dz/+6eScWT+BYmKfMiEsY84JSAltwq4H4YYhtXLwblimU2G2dO08Y5qTecBXGcOrZNK0cFLdEelN/7w4RmEYuBCqKUa1speFMigVPBZqV+plhK6JiEzNU0JhFT3jQ/eYZPtDLEQSJ1xYBz9fvElERKTSJfd0YERuq3Nxf/8twMgnNvyuM0AxbTxaIgExgSPP8fD7lkFMREE0Il17diOiKSUNAplXQIX5/i/0m3Ztp107mpVVqXyziK6Agdo1NkowZqoWvURh1EUYIe0BN6NsB4NF6M10VrwVjOHKIfMN4+AWPjkAw=</latexit>

t � 1:

<latexit sha1_base64="WJYlOA2u4GbEn54GW9uupSbUq3Y=">AAACAXicdVDLSgMxFM34rPVVdSO4CRbBVZkpY2t3RTcuK/QFbSmZNG1DM8mQ3FFKqRt/xY0LRdz6F+78G9NpBRU9cLmHc+4luSeIBDfguh/O0vLK6tp6aiO9ubW9s5vZ268bFWvKalQJpZsBMUxwyWrAQbBmpBkJA8Eawehy5jdumDZcySqMI9YJyUDyPqcErNTNHFaHDMOtwkYJDkrOejy3sm6uVDzzSx5OSKHoz4nvF7CXcxNk0QKVbua93VM0DpkEKogxLc+NoDMhGjgVbJpux4ZFhI7IgLUslSRkpjNJLpjiE6v0cF9pWxJwon7fmJDQmHEY2MmQwND89mbiX14rhv55Z8JlFAOTdP5QPxYYFJ7FgXtcMwpibAmhmtu/YjokmlCwoaVtCF+X4v9JPZ/zCjn/Op8tXyziSKEjdIxOkYeKqIyuUAXVEEV36AE9oWfn3nl0XpzX+eiSs9g5QD/gvH0COE+Xbg==</latexit>

The two soliton solution



<latexit sha1_base64="i3StFZ4X/WN2pDZ8KaYFDVbDwNI="></latexit>

res�=ik1M(�) = lim
�!ik1

M(�)


0 2ik1e2xk1�8tk3

1

0 0

�

<latexit sha1_base64="deo81flz0iE0itUflXjX9jOzCzY="></latexit>

res�=ik2M(�) = lim
�!ik2

M(�)


0 0

2ik2e�(2xk2�8tk3
2) 0

�

<latexit sha1_base64="FDYtDsQR6KBeiFdnx6UoSNvMN4Y=">AAAB+HicdVDLSsNAFJ34rPXRqEs3g0VwFRKJrd0V3bisYB/QhDKZTtqhkwczN0IN/RI3LhRx66e482+cphVU9MCFwzn3cu89QSq4Atv+MFZW19Y3Nktb5e2d3b2KuX/QUUkmKWvTRCSyFxDFBI9ZGzgI1kslI1EgWDeYXM397h2TiifxLUxT5kdkFPOQUwJaGpgVT7AQvBn2JB+NwRqYVdtq1M/dhoMLUqu7C+K6NexYdoEqWqI1MN+9YUKziMVABVGq79gp+DmRwKlgs7KXKZYSOiEj1tc0JhFTfl4cPsMnWhniMJG6YsCF+n0iJ5FS0yjQnRGBsfrtzcW/vH4G4YWf8zjNgMV0sSjMBIYEz1PAQy4ZBTHVhFDJ9a2YjokkFHRWZR3C16f4f9I5s5ya5d641eblMo4SOkLH6BQ5qI6a6Bq1UBtRlKEH9ISejXvj0XgxXhetK8Zy5hD9gPH2CQijk14=</latexit>

}<latexit sha1_base64="E6+paB02R5UIPWqnRgzHX+WAoHU=">AAACAXicdVDLSsNAFJ3UV62vqBvBzWARXIWkxNbuim5cVrAPaGOYTKft0EkmzEykJdSNv+LGhSJu/Qt3/o3TtIKKHrhwOOde7r0niBmVyrY/jNzS8srqWn69sLG5tb1j7u41JU8EJg3MGRftAEnCaEQaiipG2rEgKAwYaQWji5nfuiVCUh5dq0lMvBANItqnGCkt+ebBGHZRHAs+htCFIz8tTW90QeWbRduqVk7dqgMzUq64c+K6ZehYdoYiWKDum+/dHsdJSCKFGZKy49ix8lIkFMWMTAvdRJIY4REakI6mEQqJ9NLsgyk81koP9rnQFSmYqd8nUhRKOQkD3RkiNZS/vZn4l9dJVP/MS2kUJ4pEeL6onzCoOJzFAXtUEKzYRBOEBdW3QjxEAmGlQyvoEL4+hf+TZslyypZ75RZr54s48uAQHIET4IAKqIFLUAcNgMEdeABP4Nm4Nx6NF+N13pozFjP74AeMt09mdZZC</latexit>

x ⇡ 4k22t

<latexit sha1_base64="uXKvZ9KSmAWskm0tDoiAMpWIJt4=">AAAB8nicdVBNS8NAEN3Ur1q/qh69LLaCp5CU2FpPRS8eK9haSEPZbDfp0s0HuxOhlP4MLx4U8eqv8ea/cZtWUNEHA4/3ZpiZ56eCK7CsD6Owsrq2vlHcLG1t7+zulfcPuirJJGUdmohE9nyimOAx6wAHwXqpZCTyBbvzx1dz/+6eScWT+BYmKfMiEsY84JSAltwq4H4YYhtXLwblimU2G2dO08Y5qTecBXGcOrZNK0cFLdEelN/7w4RmEYuBCqKUa1speFMigVPBZqV+plhK6JiEzNU0JhFT3jQ/eYZPtDLEQSJ1xYBz9fvElERKTSJfd0YERuq3Nxf/8twMgnNvyuM0AxbTxaIgExgSPP8fD7lkFMREE0Il17diOiKSUNAplXQIX5/i/0m3Ztp107mpVVqXyziK6Agdo1NkowZqoWvURh1EUYIe0BN6NsB4NF6M10VrwVjOHKIfMN4+AWPjkAw=</latexit>

t � 1:
<latexit sha1_base64="oINXa68eceRKfffWIy8KLafcyEY=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g61QNyEpsbW7oht3VrAPaEOZTKft0MkkzEwKJfRP3LhQxK1/4s6/cZJWUNEDA4dz7uWeOX7EqFS2/WHk1tY3Nrfy24Wd3b39A/PwqC3DWGDSwiELRddHkjDKSUtRxUg3EgQFPiMdf3qd+p0ZEZKG/F7NI+IFaMzpiGKktDQwzVI/QGqCEUtuF2XnvDQwi7ZVr124dQdmpFpzl8R1q9Cx7AxFsEJzYL73hyGOA8IVZkjKnmNHykuQUBQzsij0Y0kihKdoTHqachQQ6SVZ8gU808oQjkKhH1cwU79vJCiQch74ejKNKX97qfiX14vV6NJLKI9iRTheHhrFDKoQpjXAIRUEKzbXBGFBdVaIJ0ggrHRZBV3C10/h/6RdsZyq5d5Vio2rVR15cAJOQRk4oAYa4AY0QQtgMAMP4Ak8G4nxaLwYr8vRnLHaOQY/YLx9ApyCkwU=</latexit>

O(1)

<latexit sha1_base64="iwUUVuMW5NXlWIbu0PNRPbXFrjc=">AAAB/3icdVDLSgMxFM3UV62vUcGNm9QiuCozZWztripFFy6q2Ae0pWTSTBuayQxJRixjF/6KGxeKuPU33Pk3pg9BRQ8EDufce3PvcUNGpbKsDyMxN7+wuJRcTq2srq1vmJtbNRlEApMqDlggGi6ShFFOqooqRhqhIMh3Gam7g9OxX78hQtKAX6thSNo+6nHqUYyUljrmTvk2DDjhiiLGhvDi+OqsnE6nO2bGyhYLh07RhhOSLzhT4jh5aGetCTJghkrHfG91Axz5ehJmSMqmbYWqHSOhKGZklGpFkoQID1CPNDXlyCeyHU/2H8F9rXShFwj9uIIT9XtHjHwph76rK32k+vK3Nxb/8pqR8o7aMeVhpAjH04+8iEEVwHEYsEsFwUrf3aUIC6p3hbiPBMJKR5bSIXxdCv8ntVzWzmedy1ymdDKLIwl2wR44ADYogBI4BxVQBRjcgQfwBJ6Ne+PReDFep6UJY9azDX7AePsEzl2VVA==</latexit>

Exponentially LARGE!!!

<latexit sha1_base64="WJYlOA2u4GbEn54GW9uupSbUq3Y=">AAACAXicdVDLSgMxFM34rPVVdSO4CRbBVZkpY2t3RTcuK/QFbSmZNG1DM8mQ3FFKqRt/xY0LRdz6F+78G9NpBRU9cLmHc+4luSeIBDfguh/O0vLK6tp6aiO9ubW9s5vZ268bFWvKalQJpZsBMUxwyWrAQbBmpBkJA8Eawehy5jdumDZcySqMI9YJyUDyPqcErNTNHFaHDMOtwkYJDkrOejy3sm6uVDzzSx5OSKHoz4nvF7CXcxNk0QKVbua93VM0DpkEKogxLc+NoDMhGjgVbJpux4ZFhI7IgLUslSRkpjNJLpjiE6v0cF9pWxJwon7fmJDQmHEY2MmQwND89mbiX14rhv55Z8JlFAOTdP5QPxYYFJ7FgXtcMwpibAmhmtu/YjokmlCwoaVtCF+X4v9JPZ/zCjn/Op8tXyziSKEjdIxOkYeKqIyuUAXVEEV36AE9oWfn3nl0XpzX+eiSs9g5QD/gvH0COE+Xbg==</latexit>

The two soliton solution



<latexit sha1_base64="i3StFZ4X/WN2pDZ8KaYFDVbDwNI="></latexit>

res�=ik1M(�) = lim
�!ik1

M(�)


0 2ik1e2xk1�8tk3

1

0 0

�

<latexit sha1_base64="deo81flz0iE0itUflXjX9jOzCzY="></latexit>

res�=ik2M(�) = lim
�!ik2

M(�)


0 0

2ik2e�(2xk2�8tk3
2) 0

�

<latexit sha1_base64="FDYtDsQR6KBeiFdnx6UoSNvMN4Y=">AAAB+HicdVDLSsNAFJ34rPXRqEs3g0VwFRKJrd0V3bisYB/QhDKZTtqhkwczN0IN/RI3LhRx66e482+cphVU9MCFwzn3cu89QSq4Atv+MFZW19Y3Nktb5e2d3b2KuX/QUUkmKWvTRCSyFxDFBI9ZGzgI1kslI1EgWDeYXM397h2TiifxLUxT5kdkFPOQUwJaGpgVT7AQvBn2JB+NwRqYVdtq1M/dhoMLUqu7C+K6NexYdoEqWqI1MN+9YUKziMVABVGq79gp+DmRwKlgs7KXKZYSOiEj1tc0JhFTfl4cPsMnWhniMJG6YsCF+n0iJ5FS0yjQnRGBsfrtzcW/vH4G4YWf8zjNgMV0sSjMBIYEz1PAQy4ZBTHVhFDJ9a2YjokkFHRWZR3C16f4f9I5s5ya5d641eblMo4SOkLH6BQ5qI6a6Bq1UBtRlKEH9ISejXvj0XgxXhetK8Zy5hD9gPH2CQijk14=</latexit>

}<latexit sha1_base64="E6+paB02R5UIPWqnRgzHX+WAoHU=">AAACAXicdVDLSsNAFJ3UV62vqBvBzWARXIWkxNbuim5cVrAPaGOYTKft0EkmzEykJdSNv+LGhSJu/Qt3/o3TtIKKHrhwOOde7r0niBmVyrY/jNzS8srqWn69sLG5tb1j7u41JU8EJg3MGRftAEnCaEQaiipG2rEgKAwYaQWji5nfuiVCUh5dq0lMvBANItqnGCkt+ebBGHZRHAs+htCFIz8tTW90QeWbRduqVk7dqgMzUq64c+K6ZehYdoYiWKDum+/dHsdJSCKFGZKy49ix8lIkFMWMTAvdRJIY4REakI6mEQqJ9NLsgyk81koP9rnQFSmYqd8nUhRKOQkD3RkiNZS/vZn4l9dJVP/MS2kUJ4pEeL6onzCoOJzFAXtUEKzYRBOEBdW3QjxEAmGlQyvoEL4+hf+TZslyypZ75RZr54s48uAQHIET4IAKqIFLUAcNgMEdeABP4Nm4Nx6NF+N13pozFjP74AeMt09mdZZC</latexit>

x ⇡ 4k22t

<latexit sha1_base64="uXKvZ9KSmAWskm0tDoiAMpWIJt4=">AAAB8nicdVBNS8NAEN3Ur1q/qh69LLaCp5CU2FpPRS8eK9haSEPZbDfp0s0HuxOhlP4MLx4U8eqv8ea/cZtWUNEHA4/3ZpiZ56eCK7CsD6Owsrq2vlHcLG1t7+zulfcPuirJJGUdmohE9nyimOAx6wAHwXqpZCTyBbvzx1dz/+6eScWT+BYmKfMiEsY84JSAltwq4H4YYhtXLwblimU2G2dO08Y5qTecBXGcOrZNK0cFLdEelN/7w4RmEYuBCqKUa1speFMigVPBZqV+plhK6JiEzNU0JhFT3jQ/eYZPtDLEQSJ1xYBz9fvElERKTSJfd0YERuq3Nxf/8twMgnNvyuM0AxbTxaIgExgSPP8fD7lkFMREE0Il17diOiKSUNAplXQIX5/i/0m3Ztp107mpVVqXyziK6Agdo1NkowZqoWvURh1EUYIe0BN6NsB4NF6M10VrwVjOHKIfMN4+AWPjkAw=</latexit>

t � 1:
<latexit sha1_base64="oINXa68eceRKfffWIy8KLafcyEY=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g61QNyEpsbW7oht3VrAPaEOZTKft0MkkzEwKJfRP3LhQxK1/4s6/cZJWUNEDA4dz7uWeOX7EqFS2/WHk1tY3Nrfy24Wd3b39A/PwqC3DWGDSwiELRddHkjDKSUtRxUg3EgQFPiMdf3qd+p0ZEZKG/F7NI+IFaMzpiGKktDQwzVI/QGqCEUtuF2XnvDQwi7ZVr124dQdmpFpzl8R1q9Cx7AxFsEJzYL73hyGOA8IVZkjKnmNHykuQUBQzsij0Y0kihKdoTHqachQQ6SVZ8gU808oQjkKhH1cwU79vJCiQch74ejKNKX97qfiX14vV6NJLKI9iRTheHhrFDKoQpjXAIRUEKzbXBGFBdVaIJ0ggrHRZBV3C10/h/6RdsZyq5d5Vio2rVR15cAJOQRk4oAYa4AY0QQtgMAMP4Ak8G4nxaLwYr8vRnLHaOQY/YLx9ApyCkwU=</latexit>

O(1)

<latexit sha1_base64="iwUUVuMW5NXlWIbu0PNRPbXFrjc=">AAAB/3icdVDLSgMxFM3UV62vUcGNm9QiuCozZWztripFFy6q2Ae0pWTSTBuayQxJRixjF/6KGxeKuPU33Pk3pg9BRQ8EDufce3PvcUNGpbKsDyMxN7+wuJRcTq2srq1vmJtbNRlEApMqDlggGi6ShFFOqooqRhqhIMh3Gam7g9OxX78hQtKAX6thSNo+6nHqUYyUljrmTvk2DDjhiiLGhvDi+OqsnE6nO2bGyhYLh07RhhOSLzhT4jh5aGetCTJghkrHfG91Axz5ehJmSMqmbYWqHSOhKGZklGpFkoQID1CPNDXlyCeyHU/2H8F9rXShFwj9uIIT9XtHjHwph76rK32k+vK3Nxb/8pqR8o7aMeVhpAjH04+8iEEVwHEYsEsFwUrf3aUIC6p3hbiPBMJKR5bSIXxdCv8ntVzWzmedy1ymdDKLIwl2wR44ADYogBI4BxVQBRjcgQfwBJ6Ne+PReDFep6UJY9azDX7AePsEzl2VVA==</latexit>

Exponentially LARGE!!!

