
Random conductances and 
the chromatic polynomial

Richard Kenyon (Yale)
<latexit sha1_base64="Ovih89FbpHEvdF6W++g9u9ki9H0=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1iEuilpFR8bKbgR3FSxD2lDmUxv26GTSZiZCCEU/BU3LhRx63e4829M0iBqPXDhcM693HuP43OmtGV9Grm5+YXFpfxyYWV1bX3D3NxqKi+QFBrU455sO0QBZwIammkObV8CcR0OLWd8kfite5CKeeJWhz7YLhkKNmCU6FjqmTs3jI6I7OMrEKEncOmOcDjomUWrbKXAs6SSkSLKUO+ZH92+RwMXhKacKNWpWL62IyI1oxwmhW6gwCd0TIbQiakgLig7Ss+f4P1Y6eOBJ+MSGqfqz4mIuEqFrhN3ukSP1F8vEf/zOoEenNoRE36gQdDpokHAsfZwkgXuMwlU8zAmhEoW34qTMAjVcWKFNISzBMffL8+SZrVcOSwfXVeLtfMsjjzaRXuohCroBNXQJaqjBqIoQo/oGb0YD8aT8Wq8TVtzRjazjX7BeP8CAQSU/A==</latexit>

500 1000 1500 2000 2500 3000

0.2

0.4

0.6

0.8

1.0

based on work with Aaron Abrams (WLU) and Wai Yeung Lam (Beijing)

<latexit sha1_base64="O1SHnOtuzYQASQAPQ3TSab0hp2I="></latexit>



1. Dirichlet problem

2. Chromatic polynomial

3. Compatible orientations

4. Statement

5. Enharmonic functions

6. Rectangle tilings

<latexit sha1_base64="tXqSyzZohc/ChKblORqoS36OXII="></latexit>



Stat Mech:

<latexit sha1_base64="R8latEUQglleXMR448suTlaJPOU=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKewGwcdBAl68CBHNAzZLmJ3MJkNmZ5aZXiEs+QwvHhTx6td482+cJHvQxIKGoqqb7q4wEdyA6347hZXVtfWN4mZpa3tnd6+8f9AyKtWUNakSSndCYpjgkjWBg2CdRDMSh4K1w9HN1G8/MW24ko8wTlgQk4HkEacErOQ/AAF8x+jwCvfKFbfqzoCXiZeTCsrR6JW/un1F05hJoIIY43tuAkFGNHAq2KTUTQ1LCB2RAfMtlSRmJshmJ0/wiVX6OFLalgQ8U39PZCQ2ZhyHtjMmMDSL3lT8z/NTiC6CjMskBSbpfFGUCgwKT//Hfa4ZBTG2hFDN7a2YDokmFGxKJRuCt/jyMmnVqt5Z9fK+Vqlf53EU0RE6RqfIQ+eojm5RAzURRQo9o1f05oDz4rw7H/PWgpPPHKI/cD5/ACJqkIE=</latexit>

Z : {Graphs} ! R

<latexit sha1_base64="SMLglQTZU06leu5T8mcgxVa3PgE=">AAACDXicbVC7SgNBFJ31GeNr1VKQwShYhV0RfBQSsNAyinlgdgmzk0kyZPbBzF0xLPsDNtb6FTYWitja2/k3ziYpNPHAwOGce5l7jhcJrsCyvo2p6ZnZufncQn5xaXll1Vxbr6owlpRVaChCWfeIYoIHrAIcBKtHkhHfE6zm9c4yv3bLpOJhcA39iLk+6QS8zSkBLTXNnZsT7CQOsDtIziWJuip1UuxAiBPHJ9D1PHyVNs2CVbQGwJPEHpFCaesxw1O5aX45rZDGPguACqJUw7YicBMigVPB0rwTKxYR2iMd1tA0ID5TbjJIk+JdrbRwO5T6BYAH6u+NhPhK9X1PT2YXqnEvE//zGjG0j9yEB1EMLKDDj9qxwDpsVg1ucckoiL4mhEqub8W0SyShoAvM6xLs8ciTpLpftA+Kx5e6jVM0RA5tom20h2x0iEroApVRBVF0j57RK3ozHowX4934GI5OGaOdDfQHxucPkYWfoQ==</latexit>

“partition function”

<latexit sha1_base64="7/haZgmRGde1JEeSdmEt8kUJW1Y=">AAAB/nicbVBLSwMxGPy2vmp9rYonL6FF8FR2i6BepODFYwX7gHZps2m2Dc1mlyQrlKXgX/HiQRGv/g5v/huz7R60dSAwmfkmj/FjzpR2nG+rsLa+sblV3C7t7O7tH9iHRy0VJZLQJol4JDs+VpQzQZuaaU47saQ49Dlt+5PbzG8/UqlYJB70NKZeiEeCBYxgbaS+fTIYxFiaoNmhIBEkI+W+XXGqzhxolbg5qUCORt/+6g0jkoRUaMKxUl3XibWXZicTTmelXqJojMkEj2jXUIFDqrx0/vwZOjPKEAWRNEtoNFd/J1IcKjUNfTMZYj1Wy14m/ud1Ex1ceSkTcaKpIIuLgoQjHaGsCzRkkhLNp4ZgIk0HBJExlpho01jJlOAuf3mVtGpV96J6fV+r1G/yOopwCmU4BxcuoQ530IAmEEjhGV7hzXqyXqx362MxWrDyzDH8gfX5A2fxlcU=</latexit>

e.g.

<latexit sha1_base64="wwb/WTO1jJJy3utNFxpUP1OgQS4=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4CkkR1IsUvHisYD+gDWWznbZLd5OwuxFK6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzwkRwbTzv21lb39jc2i7tlHf39g8OK0fHLR2nimGTxSJWnZBqFDzCpuFGYCdRSGUosB1O7nK//YRK8zh6NNMEA0lHER9yRk0uoTty+5Wq53pzkFXiF6QKBRr9yldvELNUYmSYoFp3fS8xQUaV4UzgrNxLNSaUTegIu5ZGVKIOsvmtM3JulQEZxspWZMhc/T2RUan1VIa2U1Iz1steLv7ndVMzvA4yHiWpwYgtFg1TQUxM8sfJgCtkRkwtoUxxeythY6ooMzaesg3BX355lbRqrn/p3jzUqvXbIo4SnMIZXIAPV1CHe2hAExiM4Rle4c2Rzovz7nwsWtecYuYE/sD5/AFjx43Q</latexit>

Ztree(G) = # spanning trees

<latexit sha1_base64="8jdujDmWa1SFG7Ldv8AMWHhSZQY=">AAACFnicbVA9SwNBEN3z2/gVtRRkMQixMNyJoBaKYKGlgtFgEsLeZpIs2ds7dufEcNyvsFH/iY2FIrZi579xL7HQ6IOBx3szzMzzIykMuu6nMzI6Nj4xOTWdm5mdm1/ILy5dmDDWHMo8lKGu+MyAFArKKFBCJdLAAl/Cpd89yvzLa9BGhOocexHUA9ZWoiU4Qys18ptXjaSGcIMJaoA0LR5v0H1aKww0aiKmlFBtmrkmbeQLbsntg/4l3jcpHK7eZ3g4beQ/as2QxwEo5JIZU/XcCOsJ0yi4hDRXiw1EjHdZG6qWKhaAqSf9t1K6bpUmbYXalkLaV39OJCwwphf4tjNg2DHDXib+51VjbO3WE6GiGEHxwaJWLCmGNMuINoUGjrJnCeNa2Fsp7zDNONokczYEb/jlv+Riq+Rtl/bObBoHZIApskLWSJF4ZIcckhNySsqEk1vySJ7Ji3PnPDmvztugdcT5nlkmv+C8fwFxJKNO</latexit>
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<latexit sha1_base64="oxk46puHyPfbT6VvBaczHrz5a5Q="></latexit>

These functions are most interesting when we put arbitrary edge weights/interactions

<latexit sha1_base64="W3/CCQXPpR6ozwh7bnKA9OTNHEI="></latexit>
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<latexit sha1_base64="nD5qndkZRzwd2NFgmWQt3wskpPY="></latexit>

Ztree(G) =
X

sp. trees T

Y

e2T

ce

<latexit sha1_base64="FDinjuSOBIHI27lvK2Bk5tzZCXg="></latexit>



(Discrete) Dirichlet problem

<latexit sha1_base64="Tg1aO7jBq/T+EVY/UTg7tLBcb/0=">AAACBXicbVC7SgNBFJ2Nrxhfq5ZaDAYhNmE3CGojAVNYRjAPSJYwO7lJhsw+mLkrhJDGxl+xsVDE1n+w82+cJFto4oELh3Punbn3+LEUGh3n28qsrK6tb2Q3c1vbO7t79v5BXUeJ4lDjkYxU02capAihhgIlNGMFLPAlNPzhzdRvPIDSIgrvcRSDF7B+KHqCMzRSxz4uVITmChDOaEUowQcSkMYqMg8EHTvvFJ0Z6DJxU5InKaod+6vdjXgSQIhcMq1brhOjN2YKBZcwybUTDTHjQ9aHlqEhC0B749kVE3pqlC7tRcpUiHSm/p4Ys0DrUeCbzoDhQC96U/E/r5Vg79IbizBOEEI+/6iXSIoRnUZCu0IBRzkyhHElzK6UD5hiHE1wOROCu3jyMqmXiu558equlC9fp3FkyRE5IQXikgtSJrekSmqEk0fyTF7Jm/VkvVjv1se8NWOlM4fkD6zPH7VdmBY=</latexit>

G = (V,E)

<latexit sha1_base64="kkW5CBVCw4amLrsdHHKNuFewUXE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh4FWSxCBSlJEdSDUhDRYwX7AW0om+2mXbrZhN2NUEJ/hBfBinj193jz37hpe9DWBwOP92aYmedFnClt299WZml5ZXUtu57b2Nza3snv7tVVGEtCayTkoWx6WFHOBK1ppjltRpLiwOO04Q1uUr/xRKVioXjUw4i6Ae4J5jOCtZEad1fF+untSSdfsEv2BGiRODNSqBy+phhXO/mvdjckcUCFJhwr1XLsSLsJlpoRTke5dqxohMkA92jLUIEDqtxkcu4IHRuli/xQmhIaTdTfEwkOlBoGnukMsO6reS8V//NasfYv3ISJKNZUkOkiP+ZIhyj9HXWZpETzoSGYSGZuRaSPJSbaJJQzITjzLy+SernknJUuH0wa1zBFFg7gCIrgwDlU4B6qUAMCA3iGMbxZkfVivVsf09aMNZvZhz+wPn8A1gGSVQ==</latexit>

V = V@ [ Vint

<latexit sha1_base64="D38UBLVZZ0KQS23ZFdtUmgIdnNE=">AAACC3icbVC7SgNBFJ2Nr5j4iLG0GRKFVGFXBLVQAjaWEcwmkA3L7GSSDJl9MHNXDMtaW+gH+BM2ForY+gN2/o2TR6GJBwbOPede7tzjRYIrMM1vI7O0vLK6ll3P5Tc2t7YLO0VbhbGkrEFDEcqWRxQTPGAN4CBYK5KM+J5gTW94MfabN0wqHgbXMIpYxyf9gPc4JaAlt1Cy8Rm2XSciEjgR2KFxpOvEAXYLCQ8gTd1C2ayaE+BFYs1IuVZ8erir7OfrbuHL6YY09lkAVBCl2pYZQScZb6CCpTknViwidEj6rK1pQHymOsnklhQfaKWLe6HULwA8UX9PJMRXauR7utMnMFDz3lj8z2vH0Dvp6IuiGFhAp4t6scAQ4nEwuMsloyBGmhAquf4rpgMiCQUdX06HYM2fvEjsw6p1VD290mmcoymyaA+VUAVZ6BjV0CWqowai6B49o1f0ZjwaL8a78TFtzRizmV30B8bnD6etnRU=</latexit>

c : E ! R>0

<latexit sha1_base64="5hthNi8doC8WAmcaDuHeO4g+7E8=">AAAB/3icbVDLSsNAFJ3UV62vqCCCm8EiuCqJCD4WpSCCG6GKfUATwmQ6aYdOHsxMhBIj+CuCuFDErb/hzo1f4cKlk7YLbT0wcDjnXu6Z40aMCmkYH1puanpmdi4/X1hYXFpe0VfX6iKMOSY1HLKQN10kCKMBqUkqGWlGnCDfZaTh9k4yv3FNuKBhcCX7EbF91AmoRzGSSnL0DXx8askwsXwku64LL1MnKRupoxeNkjEAnCTmiBQrm1+ftw/f51VHf7faIY59EkjMkBAt04iknSAuKWYkLVixIBHCPdQhLUUD5BNhJ4P8KdxRSht6IVcvkHCg/t5IkC9E33fVZBZTjHuZ+J/XiqV3aCc0iGJJAjw85MUMyhBmZcA25QRL1lcEYU5VVoi7iCMsVWUFVYI5/uVJUt8rmfulowvVRhkMkQdbYBvsAhMcgAo4A1VQAxjcgHvwBJ61O+1Re9Feh6M5bbSzDv5Ae/sBdbeaNw==</latexit>

edge conductances

<latexit sha1_base64="6G6MC1o6UnnipK0qC4tqvUuvWIQ=">AAAB+nicbVBNSwMxEM3Wr1q/tnr0EiyCp7JbBPUiBS8eK9gPaJeSzU7b0GyyJFmlrP0pXjwo4tVf4s1/Y9ruQVsfDDzem2FmXphwpo3nfTuFtfWNza3idmlnd2//wC0ftrRMFYUmlVyqTkg0cCagaZjh0EkUkDjk0A7HNzO//QBKMynuzSSBICZDwQaMEmOlvluGaAiYShGl1BBBQffdilf15sCrxM9JBeVo9N2vXiRpGoMwlBOtu76XmCAjyjDKYVrqpRoSQsdkCF1LBYlBB9n89Ck+tUqEB1LZEgbP1d8TGYm1nsSh7YyJGellbyb+53VTM7gMMiaS1ICgi0WDlGMj8SwHHDEF1PCJJYQqZm/FdEQUocamVbIh+Msvr5JWreqfV6/uapX6dR5HER2jE3SGfHSB6ugWNVATUfSIntErenOenBfn3flYtBacfOYI/YHz+QNPTZQK</latexit>

