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Stat Mech:
Z :{Graphs} - R “partition function”

e.g.
Zireo(G) = # spanning trees

ZISing(G) — Z eXp (6 Z JU(U)U(U))
ce{+1}V U~

These functions are most interesting when we put arbitrary edge weights /interactions

Ztree(G) — Z H Ce

sp. trees 1" e€T’

ZISing(G) — Z eXp (6 Z Jqu'(u)O'(U))

ce{£+1}V U~



(Discrete) Dirichlet problem

G=(V,F)

V= Vo U Ving

c: E— Ry edge conductances

u: Vg —R fixed boundary values

The Dirichlet problem is to find a harmonic extension of u:

Find f : V — R such that

flvy =




To a harmonic extension is associated an energy
EE — RZO

Euv = Cun(f(w) — f(v))

1>T——/\/\/—

X
Yol




This talk is about the map (for fixed u)

U : {conductances} — {edge energies}

{ce} — {&}

Q). Is ¥ surjective? Injective? »wa\, T A
no, but fiber ‘

es
Y has constant size % % %




conductances

a(bc—|—be—l—cd,—l—ce)2

(ab+ad+ae+bc+bd+be+cd+ce)?
b(cd—ae)?

(ab+ad+ae+bc+bd+be+cd+ce)?
c(ab+ad+ae+bd)?

(ab+ad+ae+bc+bd+be+cd+ce)?
d(ae+bc+betce)?

(ab+ad+ae+bc+bd+be+cd+ce)?
e(ab+ad+bd+cd)?

(ab+ad+ae+bc+bd+be+cd+ce)?

energies

)

/



Chromatic polynomial

Def: For a graph G, x¢ (k) is the number of proper colorings of G with k colors.

\

adjacent vertices have distinct colors

Ex.

Prop: yqg is a polynomial in £.
Prop: |xg(—1)| is the number of acyclic orientations of G.

Thm:(Stanley) For k < 0, |xg (k)| counts certain kinds of acyclic orientations
of G.



Compatible orientations

When we solve the Dirichlet problem on Gy, there is a current flow on edges
which is (generically) nonzero. It induces an orientation of edges of G.

Def: A compatible orientation is an acyclic orientation for which:

1. No interior sources or sinks

2. no oriented path from lower boundary value to an equal or higher bound-

ary value
1 1

0 0

Lemma: Compatible orientations are exactly the orientations arising from the
Dirichlet problem.



Thm: Let GG, be obtained from G by adding k+1 additional vertices vy, ..., vk,
attached to all vertices of G. Fix distinct boundary values u; on v;. Then

I'xa(—k)| = #{compatible orientations of G }.

Cor: |xa(—1)| = #{acyclic orientations of G}

Ty

0




Let G be obtained from G by adding k 4+ 1 additional vertices vg, ..., v, at-
tached to all vertices of G. Fix distinct boundary values u; on v;.

Thm: W is surjective and of degree |xg(—Fk)|.

In other words, for each choice of {€. > 0} there are exactly |xg(—Fk)| choices
of conductances giving those energies.

Thm: For each compatible orientation and tuple £ € (0, 00)” there is a unique
choice of positive conductances so that the harmonic extension has those energies

and orientations.



What if conductances are random?

Thm: Let G be obtained from G by adding £+ 1 additional vertices vg, ..., Uk,
attached to all vertices of G. Fix distinct boundary values u; on v;. Then

‘XG(_'ZCM — H (f(U) Il f(?]))

where the expectation is over the simplex of random conductances summing to
1, f is the harmonic extension, and Z is the total Dirichlet energy.

Proof: The degree of ¥ can be computed by integrating the Jacobian determi-
nant over the simplex.

Lemma: det(DV) =] | —.



Is this theorem useful?

Application 1.

(abcde)?
L=95 da dbde dd
/A5 (abed + abce 4+ abde 4+ acde + bede)? @ ¢



Application 2.

How to exactly sample a uniform random acyclic orientation

1. Choose uniform random conductances on Go.

2. Find harmonic extension h and its compatible orientation.

3. Keep this with probability [, (h(m)_zh(y))Q.



Application 3777

Can we estimate the RHS on a large regular graph, eg. n x n grid?



Def: An enharmonic function is a solution to the Dirichlet problem which gives
constant (or predetermined) energies on the edges. (conductances not fixed)

Thm: Enharmonic functions with energies £ € (0, 00)¥

maxima of the functional

are precisely the local

Lemma: log M (h) is strictly convex on each cell corresponding to a compatible
orientation, with boundary values —oo.



Fixed-area rectangle tilings

'Brooks/Smith /Stone/Tutte 1939
For a planar graph, with two boundary nodes on the outer face, a solution to
the Dirchlet problem gives a rectangle tiling of a rectangle.
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This graph has 12 compatible orientations, and so 12 enharmonic functions:



Thm: A polygon can be tiled with rational-area rectangles only if the set of
vertical edge lengths is in a totally-real extension field of the horizontal edge
lengths.

21/3
12
2

DN | —

01/3

DO | —

Not tileable with rational-area rectangles:






