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Quadratic polynomials

Filled Julia Set

fc : C ! C fc : z 7! z2 + c

Kc := {z 2 C | n 7! (fc)
n(z) is bounded}

The polynomial f is rigid if its portrait determines a finite
set of conformal conjugacy classes among all polynomials of
the same degree.
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For whichX ⇢ C do we haveX = Pf for some polynomial
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The moduli space of quadratic polynomials

We obtain interesting subsets by constraining the critical orbit
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Exercise: 

fc : C ! C fc : z 7! z2 + c

Kc := {z 2 C | n 7! (fc)
n(z) is bounded}

The polynomial f is rigid if its portrait determines a finite
set of conformal conjugacy classes among all polynomials of
the same degree.

a polynomial f : C ! C
For whichX ⇢ C do we haveX = Pf for some polynomial

f?

Find all c so that 0 is periodic of period 3 for fc.

z 7! z2 � 1

z 7! z2 + i

0
2 // �1^^ 0

2 // i // �1 + i // �i``

Pc :=
[

n>0

(fc)
n(0)

The polynomial fc is
postcritically finite
if Pc is finite.

fc : C ! C fc : z 7! z2 + c

= {c 2 C | 0 2 Kc}

= {c 2 C | 0 is attracted to an attracting cycle}

H := {c 2 C | fc has an attracting cycle}
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z 7!
a2z2 + a1z + a0
b2z2 + b1z + b0

[a0 : a1 : a2 : b0 : b1 : b2] 2 P5

Rat2 ⇡ P5
\�

mod out by conjugation
by Möbius transformations

understand this space as well as we understand the
space of quadratic polynomials

The quotient is the moduli space of quadratic rational
maps; it is isomorphic to C2 (Milnor).

0
2
// · · · 1

2
// 1 // · · ·

fa,b(z) =
z2 + a

z2 + b
2 distinct critical points

G1 = c G2 = c+1 G3 = c3+2c2+c+1 G4 = c6+3c5+3c4+3c3+2c2+1

G5 = c15+8c14+28c13+60c12+94c11+116c10+114c9+94c8+69c7+44c6+26c5+14c4+5c3+2c2+c+1

The subset X ⇢ C is a polynomial postcritical config-
uration if there is a postcritically finite polynomial f
so that X = Pf .

X = {x1, . . . , xn}

n=1
every set is a postcritical config.
n=2 same.
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c = �1.75488

• TPf
is the Teichmüller space of the pair (P1, Pf ); it is a complex

manifold of dimension |Pf |� 3

• �f is holomorphic

• if f is not a Lattès map, then �f is a contraction, and �f has
a unique fixed point in TPf

• if f is a Lattès map

– f is flexible i↵ �f = id

– if f is not flexible, then �f has a unique fixed point in TPf
.

� = �1/2 + i/2

?
2 // • // • // •^^ 1 2hh

0 2ff

0
2 // c]]

0
2 // c // c2 + cbb

0
2 // c // c2 + c // (c2 + c)2 + cee

0
2 // c // c2 + c // (c2 + c)2 + c // ((c2 + c)2 + c)2 + cgg

Theorem. Let f be a quadratic polynomial with preperiodic critical
point, and let � be an eigenvalue of D�f at the fixed point. Then
1/8 < |�| < 1.

We think 2� is an algebraic integer, but it is not necessarily an alge-
braic unit.

Example. z 7! z2 + i

Question. For d = 2, send n to 1; where do the eigenvalues accu-
mulate? It looks like the set includes the closed annulus

{z 2 C : 1/4 6 |z| 6 1}.
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Gleason polynomials

=
The number of  

irreducible  
factors mod 2

The number of  
real roots

Theorem (Buff, Floyd, K, Parry)

Count the number of 
hyperbolic components of 

period n 
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Question. (Milnor) For all k > 2 and n > 1, is the
polynomial Mk,n irreducible over Z?

Elvis, the Dog
Who Knew
Calculus

Ben Orlin

Abstract for 04 April 2019

In 2004, a research paper about a Welsh corgi captivated a nation.
This pup, it seemed, could solve an optimization puzzle. We’ll tour
the problem, the variations thereof, the ensuing media sensation, the
dog psychology debate, and the math that emerges (including a subtle
bifurcation and some nifty algebraic moves). Cute dog pictures (and
shoddy dog drawings) amply featured.