The Dirichlet problem is to find a harmonic extension of u:

<latexit sha1_base64="wn6GLL3eu5orotzR+nukO7inEZw="></latexit>

fixed boundary values

<latexit sha1_base64="dMaRPTAtFrsvy4T7ol34LCamDWA=">AAAB/nicbVBNS8NAEN34WetXVDx5WSyCp5IUQb1IwYvHCvYD2lA2m0m7dLMJu5tiCAX/ihcPinj1d3jz37htc9DWBwOP92aYmecnnCntON/Wyura+sZmaau8vbO7t28fHLZUnEoKTRrzWHZ8ooAzAU3NNIdOIoFEPoe2P7qd+u0xSMVi8aCzBLyIDAQLGSXaSH37OGSPEGA/TkVAZIbHhKeg+nbFqToz4GXiFqSCCjT69lcviGkagdCUE6W6rpNoLydSM8phUu6lChJCR2QAXUMFiUB5+ez8CT4zSoDDWJoSGs/U3xM5iZTKIt90RkQP1aI3Ff/zuqkOr7yciSTVIOh8UZhyrGM8zQIHTALVPDOEUMnMrZgOiSRUm8TKJgR38eVl0qpV3Yvq9X2tUr8p4iihE3SKzpGLLlEd3aEGaiKKcvSMXtGb9WS9WO/Wx7x1xSpmjtAfWJ8/Z7KVxw==</latexit>

Find f : V ! R such that

<latexit sha1_base64="GWOXjAYdqhvefnqyGDuvcF4cVaA="></latexit>

f |V@ = u

�f |Vint = 0

<latexit sha1_base64="j24uP4MUdqqdPB6IojHg/xZkte4="></latexit>

u : V@ ! R

<latexit sha1_base64="xNS9rE9eEtchRk5tDQDs5jidqsg=">AAACBXicbVDLSsNAFJ34rPWV6krqYrAIrkoigg9cFNy4bMU+oAlhMp20QyeTMDMRSsjGjb/ixoUibv0DF+70a5y0XWjrgYHDOffeuff4MaNSWdaXsbC4tLyyWlgrrm9sbm2bpZ2WjBKBSRNHLBIdH0nCKCdNRRUjnVgQFPqMtP3hVe6374iQNOK3ahQTN0R9TgOKkdKSZ+4nFy0vdWIkFEUsc1SUOiFSA9+HN5lnVqyqNQacJ/aUVGolp/zd2Puoe+an04twEhKuMENSdm0rVm6aD8eMZEUnkSRGeIj6pKspRyGRbjq+IoOHWunBIBL6cQXH6u+OFIVSjkJfV+YbylkvF//zuokKztyU8jhRhOPJR0HCoIpgHgnsUUGwYiNNEBZU7wrxAAmElQ6uqEOwZ0+eJ63jqn1SPW/oNC7BBAVQBgfgCNjgFNTANaiDJsDgHjyCZ/BiPBhPxqvxNildMKY9u+APjPcfziqbtw==</latexit>



To a harmonic extension is associated an energy

<latexit sha1_base64="cIQ40PGwMcBjWu65PRh7dFP9Uuo="></latexit>

E : E ! R�0

<latexit sha1_base64="zfY3Anrx3DlWEP0W24ELyDPPk3Q="></latexit>

Euv = cuv(f(u)� f(v))2

<latexit sha1_base64="HYYbuJ1FtarxdQK6A+oomzPRyu0="></latexit>

0

<latexit sha1_base64="gvl33yTdB07ALNNJfRK3vZfhfzU=">AAAB5HicbZDLSsNAFIZP6q3WW3XrZrAIrkqigrrRghuXFewF2lAm05N27GQSZiZCCX0CNy4Ut76Lb+DOt3GadqGtPwx8/P85zDknSATXxnW/ncLK6tr6RnGztLW9s7tXLu03dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6neatJ1Sax/LBjBP0IzqQPOSMGmvdu71yxa26ucgyeHOo3Hye5ar3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FiUNELtZ/mgE3JsnT4JY2WfNCR3f3dkNNJ6HAW2MqJmqBezqflf1klNeOlnXCapQclmH4WpICYm061JnytkRowtUKa4nZWwIVWUGXubkj2Ct7jyMjRPq9559apSu4aZinAIR3ACHlxADe6gDg1ggPAMr/DmPDovzvussODMOw7gj5yPHwFAjcY=</latexit>

1

<latexit sha1_base64="0nrJOPJFXah2ldRAsS+UVRj39dQ=">AAAB6HicbZDLSgMxFIbPeK31VnXpJlgEV2VGBXWjBTcuW7AXaIeSSc+0sZnMkGSEUvoEblwo4tZX8Q3c+Tam0y609YfAx/+fQ845QSK4Nq777Swtr6yurec28ptb2zu7hb39uo5TxbDGYhGrZkA1Ci6xZrgR2EwU0igQ2AgGt5O88YhK81jem2GCfkR7koecUWOtqtcpFN2Sm4ksgjeD4s3nWaZKp/DV7sYsjVAaJqjWLc9NjD+iynAmcJxvpxoTyga0hy2Lkkao/VE26JgcW6dLwljZJw3J3N8dIxppPYwCWxlR09fz2cT8L2ulJrz0R1wmqUHJph+FqSAmJpOtSZcrZEYMLVCmuJ2VsD5VlBl7m7w9gje/8iLUT0veeemq6hbL1zBVDg7hCE7Agwsowx1UoAYMEJ7gBV6dB+fZeXPep6VLzqznAP7I+fgBdMKO7Q==</latexit>



This talk is about the map

<latexit sha1_base64="T1J4ZBTfYEie9mwzqHng+FteXwQ="></latexit>

 : {conductances} ! {edge energies}

<latexit sha1_base64="wYF0lGoRoxtCJRJhxBssYKm6hqw="></latexit>

{ce} ! {Ee}

<latexit sha1_base64="9BJwLYysX4cqwkB3NjPD+AUq+UA="></latexit>

(for fixed u)

<latexit sha1_base64="jP1X1lWVnk5krE7lxJBDy1UWXgw=">AAACFHicbVC5TsNAFFxzhnAFKGlWBCRoIjtCAhqEREMZIpIgxVG0Xj+TVfawdtdAZPk3aGjhL+gQLT0/wTdgJym4phrNzNMbTRBzZqzrfjgzs3PzC4ulpfLyyuraemVjs21Uoim0qOJKXwfEAGcSWpZZDtexBiICDp1geF74nVvQhil5ZUcx9AS5kSxilNhc6lfW9yOlccTuIcS7ye5Bv1J1a+4Y+C/xpqSKpmj0K59+qGgiQFrKiTFdz41tLyXaMsohK/uJgZjQIbmBbk4lEWB66bh4hvdyJcTjBkpaPFa/X6REGDMSQZ4UxA7Mb68Q//O6iY2OeymTcWJB0smjKOHYKlysgEOmgVo+ygmhmuVdMR0QTajNtyr7Eu6oEoLIMPWbWZr6xYcgwM0sywfyfs/xl7TrNe+wdnJZr56dTqcqoW20g/aRh47QGbpADdRCFCXoET2hZ+fBeXFenbdJdMaZ3myhH3DevwBcY53r</latexit>

Q. Is  surjective? Injective?

<latexit sha1_base64="GJvHYwv+hOIqJ3La1JYV5rK0ui4=">AAACDHicbVDLSgMxFM3UV62vqks3wVZwVWaKoG604MbuWrAPaIeSSW/b2ExmSDKFMvQD3Pgrblwo4tYPcOffmLYjaOuBwOGcc7m5xws5U9q2v6zUyura+kZ6M7O1vbO7l90/qKsgkhRqNOCBbHpEAWcCapppDs1QAvE9Dg1veDP1GyOQigXiTo9DcH3SF6zHKNFG6mRz1QIuK5xvVxTLYxXJe6CajeAal8UPNSm7YM+Al4mTkBxKUOlkP9vdgEY+CE05Uarl2KF2YyI1oxwmmXakICR0SPrQMlQQH5Qbz46Z4BOjdHEvkOYJjWfq74mY+EqNfc8kfaIHatGbiv95rUj3LtyYiTDSIOh8US/iWAd42gzuMmkO5mNDCJXM/BXTAZGEatNfxpTgLJ68TOrFgnNWuKwWc6WrpI40OkLH6BQ56ByV0C2qoBqi6AE9oRf0aj1az9ab9T6Ppqxk5hD9gfXxDWjvmf0=</latexit>

no, but fiber
has constant size

<latexit sha1_base64="ll1l9O2PVDTdCOtVp4ZQim0GXLo="></latexit>

yes

<latexit sha1_base64="J1XqY4Y0m9HBOoHEzgaHPtcpFek=">AAAB9HicdVDLSsNAFJ34rPVVdelmsAiuQhJDH+Ci4MZlBfuANpTJZNIOnUzizKQQQr/DjQtF3Pox7vwbJ20FFT0wcDjnHu6d4yeMSmVZH8ba+sbm1nZpp7y7t39wWDk67so4FZh0cMxi0feRJIxy0lFUMdJPBEGRz0jPn14Xfm9GhKQxv1NZQrwIjTkNKUZKS96Qx5QHhCuYETmqVC2z2ag5bg1apmXVbccuiFN3L11oa6VAFazQHlXeh0GM00jnMUNSDmwrUV6OhKKYkXl5mEqSIDxFYzLQlKOISC9fHD2H51oJYBgL/fT+hfo9kaNIyizy9WSE1ET+9grxL2+QqrDh5ZQnqSIcLxeFKYMqhkUDMKCCYMUyTRAWVN8K8QQJhJXuqaxL+Pop/J90HdN2zeatU21dreoogVNwBi6ADeqgBW5AG3QABvfgATyBZ2NmPBovxutydM1YZU7ADxhvn0Ockm4=</latexit>



0

BBBBBBB@

a(bc+be+cd+ce)2

(ab+ad+ae+bc+bd+be+cd+ce)2

b(cd�ae)2

(ab+ad+ae+bc+bd+be+cd+ce)2

c(ab+ad+ae+bd)2

(ab+ad+ae+bc+bd+be+cd+ce)2
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e(ab+ad+bd+cd)2

(ab+ad+ae+bc+bd+be+cd+ce)2

1

CCCCCCCA

<latexit sha1_base64="T+Hh8xmy2+1ImHzOWmFd8huQw0U="></latexit>

0

BBBB@

a
b
c
d
e

1

CCCCA

<latexit sha1_base64="M2sPtoLVjUIxlc5a6jDc4m4UsIc="></latexit>

!

<latexit sha1_base64="3HsZlAfKbYrMhbTm1EFgl+ZBdQg=">AAACBnicbVC7SgNBFJ2NrxhfUUubwSBYhV0V1EYDNpYxmgdklzA7O0mGzGOZmVXCsr2Nrf6FndgKfoU/4Tc4eRSaeODC4Zx7ufeeMGZUG9f9cnILi0vLK/nVwtr6xuZWcXunoWWiMKljyaRqhUgTRgWpG2oYacWKIB4y0gwHVyO/eU+UplLcmWFMAo56gnYpRsZKt76RnWLJLbtjwHniTUnp8vN4jGqn+O1HEiecCIMZ0rrtubEJUqQMxYxkBT/RJEZ4gHqkbalAnOggHZ+awQOrRLArlS1h4Fj9PZEirvWQh7aTI9PXs95I/M9rJ6Z7FqRUxIkhAk8WdRMGjYSjv2FEFcGGDS1BWFF7K8R9pBA2Np2CL8gDlpwjEaV+LUtTf7QhDGEty2xA3mwc86RxVPZOyuc3bqlyASbIgz2wDw6BB05BBVyDKqgDDHrgCTyDF+fReXXenPdJa86ZzuyCP3A+fgCyKZwO</latexit>

a

<latexit sha1_base64="hWreK9/93RhAe/9JYB0k64ZuQYo=">AAACBHicbVC7SgNBFJ2NrxhfUUubwSBYhV0V1EYDNpZJMA/IhjA7uUmGzMwuM7NKWLa1sdW/sBNbG7/Cn/AbnDwKTTxw4XDOvdx7TxBxpo3rfjmZpeWV1bXsem5jc2t7J7+7V9dhrCjUaMhD1QyIBs4k1AwzHJqRAiICDo1geDP2G/egNAvlnRlF0BakL1mPUWKsVCGdfMEtuhPgReLNSOH683SCcif/7XdDGguQhnKidctzI9NOiDKMckhzfqwhInRI+tCyVBIBup1MDk3xkVW6uBcqW9Lgifp7IiFC65EIbKcgZqDnvbH4n9eKTe+inTAZxQYknS7qxRybEI+/xl2mgBo+soRQxeytmA6IItTYbHK+hAcaCkFkN/GraZL44w1BgKtpagPy5uNYJPWTondWvKy4hdIVmiKLDtAhOkYeOkcldIvKqIYoAvSEntGL8+i8Om/O+7Q148xm9tEfOB8//h2bHA==</latexit>

b

<latexit sha1_base64="7iigj9opihnhXHSS/8i29Nd/mbY=">AAACBXicbVC7TsMwFHXKq4RXgZHFokJiqhJAAhaoxMJYKvqQmqhyXKe1ajuR7YCqKDMLK/wFG2Jl4Cv4Cb4BJ+0AhSNd6eice3XvPUHMqNKO82mVFhaXllfKq/ba+sbmVmV7p62iRGLSwhGLZDdAijAqSEtTzUg3lgTxgJFOML7K/c4dkYpG4lZPYuJzNBQ0pBhpIzUDu1+pOjWnAPxL3BmpXn4cF2j0K1/eIMIJJ0JjhpTquU6s/RRJTTEjme0lisQIj9GQ9AwViBPlp8WlGTwwygCGkTQlNCzUnxMp4kpNeGA6OdIjNe/l4n9eL9HhmZ9SESeaCDxdFCYM6gjmb8MBlQRrNjEEYUnNrRCPkERYm3BsT5B7HHGOxCD1mlmaevmGIIDNLDMBufNx/CXto5p7Uju/car1CzBFGeyBfXAIXHAK6uAaNEALYBCCR/AEnq0H68V6td6mrSVrNrMLfsF6/wY1bpsx</latexit>

c

<latexit sha1_base64="D1uwlP6v+yVN8hnoD8m87mz8rPo=">AAACBXicbVC7TsMwFHXKq4RXgZHFokJiqhJAAhaoxMJYKvqQmqhyXKe1ajuR7YCqKDMLK/wFG2Jl4Cv4Cb4BJ+0AhSNd6eice3XvPUHMqNKO82mVFhaXllfKq/ba+sbmVmV7p62iRGLSwhGLZDdAijAqSEtTzUg3lgTxgJFOML7K/c4dkYpG4lZPYuJzNBQ0pBhpIzWx3a9UnZpTAP4l7oxULz+OCzT6lS9vEOGEE6ExQ0r1XCfWfoqkppiRzPYSRWKEx2hIeoYKxIny0+LSDB4YZQDDSJoSGhbqz4kUcaUmPDCdHOmRmvdy8T+vl+jwzE+piBNNBJ4uChMGdQTzt+GASoI1mxiCsKTmVohHSCKsTTi2J8g9jjhHYpB6zSxNvXxDEMBmlpmA3Pk4/pL2Uc09qZ3fONX6BZiiDPbAPjgELjgFdXANGqAFMAjBI3gCz9aD9WK9Wm/T1pI1m9kFv2C9fwM3D5sy</latexit>

d

<latexit sha1_base64="DsU4QhiDEGF/JydHRxlAxUZfoQo=">AAACBXicbVC7TsMwFHXKq4RXgZHFokJiqhJAAhaoxMJYKvqQmqhyHKe1ajuR7YCqKDMLK/wFG2Jl4Cv4Cb4Bp+0AhSNd6eice3XvPUHCqNKO82mVFhaXllfKq/ba+sbmVmV7p63iVGLSwjGLZTdAijAqSEtTzUg3kQTxgJFOMLoq/M4dkYrG4laPE+JzNBA0ohhpIzVDu1+pOjVnAviXuDNSvfw4nqDRr3x5YYxTToTGDCnVc51E+xmSmmJGcttLFUkQHqEB6RkqECfKzyaX5vDAKCGMYmlKaDhRf05kiCs15oHp5EgP1bxXiP95vVRHZ35GRZJqIvB0UZQyqGNYvA1DKgnWbGwIwpKaWyEeIomwNuHYniD3OOYciTDzmnmWecWGIIDNPDcBufNx/CXto5p7Uju/car1CzBFGeyBfXAIXHAK6uAaNEALYBCBR/AEnq0H68V6td6mrSVrNrMLfsF6/wY4sJsz</latexit>

e

<latexit sha1_base64="vHkZmWT5h2n7EINrH5BhdMPDNno=">AAACBXicbVC7SgNBFJ2NrxhfUUubwSBYhV0V1EYDNpYxmAdkQ5id3E2GzMwuM7NKWLa2sdW/sBNbC7/Cn/AbnDwKjR64cDjnXu69J4g508Z1P53cwuLS8kp+tbC2vrG5VdzeaegoURTqNOKRagVEA2cS6oYZDq1YAREBh2YwvBr7zTtQmkXy1oxi6AjSlyxklBgr1aDQLZbcsjsB/ku8GSldfhxPUO0Wv/xeRBMB0lBOtG57bmw6KVGGUQ5ZwU80xIQOSR/alkoiQHfSyaUZPrBKD4eRsiUNnqg/J1IitB6JwHYKYgZ63huL/3ntxIRnnZTJODEg6XRRmHBsIjx+G/eYAmr4yBJCFbO3YjogilBjwyn4Eu5pJASRvdSvZWnqjzcEAa5lmQ3Im4/jL2kclb2T8vmNW6pcoCnyaA/to0PkoVNUQdeoiuqIohA9oif07Dw4L86r8zZtzTmzmV30C877NzpRmzQ=</latexit>

0

<latexit sha1_base64="Vco1d78DXqwhPo+J74TP/9GMhkE=">AAACBXicbVC7TsMwFHXKq4RXgZHFokJiqhJAAhaoxMJYKvqQmqhyXKe1ajuR7YCqKDMLK/wFG2Jl4Cv4Cb4BJ+0AhSNd6eice3XvPUHMqNKO82mVFhaXllfKq/ba+sbmVmV7p62iRGLSwhGLZDdAijAqSEtTzUg3lgTxgJFOML7K/c4dkYpG4lZPYuJzNBQ0pBhpIzUdu1+pOjWnAPxL3BmpXn4cF2j0K1/eIMIJJ0JjhpTquU6s/RRJTTEjme0lisQIj9GQ9AwViBPlp8WlGTwwygCGkTQlNCzUnxMp4kpNeGA6OdIjNe/l4n9eL9HhmZ9SESeaCDxdFCYM6gjmb8MBlQRrNjEEYUnNrRCPkERYm3BsT5B7HHGOxCD1mlmaevmGIIDNLDMBufNx/CXto5p7Uju/car1CzBFGeyBfXAIXHAK6uAaNEALYBCCR/AEnq0H68V6td6mrSVrNrMLfsF6/wbj7Zr/</latexit>

1

<latexit sha1_base64="yl3trff+7Nd+qnPY75z/xiPykrE=">AAACBXicbVC7TsMwFHXKq4RXgZHFokJiqhJAAhaoxMJYKvqQmqhyXKe1ajuR7YCqKDMLK/wFG2Jl4Cv4Cb4BJ+0AhSNd6eice3XvPUHMqNKO82mVFhaXllfKq/ba+sbmVmV7p62iRGLSwhGLZDdAijAqSEtTzUg3lgTxgJFOML7K/c4dkYpG4lZPYuJzNBQ0pBhpIzVdu1+pOjWnAPxL3BmpXn4cF2j0K1/eIMIJJ0JjhpTquU6s/RRJTTEjme0lisQIj9GQ9AwViBPlp8WlGTwwygCGkTQlNCzUnxMp4kpNeGA6OdIjNe/l4n9eL9HhmZ9SESeaCDxdFCYM6gjmb8MBlQRrNjEEYUnNrRCPkERYm3BsT5B7HHGOxCD1mlmaevmGIIDNLDMBufNx/CXto5p7Uju/car1CzBFGeyBfXAIXHAK6uAaNEALYBCCR/AEnq0H68V6td6mrSVrNrMLfsF6/wbljpsA</latexit>

energies

<latexit sha1_base64="Zba4jKor3mZ4g93RSSQVnefp+3k=">AAACDHicbVDLSgNBEJyNrxhfUY9eBoPgKewGQb1IwIvHGMxDsiHMTjrJkJnZZWZWCcv+ghev+hfexKv/4E/4Dc4mOWhiQUNR1U13VxBxpo3rfjm5ldW19Y38ZmFre2d3r7h/0NRhrCg0aMhD1Q6IBs4kNAwzHNqRAiICDq1gfJ35rQdQmoXyzkwi6AoylGzAKDFWugcJashAF3rFklt2p8DLxJuTEpqj1it++/2QxgKkoZxo3fHcyHQTogyjHNKCH2uICB2TIXQslUSA7ibTg1N8YpU+HoTKljR4qv6eSIjQeiIC2ymIGelFLxP/8zqxGVx0Eyaj2ICks0WDmGMT4ux73GcKqOETSwhVzN6K6YgoQo3NqOBLeKShEET2E7+eJomfbQgCXE9TG5C3GMcyaVbK3ln58rZSql7No8qjI3SMTpGHzlEV3aAaaiCKBHpGL+jVeXLenHfnY9aac+Yzh+gPnM8f15ycNQ==</latexit>

conductances

<latexit sha1_base64="9seDDc9/5JS1i9bmr5PPqe9+QjE=">AAACD3icbVDLSgNBEJz1GeMr6tHLYBA8hV0R1IsEvHiMYjSQDWG2t6OD81hmZpWw7Ed48ap/4U28+gn+hN/gJObgq6ChqOqmmkoywa0Lw/dganpmdm6+slBdXFpeWa2trV9YnRvANmihTSdhFgVX2HbcCexkBplMBF4mN8cj//IWjeVanbthhj3JrhQfcGDOSzFolebgmAK0/Vo9bIRj0L8kmpA6maDVr33EqYZconIgmLXdKMxcr2DGcRBYVuPcYsbghl1h11PFJNpeMf65pNteSelAGz/K0bH6/aJg0tqhTPymZO7a/vZG4n9eN3eDg17BVZY7VPAVNMgFdZqOCqApNwhODD1hYLj/lcI1Mwycr6kaK7wDLSVTaRGflUURjxKShJ6VpS8o+l3HX3Kx24j2Goenu/Xm0aSqCtkkW2SHRGSfNMkJaZE2AZKRB/JInoL74Dl4CV6/VqeCyc0G+YHg7RP0QJ3x</latexit>

 

<latexit sha1_base64="VBhZd3e1sTgQoB82U8QVyvixFDM=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVRIV1I0W3LisxT6gCWUymbRDZyZhZqKUkA9w41b/wp24Fb/Cn/AbnKRdaPXAhcM593LvPX7MqNK2/WmVFhaXllfKq5W19Y3Nrer2TkdFicSkjSMWyZ6PFGFUkLammpFeLAniPiNdf3yV+907IhWNxK2exMTjaChoSDHSueQ2FR1Ua3bdLgD/EmdGapcfxwWag+qXG0Q44URozJBSfceOtZciqSlmJKu4iSIxwmM0JH1DBeJEeWlxawYPjBLAMJKmhIaF+nMiRVypCfdNJ0d6pOa9XPzP6yc6PPNSKuJEE4Gni8KEQR3B/HEYUEmwZhNDEJbU3ArxCEmEtYmn4gpyjyPOkQhSt5WlqZtv8H3YyjITkDMfx1/SOao7J/XzG7vWuABTlMEe2AeHwAGnoAGuQRO0AQYj8AiewLP1YL1Yr9bbtLVkzWZ2wS9Y799O15xh</latexit>



Chromatic polynomial

<latexit sha1_base64="V852CmnkV3on0k6AjAY5cIEL1Ro=">AAACGnicbVBJSwMxGM3UrdZtXG5egkXwVGaKoIKHQi8ea7ELdErJpGkbmmVIMkod5p948Ko/w5t49eKv8C+YaXvQ1geBl/e+jRdGjGrjeV9ObmV1bX0jv1nY2t7Z3XP3D5paxgqTBpZMqnaINGFUkIahhpF2pAjiISOtcFzN/NY9UZpKcWcmEelyNBR0QDEyVuq5R9WRktx+MIwkmwjJKWI9t+iVvCngMvHnpAjmqPXc76AvccyJMJghrTu+F5lugpSdy0haCGJNIoTHaEg6lgrEie4m0+tTeGqVPhxIZZ8wcKr+7kgQ13rCQ1tpDx3pRS8T//M6sRlcdhMqotgQgWeLBjGDRsIsCtinimDDJpYgrGiWAR4hhbCxgRUCQR6w5ByJfhLU0yQJsg1hCOtpWrAJ+Yt5LJNmueSfl65uy8XK9TyrPDgGJ+AM+OACVMANqIEGwOARPIMX8Oo8OW/Ou/MxK805855D8AfO5w9EZ6GE</latexit>

Def: For a graph G, �G(k) is the number of proper colorings of G with k colors.

<latexit sha1_base64="iXZLjIpNqIPQdOpTTBgVUzHUgM0=">AAACcXicbVFNb9NAEF2brxK+UjghLqPGSEWgyK4qtVQ9VAJRjqUibaU4itbrcbyy90O7a6rI8o/kyK/gwIEr6yQHaJnT03vzNDNvMl1z6+L4RxDeuXvv/oOth4NHj588fTbcfn5hVWMYTpiqlbnKqMWaS5w47mq80gapyGq8zKoPvX75DY3lSn51S40zQReSF5xR56n5sEql4jJH6aBNswI+YnHUwSdlgMLCUF1CdBq9gyhlJZ +f7lZvIuAWXIkgG5GhAVWANkp7tFqGy4XtOe+Ca+68vYrWih3Ph6N4HK8KboNkA0ZkU2fz4c80V6wRfjtWU2unSazdrKXGcVZjN0gbi5qyii5w6qGkAu2sXU3r4LVncij8JYXy163Yvx0tFdYuReY7BXWlvan15P+0aeOKw1nLpW4cSrYeVDQ1OAV9wpBzg8zVSw8oM9zvCqykhjLn/zBIJV4zJQSVeZued22b9hOyDM67buATSm7mcRtc7I2T/fH7L3ujk+NNVlvkFdkhuyQhB+SEfCZnZEIY+U5+ByQIgl/hyxDCnXVrGGw8L8g/Fb79Awgdulc=</latexit>

Ex.

