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EXAMPLES • ( Isom (IRT, Rt) EUCLIDEAN geometry
• (Aff (1/24,112) AFFINE geometry
• ( Isom (11-14,114) HYPERBOLIC geometry
• (PS4 ¢, ICP

') cx
. Proj . geometry

• (PS↳ IR
,
IRPZ) real pnoj . geometry
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DIelopiag-Mapl.lt#romy

we can define (Dev
, e) :÷:-.

DEVELOPING MAP

✗/ ¥É •

p :
t.M-Ghom.am

810 HOWNOMY MAP

St Dev is f-Equivariant (: - V- ✗ c-Ñ
,
try c- MM

Dev G. ×) =p /g) . Dev
(x) )

• (Dere) is WD up to the action of G : AEG

A. (Dev, e) = (Dev ◦ A , A pl
.)A
")

& such pain
! dlt the Flom . Ñ~.

e*m=smann THURSTON
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QUESTIONS : ① Given M & given (G.×), con we endow

M w/ a (G.×) - star ?

② IF yes, in
how many

"different" ways we can do it?

EXAMPLES ① M=Ñ
,
(G.×) = ( Isom (112%1122)

Teich
,#2) = { (Y, ∅ ) I Y= Euclidean sin on

Fst Arce (4)= ,}
∅ : ILY differ "MARKING" ≈

(4,0/1)-(42,0/2) if 1T¥ "
☒ yf

F isometry f : 4.→Y,
St f-◦ ∅, ≈ ∅z homoioPIC

TIM Teich
,
#1=-11-12
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,
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☒ 4¥ & 804=02
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② M=Sg g≥z ,
(G.X) = ( PSI, IR, Aly

Teich (Sg) :={ (4.∅) /
Y= hyp sin on S

∅ :ñis→PSbR£
(Yi
,
∅ ,) - (42,0/2) if g Y' Fisom

. g : Y,
→ 42

☒¥
"

& 804=02

Teich (Sg)TEICHM-U.lu#SPAa--(oeFRlCkESPAa--)THM-Teich (Sg) É { q.MS→ PHAIR disher}p
, ,
,
,, ,

& faithful

Flits /
These representations one called Fuctneps
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•Teichmiillh metric

• Weil- Petersson metric

• Thurston asymmetric metric

⑥ Thurmon compactification
⑤ Collor lemme

y±ighuTÉy
: con we had e- c. of Ham ( P, PSLDIR≥pg can

fell made of discrete & faithful reps ) which have
some of these nice features ?
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Quasi-Fuchsia reps Gwen a Fuchsia up f. ITS→
PHIR

p ? ftp.F.ynrb.tt/ea-.s)= s

There is a natural embedding PSIZIR c PSI-26=1 sont (H) .

So given p :ñiS→ PSIZR is Fuchsia
, m=

p I
11-13

"% " " " / ^"
"""⇔

MR
= set of

2
Accumulation

€
ep! 21113

we can deform this picture (w/ a paan
. confound •µm%*?%"

& most geom . properties are preserved :

DEF A discrete & faithful rep p : it,
s→ Psb E- lsomt (1+13) is

called qwasi-Fuchsiou-ir-itse.mil set Ap is a London curve .



"→ Ri
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a- \Fuchsia
quasi - Fuchiou

ME "%
,
-15×1-1,1) hyp 3- mfd . !

2Mp=R%
,

:S us (where REAP'Mp+uRj )
is the Domain of Discontinuing ÑgygM-e-dtiudeqg.ES/FiiD %



* ri

u(É-•
.

""" ¥¥=aum1-%
Fuchsia

quasi - Fuchou

A-Me: Hip
,

I 5×1-1,1) hyp 3- mfd .

I
2Mp= Dear

,

:S us (where DECIPHERetude )
is the DOMAIN OF DISCONTINUITY ~%

.

Ñp=#use)q
,

± 5×[-1/1]

Core (Me) = CH (^%
,

≤Sxfi , D is the smauiist convex subset of Mp St
KEE

i : Cone (Me)↳ Me is a homotopy equivalence .

(EXAMPLES of Hyp . 3-mfds & CONVEX COCOMPACT REPS !)
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TER
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EARTHQUAKES
, CATACLYSMS & PLEATED SURFACES

• (LEFT) EARTHQUAKES :
This process1- c- 112

, F- s.ec. in S , ✗ c-Teich (s)
can be extend re

i.e.¥ 5 geodesic laminations

✗ ↳ Eira, (x)

i⇔
'

e

DEI d = GEODESIC LAMINARON in a hyp surface ✗ is a

wWUiwiou of simple geodesics, celled LEAVES.

DEF A MIRE µ on d is a measure on hyp orcs Transverse rod

invariant under push forward doing the leaves of A
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tAÑHQUAkETHM_ (THURSTON
'

76;KERCKHoff
'

83) H X, Y E Teich (s)

F ! de ML (s) s.t.LI a) = Y .

• CATACLYSMS (THURSTON) : allow both left & right shear .

