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Background : Ising model

Ising Model
Ising Model [Lenz 1920] @ G = (V, E) afinite graph
%
A model for ferromagnet, to understand the eosc{e e}
phase transition. @ H(o)=—3 ., ox0y

Ising model is the probability measure of inverse temperature 5 > 0 :

tp,6lo] o< exp(—BH(c))
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v
A model for ferromagnet, to understand the °oc{o o}
phase transition. ® H(o) = =3 4.y oxoy

Ising model is the probability measure of inverse temperature 8 > 0 :

15.,6l0] o< exp(~3H(o))

@ 3 > B¢ : ordered
@ 3 =~ f3c : critical
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Ising Model

@ 3 > B¢ :ordered
@ 3 = f3c : critical
@ 3 < B¢ :chaotic

Question Answer

Critical phase ? Conformally invariant.

Correlation function Schramm Loewner Evolution (SLE)

puloz, -+ 0z,] = &(21, ..., Zn). The law of interfaces is conformally invariant.
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Background : Ising model

Conformal Invariance of Interfaces

e'e e e e e e e e e e

Stanislav Smirnov

Theorem [Chelkak-Smirnov et al. Invent. 2012]

The interface in critical Ising model on Z2 with Dobrushin boundary
conditions converges weakly to SLE3.
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@ Loop-erased random walk (LERW) SLE, : [Lawler-Schramm-Werner, AOP 2004]
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@ Level lines of GFF SLE, : [Schramm-Sheffield, ACTA 2009]

@ FK-Ising model SLE;g,3 : [Chelkak-Smirnov et al. Invent. 2012]

@ Percolation SLEg : [Smirnov 2001]

@ Uniform spanning tree (UST) SLEg : [Lawler-Schramm-Werner, AOP 2004]
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Crossing probabilities

Crossing probabilities

Theorem [Peltola-W. 2018]

The connection of Ising interfaces forms a planar link pattern A;.

Za (S X1, XeN)
Zising(Qi X1, ..., Xon)’

leing: Z Za,

lim P[A; = o] =
50 aclPy

where {2, } is the pure partition functions for multiple SLE3.
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Crossing probabilities

Crossing probabilities

Theorem [Peltola-W. 2018]

The connection of Ising interfaces forms a planar link pattern A;.

Za (S X1, XeN)
Zising(Qi X1, ..., Xon)’

leing: Z Za,

lim P[A; = o] =
50 aclPy

where {2, } is the pure partition functions for multiple SLE3.

@ Partially conjectured in [Bauer-Bernard-Kytéla, JSP 2005].
@ Partially solved in [Izyurov, CMP 2015].
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Crossing probabilities

Pure Partition Functions

Pure Partition Functions

{Za : a € LP} is a collection of smooth functions satisfying PDE, COV, ASY.

s 6—k)/K
PDE : {582 + (X 250~ o ﬂ Z(x1,.... %) = 0.

COV 2 Z(x,.... xen) = 124 &/ (%) x Z(0(x1), . ., o %en)).

Q(X1 ..... XZN) _ {Z&(X‘h"'7Xj—17X[+27"'7X2N)7 If{jvl+1}€a'

ASY :limy x.1 - 0, else.
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Pure Partition Functions

Pure Partition Functions

{Za : a € LP} is a collection of smooth functions satisfying PDE, COV, ASY.

s 6—k)/K
PDE : {582 + (X 250~ o ﬂ Z(x1,.... %) = 0.

COV 2 Z(x,.... xen) = 124 &/ (%) x Z(0(x1), . ., o %en)).

Q(X1 ..... XZN) _ {Z&(X‘h"'7Xj—17X[+27"'7X2N)7 If{jvl+1}€a'

ASY :limy x.1 - 0, else.

Questions

Existence ? Uniqueness ?
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Pure Partition Functions : Uniqueness and Existence

Uniqueness [Flores-Kleban, CMP 2015]

Fix x € (0, 8). If there exist collections of smooth functions satisfying PDE,
COV and ASY, they are (essentially) unique.
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Pure Partition Functions : Uniqueness and Existence

Uniqueness [Flores-Kleban, CMP 2015]

Fix x € (0, 8). If there exist collections of smooth functions satisfying PDE,
COV and ASY, they are (essentially) unique.

Existence

@ x € (0,8)\ Q [Kytdla-Peltola, CMP 2016] @ Coulumb gas techniques
@ « € (0, 4] [Peltola-W. CMP 2019, Beffara-Peltola-W. AOP 2021] e Global multiple SLEs

@ « € (0,6] [W. CMP 2020] @ Hypergeometric SLE
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Crossing probabilities

Crossing Probabilities of Ising Interfaces

Theorem [Peltola-W. 2018]
The connection of Ising interfaces forms a planar link pattern A;.

Za( X1,..., XoN)

lim P =aqa] = Zising =
5[\;10 [./45 a] Ising Z Za,

Zising( X1, ., Xen) =
where { Z, } is the pure partition functions for multiple SLE3.
_\2N
leing(H; X1,...,Xon) = Pf ((X/ - Xj) )ij:1 .
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k

Za(Q;XhH'vXZN) N
[A=a] ZN(Q; x1, ..., %N) a;,N “

@ Multiple LERWSs in UST : = 2. [Karrila-Kytola-Peltola, CMP 2019] v/
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Crossing probabilities

Connection Probabilities

k

Za(Q;XhH'vXZN) N
[A=a] ZN(Q; x1, ..., %N) a;,N “

Multiple LERWSs in UST : x = 2. [Karrila-Kytdla-Peltola, CMP 2019] v

Multiple Ising interfaces : x = 3. [Peltola-W. 2018] v/
Multiple level lines of GFF : k = 4.

o GFF [Peltola-W. CMP 2019] v
@ metric graph GFF [Ding-Wirth-W. AIHP 2022+, Liu-W. EJP 2021] %

Multiple FK-Ising interfaces : kK = 16/3. In progress. %

Multiple percolation interfaces : x = 6. [Liu-Peltola-W. 2021] v

Multiple Peano curves in UST : x = 8.
[Han-Liu-W. 2020], [Liu-Peltola-W. 2021], [Liu-W. 2021] %
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dGFF (Discrete Gaussian Free Field)

dGFF with mean zero :
a measure I on functions p : D — R and p = 0 on 9D with density

L exp(—1 37(00) = p(1))2).

zZ 2 <y
@ For each vertex x, '(x) Gaussian random variable
@ Covariance : Green’s function for SRW
@ Mean value : zero.

dGFF with mean Iy :
dGFF with mean zero plus a harmonic function I'5.

@ For each vertex x, let ['(x) be a Gaussian random variable
@ Covariance : Green'’s function for SRW
@ Mean value : I'y(x)
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Level lines of dGFF

[Schramm-Sheffield, ACTA 2009]
@ dGFF with boundary value +X on Ry and —X\ on R_
@ % : the level line of dGFF with height zero
@ ~% converges in distribution to SLE, as § goes to zero
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Level lines of dGFF

[Schramm-Sheffield, ACTA 2009]
@ dGFF with boundary value +X on Ry and —X\ on R_
@ % : the level line of dGFF with height zero
@ ~% converges in distribution to SLE, as § goes to zero
@ — SLE, is the “level line" of GFF with height zero
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Connection Probabilities

-A A A e A A, A -A A A A
- Z+A ) zm - §+A - A - A

@ 2N marked points @ N level lines @ LPy : planar link patterns

Theorem [Peltola-W. CMP 2019]

The connection of level lines of GFF forms a planar link pattern A :

Za (S X1, Xen)

ZaFF = Za;
ZGFF(Q;XMH-,XZN)7 ag’N ’

PlA=0o] =

where {2, : o € LPy} is the pure partition functions for multiple SLE,.
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Discrete GFF and metric graph GFF

dGFF with mean Iy :
@ For each vertex x, let I'(x) be a Gaussian random variable
@ Covariance : Green’s function for SRW
@ Mean value : Mg(x)
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@ Mean value : Mg(x)

Metric graph GFF (mGFF) with mean 'y :
@ Graph G = (V, E) — metric graph §
@ For each point x € G, let I'(x) be a Gaussian random variable
@ Covariance : Green’s function for BM on &
@ Mean value : I'5(x).

dGFF and mGFF
Given dGFF (I'(x), x € V), mGFF [ : [+ Brownian bridges.
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Discrete GFF and metric graph GFF

dGFF with mean Iy :
@ For each vertex x, let I'(x) be a Gaussian random variable
@ Covariance : Green’s function for SRW
@ Mean value : Mg(x)

Metric graph GFF (mGFF) with mean 'y :
@ Graph G = (V, E) — metric graph §
@ For each point x € G, let I'(x) be a Gaussian random variable
@ Covariance : Green’s function for BM on &
@ Mean value : I'5(x).