Prerequisite: working knowledge of single-variable calculus, although
a su�cient love of canines may substitute.

preperiod k

period n

0
2 // · · · // • //// · · · // •dd

Question. (Milnor) For all k > 2 and n > 1, is the
polynomial Mk,n irreducible over Z?

Elvis, the Dog
Who Knew
Calculus

Ben Orlin

Abstract for 04 April 2019

In 2004, a research paper about a Welsh corgi captivated a nation.
This pup, it seemed, could solve an optimization puzzle. We’ll tour
the problem, the variations thereof, the ensuing media sensation, the
dog psychology debate, and the math that emerges (including a subtle
bifurcation and some nifty algebraic moves). Cute dog pictures (and
shoddy dog drawings) amply featured.

Prerequisite: working knowledge of single-variable calculus, although
a su�cient love of canines may substitute.

The Misiurewicz polynomial of type (k, n) is the factor
of (fc)k+n(0)� (fc)k(0) whose roots are those c-values
for which z0 = 0 is preperiodic, of preperiod k, to a
periodic cycle of period n.

0
2
// · · · // • // . . . // •
dd

M2,1 = c+2 M2,2 = c2+1 M3,1 = c3+2c2+2c+2 M4,1

M4,1 = c7 + 4c6 + 6c5 + 6c4 + 6c3 + 4c2 + 2c+ 2

The Misiurewicz polynomial of type (k, n) is the factor
of (fc)k+n(0)� (fc)k(0) whose roots are those c-values
for which z0 = 0 is preperiodic, of preperiod k, to a
periodic cycle of period n.

0
2
// · · · // • // . . . // •
dd

M2,1 = c+2 M2,2 = c2+1 M3,1 = c3+2c2+2c+2 M4,1

M4,1 = c7 + 4c6 + 6c5 + 6c4 + 6c3 + 4c2 + 2c+ 2

For which (k,n)  
is Mk,n irreducible?

Subvarieties in moduli space



The Gleason polynomial of period n is the factor of
(fc)n(0) 2 Z[c] whose roots are those c-values for which
z0 = 0 is periodic of period n.

V0,3

V0,2

V0,1

Dudko’s theorem holds in the ‘rabbit’ part and the
‘corabbit’ part.

Not all maps in V0,3 are matings (Wittner).
The moduli space Q is isomorphic to C2.
look at dynamically distinguished loci
impose restriction on the forward orbit of one crit-

ical point
The Milnor curve of type (k, n) is

Vk,n := {[f ] 2 Q | f has a critical point that is

preperiodic, of preperiod k, to a periodic cycle of period n}.

Theorem. (Dudko) The locus V0,2 is a mating of a
‘modified’ Mandelbrot set, and a ‘modified’ basilica.
Conjecture. For all k > 0 and n > 1, the curve Vk,n

is connected.
Note: if k = 1, then Vk,n is empty.
Theorem. (Bu↵, Epstein, K)
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aa
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ee

1 2
gg

f(z) =
z2 � e�2⇡i/3

z2 � 1

preperiod k
period 1

use Eisenstein, p=2



Polynomials in parameter space
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Quadratic rational maps
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b2z2 + b1z + b0

[a0 : a1 : a2 : b0 : b1 : b2] 2 P5

Rat2 ⇠ P5
\�

mod out by conjugation by Möbius transformations

The moduli space of quadratic rational maps is isomorphic to
C2.
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c15+8c14+28c13+60c12+94c11+116c10+114c9+94c8+69c7+44c6+26c5+14c4+5c3+2c2+c+1

The subset X ⇢ C is a polynomial postcritical configuration if
there is a postcritically finite polynomial f so that X = Pf .

X = {x1, . . . , xn}

n=1
every set is a postcritical config.
n=2 same.
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The moduli space of quadratic rational maps is isomorphic to
C2.