They are parametrized by wayaes 7161;
IR)

DEI de 71
(dir) SHEARING co ague is a map

4 :{ orcs In d)→ IR Finitely additive &
"

d-invariant
.

"

(NOT COUNTABLY)

THM(BoNN) Teich (5)→
71 (di IR) is IR-onolyhc uomo .

p 1- 6p
= shearingCoyle determined by p .

Image =@(d) is on open convex ,bold by finitely many
faces

.



PLEATED SURFACES (THURSTON) : allow
" bending ,,

DIF (ABSTRACT PLEATED SURFACE) f- (§, p) w/ P: ITS→ PSI,Cl
homes
,

§ : 5→ HP p
- epuiu. & sit.

•§ : { leaves ofd) 1 goods in 1173}

• f- :}5h} Hot. good . pieces}
• pull-back f-Fmp of hyp metric is hyp .~

.metric on S

PIC: Brock- DUMAS



PLEATED SURFACES (Thurston) : allow
" bending ,,

DIF (ABSTRACT PLEATED SURFACE) F- (§, p) w/ P: ITS→ PSI,Cl homes,
§ : 5→ Iti p

- epuiu. & sit.

•§ : { leaves ofI} 1 goods in 1173}

• f- :}5h} Hot. good . pieces}
• pull-back fF↳p of hyp metric is hyp .~

metric on S .

Rk_ A MAXIMAL ⇒ f ! det by p
R (d) : = -{⑨ I 7 f- flip) pl . surface , pleated dough/

ISEN) R (d) → e (d) ✗ 71 (di Raaz)
e- (Ge , pp)

sÉ=ar↑_ BEND waywestPIC: Brock- DUMAS
is a bihoeom

.
homes

.
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Higher Teichmiieeu theory & Anosov reps
HigherTeichmiillu theory :

DIE A HlGHitÉE is a e. c. of Ham ( P, G)1g
all made of discrete& faithful reps which have some of the

nice features of Teich (s) .

Me : Com we find such spaces?

A☐ : Yes ! HITCHIN reps (HITCHIN; CABOunit; Fock- GONCHAROV)
MAXIMAL reps (BURGER-102-2-1 -WIENHARD; Btw -LABOUniE)
POSITIVE reps (rock- GONCHAROV; GUICHARD- CABOunit- WIENHARD)

Hiiim



* ITCH IN REPS

H1TCHEPS : let %, : PSI, IR → Psld 112 be the ( ! up to conj) imldnep .

DIE . p:ñiS→ Psld ID is FUCHsi-N-ir.it is (conj ro) Edo Po where Po : ITIS
→ PSLZIR

IFuchsiou.pi.MS→ Psld 112 is HlTUtI IF IT can be continuously
deformed ro a Fuchsia xp

HAD (5) = { p :ñiS→ PSIDIR Hitchin} is an example of
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* ITCH IN REPS

H1TCHEPS : let %, : PSI, IR → Psld 112 be the ( ! up to conj) imldnep .

DIE . f.Tis→ Psld ID is FUCHsi-N-ir.it is (conj to) Edo Po where Po : ITIS
→ PSLZIR

IFuchsiou.pi.MS→ Pshd 112 is HlTUtI IF IT can be continuously
deformed ro a Fuchsia xp

Hid (5) = { p :ñiS→ PSIDIR Hitchin} is an example of
HIGHER TEICHMEELER COMPONENT.

dim (PSG/R)
some

"

Teichmiillu features, :

① (HITCHIN 1992; BONAHON
- DREYER 2014 ) Hito, (5) ± 1122

")

② CABOunit 2008) Mod (5) 7 Hitd (s) prop . discant.

③ (PARREAU 2012) compactification of Hita (s)

④ • (BURGER 1995; GUERITAUD
- KASSEL 2013)

Generalization of Thurston metric (osymm . )
• (BRIDGETON- CANARY - (ABOU riE- SAMBA NINO 2015; Ll 2016)
Generalization of Weil - Petersson metric

③ ( LEE -ZHANG 2017) collar lemme
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DEF P : MS → PGLDIR is K- Anosov if I p - efluuori out
-

§ : 2×(11-5)=1RIP
'
→F (Md) which is

k
, d-k

• cts

p
(a)
,
geol

-6)
• TRANSVERSE f. ✗=/✗

'

c- 2 GIS) s
'"

p
fr') one Transverse )

• it satisfies a UNIFORM contraction / Expansion on

= IS ✗R
"

t
r

sp induced a decomposition of E? + =P
invariant under the flow st -

/
T's = ¥5

the flow uniformly contracts wit Ie / ( Faction : g. (I, 4=18-5, plot -4)
the flow um

,
um ,

no -- u --i



On the other hand . . -

C- HGS
, Pslzlc)QF(5) = { q.MS→ PSI-2¢ Toni- Fuchsia }/pg↳¢ open

is met a c.c. of *GIS, PSI,E) , so it is FIT a HIGHER TEICHMIIUER SPACE

but it still has a lot of nice features & some new/different ones too .