<latexit sha1_base64="yIzMdrHOC4aXuyxFFKDFRtB8aKg="></latexit>

Flip triangularity of the residue conditions

<latexit sha1_base64="a3UmJOReGMciSwCXHTlkiwKexts="></latexit>
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<latexit sha1_base64="/UxdJnNKz5PRBtOPIIiID+bCV5g=">AAACCXicdVC7TgJBFJ31ifhCLW0mgonVZtesoJ1oY4lGxAQImR3uwsR5bGZmNYTY2vgrNhYaY+sf2Pk3LgsmavRUJ+fcm3vPCWPOjPW8D2dqemZ2bj63kF9cWl5ZLaytXxiVaAp1qrjSlyExwJmEumWWw2WsgYiQQyO8Oh75jWvQhil5bgcxtAXpSRYxSmwqdQq4iiXcYAFaCaXjPqP47KSGI6VxqVpyXbdTKHruQWUvOPBxRsqVYEyCoIx918tQRBPUOoX3VlfRRIC0lBNjmr4X2/aQaMsoh9t8KzEQE3pFetBMqSQCTHuYJbnF26nSza5HSlqcqd83hkQYMxBhOimI7Zvf3kj8y2smNtpvD5mMEwuSjg9FCcdW4VEtuMs0UMsHKSFUs/RXTPtEE2rT8vJpCV9J8f/kYtf1y25wuls8PJrUkUObaAvtIB9V0CE6QTVURxTdoQf0hJ6de+fReXFex6NTzmRnA/2A8/YJt0uYcg==</latexit>

A new meromorphic RHP for A...

<latexit sha1_base64="WJYlOA2u4GbEn54GW9uupSbUq3Y=">AAACAXicdVDLSgMxFM34rPVVdSO4CRbBVZkpY2t3RTcuK/QFbSmZNG1DM8mQ3FFKqRt/xY0LRdz6F+78G9NpBRU9cLmHc+4luSeIBDfguh/O0vLK6tp6aiO9ubW9s5vZ268bFWvKalQJpZsBMUxwyWrAQbBmpBkJA8Eawehy5jdumDZcySqMI9YJyUDyPqcErNTNHFaHDMOtwkYJDkrOejy3sm6uVDzzSx5OSKHoz4nvF7CXcxNk0QKVbua93VM0DpkEKogxLc+NoDMhGjgVbJpux4ZFhI7IgLUslSRkpjNJLpjiE6v0cF9pWxJwon7fmJDQmHEY2MmQwND89mbiX14rhv55Z8JlFAOTdP5QPxYYFJ7FgXtcMwpibAmhmtu/YjokmlCwoaVtCF+X4v9JPZ/zCjn/Op8tXyziSKEjdIxOkYeKqIyuUAXVEEV36AE9oWfn3nl0XpzX+eiSs9g5QD/gvH0COE+Xbg==</latexit>

The two soliton solution



<latexit sha1_base64="0+lofFUUgxTgqdhhywET7LMLhpw="></latexit>

res�=ik2A(�) = lim
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<latexit sha1_base64="NSlEDSxAeRBlpY4Hkohs1olgF+0="></latexit>

res�=ik1A(�) = lim
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<latexit sha1_base64="WJYlOA2u4GbEn54GW9uupSbUq3Y=">AAACAXicdVDLSgMxFM34rPVVdSO4CRbBVZkpY2t3RTcuK/QFbSmZNG1DM8mQ3FFKqRt/xY0LRdz6F+78G9NpBRU9cLmHc+4luSeIBDfguh/O0vLK6tp6aiO9ubW9s5vZ268bFWvKalQJpZsBMUxwyWrAQbBmpBkJA8Eawehy5jdumDZcySqMI9YJyUDyPqcErNTNHFaHDMOtwkYJDkrOejy3sm6uVDzzSx5OSKHoz4nvF7CXcxNk0QKVbua93VM0DpkEKogxLc+NoDMhGjgVbJpux4ZFhI7IgLUslSRkpjNJLpjiE6v0cF9pWxJwon7fmJDQmHEY2MmQwND89mbiX14rhv55Z8JlFAOTdP5QPxYYFJ7FgXtcMwpibAmhmtu/YjokmlCwoaVtCF+X4v9JPZ/zCjn/Op8tXyziSKEjdIxOkYeKqIyuUAXVEEV36AE9oWfn3nl0XpzX+eiSs9g5QD/gvH0COE+Xbg==</latexit>

The two soliton solution



<latexit sha1_base64="FDYtDsQR6KBeiFdnx6UoSNvMN4Y=">AAAB+HicdVDLSsNAFJ34rPXRqEs3g0VwFRKJrd0V3bisYB/QhDKZTtqhkwczN0IN/RI3LhRx66e482+cphVU9MCFwzn3cu89QSq4Atv+MFZW19Y3Nktb5e2d3b2KuX/QUUkmKWvTRCSyFxDFBI9ZGzgI1kslI1EgWDeYXM397h2TiifxLUxT5kdkFPOQUwJaGpgVT7AQvBn2JB+NwRqYVdtq1M/dhoMLUqu7C+K6NexYdoEqWqI1MN+9YUKziMVABVGq79gp+DmRwKlgs7KXKZYSOiEj1tc0JhFTfl4cPsMnWhniMJG6YsCF+n0iJ5FS0yjQnRGBsfrtzcW/vH4G4YWf8zjNgMV0sSjMBIYEz1PAQy4ZBTHVhFDJ9a2YjokkFHRWZR3C16f4f9I5s5ya5d641eblMo4SOkLH6BQ5qI6a6Bq1UBtRlKEH9ISejXvj0XgxXhetK8Zy5hD9gPH2CQijk14=</latexit>

}<latexit sha1_base64="E6+paB02R5UIPWqnRgzHX+WAoHU=">AAACAXicdVDLSsNAFJ3UV62vqBvBzWARXIWkxNbuim5cVrAPaGOYTKft0EkmzEykJdSNv+LGhSJu/Qt3/o3TtIKKHrhwOOde7r0niBmVyrY/jNzS8srqWn69sLG5tb1j7u41JU8EJg3MGRftAEnCaEQaiipG2rEgKAwYaQWji5nfuiVCUh5dq0lMvBANItqnGCkt+ebBGHZRHAs+htCFIz8tTW90QeWbRduqVk7dqgMzUq64c+K6ZehYdoYiWKDum+/dHsdJSCKFGZKy49ix8lIkFMWMTAvdRJIY4REakI6mEQqJ9NLsgyk81koP9rnQFSmYqd8nUhRKOQkD3RkiNZS/vZn4l9dJVP/MS2kUJ4pEeL6onzCoOJzFAXtUEKzYRBOEBdW3QjxEAmGlQyvoEL4+hf+TZslyypZ75RZr54s48uAQHIET4IAKqIFLUAcNgMEdeABP4Nm4Nx6NF+N13pozFjP74AeMt09mdZZC</latexit>

x ⇡ 4k22t

<latexit sha1_base64="uXKvZ9KSmAWskm0tDoiAMpWIJt4=">AAAB8nicdVBNS8NAEN3Ur1q/qh69LLaCp5CU2FpPRS8eK9haSEPZbDfp0s0HuxOhlP4MLx4U8eqv8ea/cZtWUNEHA4/3ZpiZ56eCK7CsD6Owsrq2vlHcLG1t7+zulfcPuirJJGUdmohE9nyimOAx6wAHwXqpZCTyBbvzx1dz/+6eScWT+BYmKfMiEsY84JSAltwq4H4YYhtXLwblimU2G2dO08Y5qTecBXGcOrZNK0cFLdEelN/7w4RmEYuBCqKUa1speFMigVPBZqV+plhK6JiEzNU0JhFT3jQ/eYZPtDLEQSJ1xYBz9fvElERKTSJfd0YERuq3Nxf/8twMgnNvyuM0AxbTxaIgExgSPP8fD7lkFMREE0Il17diOiKSUNAplXQIX5/i/0m3Ztp107mpVVqXyziK6Agdo1NkowZqoWvURh1EUYIe0BN6NsB4NF6M10VrwVjOHKIfMN4+AWPjkAw=</latexit>

t � 1:
<latexit sha1_base64="oINXa68eceRKfffWIy8KLafcyEY=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g61QNyEpsbW7oht3VrAPaEOZTKft0MkkzEwKJfRP3LhQxK1/4s6/cZJWUNEDA4dz7uWeOX7EqFS2/WHk1tY3Nrfy24Wd3b39A/PwqC3DWGDSwiELRddHkjDKSUtRxUg3EgQFPiMdf3qd+p0ZEZKG/F7NI+IFaMzpiGKktDQwzVI/QGqCEUtuF2XnvDQwi7ZVr124dQdmpFpzl8R1q9Cx7AxFsEJzYL73hyGOA8IVZkjKnmNHykuQUBQzsij0Y0kihKdoTHqachQQ6SVZ8gU808oQjkKhH1cwU79vJCiQch74ejKNKX97qfiX14vV6NJLKI9iRTheHhrFDKoQpjXAIRUEKzbXBGFBdVaIJ0ggrHRZBV3C10/h/6RdsZyq5d5Vio2rVR15cAJOQRk4oAYa4AY0QQtgMAMP4Ak8G4nxaLwYr8vRnLHaOQY/YLx9ApyCkwU=</latexit>

O(1)
<latexit sha1_base64="RgjWvG02BAcK7rwNWGY9VuC8eoU=">AAAB/XicdVDLSgMxFM3UV62v8bFzEy2Cq2GmjK3dFUVwWcE+oB1KJpO2oZnMkGTEOhR/xY0LRdz6H+78G9NpBRU9EHI4597k3uPHjEpl2x9GbmFxaXklv1pYW9/Y3DK3d5oySgQmDRyxSLR9JAmjnDQUVYy0Y0FQ6DPS8kfnU791Q4SkEb9W45h4IRpw2qcYKS31zL2L2zjihCuKGBtDGerroGcWbataOXGrDsxIueLOiOuWoWPZGYpgjnrPfO8GEU5C/Q5mSMqOY8fKS5FQFDMyKXQTSWKER2hAOppyFBLppdn0E3iklQD2I6EPVzBTv3ekKJRyHPq6MkRqKH97U/Evr5Oo/qmXUh4ninA8+6ifMKgiOI0CBlQQrPTWAUVYUD0rxEMkEFY6sIIO4WtT+D9pliynbLlXpWLtbB5HHuyDQ3AMHFABNXAJ6qABMLgDD+AJPBv3xqPxYrzOSnPGvGcX/IDx9gkbiJWs</latexit>

Exponentially small!

<latexit sha1_base64="0+lofFUUgxTgqdhhywET7LMLhpw="></latexit>
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<latexit sha1_base64="NSlEDSxAeRBlpY4Hkohs1olgF+0="></latexit>
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<latexit sha1_base64="WJYlOA2u4GbEn54GW9uupSbUq3Y=">AAACAXicdVDLSgMxFM34rPVVdSO4CRbBVZkpY2t3RTcuK/QFbSmZNG1DM8mQ3FFKqRt/xY0LRdz6F+78G9NpBRU9cLmHc+4luSeIBDfguh/O0vLK6tp6aiO9ubW9s5vZ268bFWvKalQJpZsBMUxwyWrAQbBmpBkJA8Eawehy5jdumDZcySqMI9YJyUDyPqcErNTNHFaHDMOtwkYJDkrOejy3sm6uVDzzSx5OSKHoz4nvF7CXcxNk0QKVbua93VM0DpkEKogxLc+NoDMhGjgVbJpux4ZFhI7IgLUslSRkpjNJLpjiE6v0cF9pWxJwon7fmJDQmHEY2MmQwND89mbiX14rhv55Z8JlFAOTdP5QPxYYFJ7FgXtcMwpibAmhmtu/YjokmlCwoaVtCF+X4v9JPZ/zCjn/Op8tXyziSKEjdIxOkYeKqIyuUAXVEEV36AE9oWfn3nl0XpzX+eiSs9g5QD/gvH0COE+Xbg==</latexit>

The two soliton solution



<latexit sha1_base64="FDYtDsQR6KBeiFdnx6UoSNvMN4Y=">AAAB+HicdVDLSsNAFJ34rPXRqEs3g0VwFRKJrd0V3bisYB/QhDKZTtqhkwczN0IN/RI3LhRx66e482+cphVU9MCFwzn3cu89QSq4Atv+MFZW19Y3Nktb5e2d3b2KuX/QUUkmKWvTRCSyFxDFBI9ZGzgI1kslI1EgWDeYXM397h2TiifxLUxT5kdkFPOQUwJaGpgVT7AQvBn2JB+NwRqYVdtq1M/dhoMLUqu7C+K6NexYdoEqWqI1MN+9YUKziMVABVGq79gp+DmRwKlgs7KXKZYSOiEj1tc0JhFTfl4cPsMnWhniMJG6YsCF+n0iJ5FS0yjQnRGBsfrtzcW/vH4G4YWf8zjNgMV0sSjMBIYEz1PAQy4ZBTHVhFDJ9a2YjokkFHRWZR3C16f4f9I5s5ya5d641eblMo4SOkLH6BQ5qI6a6Bq1UBtRlKEH9ISejXvj0XgxXhetK8Zy5hD9gPH2CQijk14=</latexit>