0
2
// · · · 1

2
// 1 // · · ·

ga,b(z) =
z2 + a

z2 + b
2 distinct critical points

c+ 1 c3 + 2c2 + c+ 1 c6 + 3c5 + 3c4 + 3c3 + 2c2 + 1

c15+8c14+28c13+60c12+94c11+116c10+114c9+94c8+69c7+44c6+26c5+14c4+5c3+2c2+c+1

The subset X ⇢ C is a polynomial postcritical configuration if
there is a postcritically finite polynomial f so that X = Pf .

X = {x1, . . . , xn}

n=1
every set is a postcritical config.
n=2 same.

z 7!
a2z2 + a1z + a0
b2z2 + b1z + b0

[a0 : a1 : a2 : b0 : b1 : b2] 2 P5

Rat2 ⇡ P5
\�

mod out by conjugation
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Quadratic rational maps

TheGleason polynomial of period n is the factor of (fc)n(0) 2
Z[c] whose roots are those c-values for which z0 = 0 is peri-
odic of period n.

V0,3

V0,2

V0,1

Dudko’s theorem holds in the ‘rabbit’ part and the ‘corab-
bit’ part.

Not all maps in V0,3 are matings (Wittner).
The moduli space Q is isomorphic to C2.
look at dynamically distinguished loci
impose restriction on the forward orbit of one critical

point
The Milnor curve of type (k, n) is

Vk,n := {[f ] 2 Q | f has a critical point that is

preperiodic, of preperiod k, to a periodic cycle of period n}.

Theorem. (Dudko) The locus V0,2 is a mating of a ‘modi-
fied’ Mandelbrot set, and a ‘modified’ basilica.

Conjecture. For all k > 0 and n > 1, the curve Vk,n is
connected.
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Question. (Milnor) For all k > 2 and n > 1, is the
polynomial Mk,n irreducible over Z?

Elvis, the Dog
Who Knew
Calculus

Ben Orlin

Abstract for 04 April 2019

In 2004, a research paper about a Welsh corgi captivated a nation.
This pup, it seemed, could solve an optimization puzzle. We’ll tour
the problem, the variations thereof, the ensuing media sensation, the
dog psychology debate, and the math that emerges (including a subtle
bifurcation and some nifty algebraic moves). Cute dog pictures (and
shoddy dog drawings) amply featured.

Prerequisite: working knowledge of single-variable calculus, although
a su�cient love of canines may substitute.

these curves  
are smooth

Take k 6= 1 since V1,n is empty.

Note V1,n is empty.

1 2 // • // · · · //
aa

2 V1,0 \ V2,1

Conjecture. For all k > 0

Vk,1 \ V0,1 is a finite collection of points
consisting of all quadratic polynomials with
a prefixed critical point with preperiod k.

Do this by intersecting with polynomial slice V0,1

and use Misiurewicz polynomials.

Step 1. For k > 2, find non-singular (a0, b0) on Vk,1.

Step 2. Show R 2 Q[a, b] that defines Vk,1 is
irreducible over Q.

V4,1

⇤ 2 // 1 // • // · · · // • // • dd
⇤ 2dd

Abstract for 21 March 2019

f : P1 ! P1 d > 2

f has 2d� 2 critical points

The postcritical set of f is
P := [n>0f

n(crit pts)

f is postcritically finite if |P | < 1.

P = {p1, . . . , pn}

f determines a point in
the moduli space M0,n

the configuration space of n labeled points

moving on P1 up to postcomposition with Möbius transformations.

{' : {1, . . . , n} ,! P1 up to postcomposition with Möbius transformations}
it is a complex manifold of dimension n� 3.

Which configurations arise
as postcritical sets for
postcritically finite rational maps
with n postcritical points?

These configurations are
dense in the analytic topology.
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TheGleason polynomial of period n is the factor of (fc)n(0) 2
Z[c] whose roots are those c-values for which z0 = 0 is peri-
odic of period n.
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V0,1

Dudko’s theorem holds in the ‘rabbit’ part and the ‘corab-
bit’ part.

Not all maps in V0,3 are matings (Wittner).
The moduli space Q is isomorphic to C2.
look at dynamically distinguished loci
impose restriction on the forward orbit of one critical

point
The Milnor curve of type (k, n) is

Vk,n := {[f ] 2 Q | f has a critical point that is

preperiodic, of preperiod k, to a periodic cycle of period n}.