<latexit sha1_base64="Vko1kMh1IczGKxtN1NSWM7xLwtU=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwFZIiqOCiIILLWu0DmlAm02k7dGYSZiZqCfkAF271M9yJWz/Dr/AXnLRZaOuBC4dz7uXee4KIUaUd58sqLC2vrK4V10sbm1vbO+XdvZYKY4lJE4cslJ0AKcKoIE1NNSOdSBLEA0bawfgy89v3RCoaijs9iYjP0VDQAcVIG+n26tHulSuO7UwBF4mbkwrIUe+Vv71+iGNOhMYMKdV1nUj7CZKaYkbSkhcrEiE8RkPSNVQgTpSfTE9N4ZFR+nAQSlNCw6n6eyJBXKkJD0wnR3qk5r1M/M/rxnpw5idURLEmAs8WDWIGdQizv2GfSoI1mxiCsKTmVohHSCKsTTolT5AHHHKORD/xGmmSeNmGIICNNC2ZhNz5PBZJq2q7J/b5TbVSu8izKoIDcAiOgQtOQQ1cgzpoAgyG4Bm8gFfryXqz3q2PWWvBymf2wR9Ynz+CApmW</latexit>

Prop: �G is a polynomial in k.

<latexit sha1_base64="DQlYMJFr6/VHGNOWDcEQeCxN/oU="></latexit>

adjacent vertices have distinct colors

<latexit sha1_base64="fR/UC8sCzWw9P3GEJDJjQJZhO2w="></latexit>

Prop: |�G(�1)| is the number of acyclic orientations of G.

<latexit sha1_base64="Rhr1SEx8lPHPodECNCC3gqXBEno="></latexit>

Thm:(Stanley) For k < 0, |�G(k)| counts certain kinds of acyclic orientations
of G.

<latexit sha1_base64="mnOG2H8lXYsxhJtvYXLOBXNWEdE="></latexit>

�(k) = k(k � 1)(k � 2)

<latexit sha1_base64="y8tcE6rQtWf06Ye6ZWZSgpSQC68=">AAAB/HicbVDLSsNAFJ34rPUV7VIXg0VIF5akCCooFNy4rGAf0IQymU7aIZNJmJkIodRf6Ce4caGIWz/AT3Dnh7h3+lho64F7OZxzL3Pn+AmjUtn2l7G0vLK6tp7byG9ube/smnv7DRmnApM6jlksWj6ShFFO6ooqRlqJICjyGWn64fXYb94TIWnM71SWEC9CPU4DipHSUscsuLhPrbB0FVrhiVPSrVLqmEW7bE8AF4kzI8Xq4ci1vj9GtY756XZjnEaEK8yQlG3HTpQ3QEJRzMgw76aSJAiHqEfamnIUEekNJscP4bFWujCIhS6u4ET9vTFAkZRZ5OvJCKm+nPfG4n9eO1XBuTegPEkV4Xj6UJAyqGI4TgJ2qSBYsUwThAXVt0LcRwJhpfPK6xCc+S8vkkal7JyWL251Gpdgihw4AEfAAg44A1VwA2qgDjDIwCN4Bi/Gg/FkvBpv09ElY7ZTAH9gvP8AQ++WSQ==</latexit>



When we solve the Dirichlet problem on Gk, there is a current flow on edges
which is (generically) nonzero. It induces an orientation of edges of G.

<latexit sha1_base64="Un9/TJ0CfLnnyVpa6ODq8oL3yFg="></latexit>

Def: A compatible orientation is an acyclic orientation for which:

<latexit sha1_base64="TkdhGvY+gh1hBdg3KWmCZpfOBos=">AAACYHicbVDLbhNBEBwvjxjziAM3uLSwkDhZuxESEHEIggPHEOEkwmtZs7292VHmsZqZTWSN9t/4Da4cuIZPYLzxIST0qVRV3TVTRSOF82n6c5DcuXvv/tbwwejho8dPtsc7T4+caS3SDI009qTgjqTQNPPCSzppLHFVSDouzj6t9eNzsk4Y/c2vGloofqpFJZD7SC3H33NthC5Jewh5UcFnqvY6+Ag5qaYOaFQTjfEYGCuiqd /qQDjgGjiuUAq8LkFlLFzUAus9WI4n6TTtB26DbAMmbDMHy/FlXhpsVTyGkjs3z9LGLwK3XqCkbpS3jhqOZ/yU5hFqrsgtQt9BB68iU/bxlYmf6dnrG4Er51aqiE7Ffe1uamvyf9q89dW7RRC6aT1pvAqqWgnewLpQKIUl9HIVAUcr4lsBa245+lj7KNd0EVtUXJchP+xCyNcJRQGHXTeKDWU3+7gNjnan2Zvp+6+7k/0Pm66G7AV7yV6zjL1l++wLO2AzhuwH+80u2Z/Br2SYbCc7V9ZksNl5xv6Z5PlfG+C5tA==</latexit>

1

<latexit sha1_base64="/vl8XlGpb6v1mndcCVyQodnDG20=">AAACBXicbVDLSgNBEJz1GddX1KMgg0HwFHZFUEEw4MVjEkwiZIPMTjo6ODO7zMwqYdmjePCqn+FNxJv4GX6Dgr/gbJKDr4KGoqqb7q4w5kwbz3tzxsYnJqemCzPu7Nz8wmJxabmpo0RRaNCIR+okJBo4k9AwzHA4iRUQEXJohReHud+6BKVZJI9NP4aOIGeS9Rglxko1/7RY8sreAPgv8UekdPD6fr32XPuonhY/g25EEwHSUE60bvtebDopUYZRDpkbJBpiQi/IGbQtlUSA7qSDQzO8YZUu7kXKljR4oH6fSInQui9C2ymIOde/vVz8z2snprfbSZmMEwOSDhf1Eo5NhPOvcZcpoIb3LSFUMXsrpudEEWpsNm4g4YpGQhDZTYN6lqZBviEMcT3LXJuQ/zuPv6S5Vfa3y3s1r1TZR0MU0CpaR5vIRzuogo5QFTUQRYBu0R26d26cB+fReRq2jjmjmRX0A87LF5wInUk=</latexit>

0

<latexit sha1_base64="OEemFCNGOFOQPZdvJVlcMEjUqmQ=">AAACAXicbVDLSgNBEJz1GddX9CrIYBA8hV0RVBAMePGYBPOAbJDZSScZnJldZmaVsOxRPHjVz/DmwYsHP8NvUPAXnDwOaixoKKq66e4KY8608bx3Z2Z2bn5hMbfkLq+srq3n3Y26jhJFoUYjHqlmSDRwJqFmmOHQjBUQEXJohFdnQ79xDUqzSF6YQQxtQXqSdRklxkoV7zJf8IreCHia+BNSOH37uN1+qXyWL/NfQSeiiQBpKCdat3wvNu2UKMMoh8wNEg0xoVekBy1LJRGg2+no0AzvWqWDu5GyJQ0eqT8nUiK0HojQdgpi+vqvNxT/81qJ6R61UybjxICk40XdhGMT4eHXuMMUUMMHlhCqmL0V0z5RhBqbjRtIuKGREER20qCapWkw3BCGuJplrk3I/5vHNKnvF/2D4nGhdILGyKEttIP2kI8OUQmdozKqIYoA3aMH9OjcOU/O87hxxplMbKJfcF6/AevXnAU=</latexit>

1

<latexit sha1_base64="/vl8XlGpb6v1mndcCVyQodnDG20=">AAACBXicbVDLSgNBEJz1GddX1KMgg0HwFHZFUEEw4MVjEkwiZIPMTjo6ODO7zMwqYdmjePCqn+FNxJv4GX6Dgr/gbJKDr4KGoqqb7q4w5kwbz3tzxsYnJqemCzPu7Nz8wmJxabmpo0RRaNCIR+okJBo4k9AwzHA4iRUQEXJohReHud+6BKVZJI9NP4aOIGeS9Rglxko1/7RY8sreAPgv8UekdPD6fr32XPuonhY/g25EEwHSUE60bvtebDopUYZRDpkbJBpiQi/IGbQtlUSA7qSDQzO8YZUu7kXKljR4oH6fSInQui9C2ymIOde/vVz8z2snprfbSZmMEwOSDhf1Eo5NhPOvcZcpoIb3LSFUMXsrpudEEWpsNm4g4YpGQhDZTYN6lqZBviEMcT3LXJuQ/zuPv6S5Vfa3y3s1r1TZR0MU0CpaR5vIRzuogo5QFTUQRYBu0R26d26cB+fReRq2jjmjmRX0A87LF5wInUk=</latexit>

0

<latexit sha1_base64="OEemFCNGOFOQPZdvJVlcMEjUqmQ=">AAACAXicbVDLSgNBEJz1GddX9CrIYBA8hV0RVBAMePGYBPOAbJDZSScZnJldZmaVsOxRPHjVz/DmwYsHP8NvUPAXnDwOaixoKKq66e4KY8608bx3Z2Z2bn5hMbfkLq+srq3n3Y26jhJFoUYjHqlmSDRwJqFmmOHQjBUQEXJohFdnQ79xDUqzSF6YQQxtQXqSdRklxkoV7zJf8IreCHia+BNSOH37uN1+qXyWL/NfQSeiiQBpKCdat3wvNu2UKMMoh8wNEg0xoVekBy1LJRGg2+no0AzvWqWDu5GyJQ0eqT8nUiK0HojQdgpi+vqvNxT/81qJ6R61UybjxICk40XdhGMT4eHXuMMUUMMHlhCqmL0V0z5RhBqbjRtIuKGREER20qCapWkw3BCGuJplrk3I/5vHNKnvF/2D4nGhdILGyKEttIP2kI8OUQmdozKqIYoA3aMH9OjcOU/O87hxxplMbKJfcF6/AevXnAU=</latexit>

Compatible orientations

<latexit sha1_base64="F1xCu2klzFQtIHWh8WDSiYInxjE=">AAACAHicbVDLSgMxFL1TX7W+qi5cuAkWwVWZKYIKLgrduKxgH9AOJZNm2tBkMiQZoQzd+CtuXCji1s9w59+YTmehrQcCh3POTXJPEHOmjet+O4W19Y3NreJ2aWd3b/+gfHjU1jJRhLaI5FJ1A6wpZxFtGWY47caKYhFw2gkmjbnfeaRKMxk9mGlMfYFHEQsZwcZKg/JJQ4rYcptHUjEamczQg3LFrboZ0CrxclKBHM1B+as/lCQR9gbCsdY9z42Nn2JlGOF0VuonmsaYTPCI9iyNsKDaT7MFZujcKkMUSmVPZFCm/p5IsdB6KgKbFNiM9bI3F//zeokJr/2URXFiaEQWD4UJR0aieRtoyBQlhk8twUQx+1dExlhhYmxnJVuCt7zyKmnXqt5l9ea+Vqnf5nUU4RTO4AI8uII63EETWkBgBs/wCm/Ok/PivDsfi2jByWeO4Q+czx8/fpbU</latexit>

1. No interior sources or sinks

2. no oriented path from lower boundary value to an equal or higher bound-
ary value

<latexit sha1_base64="s0M4yJdLwmcvFsWjGoMk1yAE5HA="></latexit>

Lemma: Compatible orientations are exactly the orientations arising from the
Dirichlet problem.

<latexit sha1_base64="TGmf3C91h8hdsdIEzMilF0ovgD4=">AAACV3icbVHLSgMxFM2Mr1pfVZdugkVwVWZE8IELQRcuXChYFdpSMpk77cU8hiQjlqE/KW78FTeajl2o9ULgcM659yYnSS7Quih6D8K5+YXFpdpyfWV1bX2jsbl1b3VhOLS5Fto8JsyCQAVth07AY26AyUTAQ/J0MdEfnsFY1OrOjXLoSTZQmCFnzlP9huoqjSoF5cpuktFrkJKdjumFlrl3+ClUG/RqZbeUGaDwwrgTI+qGMy JaVAOaGS0r9RIN8qEAR3Oj/SzZ6jeaUSuqis6CeAqaZFo3/cZrN9W8kH4LF8zaThzlrlcy45ALGNe7hYWc8Sc2gI6HikmwvbLKZUz3PJPSTBt/lKMV+7OjZNLakUy8UzI3tH+1Cfmf1ilcdtwrUeWFA8W/F2WFoE7TScg0RQNVRikybtDflfIhMz43/xV1H0L898mz4P6gFR+2Tm4Pmudn0zhqZIfskn0SkyNyTq7IDWkTTt7IRzAXzAfvwWe4GNa+rWEw7dkmvyrc/AJJg7XH</latexit>



Thm: Let Gk be obtained from G by adding k+1 additional vertices v0, . . . , vk,
attached to all vertices of G. Fix distinct boundary values ui on vi. Then

<latexit sha1_base64="mKHV7MDnoJSOqL5RWUkUk9AMRNg=">AAACwHicbVHbbtNAEF2bWwmXBnjkZSFGQiKK7AqJi3ioQKI88JBWSVspjqLZ9TpeZS/Guw4Ey1/Gl/ATfAPjNA+lZaSVzp6ZOTN7lpVKOh/Hv4Pwxs1bt+/s3e3du//g4X7/0eNTZ+uKiym3ylbnDJxQ0oipl16J87ISoJkSZ2z1qcufrUXlpDUTvynFXMPSyFxy8Egt+r9SY6XJhPG0SVlOJ4V+39KvwtPoaLGKKBPUMg+ont G8shppJDcUskyaJY1Wr5Joe+nkQFGc5SUXjkbrRTxMM+vdcI1CQwreAy9QxlsK6lKlzTvREf0sf9AMXywN95TZ2mRQbegaVN3J1QsZUWs6XYnFk0Lg9oN4FG+DXgfJDgzILsaL/h9ciNcaX8sVODdL4tLPG+gWUaLtpbUTJfAVLMUMoQEt3LzZmtzSF8igB7bCg25t2csdDWjnNpphpQZfuKu5jvxfblb7/O28kaasvTD8YlBeq86n7sfQk0pwrzYIgFdoNKe8gAq4x3/tpUZ851ZrMFmTnrRNk3YTGKMnbYsGJVftuA5OD0bJ69G744PB4YedVXvkKXlOXpKEvCGH5AsZkynhwbPgKBgHx+HHsAht+O2iNAx2PU/IPxH+/AsbHtX2</latexit>