}<latexit sha1_base64="E6+paB02R5UIPWqnRgzHX+WAoHU=">AAACAXicdVDLSsNAFJ3UV62vqBvBzWARXIWkxNbuim5cVrAPaGOYTKft0EkmzEykJdSNv+LGhSJu/Qt3/o3TtIKKHrhwOOde7r0niBmVyrY/jNzS8srqWn69sLG5tb1j7u41JU8EJg3MGRftAEnCaEQaiipG2rEgKAwYaQWji5nfuiVCUh5dq0lMvBANItqnGCkt+ebBGHZRHAs+htCFIz8tTW90QeWbRduqVk7dqgMzUq64c+K6ZehYdoYiWKDum+/dHsdJSCKFGZKy49ix8lIkFMWMTAvdRJIY4REakI6mEQqJ9NLsgyk81koP9rnQFSmYqd8nUhRKOQkD3RkiNZS/vZn4l9dJVP/MS2kUJ4pEeL6onzCoOJzFAXtUEKzYRBOEBdW3QjxEAmGlQyvoEL4+hf+TZslyypZ75RZr54s48uAQHIET4IAKqIFLUAcNgMEdeABP4Nm4Nx6NF+N13pozFjP74AeMt09mdZZC</latexit>

x ⇡ 4k22t

<latexit sha1_base64="uXKvZ9KSmAWskm0tDoiAMpWIJt4=">AAAB8nicdVBNS8NAEN3Ur1q/qh69LLaCp5CU2FpPRS8eK9haSEPZbDfp0s0HuxOhlP4MLx4U8eqv8ea/cZtWUNEHA4/3ZpiZ56eCK7CsD6Owsrq2vlHcLG1t7+zulfcPuirJJGUdmohE9nyimOAx6wAHwXqpZCTyBbvzx1dz/+6eScWT+BYmKfMiEsY84JSAltwq4H4YYhtXLwblimU2G2dO08Y5qTecBXGcOrZNK0cFLdEelN/7w4RmEYuBCqKUa1speFMigVPBZqV+plhK6JiEzNU0JhFT3jQ/eYZPtDLEQSJ1xYBz9fvElERKTSJfd0YERuq3Nxf/8twMgnNvyuM0AxbTxaIgExgSPP8fD7lkFMREE0Il17diOiKSUNAplXQIX5/i/0m3Ztp107mpVVqXyziK6Agdo1NkowZqoWvURh1EUYIe0BN6NsB4NF6M10VrwVjOHKIfMN4+AWPjkAw=</latexit>

t � 1:
<latexit sha1_base64="oINXa68eceRKfffWIy8KLafcyEY=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g61QNyEpsbW7oht3VrAPaEOZTKft0MkkzEwKJfRP3LhQxK1/4s6/cZJWUNEDA4dz7uWeOX7EqFS2/WHk1tY3Nrfy24Wd3b39A/PwqC3DWGDSwiELRddHkjDKSUtRxUg3EgQFPiMdf3qd+p0ZEZKG/F7NI+IFaMzpiGKktDQwzVI/QGqCEUtuF2XnvDQwi7ZVr124dQdmpFpzl8R1q9Cx7AxFsEJzYL73hyGOA8IVZkjKnmNHykuQUBQzsij0Y0kihKdoTHqachQQ6SVZ8gU808oQjkKhH1cwU79vJCiQch74ejKNKX97qfiX14vV6NJLKI9iRTheHhrFDKoQpjXAIRUEKzbXBGFBdVaIJ0ggrHRZBV3C10/h/6RdsZyq5d5Vio2rVR15cAJOQRk4oAYa4AY0QQtgMAMP4Ak8G4nxaLwYr8vRnLHaOQY/YLx9ApyCkwU=</latexit>

O(1)
<latexit sha1_base64="RgjWvG02BAcK7rwNWGY9VuC8eoU=">AAAB/XicdVDLSgMxFM3UV62v8bFzEy2Cq2GmjK3dFUVwWcE+oB1KJpO2oZnMkGTEOhR/xY0LRdz6H+78G9NpBRU9EHI4597k3uPHjEpl2x9GbmFxaXklv1pYW9/Y3DK3d5oySgQmDRyxSLR9JAmjnDQUVYy0Y0FQ6DPS8kfnU791Q4SkEb9W45h4IRpw2qcYKS31zL2L2zjihCuKGBtDGerroGcWbataOXGrDsxIueLOiOuWoWPZGYpgjnrPfO8GEU5C/Q5mSMqOY8fKS5FQFDMyKXQTSWKER2hAOppyFBLppdn0E3iklQD2I6EPVzBTv3ekKJRyHPq6MkRqKH97U/Evr5Oo/qmXUh4ninA8+6ifMKgiOI0CBlQQrPTWAUVYUD0rxEMkEFY6sIIO4WtT+D9pliynbLlXpWLtbB5HHuyDQ3AMHFABNXAJ6qABMLgDD+AJPBv3xqPxYrzOSnPGvGcX/IDx9gkbiJWs</latexit>

Exponentially small!

<latexit sha1_base64="77X+Ygh4GaYwFSgPNnHqKYXhJN8=">AAACBXicdZDLSsNAFIYn9VbrLepSF4Ot4KokJbZ2VxTEZQV7gTaWyXTSDp1MwsxELKEbN76KGxeKuPUd3Pk2TtMKKvrDwMd/zmHO+b2IUaks68PILCwuLa9kV3Nr6xubW+b2TlOGscCkgUMWiraHJGGUk4aiipF2JAgKPEZa3uhsWm/dECFpyK/UOCJugAac+hQjpa2euX8eCli4LUBOkAYHjnpJaXKtH1SFnpm3itXKsVO1YQrlijMDxylDu2ilyoO56j3zvdsPcRwQrjBDUnZsK1JugoSimJFJrhtLEiE8QgPS0chRQKSbpFdM4KF2+tDX+/ghVzB1v08kKJByHHi6M0BqKH/XpuZftU6s/BM3oTyKFeF49pEfM6hCOI0E9qkgWLGxBoQF1btCPEQCYaWDy+kQvi6F/0OzVLTLReeylK+dzuPIgj1wAI6ADSqgBi5AHTQABnfgATyBZ+PeeDRejNdZa8aYz+yCHzLePgGp6ZbP</latexit>

For x near 4k22t

<latexit sha1_base64="t4GMgPxoBNANx8E3MY7H0TAI21Q=">AAAB73icdVBNS8NAEN3Ur1q/qh69LBbBU0gktvZW9OKxgv2ANpTNdtIu3U3i7kYooX/CiwdFvPp3vPlv3KYVVPTBwOO9GWbmBQlnSjvOh1VYWV1b3yhulra2d3b3yvsHbRWnkkKLxjyW3YAo4CyClmaaQzeRQETAoRNMruZ+5x6kYnF0q6cJ+IKMIhYySrSRun0mzBZQg3LFseu1c6/u4pxUa96CeF4Vu7aTo4KWaA7K7/1hTFMBkaacKNVznUT7GZGaUQ6zUj9VkBA6ISPoGRoRAcrP8ntn+MQoQxzG0lSkca5+n8iIUGoqAtMpiB6r395c/MvrpTq88DMWJamGiC4WhSnHOsbz5/GQSaCaTw0hVDJzK6ZjIgnVJqKSCeHrU/w/aZ/ZbtX2brxK43IZRxEdoWN0ilxUQw10jZqohSji6AE9oWfrznq0XqzXRWvBWs4coh+w3j4B4ZGQjg==</latexit>

=)

<latexit sha1_base64="0+lofFUUgxTgqdhhywET7LMLhpw="></latexit>

res�=ik2A(�) = lim
�!ik2

A(�)

"
0 2ik1

⇣
k2�k1
k2+k1

⌘2
e2xk2�8tk3

2

0 0

#

<latexit sha1_base64="NSlEDSxAeRBlpY4Hkohs1olgF+0="></latexit>

res�=ik1A(�) = lim
�!ik1

A(�)

"
0 0

2ik1
⇣

k2�k1
k2+k1

⌘2
e�(2xk1�8tk3

1) 0

#

<latexit sha1_base64="8wGeXcdYbf6ywaYcczJz8Lq4YB4="></latexit>

u ⇡ 2k21sech
2
⇣
k1

⇣
x� 4k21t+

1
k1

log
⇣

k2+k1
k2�k1

⌘⌘⌘

<latexit sha1_base64="aBe+DQ5MSy10La0AuaGG19oSY9o="></latexit>

u ⇡ 2k22sech
2
⇣
k2

⇣
x� 4k22t� 1

k2
log

⇣
k2+k1
k2�k1

⌘⌘⌘

<latexit sha1_base64="tI8CkHm5af+Fm2+q/YSfj0TXm8Q=">AAACBXicdZDLSsNAFIYn9VbrLepSF4Ot4KokJbZ2VxTEZQV7gbaWyXTSDp1MwsxELCEbN76KGxeKuPUd3Pk2TtMKKnpWH/9/Duec3w0ZlcqyPozMwuLS8kp2Nbe2vrG5ZW7vNGUQCUwaOGCBaLtIEkY5aSiqGGmHgiDfZaTljs+mfuuGCEkDfqUmIen5aMipRzFSWuqb++eBgIXbAuQEaXDguB/byXVcSqAq9M28VaxWjp2qDVMoV5wZOE4Z2kUrrTyYV71vvncHAY58whVmSMqObYWqFyOhKGYkyXUjSUKEx2hIOho58onsxekXCTzUygB6+h4v4Aqm6veJGPlSTnxXd/pIjeRvbyr+5XUi5Z30YsrDSBGOZ4u8iEEVwGkkcEAFwYpNNCAsqL4V4hESCCsdXE6H8PUp/B+apaJdLjqXpXztdB5HFuyBA3AEbFABNXAB6qABMLgDD+AJPBv3xqPxYrzOWjPGfGYX/Cjj7ROoXZbO</latexit>

For x near 4k21t

<latexit sha1_base64="WJYlOA2u4GbEn54GW9uupSbUq3Y=">AAACAXicdVDLSgMxFM34rPVVdSO4CRbBVZkpY2t3RTcuK/QFbSmZNG1DM8mQ3FFKqRt/xY0LRdz6F+78G9NpBRU9cLmHc+4luSeIBDfguh/O0vLK6tp6aiO9ubW9s5vZ268bFWvKalQJpZsBMUxwyWrAQbBmpBkJA8Eawehy5jdumDZcySqMI9YJyUDyPqcErNTNHFaHDMOtwkYJDkrOejy3sm6uVDzzSx5OSKHoz4nvF7CXcxNk0QKVbua93VM0DpkEKogxLc+NoDMhGjgVbJpux4ZFhI7IgLUslSRkpjNJLpjiE6v0cF9pWxJwon7fmJDQmHEY2MmQwND89mbiX14rhv55Z8JlFAOTdP5QPxYYFJ7FgXtcMwpibAmhmtu/YjokmlCwoaVtCF+X4v9JPZ/zCjn/Op8tXyziSKEjdIxOkYeKqIyuUAXVEEV36AE9oWfn3nl0XpzX+eiSs9g5QD/gvH0COE+Xbg==</latexit>

The two soliton solution



<latexit sha1_base64="i3be0FB0XtaLUIQzx1vUjwAH060=">AAAB/HicdVBNSwMxEM3Wr1q/qj16CRbBi8tuWVt7K3rxJBVtLbRLyaZpG5pNliQrLKX+FS8eFPHqD/HmvzHdraCiDwYe780wMy+IGFXacT6s3NLyyupafr2wsbm1vVPc3WsrEUtMWlgwITsBUoRRTlqaakY6kSQoDBi5DSbnc//2jkhFBb/RSUT8EI04HVKMtJH6xdLlMbwWjGrBoRIsztSyY9drJ17dhSmp1ryMeF4VuraTogwWaPaL772BwHFIuMYMKdV1nUj7UyQ1xYzMCr1YkQjhCRqRrqEchUT50/T4GTw0ygAOhTTFNUzV7xNTFCqVhIHpDJEeq9/eXPzL68Z6eOpPKY9iTTjOFg1jBrWA8yTggEqCNUsMQVhScyvEYyQR1iavggnh61P4P2lXbLdqe1eVcuNsEUce7IMDcARcUAMNcAGaoAUwSMADeALP1r31aL1Yr1lrzlrMlMAPWG+f6CiU/A==</latexit>

N- Soliton solution



<latexit sha1_base64="u9n3m8aGTlLoP8HKQ3DDL9vG3Ow="></latexit>

res�=ikjM(�) = lim
�!ikj

M(�)


0 0

N�1cje
�(2xkj�8tk3

j ) 0

�

<latexit sha1_base64="NOgXvIxaNwr3PaLzXpaGOQ4JyGg="></latexit>

res�=�ikjM(�) = lim
�!ikj

M(�)


0 N�1cje

�(2xkj�8tk3
j )

0 0

�

<latexit sha1_base64="XshaRijky24nY7nBNB0b77+2Cig=">AAACbXicdVFba9swFJa9S7vs5m7sYRfGYWEsYSHYxUvWh0HZXvZS1sHSFqIQZEVORGXZSMeDYPy2X9i3/oW97C9MTlx2YTtC8Ok75zvS+ZQUSloMw0vPv3b9xs2d3Vud23fu3rsf7D04sXlpuJjwXOXmLGFWKKnFBCUqcVYYwbJEidPk/EOTP/0qjJW5/oLrQswyttQylZyho+bBtyN4B1SJFHtwNK+iukeVUy9Yf9Cc93+dgR q5XGHf1fciGEAEfXgNNGO44kxV8Anqq0Y0NYy7XlWrrVvpAGiztiRQzIFKneJ6HnTD4cH4TXwQwQaMxvEWxPEIomG4iS5p43geXNBFzstMaOSKWTuNwgJnFTMouRJ1h5ZWFIyfs6WYOqhZJuys2rhVw0vHLCDNjdsaYcP+rqhYZu06S1xlM5z9O9eQ/8pNS0zfziqpixKF5tuL0lKBm7OxHhbSCI5q7QDjRrq3Al8xZxW6D+o4E64mhf+Dk/1hNBrGn+Pu4fvWjl3ylLwgPRKRMTkkH8kxmRBOvnuB99h74v3wH/nP/OfbUt9rNQ/JH+G/+gno07YQ</latexit>

M = (M1(�),M2(�)) = (1, 1) +O

✓
1

�

◆
, � ! 1

<latexit sha1_base64="7bplGQg3BoHXDJmgi2uc8EcQaiU="></latexit>

M(��) = (M2(�),M1(�))

<latexit sha1_base64="nMRDA6WadG6rWjUgB8CCPHsBFXU="></latexit>

u(x, t) = 2
d

dx

✓
lim
�!1

�

i
(M1(�)� 1)

◆

<latexit sha1_base64="i3be0FB0XtaLUIQzx1vUjwAH060=">AAAB/HicdVBNSwMxEM3Wr1q/qj16CRbBi8tuWVt7K3rxJBVtLbRLyaZpG5pNliQrLKX+FS8eFPHqD/HmvzHdraCiDwYe780wMy+IGFXacT6s3NLyyupafr2wsbm1vVPc3WsrEUtMWlgwITsBUoRRTlqaakY6kSQoDBi5DSbnc//2jkhFBb/RSUT8EI04HVKMtJH6xdLlMbwWjGrBoRIsztSyY9drJ17dhSmp1ryMeF4VuraTogwWaPaL772BwHFIuMYMKdV1nUj7UyQ1xYzMCr1YkQjhCRqRrqEchUT50/T4GTw0ygAOhTTFNUzV7xNTFCqVhIHpDJEeq9/eXPzL68Z6eOpPKY9iTTjOFg1jBrWA8yTggEqCNUsMQVhScyvEYyQR1iavggnh61P4P2lXbLdqe1eVcuNsEUce7IMDcARcUAMNcAGaoAUwSMADeALP1r31aL1Yr1lrzlrMlMAPWG+f6CiU/A==</latexit>