Theorem. (Dudko) The locus V0,2 is a mating of a ‘modi-
fied’ Mandelbrot set, and a ‘modified’ basilica.

Conjecture. For all k > 0 and n > 1, the curve Vk,n is
connected.
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moduli space Q isomorphic to C2

look at dynamically distinguished loci
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The Milnor curve of period n > 1 is
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V1

moduli space Q isomorphic to C2

look at dynamically distinguished loci
impose restriction on the forward orbit of one critical point
The Milnor curve of period n > 1 is

Vn := {[f ] 2 Q | f has a critical point that is

periodic of period n}
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The Gleason polynomial of period n is the factor of
(fc)n(0) 2 Z[c] whose roots are those c-values for which
z0 = 0 is periodic of period n.
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V0,1

Dudko’s theorem holds in the ‘rabbit’ part and the
‘corabbit’ part.

Not all maps in V0,3 are matings (Wittner).
The moduli space Q is isomorphic to C2.
look at dynamically distinguished loci
impose restriction on the forward orbit of one crit-

ical point
The Milnor curve of type (k, n) is

Vk,n := {[f ] 2 Q | f has a critical point that is

preperiodic, of preperiod k, to a periodic cycle of period n}.

Theorem. (Dudko) The locus V0,2 is a mating of a
‘modified’ Mandelbrot set, and a ‘modified’ basilica.

Conjecture. For all k > 0 and n > 1, the curve
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The Gleason polynomial of period n is the factor of
(fc)n(0) 2 Z[c] whose roots are those c-values for which
z0 = 0 is periodic of period n.
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The Gleason polynomial of period n is the factor of
(fc)n(0) 2 Z[c] whose roots are those c-values for which
z0 = 0 is periodic of period n.
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Dudko’s theorem holds in the ‘rabbit’ part and the
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‘modified’ Mandelbrot set, and a ‘modified’ basilica.

Conjecture. For all k > 0 and n > 1, the curve
Vk,n is connected.
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The Gleason polynomial of period n is the factor of
(fc)n(0) 2 Z[c] whose roots are those c-values for which
z0 = 0 is periodic of period n.
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Dudko’s theorem holds in the ‘rabbit’ part and the
‘corabbit’ part.

Not all maps in V0,3 are matings (Wittner).
The moduli space Q is isomorphic to C2.
look at dynamically distinguished loci
impose restriction on the forward orbit of one crit-

ical point
The Milnor curve of type (k, n) is

Vk,n := {[f ] 2 Q | f has a critical point that is

preperiodic, of preperiod k, to a periodic cycle of period n}.

Theorem. (Dudko) The locus V0,2 is a mating of a
‘modified’ Mandelbrot set, and a ‘modified’ basilica.

Conjecture. For all k > 0 and n > 1, the curve
Vk,n is connected.

1 2
gg

1
2
// 1 // •

bb

0
2
// • // •

aa

0
2
// i // �1 + i // �i

``

f(z) =
z2 � e�2⇡i/3

z2 � 1

V3

moduli space Q isomorphic to C2

look at dynamically distinguished loci
impose restriction on the forward orbit of one critical point
The Milnor curve of period n > 1 is

Vn := {[f ] 2 Q | f has a critical point that is

periodic of period n}

Theorem. (Dudko) The locus V2 is a mating of a ‘modified’
Mandelbrot set, and a ‘modified’ basilica.

Conjecture. The curve is connected.

1 2
gg

1
2
// 1 // •

bb

0
2
// • // •

aa

0
2
// i // �1 + i // �i

``

f(z) =
z2 � e�2⇡i/3

z2 � 1



1 2 // 1 // • dd !2
2 // 1 // x ee 1 3ff

Abstract for 21 March 2019

f : P1 ! P1 d > 2

f has 2d� 2 critical points

The postcritical set of f is
P := [n>0f

n(crit pts)

f is postcritically finite if |P | < 1.

P = {p1, . . . , pn}

f determines a point in
the moduli space M0,n

the configuration space of n labeled points

moving on P1 up to postcomposition with Möbius transformations.

{' : {1, . . . , n} ,! P1 up to postcomposition with Möbius transformations}
it is a complex manifold of dimension n� 3.

