




The moduli space of quadratic polynomials
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The moduli space of quadratic polynomials



z 7!
a2z2 + a1z + a0
b2z2 + b1z + b0

[a0 : a1 : a2 : b0 : b1 : b2] 2 P5

Rat2 ⇡ P5
\�

mod out by conjugation
by Möbius transformations

understand this space as well as we understand the
space of quadratic polynomials

The quotient is the moduli space of quadratic rational
maps; it is isomorphic to C2 (Milnor).
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fa,b(z) =
z2 + a

z2 + b
2 distinct critical points

G1 = c G2 = c+1 G3 = c3+2c2+c+1 G4 = c6+3c5+3c4+3c3+2c2+1

G5 = c15+8c14+28c13+60c12+94c11+116c10+114c9+94c8+69c7+44c6+26c5+14c4+5c3+2c2+c+1

The subset X ⇢ C is a polynomial postcritical config-
uration if there is a postcritically finite polynomial f
so that X = Pf .

X = {x1, . . . , xn}

n=1
every set is a postcritical config.
n=2 same.
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Question. (Milnor) For all k > 2 and n > 1, is the
polynomial Mk,n irreducible over Z?

Elvis, the Dog
Who Knew
Calculus

Ben Orlin

Abstract for 04 April 2019

In 2004, a research paper about a Welsh corgi captivated a nation.
This pup, it seemed, could solve an optimization puzzle. We’ll tour
the problem, the variations thereof, the ensuing media sensation, the
dog psychology debate, and the math that emerges (including a subtle
bifurcation and some nifty algebraic moves). Cute dog pictures (and
shoddy dog drawings) amply featured.

Prerequisite: working knowledge of single-variable calculus, although
a su�cient love of canines may substitute.

preperiod k

period n
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The Misiurewicz polynomial of type (k, n) is the factor
of (fc)k+n(0)� (fc)k(0) whose roots are those c-values
for which z0 = 0 is preperiodic, of preperiod k, to a
periodic cycle of period n.
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M2,1 = c+2 M2,2 = c2+1 M3,1 = c3+2c2+2c+2 M4,1

M4,1 = c7 + 4c6 + 6c5 + 6c4 + 6c3 + 4c2 + 2c+ 2

The Misiurewicz polynomial of type (k, n) is the factor
of (fc)k+n(0)� (fc)k(0) whose roots are those c-values
for which z0 = 0 is preperiodic, of preperiod k, to a
periodic cycle of period n.
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M2,1 = c+2 M2,2 = c2+1 M3,1 = c3+2c2+2c+2 M4,1

M4,1 = c7 + 4c6 + 6c5 + 6c4 + 6c3 + 4c2 + 2c+ 2

For which (k,n)  
is Mk,n irreducible?

Misiurewicz polynomials



No dynamics
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History and some recent/current work
Bartholdi + Nekrashevych:  

Twisting rabbits in Marseille 
McMullen          Fornaess + Sibony 



Dupont: Lattès maps 
Crass: symmetries 

Bottcher coordinates: Buff, Epstein, Koch 
Eigenvalues: Jonsson, Fornaess + Sibony  

Astorg, Van Tu Le 
PCF all the way down: Astorg 

Sparse: Ingram, Ramadas, Silverman 
Correspondences: Ramadas

History and some recent/current work
Bartholdi + Nekrashevych:  

Twisting rabbits in Marseille 
McMullen          Fornaess + Sibony 



Thank you!! 