N- Soliton solution



<latexit sha1_base64="i3be0FB0XtaLUIQzx1vUjwAH060=">AAAB/HicdVBNSwMxEM3Wr1q/qj16CRbBi8tuWVt7K3rxJBVtLbRLyaZpG5pNliQrLKX+FS8eFPHqD/HmvzHdraCiDwYe780wMy+IGFXacT6s3NLyyupafr2wsbm1vVPc3WsrEUtMWlgwITsBUoRRTlqaakY6kSQoDBi5DSbnc//2jkhFBb/RSUT8EI04HVKMtJH6xdLlMbwWjGrBoRIsztSyY9drJ17dhSmp1ryMeF4VuraTogwWaPaL772BwHFIuMYMKdV1nUj7UyQ1xYzMCr1YkQjhCRqRrqEchUT50/T4GTw0ygAOhTTFNUzV7xNTFCqVhIHpDJEeq9/eXPzL68Z6eOpPKY9iTTjOFg1jBrWA8yTggEqCNUsMQVhScyvEYyQR1iavggnh61P4P2lXbLdqe1eVcuNsEUce7IMDcARcUAMNcAGaoAUwSMADeALP1r31aL1Yr1lrzlrMlMAPWG+f6CiU/A==</latexit>

N- Soliton solution

<latexit sha1_base64="mrkm3Cm+6VDfSe0C9rgEv4Yzn64="></latexit>

M(k) =

✓
0 �1
1 0

◆
M(�k)

✓
0 1
�1 0

◆

<latexit sha1_base64="m17FF51uO7aS012Xv0epsFMvUNY=">AAAB8HicdVDLSgMxFM34rPVVdekmWARXw0wZW7sruhFEqGAf0g4lk8m0oUlmSDJCGfoVblwo4tbPceffmE4rqOiBwOGce8i9J0gYVdpxPqyl5ZXVtfXCRnFza3tnt7S331ZxKjFp4ZjFshsgRRgVpKWpZqSbSIJ4wEgnGF/M/M49kYrG4lZPEuJzNBQ0ohhpI91dX4VtiE1+UCo7dr126tVdmJNqzZsTz6tC13ZylMECzUHpvR/GOOVEaMyQUj3XSbSfIakpZmRa7KeKJAiP0ZD0DBWIE+Vn+cJTeGyUEEaxNE9omKvfExniSk14YCY50iP125uJf3m9VEdnfkZFkmoi8PyjKGVQx3B2PQypJFiziSEIS2p2hXiEJMLadFQ0JXxdCv8n7YrtVm3vplJunC/qKIBDcAROgAtqoAEuQRO0AAYcPIAn8GxJ69F6sV7no0vWInMAfsB6+wSjYpBV</latexit>

MKdV case <latexit sha1_base64="RbpuuC3IyaWsZacNO2QAIh33kyc="></latexit>

M =

✓
M11 M12

M21 M22

◆

<latexit sha1_base64="eWGVoF8hpeKCHFszIuUjsXzucrE="></latexit>

M =

✓
1 0
0 1

◆
+O

✓
1

�

◆
, � ! 1

<latexit sha1_base64="dpcUWESrjEJiZKHCdhQiMLEvmCE="></latexit>

u(x, t) = 2ı lim
k!1

k(M(k;x, t))21

<latexit sha1_base64="Ezs4gUxHf/GWx970q8UYp+pq9KM="></latexit>

u(x, t) =
i

2

@

@x
log det(I+M)� i

2

@

@x
log det(I+M†),

Mj` =
p
�j�`

e�2i(✓(j ,x,t)+✓(`,x,t))

i(j + `)
.

<latexit sha1_base64="kIC4YqfpYxSaUStz9qXaDdKrSAo="></latexit>

resk=ikjM(k) = lim
k!ikj

M(k)


0 0

N�1cje
2xkj�8tk3

j 0

�

<latexit sha1_base64="38UPNDtQqnC4Y4WF+J8ZhLWOe44="></latexit>

resk=�ikjM(k) = lim
k!ikj

M(k)


0 N�1cje

2xkj�8tk3
j

0 0

�

<latexit sha1_base64="ptTI632XJ+WjJsEahtLQnprFr60="></latexit>

ut + 6u2ux + uxxx = 0 , x 2 R .



<latexit sha1_base64="WdFY9TVSFIvFEvo5rh1EoaDt9ow="></latexit>

In 1971, Zakharov considered the interaction of a dilute gas of solitons.

Solitons with di↵erent velocities interact by exchanging their velocities,
but: they emerge after the interaction with slightly shifted positions.

<latexit sha1_base64="ggVHp7mj6M8BJI8D2vF5vxOKRBw="></latexit>

The fundamental calculation: prepare 2 solitons:

u(x, t) ⇡ 12⌘21sech
2 �⌘1(x� 4⌘21t)

�
+ 12⌘22sech

2 �⌘2(x� 4⌘22t)
�
, t ! �1 ,

<latexit sha1_base64="/ijWLNo95cjNGRxAuM3niic+c/I="></latexit>

Then:

u(x, t) ⇡ 12⌘21sech
2


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✓
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1

⌘1
log

����
⌘2 + ⌘1
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����
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+12⌘22sech
2


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✓
x� 4⌘22t�

1

⌘2
log

����
⌘2 + ⌘1
⌘2 � ⌘1

����

◆�
, t ! 1 ,



<latexit sha1_base64="+m0LzFZJb4j7jpnoCRBp8ewCqak="></latexit>

Dilute gas of solitons with ”density” f(⌘, x, t). Launch a ”tracer”:

isolated pairwise interactions: accumulated shifts alter tracer velocity.

Derives an equation for tracer velocity:

<latexit sha1_base64="ZNk/q0qyVTqFI2mWqdNZX7e27kM=">AAACB3icdVDLSsNAFJ34rPUVdSnIYCu4KkmNrXVV7MZlBfuANpTJdNIOnUzizEQIoTs3/oobF4q49Rfc+TcmaQUVPavDOfdyzz1OwKhUhvGhLSwuLa+s5tby6xubW9v6zm5b+qHApIV95ouugyRhlJOWooqRbiAI8hxGOs6kkfqdWyIk9fm1igJie2jEqUsxUok00A8aPleUh1RFkNyEmQpdX8CiC4vn+YFeMEq16qlVM2FGKlVrRiyrAs2SkaEA5mgO9Pf+0MehR7jCDEnZM41A2TESimJGpvl+KEmA8ASNSC+hHHlE2nH2xxQeJcowu+4mqWCmft+IkSdl5DnJpIfUWP72UvEvrxcq98yOKQ9CRTieHXJDBpUP01LgkAqCFYsSgrCgSVaIx0ggrJLq0hK+PoX/k3a5ZFZKJ1flQv1iXkcO7INDcAxMUAV1cAmaoAUwuAMP4Ak8a/fao/aivc5GF7T5zh74Ae3tE8yAmJ4=</latexit>

Continuity equation for f :
<latexit sha1_base64="a5OXdP8oEirKQwl3oQzJ74V4bMQ="></latexit>

ft + (s(⌘)f)x = 0 .

<latexit sha1_base64="CV7wAVhjqFviIW5XMAHP8yK5IIc="></latexit>

s(⌘) = 4⌘2 +
4

⌘

Z 1

0
ln

����
⌘1 + ⌘

⌘1 � ⌘

����(⌘
2 � ⌘21)fd⌘1



<latexit sha1_base64="yXuh0oiSeBqW92ILZ5z62BgGviw=">AAACBHicdVDLSgNBEJyNrxhfUY+5DAbB07Ib1sTcgoJ4jGAekIQwO5kkQ2ZnlpleIYQcvPgrXjwo4tWP8ObfOHkIKlrQUFR1090VxoIb8LwPJ7Wyura+kd7MbG3v7O5l9w/qRiWashpVQulmSAwTXLIacBCsGWtGolCwRji6mPmNW6YNV/IGxjHrRGQgeZ9TAlbqZnOXxAA2SnBQEnODqU644XLgum43m/fccuk0KPt4ToqlYEGCoIh915sjj5aodrPv7Z6iScQkUEGMafleDJ0J0cCpYNNMOzEsJnREBqxlqSQRM53J/IkpPrZKD/eVtiUBz9XvExMSGTOOQtsZERia395M/MtrJdA/60y4jBNgki4W9ROBQeFZIrjHNaMgxpYQqrm9FdMh0YSCzS1jQ/j6FP9P6gXXL7rBdSFfOV/GkUY5dIROkI9KqIKuUBXVEEV36AE9oWfn3nl0XpzXRWvKWc4coh9w3j4BVbyX7A==</latexit>

Fast soliton is cruising...
<latexit sha1_base64="UWKl1mHCV8A5PBWmjEQ/xXAmx4A=">AAACEXicdVDLSgMxFM34rPU16tJNsAhdlZkytnZXFMFlBfuAtpRMmmlDM8mQZJQy9Bfc+CtuXCji1p07/8bMtIKKHggczjmXm3v8iFGlHefDWlpeWV1bz23kN7e2d3btvf2WErHEpIkFE7LjI0UY5aSpqWakE0mCQp+Rtj85T/32DZGKCn6tpxHph2jEaUAx0kYa2MULjkXMtYlABIeUxZrAEVJQBFAxcQuVYFQLrgZ2wSnVqidezYUZqVS9OfG8CnRLToYCWKAxsN97Q4HjkHCNGVKq6zqR7idIaooZmeV7sSIRwhM0Il1DOQqJ6ifZRTN4bJQhDIQ0j2uYqd8nEhQqNQ19kwyRHqvfXir+5XVjHZz2E8ojcyfH80VBzKAWMK3HNCAJ1mxqCMKSmr9CPEYS4bShvCnh61L4P2mVS26l5F2VC/WzRR05cAiOQBG4oArq4BI0QBNgcAcewBN4tu6tR+vFep1Hl6zFzAH4AevtE/zAncw=</latexit>

Encounters a dilute gas of slow solitons

<latexit sha1_base64="xgZpOB7PxKhnJgtMXvucAIQtHL4="></latexit>

Gas: well-separated solitons, described by a density f(⌘, X)



<latexit sha1_base64="yXuh0oiSeBqW92ILZ5z62BgGviw=">AAACBHicdVDLSgNBEJyNrxhfUY+5DAbB07Ib1sTcgoJ4jGAekIQwO5kkQ2ZnlpleIYQcvPgrXjwo4tWP8ObfOHkIKlrQUFR1090VxoIb8LwPJ7Wyura+kd7MbG3v7O5l9w/qRiWashpVQulmSAwTXLIacBCsGWtGolCwRji6mPmNW6YNV/IGxjHrRGQgeZ9TAlbqZnOXxAA2SnBQEnODqU644XLgum43m/fccuk0KPt4ToqlYEGCoIh915sjj5aodrPv7Z6iScQkUEGMafleDJ0J0cCpYNNMOzEsJnREBqxlqSQRM53J/IkpPrZKD/eVtiUBz9XvExMSGTOOQtsZERia395M/MtrJdA/60y4jBNgki4W9ROBQeFZIrjHNaMgxpYQqrm9FdMh0YSCzS1jQ/j6FP9P6gXXL7rBdSFfOV/GkUY5dIROkI9KqIKuUBXVEEV36AE9oWfn3nl0XpzXRWvKWc4coh9w3j4BVbyX7A==</latexit>

Fast soliton is cruising...
<latexit sha1_base64="UWKl1mHCV8A5PBWmjEQ/xXAmx4A=">AAACEXicdVDLSgMxFM34rPU16tJNsAhdlZkytnZXFMFlBfuAtpRMmmlDM8mQZJQy9Bfc+CtuXCji1p07/8bMtIKKHggczjmXm3v8iFGlHefDWlpeWV1bz23kN7e2d3btvf2WErHEpIkFE7LjI0UY5aSpqWakE0mCQp+Rtj85T/32DZGKCn6tpxHph2jEaUAx0kYa2MULjkXMtYlABIeUxZrAEVJQBFAxcQuVYFQLrgZ2wSnVqidezYUZqVS9OfG8CnRLToYCWKAxsN97Q4HjkHCNGVKq6zqR7idIaooZmeV7sSIRwhM0Il1DOQqJ6ifZRTN4bJQhDIQ0j2uYqd8nEhQqNQ19kwyRHqvfXir+5XVjHZz2E8ojcyfH80VBzKAWMK3HNCAJ1mxqCMKSmr9CPEYS4bShvCnh61L4P2mVS26l5F2VC/WzRR05cAiOQBG4oArq4BI0QBNgcAcewBN4tu6tR+vFep1Hl6zFzAH4AevtE/zAncw=</latexit>

Encounters a dilute gas of slow solitons

<latexit sha1_base64="xgZpOB7PxKhnJgtMXvucAIQtHL4="></latexit>

Gas: well-separated solitons, described by a density f(⌘, X)

<latexit sha1_base64="GTWWtefXChufhvB589uM9sPnK+o="></latexit>

In time �T : accumulated shift in the position of the fast soliton:

<latexit sha1_base64="3i0IUaVHimYIcv57sYYLP+GfSLI="></latexit>

1

⌘0

X
ln

✓
⌘0 + ⌘j
⌘0 � ⌘j

◆
⇡

X
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1

⌘0
ln

✓
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⌘0 � ⌘

◆
·#



<latexit sha1_base64="yXuh0oiSeBqW92ILZ5z62BgGviw=">AAACBHicdVDLSgNBEJyNrxhfUY+5DAbB07Ib1sTcgoJ4jGAekIQwO5kkQ2ZnlpleIYQcvPgrXjwo4tWP8ObfOHkIKlrQUFR1090VxoIb8LwPJ7Wyura+kd7MbG3v7O5l9w/qRiWashpVQulmSAwTXLIacBCsGWtGolCwRji6mPmNW6YNV/IGxjHrRGQgeZ9TAlbqZnOXxAA2SnBQEnODqU644XLgum43m/fccuk0KPt4ToqlYEGCoIh915sjj5aodrPv7Z6iScQkUEGMafleDJ0J0cCpYNNMOzEsJnREBqxlqSQRM53J/IkpPrZKD/eVtiUBz9XvExMSGTOOQtsZERia395M/MtrJdA/60y4jBNgki4W9ROBQeFZIrjHNaMgxpYQqrm9FdMh0YSCzS1jQ/j6FP9P6gXXL7rBdSFfOV/GkUY5dIROkI9KqIKuUBXVEEV36AE9oWfn3nl0XpzXRWvKWc4coh9w3j4BVbyX7A==</latexit>

Fast soliton is cruising...
<latexit sha1_base64="UWKl1mHCV8A5PBWmjEQ/xXAmx4A=">AAACEXicdVDLSgMxFM34rPU16tJNsAhdlZkytnZXFMFlBfuAtpRMmmlDM8mQZJQy9Bfc+CtuXCji1p07/8bMtIKKHggczjmXm3v8iFGlHefDWlpeWV1bz23kN7e2d3btvf2WErHEpIkFE7LjI0UY5aSpqWakE0mCQp+Rtj85T/32DZGKCn6tpxHph2jEaUAx0kYa2MULjkXMtYlABIeUxZrAEVJQBFAxcQuVYFQLrgZ2wSnVqidezYUZqVS9OfG8CnRLToYCWKAxsN97Q4HjkHCNGVKq6zqR7idIaooZmeV7sSIRwhM0Il1DOQqJ6ifZRTN4bJQhDIQ0j2uYqd8nEhQqNQ19kwyRHqvfXir+5XVjHZz2E8ojcyfH80VBzKAWMK3HNCAJ1mxqCMKSmr9CPEYS4bShvCnh61L4P2mVS26l5F2VC/WzRR05cAiOQBG4oArq4BI0QBNgcAcewBN4tu6tR+vFep1Hl6zFzAH4AevtE/zAncw=</latexit>