Which configurations arise
as postcritical sets for
postcritically finite rational maps
with n postcritical points?

These configurations are
dense in the analytic topology.

Example n = 4
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⇤ 2 // 0 // 1 // p1 // · · · // pn�3dd 1 2ff
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M0,4 ⇡ P1 � {0, 1,1}
g : P1 ! P1

g : x 7! y

F quadratic polynomial
⇤ = x/2
critical value 0
F (0) = 1

Fx(t) =
(2t� x)2

x2
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{' : {1, . . . , n} ,! P1 up to postcomposition with Möbius transformations}
it is a complex manifold of dimension n� 3.

Which configurations arise
as postcritical sets for
postcritically finite rational maps
with n postcritical points?

These configurations are
dense in the analytic topology.

Example n = 4

!1
2 // 0 dd !2

2 // 1 // x ee 1 3ff

⇤ 2 // 0 // 1 // p1 // · · · // pn�3dd 1 2ff

⇤

2

✏✏

0

��

x

��

1

✏✏

1

2

✏✏
F

✏✏0 1 g(x) 1

M0,4 ⇡ P1 � {0, 1,1}
g : P1 ! P1

g : x 7! y

F quadratic polynomial
⇤ = x/2



preperiod k

period n
1 2 // · · · // • //// · · · // •dd

Question. (Milnor) For all k > 2 and n > 1, is the
polynomial Mk,n irreducible over Z?

Elvis, the Dog
Who Knew
Calculus

Ben Orlin

Abstract for 04 April 2019

In 2004, a research paper about a Welsh corgi captivated a nation.
This pup, it seemed, could solve an optimization puzzle. We’ll tour
the problem, the variations thereof, the ensuing media sensation, the
dog psychology debate, and the math that emerges (including a subtle
bifurcation and some nifty algebraic moves). Cute dog pictures (and
shoddy dog drawings) amply featured.

Prerequisite: working knowledge of single-variable calculus, although
a su�cient love of canines may substitute.

Question. (Milnor) For all k 2 {0, 2, 3, 4, . . .} and n > 1,

is the polynomial Mk,n irreducible over Z?

Conjecture. For all k 2 {0, 2, 3, 4, . . .} and n > 1, the curve

Vk,n is irreducible over C.

Take k 6= 1 since V1,n is empty.

Note V1,n is empty.

1 2 // • // · · · // •aa

2 V1,0 \ V2,1

Conjecture. For all k > 0

Vk,1 \ V0,1 is a finite collection of points

consisting of all quadratic polynomials with

a prefixed critical point with preperiod k.

Do this by intersecting with polynomial slice V0,1

and use Misiurewicz polynomials.

Step 0. Observe that Vk,1 is given by some R 2 Q[a, b].

Step 1. For k > 2, find non-singular (a0, b0) on Vk,1.

Step 2. Show R 2 Q[a, b] that defines Vk,1 is irreducible over Q.

V4,1

⇤ 2 // 1 // • // · · · // • // • dd
⇤ 2dd

Abstract for 21 March 2019

f : P1 ! P1 d > 2

f has 2d� 2 critical points

The postcritical set of f is

P := [n>0f
n
(crit pts)

f is postcritically finite if |P | < 1.

P = {p1, . . . , pn}

f determines a point in

the moduli space M0,n

the configuration space of n labeled points

moving on P1
up to postcomposition with Möbius transformations.

{' : {1, . . . , n} ,! P1
up to postcomposition with Möbius transformations}

it is a complex manifold of dimension n� 3.

Which configurations arise

as postcritical sets for

Because these curves are smooth, this is 
equivalent to asking if they are connected. 



Q

The Misiurewicz polynomial of type (k, n) is the factor
of (fc)k+n(0)� (fc)k(0) whose roots are those c-values
for which z0 = 0 is preperiodic, of preperiod k, to a
periodic cycle of period n.
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M2,1 = c+2 M2,2 = c2+1 M3,1 = c3+2c2+2c+2 M4,1

M4,1 = c7 + 4c6 + 6c5 + 6c4 + 6c3 + 4c2 + 2c+ 2

Question. (Milnor) For all k > 2 and n > 1, the
polynomial Mk,n is irreducible over Z.