dGFF and mGFF
Given dGFF (I'(x), x € V), mGFF [ : [+ Brownian bridges.

dGFF and mGFF
dGFF — GFF, mGFF — GFF
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Crossing probability in dGFF and mGFF

Y1 Y4
u
L 1 dGFF and mGFF
dGFF — GFF, mGFF — GFF.
—1
Y2 Ys
Discrete GFF Metric graph GFF
@ Jcg = cy(L, 1) € (0,1) @ Jem = cm(L, ) € (0,1)
ré>o >0
P|(7y2) <= (13y3)|€(ca, 1 — ca). Pl(7ys) = (ygyf)]e(Cm,1 — cm).
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Crossing probability in dGFF and mGFF

Y1

Y4

—1

—p

dGFF and mGFF
dGFF — GFF, mGFF — GFF.

Y2

Discrete GFF

@ Jeg = cy(L,p) € (0,1)

rs>o
B[ () ©8 (ysfyf)]e(cm ~ca).

Y3

Metric graph GFF
@ Jem = cm(L, ) € (0,1)

f9>0
P {(y{syg) = (ys‘syf)]e(cm —Cm).

Theorem [Ding-Wirth-W. AIHP 2022+]

Je=c(L,u) >0, P [(}ﬁ}’z) P2 (YS,V4)} -P {(}ﬁ}’z) 20 (YS,V4):| > c.
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Crossing probability in dGFF and mGFF

Y ()
-_
Theorem [Ding-Wirth-W. AIHP 2022+]
iz 1
ri>o f9>0
» Je=c(L,pu) >0, P|(yiye) <= (}’3}’4)} -P [(}ﬁ}’z) = (yaya)| 2 C.
Y2 Y3

Question : why ?
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1 1
ré>o0 f9>0
Je=c(L,pu) >0, P |(y1y2) «= (}’3}’4)} P [(}ﬁ}’z) = (yaya)| > ¢
-1
Y2 Y3

Question : why ?
@ Crossing event is not preserved in the cvg of distributions
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o H
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Crossing probability in dGFF and mGFF

Y ()

Theorem [Ding-Wirth-W. AIHP 2022+]

ri>o f9>0
de=c(L,pu) >0, P|(yy2) += (}’3}’4)} -P [(}ﬁ}’z) = (yaya)| > ¢

Y2 Y3

Question : why ?

@ Crossing event is not preserved in the cvg of distributions
@ Cluster in dGFF is bigger than the one in mGFF [Lupu, AOP 2016]
@ Entropic repulsion [Ding-Wirth-W. AIHP 2022+]
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Crossing probability in dGFF and mGFF

Y ()

Theorem [Ding-Wirth-W. AIHP 2022+]

ri>o f9>0
de=c(L,pu) >0, P|(yy2) += (}’3}’4)} -P [(}ﬁ}’z) = (yaya)| > ¢

Y2 Y3

Question : why ?

@ Crossing event is not preserved in the cvg of distributions
@ Cluster in dGFF is bigger than the one in mGFF [Lupu, AOP 2016]
@ Entropic repulsion [Ding-Wirth-W. AIHP 2022+]

Question : what are the limits ?

5
@ dGFF, if u = A\, we have lims_,o P | (y1)2) =0 (yaya)| = q.
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Crossing probability in dGFF and mGFF

Y ()

Theorem [Ding-Wirth-W. AIHP 2022+]

ri>o f9>0
de=c(L,pu) >0, P|(yy2) += (}’3}’4)} -P [(}ﬁ}’z) = (yaya)| > ¢

Y2 Y3

Question : why ?

@ Crossing event is not preserved in the cvg of distributions
@ Cluster in dGFF is bigger than the one in mGFF [Lupu, AOP 2016]
@ Entropic repulsion [Ding-Wirth-W. AIHP 2022+]

Question : what are the limits ?

5
@ dGFF, if u = X, we have limg_,o P [(y1 ¥2) =0 (y3y4)} =q.

£
@ mGFF, if 4 = 2), we have lims_,o P [(y1 Vo) =0 (y3y4)} =q*
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GFF and metric graph GFF

Connection Probabilities in mGFF

n Y4 Y1 Y4 Y1 Y4
—2A —2A —2A

23\ 2 2\ 2\ 2\ 2

—2) —2) —2)\
Y2 Y3 Y2 Y3 Y2 Y3

Theorem [Liu-W. EJP 2021]
The connection probabilities in mGFF are given by

 Za(&n, -, pew)
) ZnGrr (L Vas - yon)

lim PlA® = 4] = M,

where M, -(4) is certain coefficient and 2, is “fusion” of pure partition function 2.
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GFF and metric graph GFF

Fusion of partition functions

Pure partition functions

. 1 1/4
PDE : [a,? + (ﬁa,f ﬁ)] Zo(x1,... xen) = 0.