Encounters a dilute gas of slow solitons

<latexit sha1_base64="xgZpOB7PxKhnJgtMXvucAIQtHL4="></latexit>

Gas: well-separated solitons, described by a density f(⌘, X)

<latexit sha1_base64="GTWWtefXChufhvB589uM9sPnK+o="></latexit>

In time �T : accumulated shift in the position of the fast soliton:

<latexit sha1_base64="3i0IUaVHimYIcv57sYYLP+GfSLI="></latexit>
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<latexit sha1_base64="5POAERR4O8eV9336S+n5Soxb5yo="></latexit>
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⌘

1
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ln

✓
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⌘0 � ⌘

◆
· (4⌘20 � 4⌘2)�Tf(⌘, X)



<latexit sha1_base64="yXuh0oiSeBqW92ILZ5z62BgGviw=">AAACBHicdVDLSgNBEJyNrxhfUY+5DAbB07Ib1sTcgoJ4jGAekIQwO5kkQ2ZnlpleIYQcvPgrXjwo4tWP8ObfOHkIKlrQUFR1090VxoIb8LwPJ7Wyura+kd7MbG3v7O5l9w/qRiWashpVQulmSAwTXLIacBCsGWtGolCwRji6mPmNW6YNV/IGxjHrRGQgeZ9TAlbqZnOXxAA2SnBQEnODqU644XLgum43m/fccuk0KPt4ToqlYEGCoIh915sjj5aodrPv7Z6iScQkUEGMafleDJ0J0cCpYNNMOzEsJnREBqxlqSQRM53J/IkpPrZKD/eVtiUBz9XvExMSGTOOQtsZERia395M/MtrJdA/60y4jBNgki4W9ROBQeFZIrjHNaMgxpYQqrm9FdMh0YSCzS1jQ/j6FP9P6gXXL7rBdSFfOV/GkUY5dIROkI9KqIKuUBXVEEV36AE9oWfn3nl0XpzXRWvKWc4coh9w3j4BVbyX7A==</latexit>

Fast soliton is cruising...
<latexit sha1_base64="UWKl1mHCV8A5PBWmjEQ/xXAmx4A=">AAACEXicdVDLSgMxFM34rPU16tJNsAhdlZkytnZXFMFlBfuAtpRMmmlDM8mQZJQy9Bfc+CtuXCji1p07/8bMtIKKHggczjmXm3v8iFGlHefDWlpeWV1bz23kN7e2d3btvf2WErHEpIkFE7LjI0UY5aSpqWakE0mCQp+Rtj85T/32DZGKCn6tpxHph2jEaUAx0kYa2MULjkXMtYlABIeUxZrAEVJQBFAxcQuVYFQLrgZ2wSnVqidezYUZqVS9OfG8CnRLToYCWKAxsN97Q4HjkHCNGVKq6zqR7idIaooZmeV7sSIRwhM0Il1DOQqJ6ifZRTN4bJQhDIQ0j2uYqd8nEhQqNQ19kwyRHqvfXir+5XVjHZz2E8ojcyfH80VBzKAWMK3HNCAJ1mxqCMKSmr9CPEYS4bShvCnh61L4P2mVS26l5F2VC/WzRR05cAiOQBG4oArq4BI0QBNgcAcewBN4tu6tR+vFep1Hl6zFzAH4AevtE/zAncw=</latexit>

Encounters a dilute gas of slow solitons

<latexit sha1_base64="xgZpOB7PxKhnJgtMXvucAIQtHL4="></latexit>

Gas: well-separated solitons, described by a density f(⌘, X)

<latexit sha1_base64="GTWWtefXChufhvB589uM9sPnK+o="></latexit>

In time �T : accumulated shift in the position of the fast soliton:

<latexit sha1_base64="3i0IUaVHimYIcv57sYYLP+GfSLI="></latexit>
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<latexit sha1_base64="5POAERR4O8eV9336S+n5Soxb5yo="></latexit>
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X
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1

⌘0
ln

✓
⌘0 + ⌘

⌘0 � ⌘

◆
· (4⌘20 � 4⌘2)�Tf(⌘, X)

<latexit sha1_base64="WZg3O57l9X882cJF5KC5KUL/+8g="></latexit>

Yielding a shift in the velocity of the fast soliton

<latexit sha1_base64="fW2GW4aLO8xXfIGExfMuT/eHH1Q="></latexit>
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<latexit sha1_base64="AezADlRgYXAPrXMCNX4SbNJFYB0="></latexit>

Gennady El (2003) extracted integral eqn for tracer velocity for a dense gas:

s(⌘) = 4⌘2 +
4

⌘

Z 1

0
ln

����
⌘1 + ⌘

⌘1 � ⌘

����f(⌘1)(s(⌘)� s(⌘1))d⌘1

ft + (sf)x = 0 .

<latexit sha1_base64="L5UkFHD7kAG+HKjUdYqcAldBNDE="></latexit>

Extended in several directions, by El & Kamchatnov, El & Tovbis, Pelinovsky
& Shurgalina, Pelinovsky & Dutykh, and others...



<latexit sha1_base64="AezADlRgYXAPrXMCNX4SbNJFYB0="></latexit>

Gennady El (2003) extracted integral eqn for tracer velocity for a dense gas:

s(⌘) = 4⌘2 +
4

⌘

Z 1

0
ln

����
⌘1 + ⌘

⌘1 � ⌘

����f(⌘1)(s(⌘)� s(⌘1))d⌘1

ft + (sf)x = 0 .

<latexit sha1_base64="NpbfoczguYi7zcoNAq4OQ+9wTP4="></latexit>

1983: Lax and Levermore described the small dispersion limit of KdV:

ut � 6uux + ✏2uxxx = 0 , u(x, 0) = u0(x) .

Fact: the (infinite) solitonic component of the spectral data drives the dynamics.

The point: a well-prepared ”gas” of solitions yields similar kinetic equations.

<latexit sha1_base64="L5UkFHD7kAG+HKjUdYqcAldBNDE="></latexit>

Extended in several directions, by El & Kamchatnov, El & Tovbis, Pelinovsky
& Shurgalina, Pelinovsky & Dutykh, and others...

<latexit sha1_base64="45+Kup7NnaZQFp/LG9gYbH/rNsA="></latexit>

These same equations describe a regular gas of solitons.



<latexit sha1_base64="jvuLJ5HZAMz7la64sPZJbFqjeOU="></latexit>

2016: Dyachenko, Zakharov, and Zakharov: constructed new class of potentials

A continuum limit of solitons with a spectral gap:

<latexit sha1_base64="23mYMEceahQyW6VNVyZOEy3aFnI="></latexit>
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#

<latexit sha1_base64="f0KKckniEEuhs6u6pHWg3w2xTrQ="></latexit>

resk=�ijM(k) = lim
k!�ij

M(k)

"
0

�ı�j

N
e2ı✓(k,x,t)

0 0

#

<latexit sha1_base64="+L7XTm6CSjWgcQSDGa1lge75jMw="></latexit>

�j : discretization of a smooth function.

<latexit sha1_base64="PV3/bITNMtNShEiUwfU0UakM7x4="></latexit>

N Poles accumulating here, N ! 1

<latexit sha1_base64="6D+a0p0LsPTUdbL4wbbxtceQwNk="></latexit>

Actually one case in Dyachenko, Zakharov, and Zakharov, adapted to MKdV

<latexit sha1_base64="av1JZGzrWkd3TbGee5m0vjUPlxQ="></latexit>

Subsequent work by P. Nabelek, and Nabelek, Zakharov, and Zakharov
<latexit sha1_base64="oN4QQuw4Jar1amMogm8h4QggfRM=">AAAB8HicdVDLSgMxFM3UV62vqks3wSLUhcPMMLZ2V3TjsoJ9SDuUTJppQ5PMkGSEUvoVblwo4tbPceffmE4rqOiBC4dz7uXee8KEUaUd58PKrayurW/kNwtb2zu7e8X9g5aKU4lJE8cslp0QKcKoIE1NNSOdRBLEQ0ba4fhq7rfviVQ0Frd6kpCAo6GgEcVIG+mu7Dmec+a5p/1iybFr1XO/5sKMVKr+gvh+Bbq2k6EElmj0i++9QYxTToTGDCnVdZ1EB1MkNcWMzAq9VJEE4TEakq6hAnGigml28AyeGGUAo1iaEhpm6veJKeJKTXhoOjnSI/Xbm4t/ed1URxfBlIok1UTgxaIoZVDHcP49HFBJsGYTQxCW1NwK8QhJhLXJqGBC+PoU/k9anu1WbP/GK9Uvl3HkwRE4BmXggiqog2vQAE2AAQcP4Ak8W9J6tF6s10VrzlrOHIIfsN4+AXtbjuw=</latexit>

(2020-21)



<latexit sha1_base64="I9WqYkV+2vaVNKTEs1NC+trtMoA="></latexit>

A Riemann-Hilbert problem emerges in the limit

<latexit sha1_base64="/XhzMs0bKBVxuAglmNzTXhLP9VE="></latexit>

X+(k) = X�(k)
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1 0

ir(k)e�2i✓(k,x,t) 1

�

<latexit sha1_base64="nFJPMKg7Xgdy5s9cilQQzHXrajE="></latexit>

X+(k) = X�(k)


1 ir(k̄)e2i✓(k,x,t)

0 1

�
k 2 ⌃2

<latexit sha1_base64="5kBLG3RxI6upEFX8mBIWvsXNvtQ="></latexit>

✓(k, x, t) = 4tk3 + xk

<latexit sha1_base64="z/zGRk7Aub++wlvrICori17ZnNc=">AAAB/3icdVDLSgMxFM3UV62vUcGNm2ARXA0zdWztruhGEKFCWwvtUDKZTCc08yDJCGXswl9x40IRt/6GO//GdFpBRQ8JHM659+bmuAmjQprmh1ZYWFxaXimultbWNza39O2djohTjkkbxyzmXRcJwmhE2pJKRroJJyh0GblxR+dT/+aWcEHjqCXHCXFCNIyoTzGSShroe62ACqiODAi8uvQ6EKtpxkAvm0a9dmLXLZiTas2eEduuQsswc5TBHM2B/t73YpyGJJKYISF6lplIJ0NcUszIpNRPBUkQHqEh6SkaoZAIJ8v3n8BDpXjQj7m6kYS5+r0jQ6EQ49BVlSGSgfjtTcW/vF4q/VMno1GSShLh2UN+yqCM4TQM6FFOsGRjRRDmVO0KcYA4wlJFVlIhfP0U/k86FcOqGsfXlXLjbB5HEeyDA3AELFADDXABmqANMLgDD+AJPGv32qP2or3OSgvavGcX/ID29gm2LJVK</latexit>

This is the MKdV case.

<latexit sha1_base64="iGgL3kkbKY3Zte0rtGL6HPlBmK0=">AAAB/HicdVDLSsNAFJ3UV62vaJduBovgKiQ1tnZXdCO4qWAf0IYymUzaoZNJmJkIIdRfceNCEbd+iDv/xulDUNEDA4dzzuXeOX7CqFS2/WEUVlbX1jeKm6Wt7Z3dPXP/oCPjVGDSxjGLRc9HkjDKSVtRxUgvEQRFPiNdf3I587t3REga81uVJcSL0IjTkGKktDQ0y9dBB1IJdSaDkkaUITE0K7bVqJ+5DQfOSa3uLojr1qBj2XNUwBKtofk+CGKcRoQrzJCUfcdOlJcjoShmZFoapJIkCE/QiPQ15Sgi0svnx0/hsVYCGMZCP67gXP0+kaNIyizydTJCaix/ezPxL6+fqvDcyylPUkU4XiwKUwZVDGdNwIAKghXLNEFYUH0rxGMkEFa6r5Iu4eun8H/SqVpOzTq9qVaaF8s6iuAQHIET4IA6aIIr0AJtgEEGHsATeDbujUfjxXhdRAvGcqYMfsB4+wSrvpTT</latexit>

KdV is very similar

<latexit sha1_base64="cwkFwHN8xQVEOXe3Ro4+J0txahY="></latexit>

Claim: these are really soliton gasses.

Justification: long-time asymptotics produces densities solving kinetic equation.



<latexit sha1_base64="Lj5pf+zym4bQrAApJGXpT0PV9lQ="></latexit>

Long time behavior of u(x, t) solving KdV, obtained from above RHP

Dynamics driven by g-function.

<latexit sha1_base64="GKRpjtEqf65RdzlgpnOfQKqkNu8=">AAACBHicdVBNTwIxEO3iF65fqEcujcTEE9lFBLkRvXiERIQECOl2Z6Gh2920XRNCOHjxr3jxoDFe/RHe/Dd2ARM1+pImL+/NTGeeF3OmtON8WJmV1bX1jeymvbW9s7uX2z+4UVEiKbRoxCPZ8YgCzgS0NNMcOrEEEnoc2t74MvXbtyAVi8S1nsTQD8lQsIBRoo00yOV7ImLCB6HtZsJAUcOwhKEx7UGu4BRr1bNyzcVzUqmWF6RcrmC36MxRQEs0Brn3nh/RJDQzKCdKdV0n1v0pkZpRDjO7lyiICR2TIXQNFSQE1Z/Oj5jhY6P4OIikeWaHufq9Y0pCpSahZypDokfqt5eKf3ndRAfn/SkTcaJB0MVHQcKxjnCaCPaZBKr5xBBCJTO7YjoiklBtcktD+LoU/09uSkW3Ujxtlgr1i2UcWZRHR+gEuaiK6ugKNVALUXSHHtATerburUfrxXpdlGasZc8h+gHr7RPxYJhP</latexit>

Quiescent region

<latexit sha1_base64="ky2RBXp/JxTO1+D14uLePO8pATA=">AAACC3icdZDLSgMxFIYzXmu9jbp0E1oEV2Wmjq3dFd24ESrYC7SlZDJpG5pJhiRTKaV7N76KGxeKuPUF3Pk2ZqYVVPSHwM93zklyfj9iVGnH+bCWlldW19YzG9nNre2dXXtvv6FELDGpY8GEbPlIEUY5qWuqGWlFkqDQZ6Tpjy6SenNMpKKC3+hJRLohGnDapxhpg3p2rsMF5QHhOnslgpgZzAcQGxggBm/RmGR7dt4pVMqnXsWFqSmVvbnxvBJ0C06qPFio1rPfO4HAcWguxQwp1XadSHenSGqKGZllO7EiEcIjNCBtYzkKiepO011m8MiQAPaFNIdrmNLvE1MUKjUJfdMZIj1Uv2sJ/KvWjnX/rDulPIo14Xj+UD9mUAuYBAMDKgnWbGIMwpKav0I8RBJhbeJLQvjaFP5vGsWCWyqcXBfz1fNFHBlwCHLgGLigDKrgEtRAHWBwBx7AE3i27q1H68V6nbcuWYuZA/BD1tsnIrCbIQ==</latexit>

Modulating cnoidal wave

<latexit sha1_base64="2PHDQWWAAAYuOTY0h2yEtjNJagM=">AAACAnicdVDLSgMxFM3UVx1fVVfiJlgEV2Wmjq3dFd24rGAf0JaSSW/b0ExmSDKVUoobf8WNC0Xc+hXu/BszbQUVPRA4nHPvDef4EWdKO86HlVpaXlldS6/bG5tb2zuZ3b2aCmNJoUpDHsqGTxRwJqCqmebQiCSQwOdQ94eXiV8fgVQsFDd6HEE7IH3BeowSbaRO5qAlQia6ILQNnLNIM4pvyQhsu5PJOrlS8cwruXhGCkVvTjyvgN2cM0MWLVDpZN5b3ZDGgblFOVGq6TqRbk+INDc5TO1WrCAidEj60DRUkABUezKLMMXHRuniXijNExrP1O8bExIoNQ58MxkQPVC/vUT8y2vGunfenjARxRoEnX/UiznWIU76wF0mgWo+NoRQyZL8dEAkodq0lpTwlRT/T2r5nFvInV7ns+WLRR1pdIiO0AlyURGV0RWqoCqi6A49oCf0bN1bj9aL9TofTVmLnX30A9bbJ9wUlxk=</latexit>

elliptic wave
<latexit sha1_base64="B2/dKCmGtw2caOXOTmD6kSIFtJc="></latexit>

(Girotti, Grava, Jenkins, KM, ’20)
<latexit sha1_base64="L+MvkcQsKTspAF+0P0s6gfT//m0="></latexit>

(MKdV case: Girotti, Grava, Jenkins, KM, Minakov, ’21)



<latexit sha1_base64="Lj5pf+zym4bQrAApJGXpT0PV9lQ="></latexit>

Long time behavior of u(x, t) solving KdV, obtained from above RHP

Dynamics driven by g-function.