The link is given by the notion of Anosov reps
!
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§ : 2×(11-5)=1RIP
'
→F (Md) which is

k
, d-k

• cts
In)

• TRANSVERSE f. ✗=/✗
'

c- 2 GIS) Sp (a) , 5%
_"
fr') one Transverse )

• it satisfies a UNIFORM CONTRACTION / Expansion on

= ¥5 ✗R
"

t
THM(LABiE) p c- Hita (5) =D p is

K-ANOSOV 6=1 - - d-' /
,,g = ¥5[Borel- ANOSOV)
-

so 5 : 24ns)→ FUR
") / ( Faction : g. (I, 4=18-5, plot -4)
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QUESTIONSfaTtY :

① Is there an interpretation of these conn . comp . of
Anosov reps as deformation spaces of geometric
structures ?

a- ② Is there a
" higher rank " definition of pleated

surface ? IF yes, can you
describe their

parametrization ?

A- Iyoi
① joint w/

ALESSANDRINI -THOCOZAN - WIENHARD

② joint w/
MARTONE -MA2-204

'
- ZHANG



TEYtw of DOMAINS of Ty

q-uiat-w-WENH-E.EE described cocompact

domains of discontinuity Rp c Gru, ( Ird)

for K- Anosov reps p :
F'→ PGLDIR Halit ,S, PGLDIR) = { p

/ he-Anosov}

I¥E:÷i÷:-ñ:i:¥÷¥¥Icontaining a Fuchson rep j .

Xp c-C
,
H non- empty cocompact d.ad . Dpc Gru, (

Ird)

=D Rp is a smooth fba
bundle over E.

re
'



TEYtw of DOMAINS of Ty

q-uiat-w-WENH-E.EE described cocompact

domains of discontinuity Rp c Gnn, (112*1) for
K- Anosov reps

p:P→PGLDIRTtt-MIAU-EN-M-EZAN-WIENHANDJletcbeac.c.ru
7th (tis, PGKd rung a Fuchson up j .

Xp c-C
,
H non- empty cocompact d.ad . Dpc Gru, (

Ird)

⇒p§e is a smooth fba
bundle over E.

RI In general , IT is hard To
understand the topology of F.

RI Thu I was understood in some specific examples blfoe .

THM2(A-w) If G-_Spc, ¢ & P= Srobg (l) ,
l e QP

}
,
then F ± CUP

2
# EPT

.



PEAT-EDSURFA-a-S-foi.HOMCIT.SI/=MAXiMAlgeod.eou.iuS
DEI -AEeps pi.MS→ PGL

#
① is k)-ANo

ftp.eouiu. s :añ→7u,aukᵈ
• d- cts (Sa : Ñ

"

→Had.nl/Cd))2is(eoadlyHildedcts
)

• d- transverse ( xgeÑ 5
"
(gt) + S

'd-↳ (g)= ①d)

• uniform contraction /expansion conditions
on EI :=pIˢÑ×¢ᵈ
¥"=i



PEAT-EDSURFA-a-S-fa.HOMCIT.si#d)d=MAXiMAlgeod.eou.iuS
DEI -AEeps pi.MS→ Palate is k)-ANo IF

3- e- eeniu . s :añ→ Financed )
• d- cts

• d- transverse Itg c-Ñ 5
"
(gt) + S

'd-↳ (g)= ①d)

• uniform connection /expansion
condition on EI→TH

DEI (d- PLEATED SURFACES) (p , Sp)d-P-EAT.EE#--ir.p:iTiS-PGLdCisf-Bom--LANosoU(:-④K) - Anosov 6=1 . .

d-c)

• Sp : 2Ñ→F (
God) is d- generic (:-X triangle 1-c- D-

°

SCT) is in general position)

Rd (d)÷ {PIG.se) d- pleated surfaces}
cttomcñis, PGLDIC)



P-w-ATEDSUR-FA-a-sfa.HOMCIT.si#d)d=MAXiMAlgeod.eou.inS
DEI -Ageps pi.MS→ Palate is k)-AN0 IF

3- e- eouiu . s :añ→ Financed )
• d- cts

• d- transverse City c-Ñ 5
"
(gt) + S

'd-" (g)= ①d)

• uniform contraction /expansion conditions
on Ef→TH

DEI (d- PLEATED SURFACES) (p , Sp)d-P-EAT.EE#--ir.p:iTiS-PGLdCis Borel ANOSOV f-④K) - Anosov y k = I . .

d-c)

• Sp : 2Ñ→F (
God) is d- generic ( : - triangle 1-c- D-

°

SCT) is in general position)

Rd (d)÷ {PIG.se) d- pleated surfaces}
cttomcñis, PGLD

TAMI (M-MARTONE -MAZZOLI -ZHANG)
∅
"
: Rd (d) → Ed (d) ✗ Ya 61; 112g,≥) ✗ Na is a bnholonnonphisuu .



Thank

,you-