ZQ(X17"'7X4N)

lim .
Xoj—1:X2j =Y RV
V1<j<oN \/H1§j§2N(X21 X3j—1)

Z&(Yh"':yZN):

Fusion of pure partition functions

PDE : [9f — 42,0, +2£%| Za(y1,....yon) =0,

- 1 1 - 2 1
L(l)z = Z < - ‘8/-) , 5(1)3 = Z ( - 8j> .

F\G =Py AN/l DA Vb
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Uniform spanning tree

Pure Partition Functions

Pure Partition Functions
{Za : a € LP} is a collection of smooth functions satisfying PDE, COV, ASY.

| 582 o2 5 _ (6=R)/r _

PDE : {%af + s (x/-—x, h o x 2 Z(X{, .-, X)) = 0.

COV:Z(xy, . .., xay) = [12M &’ () X Z(0(x)), - - ., olan))-

ASY : lim Za (X XoN) _ Za(xq, .- D Xj 15 X2, s xon), f{i,i+1} € o
CIXG X =€ (X/‘+1’X/‘>72h 0, else.
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Uniform spanning tree

Pure Partition Functions

Pure Partition Functions

{Za : a € LP} is a collection of smooth functions satisfying PDE, COV, ASY.

POE: | 502 + S ( 525 0) — O=r)/s )| z(x, .., Xon) = 0.
! X=X (Xj=xj)
COV:Z(xy, . .., xay) = [12M &’ () X Z(0(x)), - - ., olan))-
ASY : lim Za (X Xon) _ Z&(x1,...,xjf1,xj+2,“.,x2N), it{j,j+1} € a;
CIXG X =€ (X/‘+1’X/‘>72h 0, else.

Uniqueness
Uniqueness for x € (0, 8) : [Flores-Kleban, CMP 2015]

Existence
@ Existence for k € (0,8) \ Q : [Kyt6la-Peltola, CMP 2016]
@ Existence for € (0, 4] : [Peltola-W. CMP 2019, Beffara-Peltola-W. AOP 2021]
@ Existence for « € (0, 6] : [W. CMP 2020]
@ Existence conjectured for x € (6, 8) : see e.g. [Peltola, JMP 2019]
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Pure Partition Functions

Pure Partition Functions

{Za : a € LP} is a collection of smooth functions satisfying PDE, COV, ASY.

POE: | 502 + 5 ( 250y — C BN 2, .., Xon) = 0.
! X=X (Xj=xj)
COV:Z(xy, . .., xay) = [12M &’ () X Z(0(x)), - - ., olan))-
ASY : lim Za (X Xon) _ JZa(qs X X2, e XaN)s ift{j,j+1} € ;
CIXG X =€ (X/‘+1’X/‘>72h 0, else.

Uniqueness
Uniqueness for x € (0, 8) : [Flores-Kleban, CMP 2015]

Existence
@ Existence for k € (0,8) \ Q : [Kyt6la-Peltola, CMP 2016]
@ Existence for € (0, 4] : [Peltola-W. CMP 2019, Beffara-Peltola-W. AOP 2021]
@ Existence for « € (0, 6] : [W. CMP 2020]
@ Existence conjectured for x € (6, 8) : see e.g. [Peltola, JMP 2019]

Question : What about x = 8?
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Uniform spanning tree

G = (V, E) : afinite connected graph.
A tree is a subgraph of G without loops.

]
]
@ A spanning tree is a tree that covers all the vertices.
@ UST : uniform spanning tree.

]

UST in topological polygon and Peano curves
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Uniform spanning tree

Uniform spanning tree

@ G = (V,E) : afinite connected graph.

@ Atreeis a subgraph of G without loops.

@ A spanning tree is a tree that covers all the vertices.
@ UST : uniform spanning tree.

@ UST in topological polygon and Peano curves

The Peano curve in UST with Dobrushin boundary
conditions converges weakly to SLEg.