<latexit sha1_base64="GKRpjtEqf65RdzlgpnOfQKqkNu8=">AAACBHicdVBNTwIxEO3iF65fqEcujcTEE9lFBLkRvXiERIQECOl2Z6Gh2920XRNCOHjxr3jxoDFe/RHe/Dd2ARM1+pImL+/NTGeeF3OmtON8WJmV1bX1jeymvbW9s7uX2z+4UVEiKbRoxCPZ8YgCzgS0NNMcOrEEEnoc2t74MvXbtyAVi8S1nsTQD8lQsIBRoo00yOV7ImLCB6HtZsJAUcOwhKEx7UGu4BRr1bNyzcVzUqmWF6RcrmC36MxRQEs0Brn3nh/RJDQzKCdKdV0n1v0pkZpRDjO7lyiICR2TIXQNFSQE1Z/Oj5jhY6P4OIikeWaHufq9Y0pCpSahZypDokfqt5eKf3ndRAfn/SkTcaJB0MVHQcKxjnCaCPaZBKr5xBBCJTO7YjoiklBtcktD+LoU/09uSkW3Ujxtlgr1i2UcWZRHR+gEuaiK6ugKNVALUXSHHtATerburUfrxXpdlGasZc8h+gHr7RPxYJhP</latexit>

Quiescent region

<latexit sha1_base64="ky2RBXp/JxTO1+D14uLePO8pATA=">AAACC3icdZDLSgMxFIYzXmu9jbp0E1oEV2Wmjq3dFd24ESrYC7SlZDJpG5pJhiRTKaV7N76KGxeKuPUF3Pk2ZqYVVPSHwM93zklyfj9iVGnH+bCWlldW19YzG9nNre2dXXtvv6FELDGpY8GEbPlIEUY5qWuqGWlFkqDQZ6Tpjy6SenNMpKKC3+hJRLohGnDapxhpg3p2rsMF5QHhOnslgpgZzAcQGxggBm/RmGR7dt4pVMqnXsWFqSmVvbnxvBJ0C06qPFio1rPfO4HAcWguxQwp1XadSHenSGqKGZllO7EiEcIjNCBtYzkKiepO011m8MiQAPaFNIdrmNLvE1MUKjUJfdMZIj1Uv2sJ/KvWjnX/rDulPIo14Xj+UD9mUAuYBAMDKgnWbGIMwpKav0I8RBJhbeJLQvjaFP5vGsWCWyqcXBfz1fNFHBlwCHLgGLigDKrgEtRAHWBwBx7AE3i27q1H68V6nbcuWYuZA/BD1tsnIrCbIQ==</latexit>

Modulating cnoidal wave

<latexit sha1_base64="2PHDQWWAAAYuOTY0h2yEtjNJagM=">AAACAnicdVDLSgMxFM3UVx1fVVfiJlgEV2Wmjq3dFd24rGAf0JaSSW/b0ExmSDKVUoobf8WNC0Xc+hXu/BszbQUVPRA4nHPvDef4EWdKO86HlVpaXlldS6/bG5tb2zuZ3b2aCmNJoUpDHsqGTxRwJqCqmebQiCSQwOdQ94eXiV8fgVQsFDd6HEE7IH3BeowSbaRO5qAlQia6ILQNnLNIM4pvyQhsu5PJOrlS8cwruXhGCkVvTjyvgN2cM0MWLVDpZN5b3ZDGgblFOVGq6TqRbk+INDc5TO1WrCAidEj60DRUkABUezKLMMXHRuniXijNExrP1O8bExIoNQ58MxkQPVC/vUT8y2vGunfenjARxRoEnX/UiznWIU76wF0mgWo+NoRQyZL8dEAkodq0lpTwlRT/T2r5nFvInV7ns+WLRR1pdIiO0AlyURGV0RWqoCqi6A49oCf0bN1bj9aL9TofTVmLnX30A9bbJ9wUlxk=</latexit>

elliptic wave
<latexit sha1_base64="B2/dKCmGtw2caOXOTmD6kSIFtJc="></latexit>

(Girotti, Grava, Jenkins, KM, ’20)

<latexit sha1_base64="fge+FZoQTJNWyAtUR8bWXrytgOA="></latexit>

Zero level of Im (✓) = Im (4tk3 + xk)

<latexit sha1_base64="L+MvkcQsKTspAF+0P0s6gfT//m0="></latexit>

(MKdV case: Girotti, Grava, Jenkins, KM, Minakov, ’21)



<latexit sha1_base64="Lj5pf+zym4bQrAApJGXpT0PV9lQ="></latexit>

Long time behavior of u(x, t) solving KdV, obtained from above RHP

Dynamics driven by g-function.

<latexit sha1_base64="GKRpjtEqf65RdzlgpnOfQKqkNu8=">AAACBHicdVBNTwIxEO3iF65fqEcujcTEE9lFBLkRvXiERIQECOl2Z6Gh2920XRNCOHjxr3jxoDFe/RHe/Dd2ARM1+pImL+/NTGeeF3OmtON8WJmV1bX1jeymvbW9s7uX2z+4UVEiKbRoxCPZ8YgCzgS0NNMcOrEEEnoc2t74MvXbtyAVi8S1nsTQD8lQsIBRoo00yOV7ImLCB6HtZsJAUcOwhKEx7UGu4BRr1bNyzcVzUqmWF6RcrmC36MxRQEs0Brn3nh/RJDQzKCdKdV0n1v0pkZpRDjO7lyiICR2TIXQNFSQE1Z/Oj5jhY6P4OIikeWaHufq9Y0pCpSahZypDokfqt5eKf3ndRAfn/SkTcaJB0MVHQcKxjnCaCPaZBKr5xBBCJTO7YjoiklBtcktD+LoU/09uSkW3Ujxtlgr1i2UcWZRHR+gEuaiK6ugKNVALUXSHHtATerburUfrxXpdlGasZc8h+gHr7RPxYJhP</latexit>

Quiescent region

<latexit sha1_base64="ky2RBXp/JxTO1+D14uLePO8pATA=">AAACC3icdZDLSgMxFIYzXmu9jbp0E1oEV2Wmjq3dFd24ESrYC7SlZDJpG5pJhiRTKaV7N76KGxeKuPUF3Pk2ZqYVVPSHwM93zklyfj9iVGnH+bCWlldW19YzG9nNre2dXXtvv6FELDGpY8GEbPlIEUY5qWuqGWlFkqDQZ6Tpjy6SenNMpKKC3+hJRLohGnDapxhpg3p2rsMF5QHhOnslgpgZzAcQGxggBm/RmGR7dt4pVMqnXsWFqSmVvbnxvBJ0C06qPFio1rPfO4HAcWguxQwp1XadSHenSGqKGZllO7EiEcIjNCBtYzkKiepO011m8MiQAPaFNIdrmNLvE1MUKjUJfdMZIj1Uv2sJ/KvWjnX/rDulPIo14Xj+UD9mUAuYBAMDKgnWbGIMwpKav0I8RBJhbeJLQvjaFP5vGsWCWyqcXBfz1fNFHBlwCHLgGLigDKrgEtRAHWBwBx7AE3i27q1H68V6nbcuWYuZA/BD1tsnIrCbIQ==</latexit>

Modulating cnoidal wave

<latexit sha1_base64="2PHDQWWAAAYuOTY0h2yEtjNJagM=">AAACAnicdVDLSgMxFM3UVx1fVVfiJlgEV2Wmjq3dFd24rGAf0JaSSW/b0ExmSDKVUoobf8WNC0Xc+hXu/BszbQUVPRA4nHPvDef4EWdKO86HlVpaXlldS6/bG5tb2zuZ3b2aCmNJoUpDHsqGTxRwJqCqmebQiCSQwOdQ94eXiV8fgVQsFDd6HEE7IH3BeowSbaRO5qAlQia6ILQNnLNIM4pvyQhsu5PJOrlS8cwruXhGCkVvTjyvgN2cM0MWLVDpZN5b3ZDGgblFOVGq6TqRbk+INDc5TO1WrCAidEj60DRUkABUezKLMMXHRuniXijNExrP1O8bExIoNQ58MxkQPVC/vUT8y2vGunfenjARxRoEnX/UiznWIU76wF0mgWo+NoRQyZL8dEAkodq0lpTwlRT/T2r5nFvInV7ns+WLRR1pdIiO0AlyURGV0RWqoCqi6A49oCf0bN1bj9aL9TofTVmLnX30A9bbJ9wUlxk=</latexit>

elliptic wave

<latexit sha1_base64="MZHA5e7D3hKYJghcNudQxx7LslQ="></latexit>

g =

Z

⌃1

log

✓
k � s

k + s

◆
⇢(s)ds

<latexit sha1_base64="8GP3CjJtsXyQ6GbV1Oz9lVngNHQ="></latexit>

Determined by the usual variational equations:

<latexit sha1_base64="QhUcuC/D6M35g7Ii570//WziatQ="></latexit>

2

Z

⌃1

log

����
k � s

k + s

���� ⇢(s)ds = �8tk3 � 2xk , k 2 S

<latexit sha1_base64="zlLyZ77Pj5n7XaAuttLOuFqaxHI="></latexit>

Along with appropriate variational inequalities

<latexit sha1_base64="B2/dKCmGtw2caOXOTmD6kSIFtJc="></latexit>

(Girotti, Grava, Jenkins, KM, ’20)
<latexit sha1_base64="L+MvkcQsKTspAF+0P0s6gfT//m0="></latexit>

(MKdV case: Girotti, Grava, Jenkins, KM, Minakov, ’21)



<latexit sha1_base64="Lj5pf+zym4bQrAApJGXpT0PV9lQ="></latexit>

Long time behavior of u(x, t) solving KdV, obtained from above RHP

Dynamics driven by g-function.

<latexit sha1_base64="GKRpjtEqf65RdzlgpnOfQKqkNu8=">AAACBHicdVBNTwIxEO3iF65fqEcujcTEE9lFBLkRvXiERIQECOl2Z6Gh2920XRNCOHjxr3jxoDFe/RHe/Dd2ARM1+pImL+/NTGeeF3OmtON8WJmV1bX1jeymvbW9s7uX2z+4UVEiKbRoxCPZ8YgCzgS0NNMcOrEEEnoc2t74MvXbtyAVi8S1nsTQD8lQsIBRoo00yOV7ImLCB6HtZsJAUcOwhKEx7UGu4BRr1bNyzcVzUqmWF6RcrmC36MxRQEs0Brn3nh/RJDQzKCdKdV0n1v0pkZpRDjO7lyiICR2TIXQNFSQE1Z/Oj5jhY6P4OIikeWaHufq9Y0pCpSahZypDokfqt5eKf3ndRAfn/SkTcaJB0MVHQcKxjnCaCPaZBKr5xBBCJTO7YjoiklBtcktD+LoU/09uSkW3Ujxtlgr1i2UcWZRHR+gEuaiK6ugKNVALUXSHHtATerburUfrxXpdlGasZc8h+gHr7RPxYJhP</latexit>

Quiescent region

<latexit sha1_base64="ky2RBXp/JxTO1+D14uLePO8pATA=">AAACC3icdZDLSgMxFIYzXmu9jbp0E1oEV2Wmjq3dFd24ESrYC7SlZDJpG5pJhiRTKaV7N76KGxeKuPUF3Pk2ZqYVVPSHwM93zklyfj9iVGnH+bCWlldW19YzG9nNre2dXXtvv6FELDGpY8GEbPlIEUY5qWuqGWlFkqDQZ6Tpjy6SenNMpKKC3+hJRLohGnDapxhpg3p2rsMF5QHhOnslgpgZzAcQGxggBm/RmGR7dt4pVMqnXsWFqSmVvbnxvBJ0C06qPFio1rPfO4HAcWguxQwp1XadSHenSGqKGZllO7EiEcIjNCBtYzkKiepO011m8MiQAPaFNIdrmNLvE1MUKjUJfdMZIj1Uv2sJ/KvWjnX/rDulPIo14Xj+UD9mUAuYBAMDKgnWbGIMwpKav0I8RBJhbeJLQvjaFP5vGsWCWyqcXBfz1fNFHBlwCHLgGLigDKrgEtRAHWBwBx7AE3i27q1H68V6nbcuWYuZA/BD1tsnIrCbIQ==</latexit>

Modulating cnoidal wave

<latexit sha1_base64="2PHDQWWAAAYuOTY0h2yEtjNJagM=">AAACAnicdVDLSgMxFM3UVx1fVVfiJlgEV2Wmjq3dFd24rGAf0JaSSW/b0ExmSDKVUoobf8WNC0Xc+hXu/BszbQUVPRA4nHPvDef4EWdKO86HlVpaXlldS6/bG5tb2zuZ3b2aCmNJoUpDHsqGTxRwJqCqmebQiCSQwOdQ94eXiV8fgVQsFDd6HEE7IH3BeowSbaRO5qAlQia6ILQNnLNIM4pvyQhsu5PJOrlS8cwruXhGCkVvTjyvgN2cM0MWLVDpZN5b3ZDGgblFOVGq6TqRbk+INDc5TO1WrCAidEj60DRUkABUezKLMMXHRuniXijNExrP1O8bExIoNQ58MxkQPVC/vUT8y2vGunfenjARxRoEnX/UiznWIU76wF0mgWo+NoRQyZL8dEAkodq0lpTwlRT/T2r5nFvInV7ns+WLRR1pdIiO0AlyURGV0RWqoCqi6A49oCf0bN1bj9aL9TofTVmLnX30A9bbJ9wUlxk=</latexit>

elliptic wave

<latexit sha1_base64="MZHA5e7D3hKYJghcNudQxx7LslQ="></latexit>

g =

Z

⌃1

log

✓
k � s

k + s

◆
⇢(s)ds

<latexit sha1_base64="8GP3CjJtsXyQ6GbV1Oz9lVngNHQ="></latexit>

Determined by the usual variational equations:

<latexit sha1_base64="QhUcuC/D6M35g7Ii570//WziatQ="></latexit>

2

Z

⌃1

log

����
k � s

k + s

���� ⇢(s)ds = �8tk3 � 2xk , k 2 S

<latexit sha1_base64="zlLyZ77Pj5n7XaAuttLOuFqaxHI="></latexit>

Along with appropriate variational inequalities

<latexit sha1_base64="xABc5HTGuvPZtRl1QCAJ4VbT8N8="></latexit>

Fact: v = � ⇢t(s)
⇢x(s)

solves the kinetic equation

<latexit sha1_base64="6/+vIodV8HR8suEyvJX67b60ACc="></latexit>

v(k) = �4k2 +
1

k

Z

⌃1

log

����
k � s

k + s

����(v(s)� v(k))u(s)ds .