1

<latexit sha1_base64="/vl8XlGpb6v1mndcCVyQodnDG20=">AAACBXicbVDLSgNBEJz1GddX1KMgg0HwFHZFUEEw4MVjEkwiZIPMTjo6ODO7zMwqYdmjePCqn+FNxJv4GX6Dgr/gbJKDr4KGoqqb7q4w5kwbz3tzxsYnJqemCzPu7Nz8wmJxabmpo0RRaNCIR+okJBo4k9AwzHA4iRUQEXJohReHud+6BKVZJI9NP4aOIGeS9Rglxko1/7RY8sreAPgv8UekdPD6fr32XPuonhY/g25EEwHSUE60bvtebDopUYZRDpkbJBpiQi/IGbQtlUSA7qSDQzO8YZUu7kXKljR4oH6fSInQui9C2ymIOde/vVz8z2snprfbSZmMEwOSDhf1Eo5NhPOvcZcpoIb3LSFUMXsrpudEEWpsNm4g4YpGQhDZTYN6lqZBviEMcT3LXJuQ/zuPv6S5Vfa3y3s1r1TZR0MU0CpaR5vIRzuogo5QFTUQRYBu0R26d26cB+fReRq2jjmjmRX0A87LF5wInUk=</latexit>

0

<latexit sha1_base64="OEemFCNGOFOQPZdvJVlcMEjUqmQ=">AAACAXicbVDLSgNBEJz1GddX9CrIYBA8hV0RVBAMePGYBPOAbJDZSScZnJldZmaVsOxRPHjVz/DmwYsHP8NvUPAXnDwOaixoKKq66e4KY8608bx3Z2Z2bn5hMbfkLq+srq3n3Y26jhJFoUYjHqlmSDRwJqFmmOHQjBUQEXJohFdnQ79xDUqzSF6YQQxtQXqSdRklxkoV7zJf8IreCHia+BNSOH37uN1+qXyWL/NfQSeiiQBpKCdat3wvNu2UKMMoh8wNEg0xoVekBy1LJRGg2+no0AzvWqWDu5GyJQ0eqT8nUiK0HojQdgpi+vqvNxT/81qJ6R61UybjxICk40XdhGMT4eHXuMMUUMMHlhCqmL0V0z5RhBqbjRtIuKGREER20qCapWkw3BCGuJplrk3I/5vHNKnvF/2D4nGhdILGyKEttIP2kI8OUQmdozKqIYoA3aMH9OjcOU/O87hxxplMbKJfcF6/AevXnAU=</latexit>

1

<latexit sha1_base64="/vl8XlGpb6v1mndcCVyQodnDG20=">AAACBXicbVDLSgNBEJz1GddX1KMgg0HwFHZFUEEw4MVjEkwiZIPMTjo6ODO7zMwqYdmjePCqn+FNxJv4GX6Dgr/gbJKDr4KGoqqb7q4w5kwbz3tzxsYnJqemCzPu7Nz8wmJxabmpo0RRaNCIR+okJBo4k9AwzHA4iRUQEXJohReHud+6BKVZJI9NP4aOIGeS9Rglxko1/7RY8sreAPgv8UekdPD6fr32XPuonhY/g25EEwHSUE60bvtebDopUYZRDpkbJBpiQi/IGbQtlUSA7qSDQzO8YZUu7kXKljR4oH6fSInQui9C2ymIOde/vVz8z2snprfbSZmMEwOSDhf1Eo5NhPOvcZcpoIb3LSFUMXsrpudEEWpsNm4g4YpGQhDZTYN6lqZBviEMcT3LXJuQ/zuPv6S5Vfa3y3s1r1TZR0MU0CpaR5vIRzuogo5QFTUQRYBu0R26d26cB+fReRq2jjmjmRX0A87LF5wInUk=</latexit>

0

<latexit sha1_base64="OEemFCNGOFOQPZdvJVlcMEjUqmQ=">AAACAXicbVDLSgNBEJz1GddX9CrIYBA8hV0RVBAMePGYBPOAbJDZSScZnJldZmaVsOxRPHjVz/DmwYsHP8NvUPAXnDwOaixoKKq66e4KY8608bx3Z2Z2bn5hMbfkLq+srq3n3Y26jhJFoUYjHqlmSDRwJqFmmOHQjBUQEXJohFdnQ79xDUqzSF6YQQxtQXqSdRklxkoV7zJf8IreCHia+BNSOH37uN1+qXyWL/NfQSeiiQBpKCdat3wvNu2UKMMoh8wNEg0xoVekBy1LJRGg2+no0AzvWqWDu5GyJQ0eqT8nUiK0HojQdgpi+vqvNxT/81qJ6R61UybjxICk40XdhGMT4eHXuMMUUMMHlhCqmL0V0z5RhBqbjRtIuKGREER20qCapWkw3BCGuJplrk3I/5vHNKnvF/2D4nGhdILGyKEttIP2kI8OUQmdozKqIYoA3aMH9OjcOU/O87hxxplMbKJfcF6/AevXnAU=</latexit>

|�G(�k)| = #{compatible orientations of Gk}.

<latexit sha1_base64="lSWlWEBxdEnwL93VaFTY65qiw3w="></latexit>

1

<latexit sha1_base64="/vl8XlGpb6v1mndcCVyQodnDG20=">AAACBXicbVDLSgNBEJz1GddX1KMgg0HwFHZFUEEw4MVjEkwiZIPMTjo6ODO7zMwqYdmjePCqn+FNxJv4GX6Dgr/gbJKDr4KGoqqb7q4w5kwbz3tzxsYnJqemCzPu7Nz8wmJxabmpo0RRaNCIR+okJBo4k9AwzHA4iRUQEXJohReHud+6BKVZJI9NP4aOIGeS9Rglxko1/7RY8sreAPgv8UekdPD6fr32XPuonhY/g25EEwHSUE60bvtebDopUYZRDpkbJBpiQi/IGbQtlUSA7qSDQzO8YZUu7kXKljR4oH6fSInQui9C2ymIOde/vVz8z2snprfbSZmMEwOSDhf1Eo5NhPOvcZcpoIb3LSFUMXsrpudEEWpsNm4g4YpGQhDZTYN6lqZBviEMcT3LXJuQ/zuPv6S5Vfa3y3s1r1TZR0MU0CpaR5vIRzuogo5QFTUQRYBu0R26d26cB+fReRq2jjmjmRX0A87LF5wInUk=</latexit>

0

<latexit sha1_base64="OEemFCNGOFOQPZdvJVlcMEjUqmQ=">AAACAXicbVDLSgNBEJz1GddX9CrIYBA8hV0RVBAMePGYBPOAbJDZSScZnJldZmaVsOxRPHjVz/DmwYsHP8NvUPAXnDwOaixoKKq66e4KY8608bx3Z2Z2bn5hMbfkLq+srq3n3Y26jhJFoUYjHqlmSDRwJqFmmOHQjBUQEXJohFdnQ79xDUqzSF6YQQxtQXqSdRklxkoV7zJf8IreCHia+BNSOH37uN1+qXyWL/NfQSeiiQBpKCdat3wvNu2UKMMoh8wNEg0xoVekBy1LJRGg2+no0AzvWqWDu5GyJQ0eqT8nUiK0HojQdgpi+vqvNxT/81qJ6R61UybjxICk40XdhGMT4eHXuMMUUMMHlhCqmL0V0z5RhBqbjRtIuKGREER20qCapWkw3BCGuJplrk3I/5vHNKnvF/2D4nGhdILGyKEttIP2kI8OUQmdozKqIYoA3aMH9OjcOU/O87hxxplMbKJfcF6/AevXnAU=</latexit>

Cor: |�G(�1)| = #{acyclic orientations of G}

<latexit sha1_base64="/btgjSN+amyFjxa1SrHP7g1APyY="></latexit>



In other words, for each choice of {Ee > 0} there are exactly |�G(�k)| choices
of conductances giving those energies.

<latexit sha1_base64="sCzU38PBOKCAJ6F3zT9+1zACBo4=">AAACfnicbVHbbtQwEHXCpWW5dIFHXgy7oHLpklRIFAmhSggBb0Vi20qbVTRxJom1jh3ZTmGV5jP4sb71W3jBSfMALSNZOj4zZ+w5k1SCGxsE555/7fqNmxubt0a379y9tzW+/+DQqFoznDMllD5OwKDgEueWW4HHlUYoE4FHyepjlz86QW24kt/tusJlCbnkGWdgHRWPf0VScZmitPSrpMoWqOkPpVPzimZKUwRWUFYozpCqjE 6jpolKsAUDQT+1cYPthyBqp6NOhxTcwZ/ArFjT6WnECh5/3t5ZPT+dDj1M14QpmdbMguzuOT/hMqe2UMZpJeqco5nF40kwC/qgV0E4gAkZ4iAen0WpYnXp5mACjFmEQWWXDWjLmcB2FNUGK2AryHHhoIQSzbLp7WvpU8ek/biZcj707N+KBkpj1mXiKrvZzeVcR/4vt6httrdsuKxqi5JdPJTVglpFu13QlGvszUo5MM3dX51PoJ2BbmMjZ0J4eeSr4HB3Fr6Zvfu2O9l/P9ixSR6RJ2SbhOQt2SdfyAGZE0Z+e4+9F95Ln/jP/B3/9UWp7w2ah+Sf8Pf+AKBBv+w=</latexit>

Thm:  is surjective and of degree |�G(�k)|.

<latexit sha1_base64="+ZRe6q6Dd5W6E5veTsydLzvtLPY="></latexit>

Let Gk be obtained from G by adding k + 1 additional vertices v0, . . . , vk, at-
tached to all vertices of G. Fix distinct boundary values ui on vi.

<latexit sha1_base64="arHlBocU6XiShN8YovDVW5D+sAI=">AAACsXicbVHbbtQwEHXCrSy3bXnkxWKDhMRqlRSkFomHAhLwwEOp2LZoswpjx9m11rEj21mIovwRP8RP8A1MtvtQWkaydHxm5oznmFVKOh/Hv4Pwxs1bt+/s3B3cu//g4aPh7t6pM7XlYsqNMvacgRNKajH10itxXlkBJVPijK3e9/mztbBOGv3VN5WYl7DQspAcPFLZ8FeqjdS50J5+Fp5GH7NVRJmghnlAyZwW1pRII9lQyH OpFzRavUiizaXXAEVxgJdcOBqts3ic5sa78RqFxhS8B75EGW8oqEuVpuhFJ/SD/ElzXFNq7ikztc7BNnQNqu7l6kxG1OheV2JxNhzFk3gT9DpItmBEtnGcDf/gY3hd4npcgXOzJK78vIX+EUp0g7R2ogK+goWYIdRQCjdvN6529BkyuL+xeNCeDXu5o4XSuaZkWFmCX7qruZ78X25W++Jw3kpd1V5ofjGoqFXvUf9F6IcV3KsGAXCLJnPKl2CBe/zIQarFD27KEnTepidd26b9BMboSdehQclVO66D0/1J8mry+sv+6OjN1qod8oQ8Jc9JQg7IEflEjsmU8GAvOAzeBu/Cl+G38HvILkrDYNvzmPwT4eovpLDQEg==</latexit>

Thm: For each compatible orientation and tuple E 2 (0,1)E there is a unique
choice of positive conductances so that the harmonic extension has those energies
and orientations.

<latexit sha1_base64="xs3cV+XqmyMB3Hoe0qqaMVALSHY="></latexit>



Thm: Let Gk be obtained from G by adding k+1 additional vertices v0, . . . , vk,
attached to all vertices of G. Fix distinct boundary values ui on vi. Then

<latexit sha1_base64="mKHV7MDnoJSOqL5RWUkUk9AMRNg="></latexit>

where the expectation is over the simplex of random conductances summing to
1, f is the harmonic extension, and Z is the total Dirichlet energy.

<latexit sha1_base64="T8mDcIWRUdZkqurUlqEoY7wWJI0="></latexit>

What if conductances are random?

<latexit sha1_base64="e4+8jFHSnVO5an46od6G7yxItTM="></latexit>

|�G(�k)| = E
"
Y

e

(f(u)� f(v))2

Z

#

<latexit sha1_base64="GbkQhxDG0BTgz4OJ3QA9bDt8yyg="></latexit>

Lemma:

<latexit sha1_base64="bG/RL9YYORn0UBh9Ir2PUNSc09M=">AAACD3icbZBLSgNBEIZ7fMb4irp00xgEV2FGBB8LCbhx4SIG84BMCD2dmqSxu2fo7lHCMIdw41Zv4U7cegQv4RnsSbLQxB8Kfv6qoooviDnTxnW/nIXFpeWV1cJacX1jc2u7tLPb1FGiKDRoxCPVDogGziQ0DDMc2rECIgIOreD+Ku+3HkBpFsk7M4qhK8hAspBRYmzkp34Q4hsQglxkvVLZrbhj4XnjTU0ZTVXrlb79fkQTAdJQTrTueG5suilRhlEOWdFPNMSE3pMBdKyVRIDupuOfM3xokz4OI2VLGjxOf2+kRGg9EoGdFMQM9WwvD//rdRITnnVTJuPEgKSTQ2HCsYlwDgD3mQJq+MgaQhWzv2I6JIpQYzEVfQmPNLI8ZD/161ma+vmFIMD1LAfkzeKYN83jindSOb89Llcvp6gKaB8doCPkoVNURdeohhqIohg9oxf06jw5b8678zEZXXCmO3voj5zPH/n1nVk=</latexit>

det(D ) =
Y

e

Ee
ce

.