Theorem. (Goksel; Bu↵, Epstein, K) For all k > 2,
the polynomials Mk,1 and Mk,2 are irreducible over Z.

Theorem. (Bu↵, Epstein, K) For all k > 2, the poly-
nomial Mk,3 is irreducible over Z.
Theorem. (Bu↵, Epstein, K) For all k > 2, the curve
Vk,1 is irreducible (over C).
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{' : {1, . . . , n} ,! P1 up to postcomposition with Möbius transformations}
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{' : {1, . . . , n} ,! P1 up to postcomposition with Möbius transformations}
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Lemma. Let R 2 Q[a, b], and suppose that the a�ne curve
R = 0 contains a non-singular point (a0, b0) 2 Q2. Then
R is irreducible over Q if and only if it is irreducible over
C.
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Question. (Milnor) For all k > 2 and n > 1, is the
polynomial Mk,n irreducible over Z?

Elvis, the Dog
Who Knew
Calculus

Ben Orlin

Abstract for 04 April 2019

In 2004, a research paper about a Welsh corgi captivated
a nation. This pup, it seemed, could solve an optimization
puzzle. We’ll tour the problem, the variations thereof, the
ensuing media sensation, the dog psychology debate, and
the math that emerges (including a subtle bifurcation and
some nifty algebraic moves). Cute dog pictures (and shoddy
dog drawings) amply featured.

Prerequisite: working knowledge of single-variable calculus,
although a su�cient love of canines may substitute.

Main ingredient in proof

Question. (Milnor) For all k 2 {0, 2, 3, 4, . . .} and n > 1,

is the polynomial Mk,n irreducible over Z?

Conjecture. For all k 2 {0, 2, 3, 4, . . .} and n > 1, the curve

Vk,n is irreducible over C.

Take k 6= 1 since V1,n is empty.

Note V1,n is empty.

1 2 // • // · · · // •aa

2 V0,1 \ V2,1

Conjecture. For all k > 0

Vk,1 \ V0,1 is a finite collection of points

consisting of all quadratic polynomials with

a prefixed critical point with preperiod k.

Do this by intersecting with polynomial slice V0,1

and use Misiurewicz polynomials.

Step 0. Observe that Vk,1 is given by some R 2 Q[a, b].

Step 1. Find non-singular (a0, b0) 2 Q2
on Vk,1.

Step 2. Show R 2 Q[a, b] that defines Vk,1 is irreducible over Q.

V4,1

⇤ 2 // 1 // • // · · · // • // • dd
⇤ 2dd
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P := [n>0f
n
(crit pts)

f is postcritically finite if |P | < 1.

P = {p1, . . . , pn}

f determines a point in

the moduli space M0,n

the configuration space of n labeled points

moving on P1
up to postcomposition with Möbius transformations.

{' : {1, . . . , n} ,! P1
up to postcomposition with Möbius transformations}

it is a complex manifold of dimension n� 3.

Which configurations arise

as postcritical sets for



Do this by intersecting with polynomial slice V0,1

and use Misiurewicz polynomials.

Step 1. For k > 2, find non-singular (a0, b0) on Vk,1.

Step 2. Show R 2 Q[a, b] that defines Vk,1 is
irreducible over Q.
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{' : {1, . . . , n} ,! P1 up to postcomposition with Möbius transformations}
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f determines a point in
the moduli space M0,n

the configuration space of n labeled points

moving on P1 up to postcomposition with Möbius transformations.

{' : {1, . . . , n} ,! P1 up to postcomposition with Möbius transformations}
it is a complex manifold of dimension n� 3.

Which configurations arise
as postcritical sets for
postcritically finite rational maps
with n postcritical points?

These configurations are
dense in the analytic topology.

Example n = 4

!1
2 // 0 dd !2

2 // 1 // x ee 1 3ff

⇤ 2 // 0 // 1 // p1 // · · · // pn�3dd 1 2ff

⇤

2

✏✏

0

��

x

��

1

✏✏

1

2

✏✏
F

✏✏0 1 g(x) 1

M0,4 ⇡ P1 � {0, 1,1}
g : P1 ! P1

g : x 7! y

F quadratic polynomial
⇤ = x/2

preperiod k



Thank you!!!

Thank you!