<latexit sha1_base64="B2/dKCmGtw2caOXOTmD6kSIFtJc="></latexit>

(Girotti, Grava, Jenkins, KM, ’20)
<latexit sha1_base64="L+MvkcQsKTspAF+0P0s6gfT//m0="></latexit>

(MKdV case: Girotti, Grava, Jenkins, KM, Minakov, ’21)



<latexit sha1_base64="02YZXXHQCAHa5h4KFtWA7TrtuFw=">AAAB9XicdVDLTgIxFO3gC/GFunTTSExcTWZwBNkRXegSozwSGEmnFGjotJO2gyET/sONC41x67+4828sAyZq9CQ3OTnn3tx7TxAxqrTjfFiZpeWV1bXsem5jc2t7J7+711AilpjUsWBCtgKkCKOc1DXVjLQiSVAYMNIMRhczvzkmUlHBb/UkIn6IBpz2KUbaSHc3glEtOBwreIlUN19w7Er51Ku4MCWlsjcnnleCru2kKIAFat38e6cncBwSrjFDSrVdJ9J+gqSmmJFprhMrEiE8QgPSNpSjkCg/Sa+ewiOj9GBfSFNcw1T9PpGgUKlJGJjOEOmh+u3NxL+8dqz7Z35CeRRrwvF8UT9mUAs4iwD2qCRYs4khCEtqboV4iCTC2gSVMyF8fQr/J42i7Zbsk+tioXq+iCMLDsAhOAYuKIMquAI1UAcYSPAAnsCzdW89Wi/W67w1Yy1m9sEPWG+fqSOSpA==</latexit>

Soliton vs Gas

<latexit sha1_base64="/XhzMs0bKBVxuAglmNzTXhLP9VE="></latexit>

X+(k) = X�(k)


1 0

ir(k)e�2i✓(k,x,t) 1

�

<latexit sha1_base64="nFJPMKg7Xgdy5s9cilQQzHXrajE="></latexit>

X+(k) = X�(k)


1 ir(k̄)e2i✓(k,x,t)

0 1

�
k 2 ⌃2

<latexit sha1_base64="5kBLG3RxI6upEFX8mBIWvsXNvtQ="></latexit>

✓(k, x, t) = 4tk3 + xk

<latexit sha1_base64="jwcAFCtgAURbsBsOR7LflVhKNw8="></latexit>

Resk=i0X(k, x, t) = lim
k!i0

X(k, x, t)


0 0

�i�e�2i✓(k,x,t) 0

�

<latexit sha1_base64="SImge0qreMnqj0U/xHhhdQ0dYlw="></latexit>

Resk=�i0X(k, x, t) = lim
k!�i0

X(k, x, t)


0 �i�e2i✓(k,x,t)

0 0

�

<latexit sha1_base64="edMmspf6IsWHchkKAaCkK2YkdKg=">AAAB9XicdVBNTwIxEO3iF+IX6tFLI5h42uziCnIjevGIiYAJrKRbutDQ7TZtV0M2/A8vHjTGq//Fm//GsmCiRl8yyct7M5mZFwhGlXacDyu3tLyyupZfL2xsbm3vFHf32ipOJCYtHLNY3gRIEUY5aWmqGbkRkqAoYKQTjC9mfueOSEVjfq0ngvgRGnIaUoy0kW7LFPbGSAjUT51puV8sOXa9durVXZiRas2bE8+rQtd2MpTAAs1+8b03iHESEa4xQ0p1XUdoP0VSU8zItNBLFBEIj9GQdA3lKCLKT7Orp/DIKAMYxtIU1zBTv0+kKFJqEgWmM0J6pH57M/Evr5vo8MxPKReJJhzPF4UJgzqGswjggEqCNZsYgrCk5laIR0girE1QBRPC16fwf9Ku2G7VPrmqlBrnizjy4AAcgmPgghpogEvQBC2AgQQP4Ak8W/fWo/Vivc5bc9ZiZh/8gPX2CQH5kjk=</latexit>

i0

<latexit sha1_base64="5tXEF5TngMk3fMsoJyez6gqRrJo=">AAAB+HicdVDLSsNAFJ3UV62PRl26GWwFN4akxtbuim5cVrAPaEOYTKft0MkkzEyEGvolblwo4tZPceffOE0rqOiBC4dz7uXee4KYUals+8PIrayurW/kNwtb2zu7RXNvvy2jRGDSwhGLRDdAkjDKSUtRxUg3FgSFASOdYHI19zt3REga8Vs1jYkXohGnQ4qR0pJvFsunFPYnKI6Rn9qzsm+WbKteO3frDsxIteYuiOtWoWPZGUpgiaZvvvcHEU5CwhVmSMqeY8fKS5FQFDMyK/QTSWKEJ2hEeppyFBLppdnhM3islQEcRkIXVzBTv0+kKJRyGga6M0RqLH97c/Evr5eo4YWXUh4ninC8WDRMGFQRnKcAB1QQrNhUE4QF1bdCPEYCYaWzKugQvj6F/5N2xXKq1tlNpdS4XMaRB4fgCJwAB9RAA1yDJmgBDBLwAJ7As3FvPBovxuuiNWcsZw7ADxhvn+VNkqE=</latexit>�i0



<latexit sha1_base64="02YZXXHQCAHa5h4KFtWA7TrtuFw=">AAAB9XicdVDLTgIxFO3gC/GFunTTSExcTWZwBNkRXegSozwSGEmnFGjotJO2gyET/sONC41x67+4828sAyZq9CQ3OTnn3tx7TxAxqrTjfFiZpeWV1bXsem5jc2t7J7+711AilpjUsWBCtgKkCKOc1DXVjLQiSVAYMNIMRhczvzkmUlHBb/UkIn6IBpz2KUbaSHc3glEtOBwreIlUN19w7Er51Ku4MCWlsjcnnleCru2kKIAFat38e6cncBwSrjFDSrVdJ9J+gqSmmJFprhMrEiE8QgPSNpSjkCg/Sa+ewiOj9GBfSFNcw1T9PpGgUKlJGJjOEOmh+u3NxL+8dqz7Z35CeRRrwvF8UT9mUAs4iwD2qCRYs4khCEtqboV4iCTC2gSVMyF8fQr/J42i7Zbsk+tioXq+iCMLDsAhOAYuKIMquAI1UAcYSPAAnsCzdW89Wi/W67w1Yy1m9sEPWG+fqSOSpA==</latexit>

Soliton vs Gas

<latexit sha1_base64="Li8isWlGWwJ8E6aRlgppNPFed74="></latexit>

Soliton initialized asymptotically far from the soliton gas
<latexit sha1_base64="m/h1/gFKJ15P4hDbfdV5fut47d4=">AAAB/XicdVBdSwJBFJ21L7Mv+3jrZUiCnmTXNs03KYIeDVIDFZkdrzo4O7vMzBom0l/ppYcieu1/9Na/aXY1qKgDFw7n3Htn7vFCzpS27Q8rtbC4tLySXs2srW9sbmW3d+oqiCSFGg14IG88ooAzATXNNIebUALxPQ4Nb3ge+40RSMUCca3HIbR90hesxyjRRupk9y44Z6FmFN+SEWAJ/UTO2fly6cQtOzghxZI7I65bxE7eTpBDc1Q72fdWN6CRD0JTTpRqOnao2xMizWIO00wrUhASOiR9aBoqiA+qPUl+P8WHRuniXiBNCY0T9fvEhPhKjX3PdPpED9RvLxb/8pqR7p22J0yEkQZBZw/1Io51gOMocJdJoJqPDSFUsjgEOiCSUG0Cy5gQvi7F/5N6Ie8U88dXhVzlbB5HGu2jA3SEHFRCFXSJqqiGKLpDD+gJPVv31qP1Yr3OWlPWfGYX/YD19gnwrpWS</latexit>

Elliptic wave region
<latexit sha1_base64="TzkZNkNiUaed3icURIwN+iZblcQ=">AAACB3icdVDLSgMxFM3UV62vqktBgkVwVWbq2Npd0Y0boYJthXYomcxtG5p5kGQqpXTnxl9x40IRt/6CO//GzLSCih4IHM4594Z73IgzqUzzw8gsLC4tr2RXc2vrG5tb+e2dpgxjQaFBQx6KG5dI4CyAhmKKw00kgPguh5Y7PE/81giEZGFwrcYROD7pB6zHKFFa6ub3L0Mv5kSBh4FzFilG8S0ZARbQTwMFs1itnNhVC6ekXLFnxLbL2CqaKQpojno3/97xQhr7ECjKiZRty4yUMyFCL+YwzXViCRGhQ9KHtqYB8UE6k/SOKT7Uiod7odAvUDhVv09MiC/l2Hd10idqIH97ifiX145V79SZsCCKFQR09lEv5liFOCkFe0wAVXysCaGCJSXQARGEKl1dTpfwdSn+nzRLRatcPL4qFWpn8zqyaA8doCNkoQqqoQtURw1E0R16QE/o2bg3Ho0X43UWzRjzmV30A8bbJ6IzmdU=</latexit>

Modulated elliptic wave region



<latexit sha1_base64="02YZXXHQCAHa5h4KFtWA7TrtuFw=">AAAB9XicdVDLTgIxFO3gC/GFunTTSExcTWZwBNkRXegSozwSGEmnFGjotJO2gyET/sONC41x67+4828sAyZq9CQ3OTnn3tx7TxAxqrTjfFiZpeWV1bXsem5jc2t7J7+711AilpjUsWBCtgKkCKOc1DXVjLQiSVAYMNIMRhczvzkmUlHBb/UkIn6IBpz2KUbaSHc3glEtOBwreIlUN19w7Er51Ku4MCWlsjcnnleCru2kKIAFat38e6cncBwSrjFDSrVdJ9J+gqSmmJFprhMrEiE8QgPSNpSjkCg/Sa+ewiOj9GBfSFNcw1T9PpGgUKlJGJjOEOmh+u3NxL+8dqz7Z35CeRRrwvF8UT9mUAs4iwD2qCRYs4khCEtqboV4iCTC2gSVMyF8fQr/J42i7Zbsk+tioXq+iCMLDsAhOAYuKIMquAI1UAcYSPAAnsCzdW89Wi/W67w1Yy1m9sEPWG+fqSOSpA==</latexit>

Soliton vs Gas

<latexit sha1_base64="ga/0dQMKJD5XcZ5E8e7vvzk4sDU=">AAAB/nicdVDLSgMxFM3UV62vqrhyEyyCq2Ha6ujsim5cVrQPaIeSSTNtaCYZkoxQhoK/4saFIm79Dnf+jem0BRU9cOFwzr3ce08QM6q043xauaXlldW1/HphY3Nre6e4u9dUIpGYNLBgQrYDpAijnDQ01Yy0Y0lQFDDSCkZXU791T6Sigt/pcUz8CA04DSlG2ki94sGtYFQLDmOCRpCJhV5ybM9zTx0PZuTMc2ek6lZh2XYylMAc9V7xo9sXOIkI15ghpTplJ9Z+iqSmmJFJoZsoEiM8QgPSMZSjiCg/zc6fwGOj9GEopCmuYaZ+n0hRpNQ4CkxnhPRQ/fam4l9eJ9HhhZ9SHieacDxbFCYMagGnWcA+lQRrNjYEYUnNrRAPkURYm8QKJoTFp/B/0qzYZdeu3lRKtct5HHlwCI7ACSiDc1AD16AOGgCDFDyCZ/BiPVhP1qv1NmvNWfOZffAD1vsX3IKWGg==</latexit>

Soliton peak location

<latexit sha1_base64="eQUNwX9B5ZgyZsXyB0Re412m9Uc=">AAACFXicdVBNSwMxFMzW7/pV9eglWAQPUratVnsTvXhUsFqoS8mm2TY0myzJi1CKf8KLf8WLB0W8Ct78N2Z3K6joQGCYmcfLmzAR3IDvf3iFqemZ2bn5heLi0vLKamlt/dIoqylrUSWUbofEMMElawEHwdqJZiQOBbsKhyepf3XDtOFKXsAoYUFM+pJHnBJwUre0SyJgGhsbgiYUuOxjoXITqwjfEGptjI0SHNJ42a80m409v4kzst9s5KTeqONqxc9QRhOcdUvv1z1FbcwkUEGM6VT9BIIx0cCpYLfFa2tYQuiQ9FnHUUliZoJxdtUt3nZKD0dKuycBZ+r3iTGJjRnFoUvGBAbmt5eKf3kdC9FhMOYyscAkzRdFVmBQOK0I97hmFMTIEUI1d3/FdEDSelyRRVfC16X4f3JZq1Qblfp5rXx0PKljHm2iLbSDqugAHaFTdIZaiKI79ICe0LN37z16L95rHi14k5kN9APe2yf0yJ/9</latexit>

after subtracting location of vacuum soliton

<latexit sha1_base64="PgjlfEq9Co3jx7dILGKyA/Ur7ds=">AAACAnicdVBNSwMxEM3Wr1q/qp7ES7AInsq21dW9Fb14rGBboV1KNp1tQ7ObJckKpRQv/hUvHhTx6q/w5r8x3a6gog8GXt6bITPPjzlT2rY/rNzC4tLySn61sLa+sblV3N5pKZFICk0quJA3PlHAWQRNzTSHm1gCCX0ObX90MfPbtyAVE9G1HsfghWQQsYBRoo3UK+61gAvK9BiLAMdARtg8M69kl13XObZdnJIT15mTmlPDlbKdooQyNHrF925f0CSESFNOlOpU7Fh7EyI1oxymhW6iICZ0RAbQMTQiIShvkp4wxYdG6eNASFORxqn6fWJCQqXGoW86Q6KH6rc3E//yOokOzrwJi+JEQ0TnHwUJx1rgWR64zyRQzceGECqZ2RXTIZGEapNawYTwdSn+n7Sq5YpTrl1VS/XzLI482kcH6AhV0Cmqo0vUQE1E0R16QE/o2bq3Hq0X63XemrOymV30A9bbJ6Ebl54=</latexit>

Velocity of peak location



<latexit sha1_base64="xqfKk39+RX/KpbUz/xnrDMKSSb0="></latexit>

T = Xe�ig(k,x,t)�3f(k)�3

<latexit sha1_base64="l6Q1BALvnL5n7HEVEuW5WOeZmgg="></latexit>
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�
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�

T (k, x, t)