<latexit sha1_base64="SZnT5JaicF2qTrf1fvI6RloiC4g="></latexit>

Proof: The degree of  can be computed by integrating the Jacobian determi-
nant over the simplex. ⇤

<latexit sha1_base64="GTdP2TMEyyopNetT8grf5DtMD/k="></latexit>



Is this theorem useful?

<latexit sha1_base64="15x2Wm2vPkeu3tklprcHyd05v5I="></latexit>

1

<latexit sha1_base64="opvceVuSiJDl1Rs7Fev1hltf/Xw=">AAACBHicbVBNSwMxEM3W7/pV9ShIsAieyq4IKggWvHi0xdZCt0g2O9XQJLskWaUse9SLV/0X3kTwJPgz/A2Kv8Fs60GtDwYe780wMy+IOdPGdd+cwtj4xOTU9Exxdm5+YbG0tNzUUaIoNGjEI9UKiAbOJDQMMxxasQIiAg6nQe8w908vQWkWyRPTj6EjyLlkXUaJsVLNOyuV3Yo7AB4l3jcpH7y+X6891z6Oz0qffhjRRIA0lBOt254bm05KlGGUQ1b0Ew0xoT1yDm1LJRGgO+ng0AxvWCXE3UjZkgYP1J8TKRFa90VgOwUxF/qvl4v/ee3EdHc7KZNxYkDS4aJuwrGJcP41DpkCanjfEkIVs7diekEUocZmU/QlXNFICCLD1K9naernG4IA17PMBuT9jWOUNLcq3nZlr+aWq/toiGm0itbRJvLQDqqiI3SMGogiQLfoDt07N86D8+g8DVsLzvfMCvoF5+ULCVudOQ==</latexit>

0

<latexit sha1_base64="jEK2SNqQKcqvJ/PNzJrB0ye3K0E=">AAACAHicbVA9SwNBEN3zM55f0VaQxSBYhTsRVBAM2FgmYjSQC2Fvb5Is7u4du3tKOK7Uxlb/hZ2NhY0/w9+g+BvcJBaa+GDg8d4MM/PChDNtPO/dmZqemZ2bLyy4i0vLK6tFd+1Cx6miUKcxj1UjJBo4k1A3zHBoJAqICDlchlcnA//yGpRmsTw3/QRagnQl6zBKjJVqXrtY8sreEHiS+D+kdPz2cbv5UvustotfQRTTVIA0lBOtm76XmFZGlGGUQ+4GqYaE0CvShaalkgjQrWx4aI63rRLhTqxsSYOH6u+JjAit+yK0nYKYnh73BuJ/XjM1nYNWxmSSGpB0tKiTcmxiPPgaR0wBNbxvCaGK2Vsx7RFFqLHZuIGEGxoLQWSUBWd5lgWDDWGIz/LcBuSPxzFJLnbL/l75sFQ5QiMU0AbaQjvIR/uogk5RFdURRYDu0QN6dO6cJ+d51Djl/Eysoz9wXr8BWYab9g==</latexit>

a

<latexit sha1_base64="JXXkS6g7NFzvfk1HJf+4PxL9GVQ=">AAACBHicbVBNSwMxEM3W7/pV9ShIsAieyq4IKggWvHi0xdZCt0g2O9XQJLskWaUse9SLV/0X3kTwJPgz/A2Kv8Fs60GtDwYe780wMy+IOdPGdd+cwtj4xOTU9Exxdm5+YbG0tNzUUaIoNGjEI9UKiAbOJDQMMxxasQIiAg6nQe8w908vQWkWyRPTj6EjyLlkXUaJsVKNnJXKbsUdAI8S75uUD17fr9eeax/HZ6VPP4xoIkAayonWbc+NTSclyjDKISv6iYaY0B45h7alkgjQnXRwaIY3rBLibqRsSYMH6s+JlAit+yKwnYKYC/3Xy8X/vHZiurudlMk4MSDpcFE34dhEOP8ah0wBNbxvCaGK2VsxvSCKUGOzKfoSrmgkBJFh6tezNPXzDUGA61lmA/L+xjFKmlsVb7uyV3PL1X00xDRaRetoE3loB1XRETpGDUQRoFt0h+6dG+fBeXSehq0F53tmBf2C8/IFV1udaQ==</latexit>

b

<latexit sha1_base64="D5HtxTke7mLFiZkO2t8iAiiYd9g=">AAACBHicbVBNSwMxEM3W7/pV9ShIsAieyq4IKggWvHi0xdZCt0g2O9XQJLskWaUse9SLV/0X3kTwJPgz/A2Kv8Fs60GtDwYe780wMy+IOdPGdd+cwtj4xOTU9Exxdm5+YbG0tNzUUaIoNGjEI9UKiAbOJDQMMxxasQIiAg6nQe8w908vQWkWyRPTj6EjyLlkXUaJsVItOCuV3Yo7AB4l3jcpH7y+X6891z6Oz0qffhjRRIA0lBOt254bm05KlGGUQ1b0Ew0xoT1yDm1LJRGgO+ng0AxvWCXE3UjZkgYP1J8TKRFa90VgOwUxF/qvl4v/ee3EdHc7KZNxYkDS4aJuwrGJcP41DpkCanjfEkIVs7diekEUocZmU/QlXNFICCLD1K9naernG4IA17PMBuT9jWOUNLcq3nZlr+aWq/toiGm0itbRJvLQDqqiI3SMGogiQLfoDt07N86D8+g8DVsLzvfMCvoF5+ULWPudag==</latexit>

c

<latexit sha1_base64="UDLdPgeAL3MSfpxBvjvE0lLRpz0=">AAACBHicbVBNSwMxEM3W7/pV9ShIsAieyq4IKggWvHi0xdZCt0g2O9XQJLskWaUse9SLV/0X3kTwJPgz/A2Kv8Fs60GtDwYe780wMy+IOdPGdd+cwtj4xOTU9Exxdm5+YbG0tNzUUaIoNGjEI9UKiAbOJDQMMxxasQIiAg6nQe8w908vQWkWyRPTj6EjyLlkXUaJsVKNnpXKbsUdAI8S75uUD17fr9eeax/HZ6VPP4xoIkAayonWbc+NTSclyjDKISv6iYaY0B45h7alkgjQnXRwaIY3rBLibqRsSYMH6s+JlAit+yKwnYKYC/3Xy8X/vHZiurudlMk4MSDpcFE34dhEOP8ah0wBNbxvCaGK2VsxvSCKUGOzKfoSrmgkBJFh6tezNPXzDUGA61lmA/L+xjFKmlsVb7uyV3PL1X00xDRaRetoE3loB1XRETpGDUQRoFt0h+6dG+fBeXSehq0F53tmBf2C8/IFWpudaw==</latexit>

d

<latexit sha1_base64="AGgN3AZ7XuaY08QnhdDOmhScAq0=">AAACBHicbVDLSgNBEJyNrxhfUY+CDAbBU9gVQQXBgBePiRgVskFmZzvJkJnZZWZWCcse9eJV/8KbCJ4EP8NvUPwGZxMPvgoaiqpuuruCmDNtXPfVKYyNT0xOFadLM7Nz8wvlxaUTHSWKQpNGPFJnAdHAmYSmYYbDWayAiIDDadA/yP3TC1CaRfLYDGJoC9KVrMMoMVZqhOflilt1h8B/ifdFKvsvb1erT433+nn5ww8jmgiQhnKidctzY9NOiTKMcshKfqIhJrRPutCyVBIBup0OD83wulVC3ImULWnwUP0+kRKh9UAEtlMQ09O/vVz8z2slprPTTpmMEwOSjhZ1Eo5NhPOvccgUUMMHlhCqmL0V0x5RhBqbTcmXcEkjIYgMU/8oS1M/3xAE+CjLbEDe7zj+kpPNqrdV3W24ldoeGqGIVtAa2kAe2kY1dIjqqIkoAnSDbtGdc+3cOw/O46i14HzNLKMfcJ4/AVw7nWw=</latexit>

e

<latexit sha1_base64="uZOcfM6383ypyZuEVNPbHq3Treg=">AAACBHicbVBNSwMxEM3W7/pV9ShIsAieyq4IKggWvHi0xdZCt0g2O9XQJLskWaUse9SLV/0X3kTwJPgz/A2Kv8Fs60GtDwYe780wMy+IOdPGdd+cwtj4xOTU9Exxdm5+YbG0tNzUUaIoNGjEI9UKiAbOJDQMMxxasQIiAg6nQe8w908vQWkWyRPTj6EjyLlkXUaJsVINzkplt+IOgEeJ903KB6/v12vPtY/js9KnH0Y0ESAN5UTrtufGppMSZRjlkBX9RENMaI+cQ9tSSQToTjo4NMMbVglxN1K2pMED9edESoTWfRHYTkHMhf7r5eJ/Xjsx3d1OymScGJB0uKibcGwinH+NQ6aAGt63hFDF7K2YXhBFqLHZFH0JVzQSgsgw9etZmvr5hiDA9SyzAXl/4xglza2Kt13Zq7nl6j4aYhqtonW0iTy0g6roCB2jBqII0C26Q/fOjfPgPDpPw9aC8z2zgn7BefkCXdudbQ==</latexit>

1 = n!

Z

�n

(en)n�2

(en�1)n
dvol

<latexit sha1_base64="aOSHlvLMI/Vuw484fGkV+KT+NlM="></latexit>

1 = 5!

Z

�5

(abcde)3

(abcd+ abce+ abde+ acde+ bcde)5
da db dc dd

<latexit sha1_base64="fht9MYebb3MxVPubmpGU/AXalus="></latexit>

Application 1.

<latexit sha1_base64="kuH2qsrdkQtPACBo3bBRVJMyUvI=">AAAB9XicbZDLSgMxFIZP6q3WW9Wlm2ARXA0zRVDBRcWNywr2Au1YMmmmDc1khiSjlKHv4caFIm59F3e+jWk7C239IfDxn3M4J3+QCK6N636jwsrq2vpGcbO0tb2zu1feP2jqOFWUNWgsYtUOiGaCS9Yw3AjWThQjUSBYKxjdTOutR6Y0j+W9GSfMj8hA8pBTYqz1cJ3YJXPGntMrV1zHnQkvg5dDBXLVe+Wvbj+macSkoYJo3fHcxPgZUYZTwSalbqpZQuiIDFjHoiQR0342u3qCT6zTx2Gs7JMGz9zfExmJtB5Hge2MiBnqxdrU/K/WSU144WdcJqlhks4XhanAJsbTCHCfK0aNGFsgVHF7K6ZDogg1NqiSDcFb/PIyNKuOd+Zc3lUrtas8jiIcwTGcggfnUINbqEMDKCh4hld4Q0/oBb2jj3lrAeUzh/BH6PMHtg+R/Q==</latexit>



How to exactly sample a uniform random acyclic orientation

<latexit sha1_base64="Y4I6ZSrCV4fM7HFJvT2pwyRUsRY=">AAACI3icbZC7SgNBFIZnvRtvUUubwSBYhV0RvBQSsLGMYFRIQjg7e5IMzmWZmVVDyLvY+Co2FkqwsfBdnMQtNPHAwM9/LnPOF6eCWxeGn8HM7Nz8wuLScmFldW19o7i5dW11ZhjWmBba3MZgUXCFNcedwNvUIMhY4E18dz7K39yjsVyrK9dLsSmho3ibM3DeahVPL/QDdZriIzAnetSCTAVSoJmv0kZSAyrRkgLrMcEZ1YajcnlzKSyH46DTIspFieRRbRWHjUSzTPoBTIC19ShMXbMPxnEmcFBoZBZTYHfQwbqXCiTaZn9844DueSehfiX/lKNj93dHH6S1PRn7SgmuaydzI/O/XD1z7eNmn6s0c6jYz0ftTIygjIDRhBsco0k4MMP9rpR1wXhcHmvBQ4gmT54W1wfl6LB8cnlQqpzlOJbIDtkl+yQiR6RCLkiV1AgjT+SFvJH34Dl4DYbBx0/pTJD3bJM/EXx9A5yKpOg=</latexit>

1. Choose uniform random conductances on G2.

2. Find harmonic extension h and its compatible orientation.

3. Keep this with probability "
Q

e
(h(x)�h(y))2

Z .

<latexit sha1_base64="f6pvf5AbptASEa1my8imZAqVkTo="></latexit>

Application 2.

<latexit sha1_base64="2nUvalBxja7etsZ0j3+7bCbfzoQ=">AAAB9XicbZDLSgMxFIZP6q3WW9Wlm2ARXA0zRVDBRcWNywr2Au1YMmmmDc1khiSjlKHv4caFIm59F3e+jWk7C239IfDxn3M4J3+QCK6N636jwsrq2vpGcbO0tb2zu1feP2jqOFWUNWgsYtUOiGaCS9Yw3AjWThQjUSBYKxjdTOutR6Y0j+W9GSfMj8hA8pBTYqz1cJ3YJXPGVadXrriOOxNeBi+HCuSq98pf3X5M04hJQwXRuuO5ifEzogyngk1K3VSzhNARGbCORUkipv1sdvUEn1inj8NY2ScNnrm/JzISaT2OAtsZETPUi7Wp+V+tk5rwws+4TFLDJJ0vClOBTYynEeA+V4waMbZAqOL2VkyHRBFqbFAlG4K3+OVlaFYd78y5vKtWald5HEU4gmM4BQ/OoQa3UIcGUFDwDK/whp7QC3pHH/PWAspnDuGP0OcPt5SR/g==</latexit>



Application 3???