‘ ‘ 3 Theorem [Lawler-Schramm-Werner, AOP 2004]
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Uniform spanning tree
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Uniform spanning tree in polygons

] T

boundary conditions :

5

B = {{1 ) 2}7 {378}7 {41 7}7 {57 6}}

possible link patterns :

oy ={{1,8},{2,7},{3,6},{4,5}}
oz ={{1,8},{2,5},{3,4},{6,7}}
ag ={{1,6},{2,3},{4,5},{7,8}}
a4 ={{1,4},{2,3},{5,8},{6,7}}
the (renormalized) meander matrix
Mgy g=1.
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Uniform spanning tree in polygons

RN

£
(T>FW("2W@W

Consider UST in polygon (2; x1, . . ., Xon) With boundary conditions 3 € LPy. The connection of
Peano curves forms a planar link pattern A;.

— 1

—1

Za(2X1,. .., Xon)

lim P[A; = a] = M,
5@0 [ s O(] ’ﬁ]‘-ﬁ(Q;Xh...,XgN)

where {F3 : 8 € LPy} is a collection of Coulomb gas integrals, {M s : o, 8 € LPy} is the
(renormalized) meander matrix, and Z, = ZW M;ﬂw}y.

Previous results : [Kenyon-Wilson, Trans. AMS 2011], [Dubédat, JSP 2006]
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Uniform spanning tree in polygons

R
ﬁ S W

Theorem [Liu-Peltola-W. 2021]

r
WW

Consider UST in polygon (2; x1, . . ., Xon) With boundary conditions 3 € LPy. The connection of
Peano curves forms a planar link pattern A;.

— 1

—1

Za(2X1,. .., Xon)

lim P[As = a] = M,
5@0 [ s a] ’ﬁ]‘-ﬁ(Q;Xh...,XgN)

where {F3 : 8 € LPy} is a collection of Coulomb gas integrals, {M s : o, 8 € LPy} is the
(renormalized) meander matrix, and Z, = ZW M;ﬂw}y.

Previous results : [Kenyon-Wilson, Trans. AMS 2011], [Dubédat, JSP 2006]
Difficulty : proper observable
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Coulomb gas integrals

Boundary conditions :

B ={{ai,b1},{@2, b2},...,{an, bn}} € LPy
with link endpoints ordered as ag<a<---<ayandar < bsforall<r<N,

Coulomb gas integrals : suppose x; < - -+ < Xop,

Folxirom) = |1 -—x,‘/“/"‘ /"” 11 (us—u»H

_ 1/2’
1§i<j§2N Xay 1<r<s<N k 1(ur Xk)/

where the branch of the multivalued integrand is chosen to be real and positive when

Xa, < Ur < Xg,41 forall1 <r <N.

Theorem [Liu-Peltola-W. 2021]

® Fg satisfies PDE. @ Fjp satisfies COV. @ Fpis POS. @ Fp satisfies ASY.
. Fp(X1, .., Xen) _ - ‘ ‘ o )
Xj‘xjirnw’]*f W =7Fg/gjj+13 (X5 oo X1, X, o Xon), it {j,j+1} € B
Fp(X1, ..., Xen)

go1—+€ (g1 — %)/ log(%n — )| Fop)/ Gttt (X5 X1, Xisa, o o), {1} € 5.
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Uniform spanning tree and log-CFT

Theorem [Liu-Peltola-W. 2021]

@ Fj satisfies PDE. @ Fjp satisfies COV. @ Fgis POS. @ Fjp satisfies ASY.
. Fp (X1, -, Xon) o
i€ (g1 — )17 Ty (X X1s Xz, o e, ity j+1}rep
_7:5()(1,...,X2N) . .o
! = Foi(8)/ 1 e Xty Xz o Xen),  iE{ 41 .
e Cger — ) aTlogler — ] 7 e Gty (e Ximn Kz o), W) 2 6

J. Cardy. J. Phys. A. 46 :49, 31 pp, 2013 :

which is in general non-unitary. The case @ = 1 corresponds to bond percolation, for
which the partition function Z = 1, so in this case we expect the scaling limit to be a
logCFT, although other values of @ (—2, corresponding to uniform spanning trees, and
+2, corresponding to the extended Ising model) also turn out to be logarithmic.

@ V. Gurarie. Logarithmic operators in conformal field theory. Nucl. Phys. B,1993.

@ H. Kausch. Symplectic fermions. Nucl. Phys. B, 2000.

@ PPearce, J. Rasmussen. Solvable critical dense polymers. J. Stat. Mech.,2007

@ M. Gaberdiel, H. Kausch. Indecomposable fusion products. Nucl. Phys. B,1996.

@ We provide a rigorous result towards a log-CFT description of the scaling limit of the UST :

c=-2.
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Thanks!
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