<latexit sha1_base64="xqfKk39+RX/KpbUz/xnrDMKSSb0="></latexit>

T = Xe�ig(k,x,t)�3f(k)�3

<latexit sha1_base64="l6Q1BALvnL5n7HEVEuW5WOeZmgg="></latexit>

S(k, x, t) =

8
>>>>>>>>>>>><

>>>>>>>>>>>>:

T (k, x, t)


1 �ir̂(k)�1f(k)�2e2i'(k,x,t)

0 1

�
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
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�
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�

T (k, x, t)


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�
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<latexit sha1_base64="Y25t7lTb5x8MHLaNG8PwZNhyHhc="></latexit>

Only this a↵ects the residue conditions at ±i0



<latexit sha1_base64="xqfKk39+RX/KpbUz/xnrDMKSSb0="></latexit>

T = Xe�ig(k,x,t)�3f(k)�3

<latexit sha1_base64="l6Q1BALvnL5n7HEVEuW5WOeZmgg="></latexit>

S(k, x, t) =

8
>>>>>>>>>>>><

>>>>>>>>>>>>:

T (k, x, t)


1 �ir̂(k)�1f(k)�2e2i'(k,x,t)

0 1

�

T (k, x, t)


1 ir̂(k)�1f(k)�2e2i'(k,x,t)

0 1

�

T (k, x, t)


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�ir(k̄)�1f�(k)2e�2i'�(k,x,t) 1

�
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
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ir(k̄)�1f�(k)2e�2i'�(k,x,t) 1

�
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<latexit sha1_base64="Y25t7lTb5x8MHLaNG8PwZNhyHhc="></latexit>

Only this a↵ects the residue conditions at ±i0

<latexit sha1_base64="mv0ISClkT97hQSgb7RWu/dfnx5g="></latexit>

Resk=i0S(k, x, t) = lim
k!i0

S(k, x, t)


0 0

�i�f(i0, x, t)2e�2i'(k,x,t) 0

�
<latexit sha1_base64="rVrVmGidwB2qvhEKXIh5pa2H9zs="></latexit>

'(k, x, t) = g(k, x, t) + 4tk3 + xk



<latexit sha1_base64="mv0ISClkT97hQSgb7RWu/dfnx5g="></latexit>

Resk=i0S(k, x, t) = lim
k!i0

S(k, x, t)


0 0

�i�f(i0, x, t)2e�2i'(k,x,t) 0

�
<latexit sha1_base64="rVrVmGidwB2qvhEKXIh5pa2H9zs="></latexit>

'(k, x, t) = g(k, x, t) + 4tk3 + xk

<latexit sha1_base64="2IQeLGA8Qh4N+iAMOxg2UesilS8="></latexit>

Asymptotic parameters: �, x, t.

<latexit sha1_base64="z99iNTCSaq6aopvDc8rgF71dyKQ="></latexit>

Intuition: small residue conditions are negligible. Large ones are negligible.

<latexit sha1_base64="tzegDrJ5q6nV8c/E88L5XVrllqQ="></latexit>

Soliton peak can be isolated by refining this intuition with hard analysis.

<latexit sha1_base64="fglxzY0RAijcdO/5ehoGvrFpZno="></latexit>

Averaged soliton velocity is obtained by the equation

'(i0, x, t) = Const.

<latexit sha1_base64="p1rM0aEuumVb/CFyBLLpceD1a5E="></latexit>

Averaged soliton velocity:

vsol = � @t'(i0, x, t)

@x'(i0, x, t)
= 42

0
K(⌘21/↵

2)

⇧(⌘21/
2
0, ⌘

2
1/↵

2)



<latexit sha1_base64="p1rM0aEuumVb/CFyBLLpceD1a5E="></latexit>

Averaged soliton velocity:

vsol = � @t'(i0, x, t)

@x'(i0, x, t)
= 42

0
K(⌘21/↵

2)

⇧(⌘21/
2
0, ⌘

2
1/↵

2)

<latexit sha1_base64="kCCw5b1xnB9lOz0RCG4onTpfqMM=">AAACBnicdZBNS0JBFIbn2pfZl9UygiEJWslVy7o7qU1Lg/wAFZk7nquDcz+aOTcQcdWmv9KmRRFt+w3t+jeNV4OKOjDw8L7ncOa8biSFRtv+sFILi0vLK+nVzNr6xuZWdnunrsNYcajxUIaq6TINUgRQQ4ESmpEC5rsSGu7wYuo3bkFpEQbXOIqg47N+IDzBGRqpm93XBrQnQFMcAEXFOCgKN/Hcz9l5xykf2w5N4MQpz6BULtFC3k4qR+ZV7Wbf272Qxz4EyCXTulWwI+yMmULBJUwy7VhDxPiQ9aFlMGA+6M44OWNCD43So16ozAuQJur3iTHztR75run0GQ70b28q/uW1YvTOOmMRRDFCwGeLvFhSDOk0E9oTCjjKkQHGlTB/pXzATBRoksuYEL4upf9DvZgvlPOlq2Kucj6PI032yAE5IgVySirkklRJjXByRx7IE3m27q1H68V6nbWmrPnMLvlR1tsnKrmZmw==</latexit>

satisfies the tracer equation

<latexit sha1_base64="kAGW6Srz1foPSLtpsUUX2GmZ/Dg="></latexit>

vsol(0, x, t) = �42 +
1

k

Z

⌃1

log

✓
k � s

k + s

◆✓
�⇢t
⇢x

(s)� vsol(0)

◆
u(s)ds

<latexit sha1_base64="ZunE6jDPhUZBLwugDoaiG7cup0c="></latexit>

Interaction with a regular gas of solitons...same velocity equation



<latexit sha1_base64="TkQZlTor+CWx1OF9gxxnv3g5Ssg="></latexit>

1

ZN
e�N

PN
j=1 V (�j)

Y

j<k

|�j � �k|�
Y

d�j
<latexit sha1_base64="hlBFDGp3NVFaRfwDOUvkJm5UfzM=">AAAB/HicdVDJSgNBEO2JW4zbaI5eGoPgKcyEMTG3oAgeI5gFkhB6OpWkSffM2IsQQvwVLx4U8eqHePNv7CyCij4oeLxXRVW9MOFMac/7cFIrq2vrG+nNzNb2zu6eu39QV7GRFGo05rFshkQBZxHUNNMcmokEIkIOjXB0MfMbdyAVi6MbPU6gI8ggYn1GibZS181e3hrGWSiZEVgAUUZC1815+XLpNCj7eE6KpWBBgqCI/bw3Rw4tUe267+1eTI2ASFNOlGr5XqI7EyI1oxymmbZRkBA6IgNoWRoRAaozmR8/xcdW6eF+LG1FGs/V7xMTIpQai9B2CqKH6rc3E//yWkb3zzoTFiVGQ0QXi/qGYx3jWRK4xyRQzceWECqZvRXTIZGEaptXxobw9Sn+n9QLeb+YD64Lucr5Mo40OkRH6AT5qIQq6ApVUQ1RNEYP6Ak9O/fOo/PivC5aU85yJot+wHn7BKqflXY=</latexit>

Equilibrium measure
<latexit sha1_base64="i/qaVS2kn3eBhHVLtjLH8RWMejE="></latexit>

V =
1

2
�2 + x�+ t�2 + · · ·+ t2⌫�

2⌫
<latexit sha1_base64="8w7sgp1+Zwtfe8ZS6d05PXhurvM=">AAAB/3icdVDLSgMxFM3UV62vquDGTbAVKpRhpoyt3RXduKxgH9ApJZNm2tBMZkgyYqld+CtuXCji1t9w59+YTiuo6IHA4Zx7uDfHixiVyrI+jNTS8srqWno9s7G5tb2T3d1ryjAWmDRwyELR9pAkjHLSUFQx0o4EQYHHSMsbXcz81g0Rkob8Wo0j0g3QgFOfYqS01Mse5N1I0oLLdKSPivAWFqE6yfeyOcusVk6dqg0TUq44c+I4ZWibVoIcWKDey767/RDHAeEKMyRlx7Yi1Z0goShmZJpxY0kihEdoQDqachQQ2Z0k90/hsVb60A+FflzBRP2emKBAynHg6ckAqaH87c3Ev7xOrPyz7oTyKFaE4/kiP2ZQhXBWBuxTQbBiY00QFlTfCvEQCYSVriyjS/j6KfyfNEumXTadq1Kudr6oIw0OwREoABtUQA1cgjpoAAzuwAN4As/GvfFovBiv89GUscjsgx8w3j4Bqw+UnA==</latexit>

 (�, x, t)

<latexit sha1_base64="h1VBOGonoNlUl2P8DJ8TdCALmmg="></latexit>

d

dt
x(t,�) = �  t(�, x, t)

 x(�, x, t)

<latexit sha1_base64="9CqKBWWrPv2GUECYaPq1W2ptQaQ="></latexit>

 (�, x(t,�), t) ⌘ const

<latexit sha1_base64="4+yzJfP6sQo3HfA9RKuShtGpvGQ="></latexit>

d
dtx(t,�) solves the analogous kinetic equation

<latexit sha1_base64="rXsFqzjt8dAP3qEzw/emYujtvuM="></latexit>

d

dt
x(t,�) = �2 � 2

�

Z
log |�� s|

✓
d

dt
x(t, s)� d

dt
x(t,�)

◆
 x(s, x, t)ds

<latexit sha1_base64="cK854EwHbLfDEck8r0dpOqy+S4Q=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgadkNa2JuQS9ehKh5QbKE2clsMmT2wcysEJZ8ghcPinj1i7z5N042EVS0oKGo6qa7y4s5k8qyPozcyura+kZ+s7C1vbO7V9w/aMsoEYS2SMQj0fWwpJyFtKWY4rQbC4oDj9OON7mc+517KiSLwqaaxtQN8ChkPiNYaenu9ro5KJYss1Y9c2o2ykil6iyI41SQbVoZSrBEY1B87w8jkgQ0VIRjKXu2FSs3xUIxwums0E8kjTGZ4BHtaRrigEo3zU6doROtDJEfCV2hQpn6fSLFgZTTwNOdAVZj+dubi395vUT5527KwjhRNCSLRX7CkYrQ/G80ZIISxaeaYCKYvhWRMRaYKJ1OQYfw9Sn6n7TLpl0xnZtyqX6xjCMPR3AMp2BDFepwBQ1oAYERPMATPBvceDRejNdFa85YzhzCDxhvn4pEjf4=</latexit>

RMT
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<latexit sha1_base64="WBtPYSIOe9aUBd5sz2s5wnTTQW4="></latexit>

Solitons are characterized via a meromorphic Riemann Hilbert problem.

<latexit sha1_base64="teYosBpG7JPWTlIFtukt6qAPu+s=">AAAB83icdVDLSsNAFJ3UV62vqks3g0VwFZIaW7sriiC4qWAf0IYymUzboZNJnIdQQn/DjQtF3Poz7vwbp2kFFT1w4cw59zL3niBhVCrH+bByS8srq2v59cLG5tb2TnF3ryVjLTBp4pjFohMgSRjlpKmoYqSTCIKigJF2ML6Y+e17IiSN+a2aJMSP0JDTAcVIGal3Hbbg5Z3OHv1iybFr1VOv5sKMVKrenHheBbq2k6EEFmj0i++9MMY6IlxhhqTsuk6i/BQJRTEj00JPS5IgPEZD0jWUo4hIP812nsIjo4RwEAtTXMFM/T6RokjKSRSYzgipkfztzcS/vK5WgzM/pTzRinA8/2igGVQxnAUAQyoIVmxiCMKCml0hHiGBsDIxFUwIX5fC/0mrbLsV++SmXKqfL+LIgwNwCI6BC6qgDq5AAzQBBgl4AE/g2dLWo/Vivc5bc9ZiZh/8gPX2CS3Ukc8=</latexit>

KdV Equation
<latexit sha1_base64="IYoU6CfNU9qWiLA/M85iXCSuVnI="></latexit>

M = (M1,M2) satisfies

1. M(�) is meromorphic in C, with simple poles at {�j and �j}
N
j=1;

2. M satisfies the residue conditions

res�=�jM(�) = lim
�!�j

M(�)

2

4
0 0

cje
8i�3

j t+2i�jx

N
0

3

5 , res�=�j
M(�) = lim

�!�j

M(�)

2

40
�cje�8i�j

3
t�2i�jx

N
0 0

3

5 ,

where cj 2 iR+;

3. M(�) =
⇥
1 1

⇤
+O

✓
1

�

◆
as � ! 1,

4. M satisfies the symmetry

M(��) = M(�)


0 1
1 0

�
.

N -soliton solution u(x, t) is determined from M via

u(x, t) = 2
d

dx

✓
lim
�!1

�

i
(M1(�)� 1)

◆
.



<latexit sha1_base64="WBtPYSIOe9aUBd5sz2s5wnTTQW4="></latexit>

Solitons are characterized via a meromorphic Riemann Hilbert problem.

<latexit sha1_base64="nRMdWrhXqNqRjKgdxpfBK047ifU=">AAACCXicdVDLSgMxFM34rPVVdekmWARXZabW1roquhFEqGAf0JaSydy2oZnMmGSEUrp146+4caGIW//AnX9jZlpBRQ8ETs65N7n3uCFnStv2hzU3v7C4tJxaSa+urW9sZra26yqIJIUaDXggmy5RwJmAmmaaQzOUQHyXQ8MdnsV+4xakYoG41qMQOj7pC9ZjlGgjdTP4MvDMFTzcC2ikmOjjC6+O4SZKCk7S3UzWzpVLR4WygxNSLBWmpFAoYidnJ8iiGardzHvbM0/5IDTlRKmWY4e6MyZSM8phkm5HCkJCh6QPLUMF8UF1xskmE7xvlHgUaY7QOFG/d4yJr9TId02lT/RA/fZi8S+vFenecWfMRBhpEHT6US/iWAc4jgV7TALVfGQIoZKZWTEdEEmoNuHFIXxtiv8n9XzOKeYOr/LZyuksjhTaRXvoADmohCroHFVRDVF0hx7QE3q27q1H68V6nZbOWbOeHfQD1tsnAWmZ6w==</latexit>

Modified focusing KdV equation:

<latexit sha1_base64="nLQ7Gfz1WFrpqGd58mzye2KD3nM="></latexit>

Find 2⇥2 matrix M(k;x, t):

1. M is meromorphic in C, with simple poles at {±ıj}
N
j=1;

2. M satisfies the residue conditions

resk=ijM(k) = lim
k!ij

M(k)

"
0 0

�ı�j

N
e�2ı✓(k,x,t) 0

#
, resk=�ijM(k) = lim

k!�ij

M(k)

"
0

�ı�j

N
e2ı✓(k,x,t)

0 0

#
,

(1)

where ✓(x, k, t) = 4tk3 + xk, and �j 2 R;

3. M(k) =


1 0
0 1

�
+O

✓
1

k

◆
as k ! 1.

The N -soliton potential u(x, t) is determined from M via

u(x, t) = 2ı lim
k!1

k(M(k;x, t))21 = 2ı lim
k!1

k(M(k;x, t)12.

<latexit sha1_base64="Ezs4gUxHf/GWx970q8UYp+pq9KM="></latexit>

u(x, t) =
i

2

@

@x
log det(I+M)� i

2

@

@x
log det(I+M†),

Mj` =
p
�j�`

e�2i(✓(j ,x,t)+✓(`,x,t))

i(j + `)
.