<latexit sha1_base64="Y4nFM0SmEzg/1fF4/0sfcP+8e48=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRVUEFoxY3LCvYBbSiT6aQdOpmEmUmhhP6JGxeKuPVP3Pk3TtostPXAwLnn3Mu9c/yYM6Ud59sqrK1vbG4Vt0s7u3v7B/bhUUtFiSS0SSIeyY6PFeVM0KZmmtNOLCkOfU7b/vg+89sTKhWLxJOextQL8VCwgBGsjdS37bvYrFlU6KJWq/XtslNx5kCrxM1JGXI0+vZXbxCRJKRCE46V6rpOrL0US80Ip7NSL1E0xmSMh7RrqMAhVV46v3yGzowyQEEkzRMazdXfEykOlZqGvukMsR6pZS8T//O6iQ6uvZSJONFUkMWiIOFIRyiLAQ2YpETzqSGYSGZuRWSEJSbahFUyIbjLX14lrWrFvazcPFbL9ds8jiKcwCmcgwtXUIcHaEATCEzgGV7hzUqtF+vd+li0Fqx85hj+wPr8AV4QktM=</latexit>

Can we estimate the RHS on a large regular graph, eg. n⇥ n grid?

<latexit sha1_base64="VmGblIUd6u9OdEQk+hlPu4cTaDg="></latexit>



Def: An enharmonic function is a solution to the Dirichlet problem which gives
constant (or predetermined) energies on the edges.

<latexit sha1_base64="56NyV1ywGTBL8K4kpHy6bmpodsE=">AAACnXicbVHLbtNAFB2bVymPBliy4IqAVBZEdoXEQyyKKBILhEpFmkpxFI3H1/ao87Bmxq0iy//Br/ETfALiOs0CWu7q+NzHOXOcN0r6kCQ/o/ja9Rs3b23d3r5z9979ndGDh8fetk7gVFhl3UnOPSppcBpkUHjSOOQ6VzjLTz8O/dkZOi+t+R5WDS40r4wspeCBqOXoR2asNAWaAF2Wl3CA5bsePhjIUDd1h6bmTlsjBZStEc NOD9IDB29VO3xCsBBqhAPppKgVBmicJXUN5zURUMkz9CCs8YGTyK51NIAFBnSaPBcvAA26StLQcIwuYVGhnyxH42SSrAuugnQDxmxTh8vRr6ywotX0FKG49/M0acKi4y5IobDfzlqPDRenvMI5QcM1+kW3TrCH58QUUJK50pLLNfv3Rse19yud06TmofaXewP5v968DeWbRSdN0wY04kKobNU6NfodUEiHIqgVAS6cJK8gKHIuKB+6ZPBcWK25KbrsqO+6bFDIczjqewoovRzHVXC8N0lfTd5+2xvvv99EtcUes6dsl6XsNdtnn9khmzLBfkfPopfRJH4Sf4q/xF8vRuNos/OI/VPx7A/c2s7f</latexit>

Thm: Enharmonic functions with energies E 2 (0,1)E are precisely the local
maxima of the functional

<latexit sha1_base64="4xDCc/ah1sUZ/F2/6ZGhdYmqlg0=">AAACi3icbZFda9RAFIYn8auuVrf1sl4c3AoVZEmqUC1eFGTBy1q6bWGzLieTk83Q+QiZiXUJufU/+h/E3+BkG0FbD8xweM85M+88k5ZSWBdFP4Lwzt179x9sPBw8erz55Olwa/vMmrriNOVGmuoiRUtSaJo64SRdlBWhSiWdp5cfu/r5V6qsMPrUrUqaK1xqkQuOzkuL4fdEG6Ez0g6aJM3htFCHLUx0gZUyWnDIa827VgtXwh VAmqqlIAu7TaLQFRwlTNpE6L3otd9zt3r1ZbILWBF4H1x4ZytwBYE0XavCb0IhmHyt/Tkb5WI4isbROuB2EvfJiPVxvBj+SjLDa+WNc4nWzuKodPMGKye4pHaQ1JZK5Je4pJlPNSqy82bNq4WXXskgN5Vf/uFr9e+JBpW1K5X6zu6N9matE/9Xm9UufzdvhC5rR5pfX5TXEpyBDj5kwjNxnkgmkFfCewXuSSN3/osGiaYrbpRCnTXJSdtcE05TOGlbDyi+ieN2crY/jt+O33/eHx196FFtsB32gu2xmB2wI/aJHbMp4+xnsB3sBM/DzfBNeBj2vWHQzzxj/0Q4+Q2Tu8b1</latexit>

M(h) =
Y

e=xy2E

|h(x)� h(y)|Ee .

<latexit sha1_base64="cb0bNgxSmmg+TCwSlMpjRv4xC1k="></latexit>

Lemma: logM(h) is strictly convex on each cell corresponding to a compatible
orientation, with boundary values �1.

<latexit sha1_base64="7MSP+yhtx4OGlkSZQLmNU18zKxE="></latexit>

(conductances not fixed)

<latexit sha1_base64="j0rD+HGlr1s9iFnP31v706QDvpg=">AAACCHicbVA9SwNBEN3z2/gVtbRwMQjahLsgqGAh2FhGMB+QhLC3N2cW93aP3TkxHClt/Cs2ForY+hPs/DduPgqNPhh4vDfDzLwwlcKi7395M7Nz8wuLS8uFldW19Y3i5lbd6sxwqHEttWmGzIIUCmooUEIzNcCSUEIjvL0Y+o07MFZodY39FDoJu1EiFpyhk7rF3QOuVZRxZIqDpW1I0l6uNA5oLO4hOuwWS37ZH4H+JcGElMgE1W7xsx1pniWgkEtmbSvwU+zkzKDgEgaFdmYhZfyW3UDLUcUSsJ189MiA7jslorE2rhTSkfpzImeJtf0kdJ0Jw56d9obif14rw/ikkwuVZgiKjxfFmaSo6TAVGgkDHGXfEcaNcLdS3mOGcXTZFVwIwfTLf0m9Ug6OyqdXldL52SSOJbJD9sgBCcgxOSeXpEpqhJMH8kReyKv36D17b977uHXGm8xsk1/wPr4BxPqZzw==</latexit>



For a planar graph, with two boundary nodes on the outer face, a solution to
the Dirchlet problem gives a rectangle tiling of a rectangle.

<latexit sha1_base64="MmRnl8u89ZHCZzpwX3nsIkKIDaw=">AAACfXicbVFNa9tAEF2pX6n7Ebc55jLUBNpihBQKaaGHQEPJMYU6CdjGjFYjaclqV+yOEozJv+gv661/pZd2rfiQJp3T472ZnXlv81Yrz2n6K4ofPHz0+MnW08Gz5y9ebg9fvT71tnOSJtJq685z9KSVoQkr1nTeOsIm13SWX3xZ62eX5Lyy5jsvW5o3WBlVKokcqMXwx8xYZQoyDF+tA4RWo0EHlcO2HsOV4hr4ykJuO1OgW4 KxBXmwBrgmsB2TgxIljQcI3upu/Sqw7dUj5WStiaF1NtzTQKUuwyyCI8loKk3AKhxegS1vs8liOEqTtC+4D7INGIlNnSyGP2eFlV0TbEiN3k+ztOX5Ch0rqel6MOs8tSgvsKJpgAYb8vNVn9417AWmgDK4L22IoWdvT6yw8X7Z5KGzQa79XW1N/k+bdlx+nK+UaUNKRt4sKjvdxxO+Agq1tqyXAaB0KtwKskaHMoTqByGE7K7l++B0P8k+JJ++7Y8OP2/i2BK74o14KzJxIA7FsTgREyHF7wiid9H76E+8F4/j5KY1jjYzO+Kfig/+Av2fwRg=</latexit>

FIXED-ENERGY HARMONIC FUNCTIONS

v0

v1

yx

a b

c

d e

0

1

1
2 � 1

2
p

5

1
2 + 1

2
p

5

Figure 2: A graph with |S| = 2. With u(v0) = 0,u(v1) = 1 and all energies equal, the underlying number
field is Q(

p
5).

enharmonic equation(s) (see (4)) are

0 =
Ea

h(x)�h(v1)
+

Ec

h(x)�h(y)
+

Ed

h(x)�h(v0)
=

1
h(x)�1

+
1

h(x)�h(y)
+

1
h(x)

0 =
Eb

h(y)�h(v1)
+

Ec

h(y)�h(x)
+

Ee

h(y)�h(v0)
=

1
h(y)�1

+
1

h(y)�h(x)
+

1
h(y)

and have the solutions h(x) = 1
2 ±

p
5

10 and h(y) = 1
2 ⌥

p
5

10 , from which one can quickly produce the
conductances (for example, a = e = 1

2(15±5
p

5)). The values of h are roots of the polynomial 5z
2 �5z+1.

There are two solutions because current can flow either way along the edge xy. That is, |S| = 2. The two
polytopes in Fu = [0,1]2 on which M(h) is nonzero are the triangles above and below the diagonal.

The equal-area tilings associated to the two solutions are shown in Figure 2; the y-coordinates of the
horizontal edges are h(x) and h(y). The tilings are not isotopic.

2.2 Quadratic number fields

Keeping the same graph G as in the previous example, if we instead look for solutions with arbitrary
energies Ea,Eb,Ec,Ed ,Ee, we find that the conductances generate the number field Q(

p
d ), where

d = (EaEe �EbEd +EcS)2 +4EbEcEdS.

Here S is the sum of the five energies. Of course for positive real energies, d > 0 as all roots are
real. It turns out that we can get any real quadratic number field this way. To see this, we first specify
Ea = Eb = Ec = 1 so that the discriminant reduces to d = 4E2

d
+ 4EdEe + 4E2

e
+ 12Ed + 12Ee + 9. To

obtain the number field Q(
p

D) for a positive squarefree integer D, it suffices to find positive rational
numbers Ed ,Ee such that d = Dr

2 for some rational r. Choose a rational s so that D
0 = Ds

2 2 (1/3,4/9).
Then substituting Ed = 1

6D0�2 ,Ee = 4�9D
0

6D0�2 (both positive) gives discriminant d = 9
(3D0�1)2 D

0 which is a
rational square times D.
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x

<latexit sha1_base64="Z7Na1nAtghphvDaE28hkqlge8RY=">AAACBHicbVDLSgNBEJz1bXxFPQoyGARPYVcEFQQFLx6TYB6QDTI76SRDZmaXmVk1LHvUi1f9C28ieBL8DL9B8RucPA4aLWgoqrrp7goizrRx3XdnYnJqemZ2bj6zsLi0vJJdXavoMFYUyjTkoaoFRANnEsqGGQ61SAERAYdq0D3t+9VLUJqF8tz0ImgI0pasxSgxVipeX2Rzbt4dAP8l3ojkjt8+bjZfip+Fi+yX3wxpLEAayonWdc+NTCMhyjDKIc34sYaI0C5pQ91SSQToRjI4NMXbVmniVqhsSYMH6s+JhAiteyKwnYKYjh73+uJ/Xj02rYNGwmQUG5B0uKgVc2xC3P8aN5kCanjPEkIVs7di2iGKUGOzyfgSrmgoBJHNxC+lSeL3NwQBLqWpDcgbj+Mvqezmvb38YdHNnRyhIebQBtpCO8hD++gEnaECKiOKAN2he/Tg3DqPzpPzPGydcEYz6+gXnNdvfLudgA==</latexit>

y

<latexit sha1_base64="l1U9/IQEjtoO5cYghxp4Mwt8SS0=">AAACBHicbVA9SwNBEN3zM8avqGBjsyiCVbgTQQULwcYyCSYGcofs7U2SJbt7x+6echzX2thq7R+wE1v/hz/A1t/gJrHQxAcDj/dmmJkXJpxp47ofzszs3PzCYmmpvLyyurZe2dhs6ThVFJo05rFqh0QDZxKahhkO7UQBESGH63BwMfSvb0FpFssrkyUQCNKTrMsoMVaqZzeVPbfqjoCnifdD9s63W3dJ9vlcu6l8+VFMUwHSUE607nhuYoKcKMMoh6LspxoSQgekBx1LJRGgg3x0aIH3rRLhbqxsSYNH6u+JnAitMxHaTkFMX096Q/E/r5Oa7kmQM5mkBiQdL+qmHJsYD7/GEVNADc8sIVQxeyumfaIINTabsi/hjsZCEBnlfqPIc3+4IQxxoyhsQN5kHNOkdVj1jqqndZvUGRqjhHbQLjpAHjpG5+gS1VATUQToAT2iJ+feeXFenbdx64zzM7OF/sB5/wYZ+ZyO</latexit>

0

<latexit sha1_base64="jEK2SNqQKcqvJ/PNzJrB0ye3K0E=">AAACAHicbVA9SwNBEN3zM55f0VaQxSBYhTsRVBAM2FgmYjSQC2Fvb5Is7u4du3tKOK7Uxlb/hZ2NhY0/w9+g+BvcJBaa+GDg8d4MM/PChDNtPO/dmZqemZ2bLyy4i0vLK6tFd+1Cx6miUKcxj1UjJBo4k1A3zHBoJAqICDlchlcnA//yGpRmsTw3/QRagnQl6zBKjJVqXrtY8sreEHiS+D+kdPz2cbv5UvustotfQRTTVIA0lBOtm76XmFZGlGGUQ+4GqYaE0CvShaalkgjQrWx4aI63rRLhTqxsSYOH6u+JjAit+yK0nYKYnh73BuJ/XjM1nYNWxmSSGpB0tKiTcmxiPPgaR0wBNbxvCaGK2Vsx7RFFqLHZuIGEGxoLQWSUBWd5lgWDDWGIz/LcBuSPxzFJLnbL/l75sFQ5QiMU0AbaQjvIR/uogk5RFdURRYDu0QN6dO6cJ+d51Djl/Eysoz9wXr8BWYab9g==</latexit>

1

<latexit sha1_base64="opvceVuSiJDl1Rs7Fev1hltf/Xw=">AAACBHicbVBNSwMxEM3W7/pV9ShIsAieyq4IKggWvHi0xdZCt0g2O9XQJLskWaUse9SLV/0X3kTwJPgz/A2Kv8Fs60GtDwYe780wMy+IOdPGdd+cwtj4xOTU9Exxdm5+YbG0tNzUUaIoNGjEI9UKiAbOJDQMMxxasQIiAg6nQe8w908vQWkWyRPTj6EjyLlkXUaJsVLNOyuV3Yo7AB4l3jcpH7y+X6891z6Oz0qffhjRRIA0lBOt254bm05KlGGUQ1b0Ew0xoT1yDm1LJRGgO+ng0AxvWCXE3UjZkgYP1J8TKRFa90VgOwUxF/qvl4v/ee3EdHc7KZNxYkDS4aJuwrGJcP41DpkCanjfEkIVs7diekEUocZmU/QlXNFICCLD1K9naernG4IA17PMBuT9jWOUNLcq3nZlr+aWq/toiGm0itbRJvLQDqqiI3SMGogiQLfoDt07N86D8+g8DVsLzvfMCvoF5+ULCVudOQ==</latexit>

a

<latexit sha1_base64="JXXkS6g7NFzvfk1HJf+4PxL9GVQ=">AAACBHicbVBNSwMxEM3W7/pV9ShIsAieyq4IKggWvHi0xdZCt0g2O9XQJLskWaUse9SLV/0X3kTwJPgz/A2Kv8Fs60GtDwYe780wMy+IOdPGdd+cwtj4xOTU9Exxdm5+YbG0tNzUUaIoNGjEI9UKiAbOJDQMMxxasQIiAg6nQe8w908vQWkWyRPTj6EjyLlkXUaJsVKNnJXKbsUdAI8S75uUD17fr9eeax/HZ6VPP4xoIkAayonWbc+NTSclyjDKISv6iYaY0B45h7alkgjQnXRwaIY3rBLibqRsSYMH6s+JlAit+yKwnYKYC/3Xy8X/vHZiurudlMk4MSDpcFE34dhEOP8ah0wBNbxvCaGK2VsxvSCKUGOzKfoSrmgkBJFh6tezNPXzDUGA61lmA/L+xjFKmlsVb7uyV3PL1X00xDRaRetoE3loB1XRETpGDUQRoFt0h+6dG+fBeXSehq0F53tmBf2C8/IFV1udaQ==</latexit>

b

<latexit sha1_base64="D5HtxTke7mLFiZkO2t8iAiiYd9g=">AAACBHicbVBNSwMxEM3W7/pV9ShIsAieyq4IKggWvHi0xdZCt0g2O9XQJLskWaUse9SLV/0X3kTwJPgz/A2Kv8Fs60GtDwYe780wMy+IOdPGdd+cwtj4xOTU9Exxdm5+YbG0tNzUUaIoNGjEI9UKiAbOJDQMMxxasQIiAg6nQe8w908vQWkWyRPTj6EjyLlkXUaJsVItOCuV3Yo7AB4l3jcpH7y+X6891z6Oz0qffhjRRIA0lBOt254bm05KlGGUQ1b0Ew0xoT1yDm1LJRGgO+ng0AxvWCXE3UjZkgYP1J8TKRFa90VgOwUxF/qvl4v/ee3EdHc7KZNxYkDS4aJuwrGJcP41DpkCanjfEkIVs7diekEUocZmU/QlXNFICCLD1K9naernG4IA17PMBuT9jWOUNLcq3nZlr+aWq/toiGm0itbRJvLQDqqiI3SMGogiQLfoDt07N86D8+g8DVsLzvfMCvoF5+ULWPudag==</latexit>

c

<latexit sha1_base64="UDLdPgeAL3MSfpxBvjvE0lLRpz0=">AAACBHicbVBNSwMxEM3W7/pV9ShIsAieyq4IKggWvHi0xdZCt0g2O9XQJLskWaUse9SLV/0X3kTwJPgz/A2Kv8Fs60GtDwYe780wMy+IOdPGdd+cwtj4xOTU9Exxdm5+YbG0tNzUUaIoNGjEI9UKiAbOJDQMMxxasQIiAg6nQe8w908vQWkWyRPTj6EjyLlkXUaJsVKNnpXKbsUdAI8S75uUD17fr9eeax/HZ6VPP4xoIkAayonWbc+NTSclyjDKISv6iYaY0B45h7alkgjQnXRwaIY3rBLibqRsSYMH6s+JlAit+yKwnYKYC/3Xy8X/vHZiurudlMk4MSDpcFE34dhEOP8ah0wBNbxvCaGK2VsxvSCKUGOzKfoSrmgkBJFh6tezNPXzDUGA61lmA/L+xjFKmlsVb7uyV3PL1X00xDRaRetoE3loB1XRETpGDUQRoFt0h+6dG+fBeXSehq0F53tmBf2C8/IFWpudaw==</latexit>

d

<latexit sha1_base64="Bj8N34GjhsTenx2G5UZyvYwEdW0=">AAACBXicbVDLSgMxFM3UV62vqktBgkVwVWZEUEGw4MZlW+wDOqVkMpk2NMkMSUYpwyzFjVv9C3ci7sTP8BsUv8H0sdDWAxcO59zLvfd4EaNK2/aHlZmbX1hcyi7nVlbX1jfym1t1FcYSkxoOWSibHlKEUUFqmmpGmpEkiHuMNLz+xdBvXBOpaCiu9CAibY66ggYUI22kqp/r5At20R4BzhJnQgrn75+3u6+Vr3In/+36IY45ERozpFTLsSPdTpDUFDOS5txYkQjhPuqSlqECcaLayejSFO4bxYdBKE0JDUfq74kEcaUG3DOdHOmemvaG4n9eK9bBSTuhIoo1EXi8KIgZ1CEcvg19KgnWbGAIwpKaWyHuIYmwNuHkXEFucMg5En7iVtMkcYcbPA9W09QE5EzHMUvqh0XnqHhasQulMzBGFuyAPXAAHHAMSuASlEENYBCAe/AAHq0768l6tl7GrRlrMrMN/sB6+wGR352A</latexit>

e

<latexit sha1_base64="TBTdvG9J1+lHMpJsjLS+yNq5shU=">AAACBXicbVBNSwMxEM3W7/pV9ShIsAieyq4IKggWvHjUYrXQLSWbzmpokl2SrFKWPYoXr/ovvIl4E3+Gv0HxN5htPWjrg4HHezPMzAtizrRx3XenMDY+MTk1PVOcnZtfWCwtLZ/pKFEU6jTikWoERANnEuqGGQ6NWAERAYfzoHuY++dXoDSL5KnpxdAS5EKykFFirFSDYrtUdituH3iUeD+kfPD2cbP2cvJ53C59+Z2IJgKkoZxo3fTc2LRSogyjHLKin2iICe2SC2haKokA3Ur7l2Z4wyodHEbKljS4r/6eSInQuicC2ymIudTDXi7+5zUTE+62UibjxICkg0VhwrGJcP427jAF1PCeJYQqZm/F9JIoQo0Np+hLuKaREER2Ur+WpamfbwgCXMsyG5A3HMcoOduqeNuVvRO3XN1HA0yjVbSONpGHdlAVHaFjVEcUhegO3aMH59Z5dJ6c50FrwfmZWUF/4Lx+A5OAnYE=</latexit>

0

<latexit sha1_base64="jEK2SNqQKcqvJ/PNzJrB0ye3K0E=">AAACAHicbVA9SwNBEN3zM55f0VaQxSBYhTsRVBAM2FgmYjSQC2Fvb5Is7u4du3tKOK7Uxlb/hZ2NhY0/w9+g+BvcJBaa+GDg8d4MM/PChDNtPO/dmZqemZ2bLyy4i0vLK6tFd+1Cx6miUKcxj1UjJBo4k1A3zHBoJAqICDlchlcnA//yGpRmsTw3/QRagnQl6zBKjJVqXrtY8sreEHiS+D+kdPz2cbv5UvustotfQRTTVIA0lBOtm76XmFZGlGGUQ+4GqYaE0CvShaalkgjQrWx4aI63rRLhTqxsSYOH6u+JjAit+yK0nYKYnh73BuJ/XjM1nYNWxmSSGpB0tKiTcmxiPPgaR0wBNbxvCaGK2Vsx7RFFqLHZuIGEGxoLQWSUBWd5lgWDDWGIz/LcBuSPxzFJLnbL/l75sFQ5QiMU0AbaQjvIR/uogk5RFdURRYDu0QN6dO6cJ+d51Djl/Eysoz9wXr8BWYab9g==</latexit>

1

<latexit sha1_base64="opvceVuSiJDl1Rs7Fev1hltf/Xw=">AAACBHicbVBNSwMxEM3W7/pV9ShIsAieyq4IKggWvHi0xdZCt0g2O9XQJLskWaUse9SLV/0X3kTwJPgz/A2Kv8Fs60GtDwYe780wMy+IOdPGdd+cwtj4xOTU9Exxdm5+YbG0tNzUUaIoNGjEI9UKiAbOJDQMMxxasQIiAg6nQe8w908vQWkWyRPTj6EjyLlkXUaJsVLNOyuV3Yo7AB4l3jcpH7y+X6891z6Oz0qffhjRRIA0lBOt254bm05KlGGUQ1b0Ew0xoT1yDm1LJRGgO+ng0AxvWCXE3UjZkgYP1J8TKRFa90VgOwUxF/qvl4v/ee3EdHc7KZNxYkDS4aJuwrGJcP41DpkCanjfEkIVs7diekEUocZmU/QlXNFICCLD1K9naernG4IA17PMBuT9jWOUNLcq3nZlr+aWq/toiGm0itbRJvLQDqqiI3SMGogiQLfoDt07N86D8+g8DVsLzvfMCvoF5+ULCVudOQ==</latexit>

[Brooks/Smith/Stone/Tutte 1939]

<latexit sha1_base64="q+u8ADdJMLaT2A4qRn2vadgxDa8=">AAACJHicbVA9TxtBEN2D8BETiIEyRVZYSKnsO4gEligsaCgdwIDkO1l76zFeeT9Ou3Mg63Qlf4UmbfgXdChFmvyE/IasjQu+njTS03szmpmXZlI4DMM/wdz8h4XFpeWPlZVPq2ufq+sb587klkOHG2nsZcocSKGhgwIlXGYWmEolXKSjo4l/cQ3WCaPPcJxBotiVFgPBGXqpV/3aPbTGjFzjVAkcNk7RaGic5YhAo+ZuM+lVa2 E9nIK+JdGM1MgM7V71X9w3PFegkUvmXDcKM0wKZlFwCWUlzh1kjI/YFXQ91UyBS4rpIyXd9kqfDoz1pZFO1ecTBVPOjVXqOxXDoXvtTcT3vG6Og/2kEDrLETR/WjTIJUVDJ6nQvrDAUY49YdwKfyvlQ2YZR59dJdZww41STPeL+KQsiniyIU3pSVn6gKLXcbwl5zv16Hu9+WOn1jqYRbVMvpAt8o1EZI+0yDFpkw7h5Jb8JL/IfXAXPASPwe+n1rlgNrNJXiD4+x8+QaSz</latexit>

Fixed-area rectangle tilings

<latexit sha1_base64="q7qhqygSB88z5klkwDCr53No4Qg=">AAACBXicbVDLSgMxFM34rPU16lIXwSK4scwUQQUXBUFcVrAPaIeSydxpQzOZIcmIpXTjxl9x40IRt/6DO//GTDsLbT0QOJx7T5Jz/IQzpR3n21pYXFpeWS2sFdc3Nre27Z3dhopTSaFOYx7Llk8UcCagrpnm0EokkMjn0PQHV9m8eQ9SsVjc6WECXkR6goWMEm2krn1wzR4gOCHGgyVQTUSPA9bM3NdTXbvklJ0J8Dxxc1JCOWpd+6sTxDSNQGjKiVJt10m0NyJSM8phXOykChJCB6QHbUMFiUB5o0mKMT4ySoDDWJojNJ6ovx0jEik1jHyzGRHdV7OzTPxv1k51eO6NmEhSDYJOHwpTjnWMs0pwwLLkfGgIoZKZv2LaJ5JQbYormhLc2cjzpFEpu6fli9tKqXqZ11FA++gQHSMXnaEqukE1VEcUPaJn9IrerCfrxXq3PqarC1bu2UN/YH3+AED8mGw=</latexit>
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This graph has 12 compatible orientations, and so 12 enharmonic functions:

<latexit sha1_base64="gAWz+RH38NoGmvZH3DR8M4f3mEM="></latexit>
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Thm: A polygon can be tiled with rational-area rectangles only if the set of
vertical edge lengths is in a totally-real extension field of the horizontal edge
lengths.

<latexit sha1_base64="BYmKEnn0HXL+FMNMVdB7TA8Uqlk="></latexit>

Not tileable with rational-area rectangles:

<latexit sha1_base64="Nq2gbjoME/W8WCGoJnAKO3mEKCQ="></latexit>
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